Potential Analysis 5:403-415, 1996. 403
© 1996 Kiuwer Academic Publishers. Printed in the Netherlands.

Sobolev Spaces on an Arbitrary Metric Space

PIOTR HAJLASZ*
Instytut Matematyki, Uniwersytet Warszawski ul. Banacha 2, 02-097 Warszawa, Poland
e-mail: hajlasz @mimuw.edu.pl

(Received: 7 February 1994; accepted: 6 October 1994)

Abstract. We define Sobolev space WP for 1 < p < oo on an arbitrary metric space with finite
diameter and equipped with finite, positive Borel measure. In the Euclidean case it coincides with
standard Sobolev space. Several classical imbedding theorems are special cases of general results
which hold in the metric case. We apply our results to weighted Sobolev space with Muckenhoupt
weight.
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1. Introduction

It is well known that W1 consists of Lipschitz functions and hence we can
naturally define W !> on an arbitrary metric space. In the case 1 < p < oo we
find a Lipschitz type characterization of W !'» (Theorem 1) which can be used as a
definition of W1 in the case of metric space as a domain. Since the space WP
has an integral nature, we have to equip the metric space with a measure.

The imbedding theorems depend on the dimension; so if we want to get imbed-
ding theorems in this general, metric context, we have to introduce a condition
describing the dimension. This condition is very simple. It suffices to assume
that u(B(x,r)) > Cr® (see the definition of s-regularity in Section 5). If we are
concerned with fractal (self-similar) sets then they are s-regular with respect to
Hausdorff’s measure. It is surprising, but the imbedding theorems hold in this
general metric context (Theorem 6). As corollaries we obtain classical imbedding
theorems and the weighted imbedding theorem of Fabes—Kenig—Serapioni.

The average value of f will be denoted by f4 = pu(A)~! [, fdu = F, fdpu.
By C we will denote a general constant. It can change its value even in the same
proof.

* This work is supported by KBN grant no. 2 1057 91 01
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2. Lipschitz Type Characterization

In this section we give a Lipschitz type characterization of Sobolev space in the
Euclidean case (Theorem 1). This will be used in the next section in the definition
of Sobolev space on metric space.

We start with recalling some standard definitions:

WP(Q) = {feD'(Q)] feL(Q),VfeL(Q)},
L'Y7(Q) = {f e D'(Q)| VS e LA(V)},

where 2 C R™ is an open set and 1 < p < o0.

W1P(Q) is a Banach space when endowed with the norm || f|ly1.0 = || fllze +
IV fll». L'P(2) is endowed with a seminorm || f||;1» = ||V f||lL» (it is not a
norm, because it annihilates constant functions).

It is known (see [15, Lemma 7.16]) that for f € L''?(Q) (Q-cube in R™) the
following inequality holds a.e.

IV f(y)|
|z — y|~=1

1£(z) - fol < C/Q 1)

(hence L'P(Q) = WHP(Q)). _ _ _
For any z, y € () we can find a subcube () with z, y € (), diam @ ~ |z — y|.
Hence, by (1) and the following inequality of Hedberg ([22], [39, Lemma 2.8.3])

/ L(?/)_'ldy < CRMg|Vf|(x),
B(z,R) lfl: - yln

where Mpg = su%jf—B(Ivr)|g(y)| dy, we get
r<

|f(2) = f(y)l < [f(z) - fgl + 1f(y) - fal
< Clo = yl(Myz—y |V fI(2) + Moy [V FI(y))-

This inequality is taken from [4] (see also [16], [20], [5], and [6] for generaliza-
tions).

We say that the domain 2 C R™ has the extension property if there exists
a bounded linear operator E: W!'P(Q) — WUP(R"), such that for every u €
W1P(Q), Eulg = u a.e. An example of such a domain is any bounded domain
with Lipschitz boundary. If Q is a bounded domain with the extension property
then L17(Q) = W'P(Q).

Since the maximal operator is bounded in L? for p > 1, we have that if
f € L'P(Q) where Q = R™ or  is a bounded domain with the extension property,
then there exists a nonnegative function g € LP(2) such that

1f(z) = f(y)l < |z = yl(g(z) + 9(y)) ace. (2)
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Many properties of the Sobolev function can be recovered from the inequality
(2) and its generalizations to higher order derivatives (see [4], [5], [6], [16], [20],
[18]). Hence an important question arises now. Is there a function f which satisfies
(2) and which does not belong to W 1?2 The following theorem gives a negative
answer.

