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We describe traces of Sobolev functions ue W'?(R"), 1 <p < oo, on certain sub-
sets of R” in terms of Sobolev spaces on metric spaces [7]. Our results apply to
smooth submanifolds, fractal subsets, as well as to open subsets of R”. In particular
if @ <R" is a John domain, then we characterize those W' 7(Q) functions which
can be extended to W!?(R"). If Q is uniform, then this result implies Jones’ exten-
sion theorem [14]. In the case of traces on fractal subsets our results are related
to those of Jonsson and Wallin [16].  © 1997 Academic Press

1. INTRODUCTION

If Q = R”is an open set and 1 < p < oo, then the Sobolev space is defined
as

Whr(Q) = {ue L/(Q): Vue L/(Q)}.

Here the gradient is in the distributional sense. This space is equipped
with the norm |ul, ,= [lu],+ || Vul,. The subset of continuous Sobolev
functions is dense in W' 7(Q).

In the paper we are concerned with the problem of description of traces
of Sobolev functions ue W?(R") on compact subsets of R”. If K= R" is
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a compact set, then for ue W?(R") n C°(R") we define the trace operator
as a restriction 7(u) =u|. Assume that the set K supports a finite Borel
measure x. The problem is to find a Banach space X(K, u) of u-measurable
functions on K (convergence in the norm of X implies convergence in
measure, moreover two functions are identified in X(K, u) if and only if
they are equal except a set of y-measure 0) such that the trace operator
extends to a bounded linear operator

T: Wh2(R") > X(K, w). (1)

The converse problem is the problem of extension. Given a Banach space
X(K, u) of measurable functions on K, such that the subset of continuous
functions C°K)n X(K, u) is dense, we want to find a bounded linear
operator

E: X(K, 1) — W"(R") (2)

such that E(u) is continuous on R” whenever u is continuous on K (and
hence (Eu)|x=u for such u).

If one can construct operators (1) and (2) with p =g, then we say that
the space X(K, i) characterizes traces on (K, u) of functions in W'?(R").
It is important to note the following elementary uniqueness result.

Lemma 1. If both spaces X(K,u) and Y(K, u) characterize traces of
WLP(R") on (K, u), then X(K,u)=Y(K,u) as a set and the norms are
equivalent.

Proof. Denote the trace and extension operators corresponding to X
and Y by a suitable subscript. Since the trace operators are surjective, the
set W of restrictions of C°(R") functions to K, is dense in both spaces X
and Y. Note that TyE,: X— Y is bounded and T,E |, =id|,, hence
id: X — Y is bounded. In the same way we prove that id: ¥ — X is bounded.
This ends the proof.

If K is a smooth submanifold of R”, then the characterization of traces
is well known. The theorem of Gagliardo, [5], [ 18, Theorems 8.3.13 and
6.9.2], states that if M"~'<R" is a sufficiently smooth, compact, (n—1)-
dimensional submanifold, and 1<p< oo, then there exist trace and
extension operators

T: Wl,p(Rn)_) Wl—l/p,p(Mn—l),

E: Wl—l/p,p(Mn—l)_) Wl,p(Rn)
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where the Slobodeckii space W'~ '7?(M"~') consists of all functions u
such that

”qu:jMHf dedy<oo.

a1 |x_y|n+p72

Here the integration is with respect to the Hausdorfl measure H" ~!. The
norm in the Slobodeckil space is [ull s+ |ull Loprn—1, grn-1y-

Concerning the smoothness condition for M"~! it suffices to assume
that M”"~! is locally a graph of a Lipschitz function. The theorem of
Gagliardo generalizes to the case of lower dimensional submanifolds. The
proof of Gagliardo’s theorem strongly involves the fact that M" ' is a
regular submanifold of R”. In the paper we are concerned with traces on
much more general subsets which include many fractals. Gagliardo’s
theorem gives a sharp description of traces on smooth submanifolds, while
our results lead to a “nearly sharp” description of traces on much more
general subsets.

Our approach simultaneously applies to the problem of traces on lower
dimensional subsets as well as to the problem of traces on open subsets of
R”. Extensions from lower dimensional subsets of R” (fractals and sub-
manifolds) and from open subsets of R" also get a unified treatment.
Previously these problems have been treated independently. In one case
our methods lead to a sharp characterization of traces: For an open set
Q < R" with the A(c) property (see Section 2 for definition) we characterize
the subspace consisting of those W' #(Q) functions which can be extended
to W'“?(R") (Theorem9). In a particular case when Q is a uniform
domain our result implies the celebrated Jones extension theorem, [14]
(Theorem 11). For a discussion of the trace and extension properties of
Sobolev functions with examples and historical remarks see the monograph
of Maz'ya [23].

We interprete the trace space X(K,u) as a Sobolev space in a very
general setup of Sobolev spaces on metric spaces introduced by the first
author [ 7]. It was suggested to us by Pawet Strzelecki that this generalized
approach may be useful for the problem of description of traces.

The approach to traces of Besov spaces on fractal type subsets was
developed by Jonsson and Wallin, [16], and in a more general form by
Jonsson, [15]. Their results apply to the Sobolev space W' 2 Although
their approach involves different ideas, concerns Besov spaces rather than
Sobolev spaces, and is much more technical, their results are strongly
related to ours.

The paper is organized as follows. In Section 2 we recall some basic
definitions and results that will be used in the sequel. We are concerned
there with Whitney decomposition, the A(¢) condition, John and uniform
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domains, classical Sobolev spaces and Sobolev spaces on metric spaces. In
Section 3 we reformulate the classical trace theorem of Gagliardo in terms
of Sobolev spaces on metric spaces. In Section 4 we prove a general trace
theorem. Section5 is devoted to the construction of the extension
operators.

