SUBELLIPTIC CORDES ESTIMATES
IN THE GRUSIN PLANE

G. DI FAZIO, A. DOMOKOS, M. S. FANCIULLO, AND J. J. MANFREDI

ABSTRACT. We apply subelliptic Cordes conditions and Talenti-Pucci
type inequalities to prove W22 and C™® regularities for p-harmonic
functions in the Grusin plane.

1. INTRODUCTION

The purpose of this paper is to prove interior regularity results for subel-
liptic p-harmonic functions in the case of the so-called Grusin vector fields
X; = % and Xo = x %. Subelliptic p-harmonic functions are weak solutions
of the corresponding p-Laplace equation

(1) —Au = —X1<\Xu\p_2 Xlu) — X2<|Xu]p_2 X2u> =0,inQ.

Our goal is to obtain new Talenti-Pucci type inequalities (see Remark
and Theorem and use them to obtain regularity for the weak solution
of the quasilinear equation (|1). For example, we show that the following
sharp inequality holds:

Oou\ 2 2u L 82U 2 .
(2) //]R2(at> dxdté//RQ<a$2+m ﬁ) da:dt,forallue(}’o (R)

When p = 2 the corresponding subelliptic Laplacian Ax is hypoelliptic;
in particular u is a C* function on any open subset of 2 where Axu is.
In [I4] Hérmander proved this regularity result in the case of an arbitrary
number of vector fields satisfying the bracket generating (or Hérmander
type) condition. Another approach, valid in R™ for a system of Hérmander
type vector fields, can be found in the paper of Rothschild and Stein (][20])
where they apply a lifting process to the vector fields to get a new system of
free vector fields. This new system can be approximated by a system of left
invariant vector fields from the Lie algebra of a nilpotent Lie group. It is
then possible to use the results of Folland [9, [10] to get a parametrix for the
lifted subelliptic Laplacian, which inverts it modulo a smoothing operator.
Then a projection reverts the lifting process to obtain a parametrix for the
initial Laplacian.

Unfortunately, this process does not seem to work for the nonlinear case.
Thus, we are forced to try a direct approach to the regularity problem
obtained by the lifting method.

We briefly describe the content of the paper. In the second section we
introduce the lifting process and the approximation theorem by Rothschild

Date: July 28, 2007.
Key words and phrases. Carnot-Carthéodory metric, Grusin plane, p-Laplacian.
Fourth author partially supported by NSF award DMS-0500983.

1



2 G. DI FAZIO, A. DOMOKOS, M. S. FANCIULLO, AND J. J. MANFREDI

and Stein about a system of Hormander vector fields. In the third section we
prove the Talenti-Pucci type inequality for functions from the space VVO2 P(Q).
In the fourth section we get a regularity result for solutions of a linear
equation in non-divergence form with measurable coefficients satisfying the
Cordes condition. In the fifth and sixth sections we obtain W22 and C1®
for the subelliptic p-Laplacian.

2. CARNOT-CARATHEODORY METRIC SPACES IN R"

Let us consider a system X = {X;, Xa, -, X} of C* vector fields de-
fined in R”, ¢ < n.

Definition 2.1 (Hérmander condition). We say that the system X satisfies
the Hormander condition of step m at the point xo € R™, if the vector fields
X together with their commutators of length at most m span R™ at xq.

Given the system X of vector fields we define a distance, which is usually
called the Carnot—Carathéodory distance, in R™ as follows.

An absolute continuous curve « : [0,7] — R" is said to be X-subunitary
if there exists a measurable vector function h = (hi,...,hq) : [0,7] — R?
such that ¥(t) = Y7, hi(6) X;(v(¢)) for a.e. ¢ € [0,T] and ||h]s < 1. It is
well known (see [4]) that, if the vector fields satisfy the Hérmander condition
in every point of R”, the set of X-subunitary curves connecting two given
points z,y in R" is not empty.

Definition 2.2. For z,y € R" we set the Carnot—Carathéodory distance
between x and y as

d(z,y) = inf{T > 0:3 an X-subunitary curve v : [0,T] — R",
such thatv(0) = x andy(T) = y}

For x € R" and R > 0, we denote by
Bpr(z) = B(z, R) ={y € R" : d(z,y) < R}

the Carnot—Carathéodory metric ball centered at x with radius R. Next we
set |Br(z)| to be the Lebesgue measure of the ball.