THEOREM 1. Let f be a measurable function on S, where 0 = R" or Q) is a
bounded domain with the extension property. Then f € L'"P(Q),1 < p < oo if
and only if there exists a nonnegative function g € LP(2) such that the inequality
(2) holds a.e.

Remark. The above theorem can be stated in much more general form. For
example, it follows from our proof that the implication < holds for any domain
Q.

Proof. It remains to prove the implication <=. We follow the ideas of Calder6n
(7, Th. 4].

It suffices to show (due to Riesz’s representation and Radon-Nikodym’s theo-
rems) that there exists a nonnegative function h € LP(2) such that

- [152] < [ el

for all p € ('5°(§2). Integrating (2) twice overa ball B = B(z,¢) C §2, we obtain
the inequality

£ 1= tnl < Cef g

Let v € C5O(B(1)), [ =1, = e ")(x/e). We have

de . dp L 0.
/f()z, eLn(]). aszrz-( )_!l—%_/(p<01‘i*f>‘

. e
Since [ % = 0, we have

(14 55) () = (= fta) * 9,

(()1'/)5 M —n—1 1
el < ¢ [ 15 = pal-emt < of g,
Jdx; B B

o)
— < .
./.fd,,,l_ < [1elmg

def

(()rl

Hence
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COROLLARY 1. If Q is as above, then L''*°(Q) = Lip (Q).

Since the above characterization does not involve the notion of derivative it can be
used in the definition of Sobolev space on an arbitrary metric space as we do in the
next section.

3. Sobolev Spaces on Metric Spaces

DEFINITION. Let (X, d, 1) be a metric space (X, d) with finite diameter diam X =

sup d(z,y) < oo and a finite positive Borel measure p. Let 1 < p < 0.
z,yeX

The Sobolev spaces L'?(X,d, ) and W''P(X,d, 1) are defined as follows

L'"(X,d,pn) = {f: X — R | fis measurable and 3E C X, u(F) = 0and

g € LP(p) such that | f(z) - f(y)] < d(z, y)(g(2) + 9(y))
forallz, y € X \ I'}

W (X, d,p) = {f € L'"P(X,d,p)| f € LP(n)}

The space L''?( X, d, yt) isequipped with the seminorm || f||;,1, = inf, ||g]|zs. The
space W'P( X, d, u) is equipped with the norm || f||yw 1o = [|flle + || fllL1s-

THEOREM 2. If 1 < p < oo then to every f € LY"W(X,d,u) there exists the
unique g € LP(u) which minimizes LP norm among the functions which can be
used in the definition of || f||11.»-

Proof. Standard application of Mazur’s lemma (see, e.g. [10]) or Banach—Saks’
theorem (see [2]) gives the existence of a minimizer. The uniquess follows from
uniform convexity of LP.

Although the above theorem can be used to get a more elegant form of the definition
of the norm || ||y1,», we will not use it in the sequel.

LEMMA 1. L'P(X,d,u) = W'P(X,d, 1) as a set.
Proof. Fixy € X \ E with g(y) < co. We have

|f(x)] < |f(x) = f(y)l + | f(y)] < (diam X)(g(z)+ g9(y)) + | f(y)| € LP(p)

(with respect to ).

THEOREM 3. W'?( X, d, i) is a Banach space.
Proof. Let { f,} be a Cauchy sequence in W'?. Let f, — fin L?. We prove
that f € WP and that convergence holds in WP, Let {f,.} be a subsequence
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such that || f,.,,, — fa;llw1» < 27'. Hence f,, — f a.e. and there exists g; € L?
such that

I(frigr = fa)(@) = (frigr = Fo) (@)l < d(z,9)(gi(2) + 9i(y)) (3)

and ||gi||Lr < 27% If we set h = $25° g; then ||h]|» < 1. It follows directly from
(3) that for 7 > 1

[(fr, = fo)(@) = (fn, = fa)(Y)] < d(2,y) (ng(vc )+ ng(y )

Passing to the limit with j — oo we get that f € L'? = WP and f,, — f in
L7 It readily follows now that f,, — fin WP,

Now we can generalize this result in the spirit of [29, Th.1.1.15].