2. PRELIMINARIES

In the paper C will denote a general constant which may change even in
a single string of estimates. Writing C = C(n, p, o) we mean that the con-
stant depends on 7, p, and a only. We will write u ~ v to express that there
are two positive constants C; and C, such that C,u <v < C,u. The average
of u with respect to a measure x will be denoted by ux=+ udu=
wWK) ' fgudu. By H* we will denote the k-dimensional Hausdorff
measure. Balls will be denoted by B(x, r). Symbol Q will be reserved for a
cube in R” and /(Q) will denote the side length of Q. Moreover Q will
always stand for a domain, and K a compact subset of R”. The Lebesgue
measure of A will be simply denoted by |A].

For a compact set K< R”", we will use the Whitney decomposition of
R"\K into closed dyadic cubes Qf, that is

K= () U o (3)
k=—w j=1

where each of the cubes Qi.‘ has the edges parallel to the coordinate axes
and side length 2 ~*, Moreover interiors of these cubes are pairwise disjoint
and

diam QF <dist(Q}, K) <4 diam Qf.
Note that a simple packing argument shows that
N, < 2 (4)

for all k=0 where C= C(K, n).
We will need the following lemma, see [22, Lemma 3.4].

Lemma 2. If K< R" is a compact set with |K|=0 and if there exist
C>=1 and s <n such that N, < C2* for all k>0, then H(K) < .

Remark. The assumption |K|=0 is necessary. Indeed, it suffices to
consider K=[0, 1]’ R? and s=1.
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Following Trotsenko, [27], we say that a bounded domain Q< R”
satisfies the A(c)-condition, 0 <c<1, if for every xedQ and every
0<r<diam Q there exists yeQ such that B(y,cr)cQn B(x,r). Our
definition is slightly different from that of [ 27]. Roughly speaking, the A(c)
condition says that  cannot be “thin” close to 0Q.

If Q satisfies the A(c) condition, then the estimate (4) can be improved
in the spirit of Lemma 2.

LEMMA 3 ([22, Lemma 2.8], [27]). If K=Q where Q = R" is a bounded
domain with the A(c) property, then there exist C=1 and s <n such that

Nk < Czks

for all k=0. Moreover H*(0Q2) < 0.

For stronger results, see [22].

Now we give important examples of domains with the A4(c¢) condition.

We say that a bounded domain Q < R” is John if there is a constant
C=>=1, and a distinguished point x, € 2, so that each point xe 2 can be
joined to x, (inside Q) by a rectifiable curve y:[0,/]— Q, y(0)=x,
y(l) = x,, parametrized by arc-length (/ depends on x), and such that the
distance to the boundary satisfies

dist(y(2), 0Q2) = C 't

for all re[0,/].

An important class of John domains is formed by uniform domains. We
say that a bounded domain  is uniform if there exists a constant ¢>1
such that for any pair x, y of points in Q we can find a curve y: [0,/] - Q
parametrized by arc-length and such that y(0)=x, y([)=y, I<c|x—y|,
and

dist(y(1), 02) = ¢ 'min{z, [ —1}.

The definition of uniform domain can be extended also to the case of
unbounded domains, but, for simplicity, we will restrict our attention only
to bounded domains.

Evidently John and uniform domains satisfy the A(c¢) condition for
suitable ¢, and hence Lemma 3 applies.

Now we recall some results from the theory of Sobolev spaces on metric
spaces introduced in the paper of the first author [7].

First, to see the motivation, we start with the results concerning classical
Sobolev spaces. The following lemma appeared in [ 8]. Various versions of
the lemma, with 1 =0, have appeared independently.
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LEMMA 4. Let Q = R” be a bounded domain with Lipschitz boundary and
0<A<]1. Then there exist constants C,=C (2, 1) and C,= C,(Q) such
that for every ue W"'(Q) the inequality

|u(x) —u(»)| < Cy |x =" = (M |y [Vul () + Me, [Vl (1) (5)

holds almost everywhere. Here M7g(x)=sup, - g 1* {5, |8(2)| dz is the
[fractional maximal operator, and we put |Vu| =0 outside Q.

Since the statement of the lemma slightly differs from that given in [8],
we present here a proof. We will combine arguments from [ 8] with that of
[207 (cf. [2, Section 6]).

In Section 5 we will present a method (based on a different idea) which
leads to the much more general result, see (23).

Proof of Lemma 4. Let ue W“?(Q). It is easy to see that there is a
constant L, which depends on 2 only, such that for every two points x,
yeQ there is a L-bi-Lipschitz mapping from a ball 7: B(0, |[x—y|) - @
such that x, ye T(B(0, |x —y|)).

If B R” is a ball, then the inequality

[Vw(z)|

n—1

[w(x)—wg| < C(n) dz (6)

B|x—z]

holds for all we W' !'(B), and almost every x € B, see [6, Theorem 7.16].
Let B=B(0, |[x—y|) and 4 =T(B). Applying (6) to w=uo-T and then
changing the variables in the resulting inequality we obtain that

[Vu(z)|

n—1

lu(x) — (1o T) | < C(n) L** L dz

|x —z|

for almost all x € 4.
We recall the following elementary lemma [8, Lemma 2], [28,

Lemma 2.8.3].

Lemma 5. If B(R)<R”" is a ball with the radius R, 0 <A <1 and
ge LY (B(R)), then

J NEBEN < et ) R M (),
B

) [x—z|"!

fort all xe B(R). Here we set g =0 on R"\B(R).
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Since the mapping T is L-bi-Lipschitz, A4 is contained in a certain ball D
with the radius L |x — y|. Hence Lemma 4 follows from the estimates:

|u(x) —u(y)] < u(x) — (ue T) |+ |u(y) —(uo T)Bl

|Vu(z |Vu(z >
<C dz
< IX—Z|”*1 j |J/—Z|"*l

SCIx =yl (Mg [Vul (x) + M5,y [Vul(2)).

As a corollary we obtain that if ue W"?(Q), where 2 is a bounded
domain with the Lipschitz boundary or Q =R", and 1 < p < o0, then

u(x) —u(y)| < Clx—y| (M [Vul (x)+ M |Vul (y)). (7)

Here Mg(x)=sup,., {B(,\,,,) lg(z)| dz is a Hardy-Littlewood maximal
operator and we put |Vu| =0 outside Q. Note that if 1 <p< oo, then
according to the Hardy-Littlewood maximal theorem M |Vu| belongs to
L7(Q).