Denote by Y7, ..., Y] the collection of X; and of those commutators which
are needed to span R™. For any i = 1,...,1 we denote by deg(Y;) the order of
the commutator Y;. If I = (i1,...,4,), 1 <i; <1, is a n-tuple of integers we
call d(I) = 377, deg(Vi;) and aj = det(Yj,, ..., Y;,). For a bounded E C R"
we set @ = sup{d(l) : |as(z)| # 0,z € E}. The number @ is called the
local homogeneous dimension of E. The following result is a consequence of
a theorem due to Nagel, Stein and Wainger (see [18]).

Theorem 2.1. For any bounded E C ) there exists a constant Ry, depend-
ing on the system X of vector fields and E, such that for all x € E and
R < Ry it results

| Bor(@)| < 29| Br(z)|.

By the Rothschild-Stein Lifting Theorem (stated below) the vector fields
X1, Xa, -+, X, satisfying the Hérmander condition, can be lifted to some
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new free vector fields X, Xo, - - -Xq on RV, N > n, by adding extra vari-
ables. This means that, regarding the new set of vector fields, the only
relations between the commutators of order less than or equal to m are the
antisymmetric relation and the Jacobi identity.

Definition 2.3. We say that the vector fields X1, Xo,--- , X, in R™, which
satisfy the Hormander condition of step m at some point xg, are free up to
order m at xo if n is the dimension of the free Lie algebra g(q,m) of step m
on q generators.

Theorem 2.2 (Rothschild-Stein). Let X1, Xo,---, X, be C* vector fields
satisfying the Hormander condition of step m at some point xog € R™. Then
in terms of new variables tyy1,tn12, - ,tN, there exist smooth functions
Nit(x,t) defined in a neighborhood U of & = (x0,0) € RN such that the
vector fields X; given by

N
~ 0
XZ:X’L )\z 7t77 .:1727"'7 )
+z§1 @ )815[ Z !

satisfy Hormander condition of step m and are free up to step m at every
point in U.
Next we define a local system of coordinates around a point £ € RV, Let

{X0(€)Yaca (Ais aset of multi-indices ) be a basis of RN for every € € U.
We denote by exp(D,, uaXqa)(§) the solution of

=2 u “aXa('Y) )
Y(0) =¢

at time ¢ = 1. Then we call (uq)aca a system of coordinates around & and

define 0¢(1) = (ua)aca, where §,n € U and

n= eXp(Z uaf(a)f.

The following theorem is also from [20](see Theorem 5, §7.)

Theorem 2.3 (Rothschild-Stein). Let X, - - - ,Xq be free up to step m in
§o- Then there exist neighborhoods V oand W of & in RN and U of 0, with
W CCV such that )

(a) 0¢|V is a diffeomorphism onto the image, for every & € V,

(b) U C 0:(V), for every € € W,

(c)0:V xV — RN, defined by 0(¢,m) = 0¢(n), is in C°(V x V), and

(d) in the coordinates given by ¢ we can write Xz =Y, + Rf, where Y;
are left invariant vector fields and Rf are vector fields depending smoothly
on &.

Let us consider the Lie algebra g(q,m). Then, through the exponen-
tial mapping we relate it to the corresponding simply connected Lie group
G(g,m). A natural group law is then defined by using the Campbell - Haus-
dorff formula. Namely

(Z uC%XOl) ° <Z 'UaXa) = Z(Ua‘i‘UQ)Xa‘F%

acA acA acA

E ua‘%aai VaTa

a€EA a€A
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In this group we can naturally define the dilations by

5t((ua)erA) = (t|a‘ua)a€A-

These dilations are automorphisms of the group G(q, m).

A function k defined on G(g,m) \ {0}, smooth away from the origin, is
said to be of type A\ > 0, if k(0;(¢)) = t*" Qk(¢), for all t > 0. k is said to
be of type 0 if the last equality holds with A = 0 and the mean value of k
vanishes, that is

/ kE(u)du =0 for all a <,
a<|u|<b

where | - | is a suitable homogeneous norm on the group G(q,m) (see (5.2)
in [20]).

Definition 2.4. A measurable function K is called to be a kernel of type
A > 0 if for any positive integer | we can write

K(&n) =Y ai(©)k{ (001.€))bi(n) + Ey(&.1),
=1

where B € C'(l), a;,b; € C3° and the functions kzéi) are of type > X\ and depend
smoothly on &.