THEOREM 4. The norm || ||y 1.» is equivalent with

11T = 17+ W flloee
where || ||* is any norm, continuous on W',
Remark. In fact it suffices to assume that || ||* is a continuous seminorm which
does not vanish on constant functions. The proof remains the same.
In the proof we need the following Poincaré type inequality
LEMMA 2. If f € WYP(X,d, ) then || f — fx||Lr < 2(diam X)|| f]|1.p-

Proof. Let g be such a function from the definition of || f||;1,» that ||g]|zr <
(T+ )|l fll11.p- We have

|f(z) = f(y)l < d(z,y)(g9(2) + 9(y)) < (diam X )(g(z) + g(y))

hence

|f(r - fdu

< £ 1) = F@)lauty) < (@iam X) (92) + - gap)

< (diam X') (g(:v) + <]£\ gpdll) '/7’) )

If = fxller < 2(diam X)llgllze < 2(1 + ¢)(diam X)[| fl| 1.

Proof of Theorem 4. It suffices to prove that W!” is complete with respect to
the norm || || . The rest will follow from Banach’s theorem.
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Let { f} be a Cauchy sequence for || ||7 ,. Hence it is a Cauchy sequence in Lhp

and as follows from Lemma?2, { f,, — ( f,) x } is a Cauchy sequence in W !'». Denote
its limit by f. Now since || ||* is continuous on W!? we get that {f, — (f.)x}
(as well as {f,}) is a Cauchy sequence in || ||*. Hence the sequence {(f,)x} is
convergent to a certain constant C'. Now it is evident that f,, — f+ (' € WP in
1,

{f{/e know that || ||;1,» is only a seminorm, but evidently it induces the norm on
a factorspace L'? = L'?/{constant funct.}. The following result is in the spirit
of [29, Th.1.1.13].

COROLLARY 2. L' with a norm induced from L'" is a Banach space.

Proof. Let {[f,]} be a Cauchy sequence in L', where f, € L'? is a represen-
tative of the class [f,,] € L' such that [x fndp = 0. Now the corollary follows,
because according to Lemma 2, { f,} is a Cauchy sequence in W !,

4. Approximation

In this section we prove a theorem in the spirit of [27] about the density of Lipschitz
functions in W'P( X, d, ).

THEOREM 5. If f € WYP( X, d, ju) where 1 < p < oo then to every ¢ > 0 there
exists a Lipschitz function h such that

Lou({z| f(z) # h(z)}) < €
2 If = hllwre < ¢

Remarks. This type of approximation of Sobolev functions, both in norm and in
the ‘Lusin’s sense’ (by an analogy with Lusin’s theorem) has already been obtained
by Liu [27] (compare with [8, Th.13], [37]).

In fact, Liu has proved a stronger result, generalizing a theorem of Calderdén
and Zygmund [8, Th. 13]. He got an approximation in W""? by (/™ functions.
However, the above result (Theorem 5) is relevant for many applications in PD.E.
and Variational Calculus (see, e.g. [1], [14], [17], [18], [26], [4], [28]).

The theorem of Liu has been extended in [30], [38], [39], [5], [6].

Proof. Let I\ = {z||f(z)] < A and g(z) < A} where g is taken from the

definition of || f|.1.». Since f, g € LP then APu(X \ Ey) “== 0. Function f|, is
Lipschitz with the constant 2X. We can extend f|g, to the Lipschitz function f on
X with the same constant (see, e.g. [33, Th. 5.1], [12, Sec. 2.10.4]). Now we can
slightly modify this extension by putting

fx = (sgn f)ymin(|f], A).
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Evidently, f\ is Lipschitz with the same constant 2, f\|g, = f|g, and |fa] < A
Moreover,

p{z | f(z) # f(e)}) < p(X \ Ey) =50,

It suffices to prove that f) AT £ in WP, We have

If = AL, = /X\EX I = fPdu

VAN

2! ( oo VP d A x EA)) =0,
X\E)
Now the ‘gradient’ estimations. Let

[0 forz € F),
INT U g(z)+3A forz € X \ Ey.

One can directly check that
[(f = () = (f = )W) < d(z,y)(9r(2) + 91(y))-

Now the theorem follows since evidently || g, || z» gt}

5. Imbedding Theorems

In this section we denote by C (C’, C, Cy, C3, ...) a general constant which
depends only on p, s and b (s and b are introduced below) and hence is independent
of X, d and y.. The constant C' can change even in the same proof.

The classical imbedding theorems depend on the dimension, so we have to
introduce the condition describing the ‘dimension’ in the general metric context.

DEFINITION. We say that the space (X, d, i) is s-regular (s > 0) with respect to u
if 1(X') < oo, diam X < oo and there exists a constant b such that for all z € X
and all » < diam X

w(B(z,r)) > b7,

We say that the metric space is s-regular if it is s-regular with respect to Hausdorff’s
measure H°.