Another consequence of Lemma4 is the following: If Q< R”" is an
arbitrary domain and K < Q is a compact subset, then there exist constants
C>=1 and h>diam K, such that for ue W"7(Q),

|u(x) —u()| < Clx —y|' =4 (M7, |Vul (x) + M |[Vul (), (8)

holds for almost all x, y € K. Here as before |Vu| =0 on R"\Q.
The following result was proved in [9, Proposition 1]. A weaker version
was obtained earlier in [ 7, Theorem 1].

LEMMA 6. If Q = R”" is an arbitrary open set and ue L?(Q) satisfies

|u(x) —u(y)| < [x—y[(g(x) +&(y)) ae. 9)

with ge L?(Q), g=0, where 1<p<oo, then ue W-r(Q) and |Vu|<
Zﬁga.e.

Remarks. (1) When we say that the inequality of the type (9) holds a.e.,
we mean (now and in the sequel) that there exists a set F < Q of measure
zero, such that (9) holds for all x, y € Q\F.

(2) The proof in [9] gives the estimate |Vu| <4\/1;g. The better

estimate |Vu| <2\/1; g can be obtained by a minor modification of the
proof or by an application of Lemma 13.

Since the Hardy-Littlewood maximal operator is bounded in L? for
1 <p < o0, inequality (7) and Lemma 6 lead to the following characteriza-
tion of the Sobolev space.
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THeOREM 1 ([7]). If Q<R" is a bounded domain with a Lipschitz
boundary and 1<p< oo, then ue Wh?(Q) if and only if there exists
geL?(Q), g=0, such that (9) holds a.e. in Q. Moreover

HVHHL/’(.Q) % lnf ” gHL/’(Q)’
g

where the infimum is taken over all g =0 which satisfy (9).
Remark. This characterization is not valid for p=1, see [9].

Since this characterization of the Sobolev space does not involve the
notion of the derivative, the Sobolev space can be introduced on an
arbitrary metric space with a measure u. The following definition is taken
from [7].

Let (X, d, 1) be a metric space (X, d) equipped with a Borel measure u.
Assume that diam X' < oo and u(X) < co.

For 1 <p< o we define the Sobolev space W'?(X, d, 1) on the triple
(X, d, u) to be the space of all functions ue L?(X, u) such that (9), with
|x —y| =d(x, y), holds u—a.e. for some nonnegative ge L?(X, u). Every
function g e L?(X, 1), g =0 which satisfies the inequality (9) will be called
a generalized gradient of u.

Moreover we set [|ul] . ncx a0 = 1l Locx o)+ N6l 12 x a0 Where [l p1ox a0
=inf, || gl 1rx, . - Here the infimum is taken over all g >0 which satisfy the
inequality (9) in the definition of W' ?(X, d, p).

If Q<=R” is a bounded domain, and 1 <p < co, then besides the space
W*'-r(Q) we consider the space W"7(Q, ||, H") defined as a Sobolev space
on a metric space 2 with the Euclidean metric |x — y| and the Lebesgue
measure H”. Theorem 1 states that if 2 is a bounded domain with the
Lipschitz boundary, then

whi(Q)=whn(Q, ||, H"). (10)

Lemma 6 implies that for an arbitrary bounded domain W"?(Q, |- |, H")
c Wh?(Q). However as we will see, in general, W"7(Q, |-|, H") # W"7(Q).

It is natural to ask when (10) holds. One of the main results of the paper
(Theorem 10) states that for the class of bounded domains with the A4(c)
condition, (10) is equivalent to the existence of an extension operator
E: Wh7(Q)— W"r(R").

THEOREM 2 ([7, Theorems3 and 5]). If (X,d u) is as above and
l<p<oo, then W"“?(X,d,u) is a Banach space and the set of Lipschitz
functions Lip(X) is dense in W“P(X, d, u).

In the classical Sobolev imbedding theorem the dimension of the space
plays a role of critical exponent. In order to extend the imbedding theorem
into the metric setting we impose a condition on the measure u.
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Let (X, d, 1) be as above. We say that the measure u is s-regular (s> 0)
if there exists a constant C >0 such that for all xe X and all r <diam X

wW(B(x,r))=Cr.

THEOREM 3 ([7, Theorem 6]). Let (X, d, 1) be as above. Assume that
W is s-regular and 1 <p <s. Then there is a bounded imbedding

WhP(X, d, ) = LP"(X, ),

where p* =sp/(s —p).

For further properties and applications of the metric approach to
Sobolev spaces, see [7], [9]1, [4], [17], [11], [12].

The purpose of the paper is the description of the traces of W' ?(R")
functions on compact subsets K < R”. As we already said we will describe
these traces in terms of Sobolev spaces on metric spaces. Roughly speaking
our theorems state that under certain assumptions there exist bounded
trace and extension operators

T WI(RY) > WK |- ),

E: WHI(K |-V 0) > WHY(RY),
where |-|'~% 0< <1 denotes the metric d(x, y)=|x—y|' "% and u is a
positive, finite Borel measure supported on K.

3. CLASSICAL TRACE THEOREM

In this section we interpret the classical trace theorem (stated in the
introduction) in terms of Sobolev spaces on metric spaces.

THEOREM 4. If Q is a bounded domain with a Lipschitz boundary, then
Wl — 1/””’(&{2) c Wl, p(aQ, | . | 1— 1/[1, H" 1) c Wl — 1/(p71;),pf;:(ag)’ (11)

for any £>0.

Remark. The theorem still holds (with the same proof) if we replace 0Q2
by a sufficiently regular, compact submanifold M"~' < R".

The space W' ? in the middle of (11) is the Sobolev space on the metric
space 0Q2 with the metric d(x, y)=|x—y|' "7, and with respect to the
measure H"~'. The spaces on the left and the right hand side of (11) are
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Slobodeckii spaces. Theorem 4 together with the theorem of Gagliardo lead
to the trace and extension operators

T: Whr(Q)— Whr(oQ, |-|' Y, H" =) (12)

EB: Whr(0Q, |-|'" Y, H" ") > Whr=4Q) (13)

for any ¢>0. Hence W'?(0Q, |-|'~», H" ') almost characterizes traces
of Sobolev functions from W'7(Q).