Definition 2.5. An operator T is said to be of type A > 0, if

(TF)(E) = / K(&,m)f(n)dn,

where K is a kernel of type A. An operator T is said to be of type O if

(TF)(E) = / K&, ) f(n)dn + a(€) F(€),

where K is a kernel of type 0 and a € C§°.

We refer the reader to [20] for a thorough explanation.

3. SECOND DERIVATIVE ESTIMATES FOR SUB-LAPLACIANS

Let © be a bounded subset of R” and X = (X7, ..., X;) be a system of
Hormander vector fields in Q. We set, with £ € N,

WhP(Q) = {u QR o, Xy Xgue IP(Q), 1< < k}

endowed with the norm

k q
ullwoe = lullze + > 11X, Xy X |l o
h=1i;=1

loc

WhP(Q) = {u CQ =R oque WRP(Q), for all np € C(Q) } ,

and WP () as the closure of C5°(Q) in WHP(Q).
We denote by Ax the sub-elliptic Laplacian operator 2?21 X? and by

A ¢ the operator Z?:l X'JQ, where Xj is the lifted vector field related to X.
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Theorem 3.1. Let p € (1,00). For all u € C§°(RY) we have
1X%u) e < e{l|A gulle + | Xull e + ullz},
where the constant ¢ does not depend on u.

Proof. In [20] (see also [I]) it has been proved that for every test function
a (for the existence of test functions the reader can consult e.g. [11]) there
exist an operator of type two P* and ¢ operators of type one S;f such that
for every u € C§°(R")

(3) P*AXu:au—i—ZS;‘u.
J

We apply X, Xy, k,7=1,...,q, to both sides of |i then
J

Now, using Theorem 8 and Corollary of Theorem 9, §14 in [20] (see also
Lemma 2.9 and Theorem 2.10 in [I]) it follows

(4) Xth(P*AXu) = Xth(au) + ZZ (leXlu + Tg)
J l

where le and Tg are suitable operators of type 0. Denoting by 1" the oper-
ator T'= X, X, P* from 1} we get

10 Kaaw) I < ITAgully + 30 31T Roully + [Tl
il

Since all the operators are of type 0, by Theorem 11 (§16 in [20]), we
obtain that

1% X (aw)lp < e (1A gul, + [ Kull, + luly)
from which the theorem follows. O

Remark 3.1. We point out that the statement in our previous theorem is
contained in Theorem 3.2 in [I]. However we provided our proof to show
that in our (simpler) case there is no dependence on the constant ¢ on the
radius of the support of u.

Theorem 3.2. Let p € (1,+00), for allu € Wg’p(Q) we have

(5) 1X %0l o) < e (1Axull o) + 1l o)) -

Proof. Let u be a function in C§°(£2) and let n(t) be a function in C§°(RY ™),
0<n<1l,n=1linl, n=0in Iy, |Xn> +|X?n| < % where I, is a ball

r2
with radius r and Iy, is a ball with radius 2r. Hence nu is in C§°(RY) and
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therefore

|IT\/ |X2u|pdx§/ | X 2u|Pdzdt
B BxI,

:/ ]X2(nu)]pd$dt§/ | X2 (nu)|Pdadt
BxI Bx1Io,

( nu)|pdwdt—|—/ |)~((nu)|pdajdt+/ |17u|pdacdt>

BXI27‘ BxIa, BxIa,

<c (/ |Axu\pda:dt+/ \Xu\pda:dt—i—/ \u|pdmdt>
BxIzy Bx1Iz, Bx I,

< c|loy] </ \Axu|pdx+/ Xu|pdx—|—/ |u|pdfv) .
B B B
This implies that

1X2ullre < e{l[Axulre + [ Xullre + [Jufl 2o}
for all u € C§°(€2). By interpolation and density arguments we obtain
1X%u| e < e (|Axullze + ||ullzr) for all u € WZP().
O

Now, we can get rid of the last term in arguing as the Euclidean case
(see [12], Lemma 9.17).