The very important case is when we deal with X being a subset of R™. We say that
a bounded set X C R™ is strictly s-regular if there exists a positive Borel measure
(4 such that

Cir® < p(B(z,r)NX) < Cor?
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forall z € X and all r < diam X . (This is a minor modification of the definition of
s-sets given in [25]). It is not difficult to prove (see [25]) that in the case of strictly
s-regular sets we can take as a canonical measure y the Hausdorff measure /1°.

Many natural fractal sets are s-regular. For example, the standard ternary Cantor
set is logy 2 -regular. It is also possible to construct fractal sets which are s-regular
for some integer s, and purely unrectifiable (see [33], [31] or [12] for definition); an
example of planar Cantor set (Sierpifiski’s type gasket) which is strictly I1-regular,
but purely unrectifiable, can be found in [31, p. 34].

Many important domains and their boundaries which are used in the theory of
Sobolev spaces are strictly regular (see [25] for details).

The structure of strictly s-regular sets is very rich and it inherits many properties
from the Euclidean space, therefore it was possible to define Hardy and Besov type
spaces on such sets, as was done in [25] and in the anterior papers of the same
authors. However, we want to emphasize that our approach is independent, of a
different nature and much more general.

THEOREM 6. Let f € WYP( X, d, u) where (X, d, ) is s-regular.
1. If p < s then f € LP" (i) where p* = f_‘%. Moreover

1/ e+ < C((diam X )~H| fllze + (£ 1)

and hence

If = fxllpes < CN fllLre-

2. If p = s then there exist constants C'| and C', such that

p(X)Vs | f = fx]
o= dp < Gy
]ﬁe"f’( Vdiam X [[fllpegy ) S

3. If p > s then

1 = fxllne < Cu(X) ™%l fllns

and hence

1f(z) = F()] < Cu(X): 77| fll i ace.

Remarks. (1) generalizes the classical Sobolev imbedding theorem. In the
Euclidean case (2) is just the inequality of John and Nirenberg (see [24], [34])
applied to W!(Q™) c BMO. (3) In the Euclidean case this inequality leads to
Holder continuity. It is not difficult to add some conditions on (X, d, 1) which will
lead to continuity or even Holder continuity of f in the metric case.

Proof. Letg > 0be a function as in the definition of || f|| 1., such that || g|| .r =
| fllL1e (writting u ~ v we mean that C~'v < u < C'v for some general constant

C).
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Let Ex = {z|g(z) < 2F}, k € Z. We have

(o9}

%> [gdun 30 2B B, @

k=—00

Let a), = supg, |f|. We will estimate ay in terms of a_;. Let z € Fy. If we take
the ball B(z, ) with the radius r = b=1s (X \ Ex_1)"/* then, by the s-regularity
property, u( B(z,7)) > (X \ Ex—1), hence there exists T € B(z,r)N Fx_1. Now,
bearing in mind that f|g, is Lipschitz with constant 251 we get

[f(@)] < |f(2) = f@)| + /(@) < d(e, 22" + axy
< Op(X \Ek_1)1/32k+l + ak—1.

Hence Chebyschev’s inequality

C
WX\ Bin) < 5 ll9llE
leads to
ax < C2K=D1g|I7 + ay_y. ©)

It follows easily from this inequality that f is respectively p*, exponentially, or L*°
integrable, but we want to obtain precise estimates, so more work is required.

We can assume that ¢ > 0 everywhere (for if not it suffices to replace g by
g + |lg||L»; after this substitution the condition ||g||r & || f||1» still holds).

Let by = infg, |f|. Evidently bx < || f||Lrp( Ex)~"/?. Since g > 0 everywhere,
then there exists ko such that pu(FEy,—1) < w(X)/2 and p(FEx,) > u(X)/2, so
(X \ Fr,—1) > n(X)/2. By Chebyschev’s inequality we have

”gHII]JP Z 2(]6()—‘])7]”()( \ Ek()—l)’
hence
250 < Cllgllon(X)~"7. (6)

Since f|g, is Lipschitz with the constant 2¥*! then ay < by + 28+! diam X.
Hence

< I prn(Er) ™ + C(diam X)||g]| (X )~'/P
< C'u(X)TVP(|[ fll e + (diam X)lg|| r)- @)

Case p < s: It follows from (5) and monotonicity of ay that

k
CHng/s( Z 22(1—.5)) + ak, < < Hg“p/szk (1-%) + ak,,

1=—00
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Hence

J1s

o0

Pdp <Y az*,u(Ek\Ek_l)

k=—o0c0

< C (“g“p‘p/s ( > 2kp,u(Ek\Ek—l)) + ai;u(X)) . (8

k=—0c0

Since by s-regularity ;1( X') > b(diam X )*, then it follows easily from (8), (7) and
(4) that

1 /1Ize+ < C((diam X) 7Y fl|ze + gl r)

The inequality for ||f — fx||;»+ follows easily from that for || f||;,+ and from
Lemma 2.