The space W'~1r-7(0Q) gives a sharp characterization of traces, but its

definition is of essentially different character than that of the classical

Sobolev space W'?. The “metric” approach is a unified approach to

Sobolev spaces and trace spaces, but it does not lead to a sharp charac-
terization of traces—this is the price one has to pay.

Proof of Theorem 4. First we prove the second inclusion. If
ue Whr(0Q, |-|' ~Vr, H"—1), then there exists g e L?(0€2) such that

|u(x) —u(p)] < |x—y|' "7 (g(x) +g(»)) (14)

for almost every x, y € 0Q2. Hence
p—eé p—e p—e
20 Yoo |X yl P 0o |x—y] o

dx
=2C _— p—;;d
Jag <‘LQ |x_y|n11;/p>g(y) y

< C’f g(y)’~“dy <oco.

02

dx dy

For the first inclusion let ue W'~ Y77(0Q2). We have to find ge L?(0Q)
such that (14) holds. Fix 0<A<1. Let x, ye0Q. Take a ball Bz with
radius R such that x, ye By, and R~ |x—y|, say R<2|x—y|. We have

[u(x) —u(y)| < |u(x) —up, | + [u(y) —up,]|
L2lx—y|' (G ulx) + G u(y)), (15)
where

G*u(x)=sup {W: X€B,, r<2s}.

Here, of course, the average uy is with respect to the (n — 1)-dimensional
measure ie., up={, ,oudH" '(x)/H" '(Bn0Q). Let h=diam Q. For
A=1/p we have

|u(x) —u(W) <2 |x—p|' =7 (G} u(x) + G}/ u(y)).
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Now it suffices to prove that G,”ue L?(0Q). For x € 9Q with G 7 u(x) < o0,
there is a ball B, with x € B, and r <2h, such that

_ _ r 1/p
Gruts) <2 M)l o[ 10w
oQ

rl—l/p |x_Z|p+n—2

and hence G;”ueL”. We have used here Holder's inequality and the
estimate |x —z| <2r for ze B,. The proof is complete.

To see how (12) works, we will apply the imbedding theorem
(Theorem 3) to the right hand side of (12). First we find s, such that the
triple (69, |-|' =7, H"~') is s-regular.

If B(r) denotes a ball (subset of 6©) with respect to the metric |-|' 7,
then B(r) = B(r”/?~ V) where the last ball is with respect to the Euclidean
metric (induced from R”). Now H" YB(r))=H""'(Bu"*~ "))~
pPr=D/P=D" which means that the space is s-regular for s=
p(n—1)/(p—1). Now applying the imbedding theorem (Theorem 3) we get
for p<n

Whr(0Q, |-|' 7\ H ) e L (0@,

and this is just a classical imbedding theorem for traces [I18,
Theorem 6.4.1].

Theorem 4 explains the relation between the spaces W'~ '77(0Q) and
whr0Q, |-|' =", H"~'), but it does not provide a good approach to
trace theorems via Sobolev spaces on metric spaces. The reason is evident,
namely Theorem 4 reduces the problem to classical trace theory, so this
way we will not go beyond the classical results. One of the possible “good”
approaches is presented in the next sections.

4. GENERAL TRACE THEOREM

Assume that ue W"?(Q), K< is a compact set, u a finite Borel
measure on K and 0 <A< 1. If for every 4 >0

M} L(Q) - LYK, p), (16)

is a bounded operator, then inequality (8) immediately implies
ue Wh4(K, |-|' =% p) ie. this leads to the following trace operator

Tr: Wh2(Q)—» WEIK, |-|' 4 p).

Now Marcinkiewicz’s interpolation theorem or, more directly, Adams’
trace theorem, [ 1], provide imbedding of the form (16). This leads to the
following theorem.
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THEOREM 5. If 0<i< 1, 1<(n—d)/A<p<n/i and u is a Borel
measure supported on a compact set K< R" such that u(B(x, R)) < CR? for
all xe R" and all R >0, then there is a bounded trace operator

Tr s Whr(RY) — Wl (K | |1 ),
Proof. According to (8) it suffices to prove that for every 4 >0
Mz LP(R") = LK, 1) (17)

is a bounded operator. This follows from Adams’ theorem [1], [23,
Theorem 1.4.1/27, [ 28, Theorem 4.7.27]. However for the sake of complete-
ness we prefer to give a direct proof. In fact the proof is an elementary
generalization of the fractional integration theorem.

Lemma 7. If p is as in Theorem5, d>0, h>0, 0<d<n—d and
p=(n—d)/5, then the operator M is of the weak type (p, p) ie., there is
a constant C such that

w{xe K: M g(x)>1})< Ct"’f lg|” dx
R’I
for all ge LP(R").

The proof is exactly the same as the proof that the standard Hardy-
Littlewood maximal operator is of the weak type (1, 1), thus we skip
details.

Lemma 8. If u is a Borel measure supported on a compact set K, h>0
and 0 < <n, then M is of a strong type (n/d, o) ie. the operator

M3 L"(R") — L*(K, )
is bounded.

This lemma follows directly from the definition of M¢ and from Holder’s
inequality.

Since we established weak-strong type estimates, application of
Marcinkiewicz’s interpolation theorem, [26, Appendix B.1], readily leads
to the following result which, in turn, implies (17).

LemmA 9. If u is as in Theorem S, d>0, h>0, and 0 <d <n—d, then
for (n—d)/o <p<n/o the operator

M LA(R") = L =7(K, )

is bounded.
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In Theorem 5, for the clarity of the statement, we excluded the case 4 =0.
We state it as a separate result.

THEOREM 6. [If 1 <p< oo and p is a Borel measure supported on a com-
pact set K<R", such that u(B(x, R)) < CR", for all xe R" and all R>0,
then there exists a bounded trace operator

Tr: WhH(R") —» WH(K, |-, ).