Theorem 3.3. Let p € (1,00). Then there exists a constant C, such that
for all u € WZP(Q) we have

(6) 1X?ull o () < CpllAxull o) -

Proof. If @ is not true, then for all m € N there exists v, € Wg’p(Q) (that
we can suppose with LP norm equal to 1) such that

1X*vm |l 2o (0) > mll Axvml Loy

Since () holds, we have that ||A vaH r» — 0. Then, by (f]) the sequence
Uy 18 bounded in W P(Q). By the weak compactness of bounded sets in
W?2P(Q), there exists a subsequence {v,,} converging weakly to a function
v € VVO2 P(Q) satistying ||v||» = 1. From the weak convergence and the
convergence to zero in LP(§2) of Axv,,, we must have

/gAXv:O, Vg € Lﬁ(Q)
Q

Hence A xv = 0 and from the representation formula v = 0 which contradicts
||U||Lp = 1. O

Remark 3.2. Let us consider the Heisenberg group H which is R? endowed
with the group multiplication

1
~(vipg — pary))

(1, v1,m1) - (p2,v2,72) = (1 + po, v1 4+ v, 71+ 72 + 5

The canonical horizontal vector fields are
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In this case the spectral theory of the sub-Laplacian Ay (see [6, 22 23])
gives

(7) ///IR?’ (?:)Zdudl/dT < ///R3 (AXw>2dudvdT, for all w € C5°(R?)

which leads to Co = v/3 in the Heisenberg group.

The lifting method adds an extra variable to the Grusin vector fields (see
Section §5 below) leads to the the polarized Heisenberg group HP°!' which
is R? endowed with the group multiplication

(z1,y1,t1) - (w2,y2,t2) = (z1+ @2, 41 + Y2, b1 + t2 + 2192) .

In this case the canonical horizontal vector fields are

The two groups are isomorphic and the isomorphism @ : H — HP°! is given
by

1
(I)(M7y77-) = (M7V7T+ 5/“/) :

This induces a change of variables

T = U
y = v
t = T+%,uy

that has its Jacobian equal to 1 and transforms Xl to )NQ and . This shows
that we have

(8) ///RB(%:‘;)%dydt < ///RS (Axw)Qdazdydt, for all w € CZ°(R3)

which leads to Cy = /3 in the polarized Heisenberg group.

We consider now u(z,t) € C$°(R?) and for each n € N the function
v(y) € C§°(R) defined by v, = 1 on [-n,n], v, = 0 on (—oo, —(n + 1)]
and on [n +1, +oo), while for each n on the intervals (—(n +1), —n) and
(n, n+ 1) we require similar behavior. In this way there exist three constants
c1,c2,c3 such that

/Rvi(y)dyz%ﬂu /R(v;(y))zdyﬂz, /R(vii(y))zdyzc?p

Using inequality (8)) for the function w(zx,y,t) = u(x,t)v,(y) gives

///Rs (%) : v2 dadydt

2
82u 282’& " au ,

< ou ou du |

< ///11@3((3952 +x 8t2>vn+uvn+2xat v, | dzxdydt
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Dividing this last inequality by fR vi(y) dy, usmg the facts that v, v, =

%(0721) L Uh Ul =3 (U;)Q) v V) = (vn V), )I — (U;l) and then letting n — oo
gives inequality (2). Integration by parts similar to that of [6] leads to the
following result:

Theorem 3.4. For the Grusin vector fields X = (X1, X2) we have
1X%ull2(0) < V3 [[Axullp2 ()
for all u € W02’2(Q).
4. SUBELLIPTIC LINEAR OPERATORS IN NON-DIVERGENCE FORM WITH
MEASURABLE COEFFICIENTS

Under the assumptions listed at the beginning of Section §3, let us con-
sider the operator

Au—ZaU ) XiXu,

where a;; € L>(Q). We assume that A satisfies the Cordes condition K, .,
which means that there exists € € (0,1] and o > 0 such that for a.e. x € Q

PR : 1 ! ’
We denote by I the ¢ x ¢ 1dent1ty matrix and let A(z) = {a;j(z)}.

Theorem 4.1. Let 0 < e <1,0 >0 such thaty=+v1—eC <1 (C=0Cy is
the constant of Theorem 3.3) and A satisfies the condition K. ,. Then for

all w € W02’2(Q) we have
C
1X2ul| 20y < T—= ,YHO‘HLOO(Q)HAUHLQ(Q)a

_ (A@).D)
TA@E -

Proof. Since A satisfies the condition K., then A satisfies (see [6], Theorem
2.1)

where a(x)

1/2
q /

q q
Zm” —a(x) Z aij(x)mij| <V1—e€ Z m?j
=1 i,j=1 i,j=1

for all M € My(R). It follows that

/|Axu ) — a(z) Au(z)|?dz < (1 —¢) / Z (XiXju(x))?de <
< (1—6)C2/Q]Axu(x)|2d$.