Let us compare the above results with Theorem 4. Thus assume that
l<p<ow,d=n—1, A=1/p and u=H" "' is supported on the boundary
0Q of a bounded Lipschitz domain. In such a case Lemma 7 leads to the
trace operator

Tr: WhP(Q) - Whr(0%, |-|' V7, H" ),

where the space W;” is defined in the same manner as the Sobolev space
on a metric space, but with L?(0Q, H" ') replaced by the Marcinkiewicz’s
space L2(0Q, H"~') (for the definition of the Marcinkiewicz’s space see
e.g., [18]). This result is weaker than (12). The proof of (12) involves
Gagliardo’s theorem and makes a strong use of the geometry of the bound-
ary 022, while in the above general approach (Theorem 5, Lemma 7) we
only use properties of the measure. Since our method involves less informa-
tion about the set K, it applies to a much more general setting, however,
when specified to the classical setting, it leads to weaker results.

A version of Theorem 5 appeared implicitly in [ 8 ]. It was used to generalize
the theorem of @ksendal, [ 24 ], on the support of harmonic measure.

5. EXTENSION OPERATORS

This section is devoted to the construction of extension operators.
Assume that u is a finite Borel measure supported on a compact set
KcR", 0<A<1 and 1<g¢q, r<oo. We want to construct an extension
operator

Ext: WHI(K, [-]' 7% ) » WH(RY),

provided u, 2, ¢ and r satisfy certain conditions. We construct the operator
Ext as follows. To every x e R"\K we associate X e K such that |x — | =
dist (x, K). Fix a Whitney decomposition of R"\K (see (3)). If x is a corner
of a cube in the Whitney decomposition, then we set

a(x)zjf~ (=) dul2).
B(X, [x—X|)nK
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Then i is defined at a finite number of points of every Whitney cube Q (we
will denote this finite set by V(Q)—it contains at least all corners of Q) and
we extend # piecewise linearly in each Q in such a way that resulting
function is continuous on R"\K. Let D=J;_, U, OF where the side

length of Q% is 27 Fix ¢ e C’(D L K) with | =1. Now we set

u(x), xek,

Extu(x) = {go(x) i(x), xeR"\K.

Note that if |K| =0, then it suffices to set Ext u(x)= ¢(x)d(x) as all the
Sobolev functions equal outside the set of measure zero are identified. In
what follows, by Ext we will always denote an operator defined as above.

THEOREM 7. Assume that a finite Borel measure u, supported on a
compact set K= R", satisfies the d-regularity condition (d>0):

u(B(x, R)n K)> CR",

whenever x € K and R <diam K. Assume that |K| =0 and that 0 <A<1.

1. If r>1 and n—d> Ar, then
Ext: WY(K, |- 4 u) — WE(R™)

is a bounded operator.

2. Assume that there exist C=1 and s <n such that N, < C2* for all
k=0.If g<rand n—s—q(A—(s—d)/r)>0, then

Ext: WK, ' ) —» W (R)

is a bounded operator.

Remarks. (1) A priori we assume only that |K| =0, however as we will
see later (Lemma 10) the assumptions of the theorem imply H" ~*(K) =0.

(2) Note that in Theorem 5, the measure u was supposed to satisfy
the inequality which was opposite to the above d-regularity condition.

(3) We suggest the reader to apply the above theorem to K=0Q
where @ is a bounded domain with the Lipschitz boundary.

Proof of Theorem 7. Assume for simplicity that diam K=1. We divide
the proof into several steps. In the first two steps we do not employ the
assumption |K|=0.

Step 1. Function & is locally Lipschitz on R"\K and |[Vii| . p) <

Cllull prrk, |.-7, )» Where g =r in the case 1.
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Let Q be a cube in the Whitney decomposition of R*\K. To estimate
|Vii| in Q it suffices to estimate

|d(x,) —ii(x,)]
[x1 —x,|

>

where x, and x, belong to V(Q). Let g be a generalized gradient of u. Then
the definition of W"?(K, |-|' =%, u) yields

|di(x ) — ii(x5)]

udu—J[

B(%2, |[xa—%20)n K

][ ud,u‘
B(f1, [x1—X1)n K

<C|x1x2|1‘*<][3 g du+ gd#)

(%1, [x1 —X1)n K B(%2, |xa— %) n K

Let B(Q) be such a ball among B(X;, |x;— X;|) where x; belong to V(Q) that

20 =1

B(Q)n K

g di=max J[B gdu.

(i, |xi—Xi) N K

Note that |x; —x,| ~/(Q) and hence

sup |Vii| < CI(Q) % g(Q).
[

By a simple packing argument there is a constant C= C(n) such that for
every ke Z no point of R” belongs to more than C balls from the family
{B(Q})} . It is important to note that the constant C does not depend
on k. Now for ¢ <r we have

JQ Vil dx < C |Q] Q)™ g(Q)* = CI(Q)"~ " g(Q)".

Let 4, =M, QF and note that /[(Q})=2"". For each k>0

N
| valdy<camtom 3 goh)”
k j=1
Nk

a/r
<CoHiON < > (gl ij))")

j=1

N q/r
corommp (3L ra)
B

J—1BOHNK

/r
< szk(nfﬂ.q)Nll(fq/r o kdg/r <j g d,u>q ;
K
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in the last step we used d-regularity of the measure x4 and the estimate C(n)
for the number of overlapping balls. Thus we have

L)leZl‘fdx: i[ Vil dx

k=0 "4k

/r oo
K k=0

and we need to prove

o0
Z 27k(nfq(i+d/r))Nll(7q/r< 0. (18)

k=0

In the first case we choose g =r. Since n—r(A+d/r) >0, the sum in (18)
is finite. In the second case we use the estimate N, < C2** and hence the
series in (18) is convergent when

—d
n—s+q<sr—)»>>0.

Step 2. | Ext ul| . gngy < C ]l yorrx. .1~ ) Where g=r in case 1.

Since [[dp | y1.omng) < C 8] wop), it suffices to prove that ||i|| 14 p) <
C ||ull rk. o)~ The proof of this inequality is similar to that of step 1, so we
will be sketchy.