Then
[Axu — aAul|r2q) < Y[[Axull 20,
and, since v < 1, we obtain

C
X%l 20y < THO‘HOOHAUHLQ
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As a corollary we have the following result in the Grusin plane:

Corollary 4.1. Let 0 < e <1 and o > 0 such that v = 1/3(1 —¢€) < 1 and
A satisfies the Cordes condition K. ,. Then for all u € WOQ’Q(Q) we have

1X2ul| 20y < jHaHLw(Q) | Aul[ 22,

5. WfOf(Q) REGULARITY FOR QUASILINEAR EQUATIONS IN THE GRUSIN
PLANE

In this section we consider a non-degenerate quasilinear equation and
obtain VVE)C2 estimates for its weak solutions. Let X; = a%, X9 = x%, and
denote their commutator by T' = [X;, Xo| = %.

Consider the non-degenerate p-laplacian equation

2 —
9) —ZXZ-<()\—|—|Xu]2)pTQXZ-u> —0, inQCR?
=1

with A > 0.
A weak solution of equation @ is a function u belonging to the horizontal

Sobolev space VVéf(Q) and satisfying
2 .
(10) Z/ (A+1Xul?) 2 XuX;pdedt =0,
i=1 7%

for all ¢ € VVO1 P(Q2) with compact support.
The lifting process to the Lie algebra of the polarized Heisenberg group
(see [23] and Remark 3.1 in this paper) is implemented by setting
- 0 ~ o 0
Xi=—, Xo=2—+ —.
o T e Ty
Denoting @(z,y,t) = u(z,t) it is simple to prove that @ is a weak solution
of the lifted subelliptic p-Laplacian:

[\

=1

Therefore we can use some of the methods and results valid in the Heisen-
berg group to obtain regularity properties for % and then get similar conclu-
sions for u. Observe that by Remark and Theorem [3.4] the results from
[0, [6] regarding the second order differentiability of the p-harmonic func-
tions obtained in the regular Heisenberg group are valid in the polarized
Heisenberg group too. Therefore the following theorems hold in the Grusin
plane.
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Theorem 5.1. [5] Let 1 < p < 4, uy € W’lif(Q) be a weak solution of (@,
(z0,t0) € Q and r > 0 such that B((zo,t0),3r) C Q. Then there exists a
number k € N (depending only on p) such that

|Tuy[Pdxdt < c/ p

(A + X )
B((xo,to),?’r”)

+ |u,\|p) dxdt,

/B((xo,to),r/2k+1)

which implies that Tuy € LY ().

loc

Theorem 5.2. [5] Let 2 < p < 4 and uy, € VVllof(Q) be a weak solution of
@. Then, if B((xo,to),?ﬂ") C Q, there exists k € N depending only on p
such that

O+ | Xua2) 77 | X 2uy | 2ddt

/%((Io,to),T/QkJr?)

<cf (A + [ Xual?)
B ((zo,to),Qr) ( A

from which it follows that uy € W2’2(Q).

loc

P
2

+ |u)\\p) dxdt,

Theorem 5.3. [5] Let @ <p<2anduy € VV&)?(Q) be a weak solution
of (@ If B((:Bo,to),fir) C Q then there exists k € N depending only on p
such that

X2u,\‘p dxdt

/B((xo,to),r/2k+3) |

p=2 2—p 2 £ p
: C{A T s (oo /B((xo,to),2r (A 1X0)* + ) dat

+A

p—2
> |

2 2\ 5 P
|u|‘L2(B(($07t0)$/2k+1)) * /B((mo,to),?r) ((A—i— X ) [l ) dxdt} ’

and hence uy € VVE)CP(Q)

Theorem 5.4. [0]

(1) For @ < p < 4 any weak solution of the nondegenerate subelliptic
p-Laplacian equation (6) belongs to T/Vlif(Q)

(2) For \/q*l <p< 5+72\/5 any weak solution of the subelliptic p-Laplacian
equation (1) belongs to HT/VI(QDE(Q)

Remark 5.1. Observe that the intervals given by Theorem 5.4 contain p = 3,
which is the homogeneous dimension near the singular line z = 0.

6. C1® ESTIMATES IN THE GRUSIN PLANE

In this section we prove C1'® regularity for the p-harmonic functions in
the Grusin plane. We list the following theorems that are useful in the proof
of our main result.