If O is a cube in the Whitney decomposition of R”\K, then

J[B ~ - udu

(i, |xi— Xil) 0 K

sup |i| = max |i(x;)| = max
0 i i

where the maximum is over the set V(Q). Now repeating arguments from
step 1 we obtain

q/r
[ |ﬁ|4dx<c<j |u|rdﬂ> P (19)
D K =

Now it suffices to note that the convergence of the series (18) implies that
of (19).

In step 2 we obtained the estimates for the Sobolev norm of Ext u, out-
side the set K. However, we need to know that Extu is in the Sobolev
space “through” K

Step 3. Extue W"YR") and [Extul yiggy < Clull g -2
where ¢ =r in case 1.
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Now we will employ the assumption |K|=0.

According to Theorem 2, the class of C®'~* Holder continuous func-
tions on K is a dense subset in the Sobolev space W''(K, |-|'~* u).
Indeed, C*'~* functions are Lipschitz continuous with respect to the
metric |-|'~* It remains to prove that Extue W!9(R") for every
ue C*'~*K). This combined with step 2 and the fact |K| =0 implies the
inequality of step 3 for all ue C*'~#K), and the general case follows
by the density argument. It follows from the construction that
Extue C%'~#4R") when ue C*' 4 K) (we leave the proof of this fact to
the reader), so the remaining step follows from the following two lemmas.

LemMma 10.  Under the assumptions of Theorem T we have H"~*(K)=0.

Proof. The d-regularity condition combined with the covering argu-
ment leads to the estimate H(K)< Cu(K)< oo, see [28, Lemma 3.2.1],
so in case 1 of Theorem 7 our lemma follows from d<n—Ar<n—A. In
case 2, conditions N, < C2* and |K| =0 imply H*(K) < o0, see Lemma 2.
Thus the lemma follows, since the assumptions of case 2 easily imply
min(s, d)<n—A.

Lemma 11. If a compact set KcR" satisfies H" “K)=0, where
0< A<, then for every 1 <g<

WEYRNK) A CO1 AR < WHAR”).

Proof. According to the ACL characterization of the Sobolev space,
[ 18, Theorems 5.6.2-37, [ 23, Section 1.1.3], it suffices to prove that every
ue Wh9(R"\K) n C*'~*R") is absolutely continuous on almost all lines
parallel to coordinate directions.

Let 7: R”— R"~!' be an orthogonal projection along the direction of
one of the coordinate axis. It follows from Eilenberg’s inequality
[3, Theorem 2.1025] that for almost all yeR"~! we have
H'"%Knn 'yp))=0. Thus it suffices to show that every function
ve WHY(R\F)n C*!'~4R) where F is a compact set with H' =4 F)=0 is
absolutely continuous. Let ¢ >0 and choose a covering of F by intervals I;
such that 37, |I;|' *<e. Note that by Hélder continuity of v we have
lv(I)| < C|L;|' =% Since ve W"4R\F) and v is continuous, the absolute
continuity of v on R follows from the following estimate:

m m

Y ) <C Y L' < Ce.

Jj=1 Jj=1

The proof of Theorem 7 is complete.
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Now we will generalize the above result to the case 2=0, u is the
Lebesgue measure and |K|>0. First recall that the trace is a bounded
operator

Tr: Wh2(R") - WhA(K, |-, H")

for every 1 <p< oo (see Theorem 6). Note that since u is the Lebesgue
measure, we can define the trace operator just as a restriction.

THEOREM 8. Assume that a compact set K = R" satisfies the condition
H"(B(x, R)nK)> CR? (20)

whenever x € K and R <diam K. Also assume that there is s<n such that
N, < C2* for all k=0. If n—s+q(s—d)/r>0, then

Ext: W""(K, |-|, H") > W"9(R")
is a bounded operator. In particular if d=n, then
Ext: WY (K, |-|, H") — W =% R")

is bounded for an arbitrary &> 0.

Remarks. Note that the condition (20) cannot hold for d <n. However
it can happen that the least d for which (20) holds is strictly greater
than n. For example it suffices to consider a cusp as a set K. Also the
assumptions imply that ¢ <r. Note that the condition N, < C2*, s<n,
does not imply |K| =0, see Lemma 3.

Proof. As we already noticed, in the first two steps of the proof of
Theorem 7 we did not use the assumption |K| =0 and hence the estimate
from the second step extends to our current situation. We state it in the
following lemma.

LEMMA 12. Under the assumptions of Theorem 8
IEXt ul| 1. o riviey < Cllull wrrie g, 2y

Now it remains to prove that Ext u e W' 9(R") and that suitable estimate
of the Sobolev norm extends to the entire R”. We need the following result.

LemMA 13.  Assume that ue W} (Q) where Q = R" is an arbitrary open
set and u|ze WYP(E, |-|, H") where EcQ is a bounded measurable set.
Then for every generalized gradient g of u|ze WY?(E, |-|, H") we have

|Vu| <2 ﬁg ae.in E.
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Remark. This lemma is related to Lemma 6, however, it does not imply
Lemma 6 because we do not know a priori that the function u, in the
statement of Lemma 6, belongs to W !(Q).

loc

Proof. Excising a subset of measure zero we can assume that the
inequality |u(x)—u(y)] <|x —y|(g(x)+g(y)) holds everywhere in E. We
can also assume that g >0 everywhere in E, otherwise we replace g by g+ ¢
and pass to the limit as ¢ — 0.

The Sobolev function wue W, !(2) has a representative which is
absolutely continuous on almost all lines parallel to coordinate axes. For
such a representative the gradient Vu=(0,u, 0,u, ..., 0,,u) is defined almost
everywhere in the classical sense.

By e; we will denote the unit vector parallel to ith coordinate direction.
We can assume that g is defined on the entire R”, by putting g =0 out-
side E.

Almost all points x € E have the following properties

1. x is a point of density of E in every coordinate direction (see [ 26,
Chapter 1, Section 2.1] for the notion of a point of density).