SUBELLIPTIC CORDES ESTIMATES 11

Theorem 6.1. Letu € VVlif(Q), (z0,t0) € Q and r > 0 such that B((zo,t0),7) C
Q. Then for all § > 0 there exists a constant c(d) such that

1 XUl 2o (B((xoto)r) < ONX Ul Lo (B((xorto).r)) + Ol Lo(B((zo.t0).r)-
Proof. See Lemma 4 in [24]. O

Consider the operator
2
.Au == Z(IU(IL’)XZXJ’U,
12

where a;; € L>(Q).

Theorem 6.2. Fiz 1 < p < o0 and let 0 < ¢ < 1, such that €eC, < 1.
Suppose that

(12) |Axu(z,t) — Au(z,t)] < | X2u(z, )],

for a. e. (x,t) € Q and for all u € Wg’p(Q). Then A : Woz’p(Q) — LP(Q) is

an isomorphism and there exists ¢ > 0 such that
(13) 1X%ul o) < cllAull o)
for all u € Wg’p(Q).

Proof. Since [|Axu— Au| rrq) < €Cl|[Axul|r(o) then A is near to Ay from
which it follows that A is an isomorphism and that is true (see [2]). O

Consider now the case when A = % Then the corresponding non-

degenerate p-Laplace equation is

(14) iX,- ((;Jr |Xu|2>p;2Xiu> =0.

Theorems 5.2 and 5.3 show that for the range qil < p < 4 weak

solutions u,, satisfy also the differentiated version of equation (|14])

2
Lin(tm) =Y aft Xi Xt =0,
i=1
where
Xium Xjum
1/m+ | Xup|?

The homogeneous dimension of a compact £ CC Q is 2 if E does not
intersect the line x = 0, it is 3 if F intersects the line x = 0. In any case we
denote by @@ the homogeneous dimension. For a fixed, but arbitrary small
positive constant vy denote

5 V17

-1
C=sup{C,, pe T,Q%—’y]}.

ajj = dij +(p—2)

We remark that we have

|Linv(@) — Axv(z)] < [p — 2| [X?v(2)]
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for a.e. x € Q and for all v € ]r-I'I/VO2’5(9)7 so the operator L,, satisfies the
condition 1) with € < min{%, lp — 2|}

Theorems 6.1 and 6.2 imply the following result.
Theorem 6.3. Let us suppose that the assumptions of Theorem 6.2 hold.
Let (xo,t0) € Q and r > 0 such that B((zo,t0),3r) C Q. Then for all
u € VVI?)CP(Q) we have

1X%ull o (B((wo,to)r) < € (AUl Lo (B((@o.t0),2r)) + Null Lo (B((@ost0) 2r))) -
We are now able to prove our main result.

Theorem 6.4. Consider
{ V17T -1
maxqy ———
2
If u € WHP(Q) is a p-harmonic function, then there exists 0 < a < 1 such
that u € CLY(Q).

loc

Proof. Consider (xq,ty) € Q and r > 0 such that B((a:o, to), 47“) C Q. With-
out loss of generality we can suppose that Xu,, € W'?(B((zo,t),3r) C Q)
with uniform bounds in m. If Q = 2 and we choose 1 < 3 < 2 close enough
to 1 such that 5

p <247,

25~

1 1
C C

then we have
Wl,ﬁ / 27—5 /
o (&) — L5 ()
for any ' cC Q. Consider a cut-off function n between the balls B((xo, to), 7))
and B((zo,t0),2r)). Then for ¢y = % we have

HLm(WQUm)HL‘IO(B((xo,tO)QT))) <c (HumHL‘IO(suppn) + HXumHL‘IO(suppn)) < H-00.

By Theorem 6.3 and the fact that the W' norm of w,, is uniformly bounded
on suppn we get that nu,, € W29 (B((xo,to),2r))) with uniform bounds.

Since Wol’qO(B((aco,to), 2r))) — C%%Q(B((xo,to), 2r))) we have that
23 — 2
g

Since the estimates for u,, are uniform in m, we conclude that u € Cllo’? ().
A similar proof can be applied in the case @@ = 3. We use the embedding

Wo () = LO(Q)
¢ 2,6 1,1/2
o get v € W0 () and then u € C./“ (). O

loc

U € CVY(B((z0,10),2r))) with o=
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