2. Vu(x) exists in the classical sense.
3. g(x)< oo and

t

1
Iim — | g(x+7e;) dv=g(x)

>0t Jg

fori=1,2,..,n

It suffices to prove that at every point x € E which has the properties
(1)-(3), the inequality |0,u(x)| <2g(x) is satisfied for i=1, 2, ..., n.

Fix ¢ > 0. Note that (1) and (3) imply that there is >0, as small as we
wish, such that x +ze;, € E and g(x + te;) < (1 +¢) g(x). We have

|u(x) —ux +te;)| <1(g(x) +g(x +te;)) U2 +¢) g(x).

Now the lemma follows by dividing both sides of the inequality by ¢ and
letting first # — 0 and then ¢ — 0.

Now we follow the same argument as in the proof of Theorem 7.
According to Theorem 2 the class of Lipschitz functions on K is dense in
W'r(K, |-|, H"). If ueLip (K), then Extue Lip (R"). Hence applying the
above two lemmas and using the fact that ¢ <r we readily get the desired
estimate

HEXt MH wl-a(rr) < C Hu” WLr(K, ||, H")

whenever u € Lip (K). Now the estimate for general u follows by the density
argument. The proof for Theorem 8 is complete.
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In the case d=n Theorem 8 shows that the space W''"(K, |-|, H")
“almost” characterizes traces on the set K. This characterization is not
sharp because we “lose ¢” in the estimate of the extension. Now we show
that in the case when K is a domain with the A4(c¢) property, it is possible
to find a sharp characterization of traces.

THEOREM 9. Let Q < R" be a bounded domain with the A(c) property
and let 1 <p < oo. Then ue W"7(Q) is a trace of a W"?(R") function if and
only if ue Whr(Q, |-|, H"). Moreover there exist bounded trace and
extension operators:

Tr: WP(RY) > W, ||, HY),
Ext*: Wh(Q, |-, H") - W (R").

Remark. Since |02] =0 (see Lemma 3), it is equivalent to consider the
compact set K =Q instead of an open set Q. Moreover the condition (20)
is satisfied for d =n and, according to Lemma 3, there exists s < such that
N, < C2% for all k>0. Thus Theorem 8 applies and we have the bounded
trace and extension operators

Tr: WYP(R") —» WhP(Q, |-|, H"),
Ext: W' 2(Q, ||, H") —» W7~ %R") (21)

for every ¢>0. Theorem 9 states that we can improve the extension
operator. In fact we have to change the construction, so we denote it by
Ext* instead of Ext.

The following example shows that without the 4(c) condition a bounded
domain Q need not have an extension E: W"?(Q, |-|, H") —» W"?(R"). It
shows even more: if we do not assume (20) for d =n, it may happen that
there is no extension (21).

Example. Let Q,={(x,t)=(xy, ., x,_,)eR"0<t<]1, |x|<?’} be
a cusp of order s> 1. For 1 <0 consider a function ¢,(x, t)=t* defined
on Q,. Since (¢ —1t4)/(t, —t,) = At*~" for a certain ¢ between ¢, and ¢,, it
follows that

=l <AL=t (67 + 1570, (22)

It is easy to check that t*~'eL”(Q,) if p(A—1)+s(n—1)> —1, and
hence, in this case the inequality (22) implies ¢, W"?(Q,, |-|, H"). Fix
large s>1 and A <0 close to zero. Then for p slightly greater than n we
have p(A—1)+s(n—1)> — 1. Now it is clear that in such a case ¢, cannot
be extended to W' 7(R") because ¢, is unbounded at the origin and p > n.
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Proof of Theorem 9. Let K=Q and let R"\K={J;__, UM, OF be a
Whitney decomposition. Set D={J;_, U;\'ﬁ . QJ’Y. For simplicity we assume

that K is big enough to guarantee dist (x, K) <diam K whenever x € D.

Fix xeD and consider a ball B(x,2dist(x, K)). According to the
A(c) property there exists x*eQ such that B(x* c¢dist(x, K))cQ2n
B(x, 2dist(x, K)). The point x* is not defined uniquely, however, to every
xeD we can assign x* with the above property. Let g be a generalized
gradient of ue Wh?(Q, ||, H").

If x is a corner of a cube Q = D from the Whitney decomposition, then
we set

u*(x)= u(z) dH"(z).

B(x*, (1/2)c dist(x, K))

Next we extend u* in a piecewise linear way onto D. The remaining
arguments are similar to those in the proof of Theorem 8.

Put B(x*)= B(x*icdist(x, K)). Fix a cube Q=D in the Whitney
decomposition and let B*(Q) be such a ball among B(x,;*), where x; belong
to V(Q) (the set V(Q) was defined at the begining of Section 5), that

][ gdH”zmaxJ[ gdH".
B*(0) i YB(x)
The same arguments as in the proof of Theorem 7 lead to
supru*|<Cj[ g dx,
o) B*(0)
and hence using the fact |Q| ~ |B*(Q)| and Holder’s inequality we obtain

f |Vu*|‘”dx<Cf g? dx.
o B*(Q)

et 4,=U;%, an a=U* ;). Note tha ere is a constan
Let 4 Moy oand AF =M, B*(Q)). Note that th tant

C=C(n, ¢) such that no point of Q belongs to more than C sets in the
family {4} _,. Thus we obtain

[ vurirax=y [ vurlr<c Y | grax<c | grax
D k—0 Ak k=0 "Af Q
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In a similar way we prove [, |u*|”dx<C | |u|” dx. Let p e Cy (DU Q)
with ¢ |, =1. We set

u(x), xXeQ,

Ext*u(x) = {(/)(x) u*(x), xeR"\Q.

Since |0Q2| =0, the function Ext* u is defined a.e.
Our estimates immediately lead to

IEXt* ull s gnay < C el wrno, 1, wm-

Now the same arguments as in the proof of Theorem 8 show that
Ext* ue W1?(R") and that the estimate

IEXE* ]| gy < C ull w11, 2my

holds. This completes the proof for Theorem 9.

In the rest of the paper we will always denote by Ext* the operator
defined in the previous proof.

THEOREM 10. If Q < R”" is a bounded domain with the A(c) property and
if 1 <p< oo, then the following conditions are equivalent.
For every ue Whr(Q) there exists ve W"?(R") such that v|,=u.
The trace operator Tr: WhP(R") — W"?(Q) is surjective.
There exists a bounded extension operator E: W"P(Q) — W"P(R").
The operator Ext*: W"7(Q)— W"“P(R") is bounded.
whr(Q)=whr(Q,|-|, H").

MR e

Remarks. (1) 1If p=2, then conditions (1), (2) and (3) are equivalent
for an arbitrary open set Q. The equivalence (1) < (2) and the implica-
tion (3)=-(2) are evident. The implication (2)=-(3) follows from the
Hilbert structure of W' 2 Namely, Tr| o120 (ker Tr)t - W3(Q) is an
isomorphism and hence we can define the extension E as

E=(Tr|germe)r) 't WHHQ) > (ker Tr)" < W-3(R”).

(2) V. G. Maz’ya, [23, Theorem 1.5.2], has constructed an example
of a planar domain @ with a Jordan boundary and with the A(c) property
such that there exists an extension operator E: W'?(Q) —» W' #(R?) if and
only if 1 < p<2. Thus as a corollary from Theorem 10 we obtain that for
this particular domain W"?(Q)=W"'?(Q,|-|, H*) if and only if 1 <p < 2.
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(3) A result of Herron and Koskela, [ 13, Corollary 4.9], states that
an arbitrary bounded domain is a W' ?-extension domain if and only if it
is an L" 7-extension domain, see [13] for details.

(4) Also it might be interesting to recall one result of Peetre, [25].
According to the theorem of Gagliardo, [5], there is a bounded and
surjective trace operator Tr: W“!(R")— L'(R"~!), and hence every
ue L'(R"~') admits an extension to W' '(R"). However, as was proven by
Peetre, [25], there is no bounded linear extension E:L'(R"~')—
WY (R").

Proof of Theorem 10. The implications (1) < (2), (3)=(2) and
(4)=>(3) are evident. The implication (5)=>(4) follows from Theorem 9.
It remains to prove (1)=-(5). Now it follows from Lemma 6 that
whr(Q, ||, H") < W"?(Q). For the opposite inclusion it suffices to note
that we W"?(Q) satisfies the inequality |u(x)—u(p)|<C|x—y|
(M |Vv| (x)+ M |Vv| (y)), and M |Vv| e LP(L2), see (7). The proof is com-
plete.

Theorem 10 gives an alternative approach to the Jones celebrated exten-
sion theorem [14]. However, our method does not cover the case p=1
and the case of higher order derivatives.

THEOREM 11 ([14]). If Q< R" is a bounded uniform domain and
1 <p < o0, then there is a bounded extension operator

Ext*: Wh(Q) - W2(R").

Proof. According to Theorem 10 it suffices to prove the following
lemma.

LemMma 14. If Q < R" is uniform and 1 <p < oo, then
whr(Q)=whr(Q,|-|, H").

Proof. Since W'2(Q, |-|, H") = W"?(Q), it suffices to prove that every
ue Whr(Q) satisfies the inequality

lu(x) —u(y)| < |x—y| (g(x)+g(»)),

for almost all x, y € 2 with some ge L?(2). We will employ the method of
the proof of [ 10, Theorem 10].

We use a standard covering argument in uniform domains, see [ 10] for
details. Fix x, y € 2 and let y be a curve joining x and y as in the definition
of a uniform domain. Now there are constants d, depending only on the



244 HAJLASZ AND MARTIO
uniformity constant of 22, and C= C(n) together with a sequence of balls
{B;} = __ with the following properties.

I [B;uB, |<SCI|B;nB; 4l

2. dist (x, B;)<dr; and B; = B(x,d |x—y|) if i<0. Moreover r; -0
as i— —oo.

3. dist(y, B;)<dr; and B, = B(y,d|x—y]|) if i=0. Moreover r; -0
as i— 4+ o0.

4. No point of Q belongs to more than C balls B,.

According to the version of the Lebesgue differentiation theorem given in

[26, Chapter I, Section 1.8], for almost all points x, yeQ and the
associated chain {B,}~ ___ we have

|M(X)—I/l(y)|< Z |u3i_u3i+1|

['s)
< Z (|uB,_MB,r’\B,'+]|+|uB,‘+|_uB,'r\B,'+]|)

o0
< Z <][ |u_”3,-|+3[ |u_u31+1|>
- _ BinBii Bin Bt
o0
<C Z J[ lu—up,|
i=—o “Bi

<C ) "i][ [Vul.
i=—o0 Bi

In the last step we used the Poincaré inequality. Note that by conditions

2) and 3), for each ze B;, |[x —z| < Cr, when i<0 and |y —z| < Cr; when
i>0. Hence

n—1 n—1

B |x—z| i=0 B ly—1z|

wn—upi<c ¥ [ Mg oy [ WOL,

— o0

<C<J LG V”(Z)dz>

dlx—yh |x—z" 7! Bu.dix—yh |y —z|"!

SCIx =y (Msyy—y [Vul (x) + Moy [Vul ().

In the last step we used Lemma 5 with 2 =0. This completes the proof for
Lemma 14 and for Theorem 11.
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Remarks. (1) An argument, similar to that of Lemma 4, can be used
to produce a shorter proof than above. According to the theorem of
Martin, [19], every two points in the uniform domain can be joined by a
bi-Lipschitz ball as in the proof of Lemma4. However, this reasoning
employs the difficult theorem of Martin.

(2) In the last step of the proof of Lemma 14 the general case of
Lemma 5 can be employed to produce the inequality

|u(x) = ()| < Clx = y|" (MG, IVl (x)+ MG, IVul (¥)  (23)
where C=C(n, ¢, 1), d=d(c) and ¢ is the uniformity constant of Q. This
generalizes Lemma 4. Note that in Lemma 4 the constant C, cannot be

choosen to depend on the Lipschitz constant of £ only.
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