Case p = s: By the rescaling argument we can assume that u(X) = 1 and
diam X = 1.Now itsuffices to prove that [y exp(C|f|)dpu < C, where f € W
is such that [y fdup = 0, f]l s = 1. It follows from (5) that a;, < C'k + ag for
k > 0 (because ||g||zs & 1). Let C} be a constant such that exp(C'C') = 2°. We

have
Ey X\Ey

/. explcrl ) d
/ eCla()M(X) — eclao’
Ey

< eC1Cka0) (B \ By
/)(\E() kZ::] ( )

Il

N

oo
= “10 N2k By \ Exoy) < C e
k=1
Hence it suffices to prove that ag is bounded by an universal constant (which
depends on s and b only).
If kg > O then as it follows from (7) and Lemma 2

ap < ag, < C.

If ko < O then it follows from the definition of ko that p(Eo) > pu(Ey) >
1(X)/2 =1/2, hence

ag < by + 2diam X < || f]|ep(Eo)™"* + 2diam X < C.

Case p > s: We can assume that [y fdu = 0. It follows from (5) and (6)
that

s > (1= 1_1
ar < Cllgll?, ( > 2 E)) +ag, < C'u(X) 7 lgllLe + ak,
i=ko+1
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forall k£ € Z. Now by (7), Lemma 2 and s-regularity we have

1_1
ag, < Cp(X)™"/P(diam X)|lgllrr < C'n(X)*lgl| -

This implies the first inequality. The second inequality follows from the first one
and from the observation that

|f(z) = f()l < [f(z) = fx|+1/(y) = fx|.

Evidently the classisal Sobolev imbedding theorem is a direct consequence of
Theorem 6. Now we apply this theorem to the case of weighted Sobolev spaces
(with Muckenhoupt weights) and obtain the imbedding theorom of Fabes-Kenig-
Serapioni [11] (see also [9], [23]).

COROLLARY 3. Ifw € Ay, (1 < p < o0) then there exists 6 > 0 such that for
1 <k<n/(n—1)4 6 the following inequality

( ! /BR|u(;z)—uw,R|kpw(x)dx)l/kp

w(BRr)
1 1/p
<CR (w(BR) /BR |Vu|pw(:1:)dx> ©)
holds for all v € C*°(BRr), where w(E) = [pwdz and u, r = J(IIB_R)IBR uw dz.

Moreover, if u € C§°(BR) then the above inequality holds with |u(z) — u,, r|*?
replaced by |u(z)|*P. The constant C depends on w, n, p and é.

Remark. See [34, Chapter 9] or [13, Chapter 4] for definition and basic properties
of the Muckenhoupt weights A,,.

Proof. Since by the Muckenhoupt theorem the maximal operator is bounded in
LP(w) (see [34, Th. 4.1, p. 233] or [13, Th. 2.8, p. 400]), the weighted Sobolev
space W' on a ball Bg with respect to the weight w is just the Sobolev space
in the sense of Section 3. It follows from the open end property (see [13, Th.
2.6, p. 399] or [34]) that there exists ¢ > O such that w € A,_.. Now the strong
doubling condition (see [34, Th. 2.4(iv), p. 226] or [13, Th. 2.9, p. 400]) implies
that if Bp = B(0,1) and w(B(0,1)) = 1, then the ball with measure w(z)dz is
n(p — €)-regular, with constant ‘b’ depending on A,_. constant of w only. Hence
the inequality (9) follows in this special case from Theorem 6. Note that inequality
(9) is invariant under multiplying w by a constant, hence it holds in Br = B(0, 1)
without assumption that w(B(0, 1)) = 1. The inequality for an arbitrary R follows
from the rescaling argument (since wgr(z) = w(z/R) is also a A,_. weight with
the same A,,_. constant). Finally, the inequality for u € C§° follows from Theorem
6, because such u satisfies the Poincaré type inequality.
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Note also that we can apply the other cases of Theorem 6 and extend Corollary 3.
Since it is evident how to state the result we will not go into details.

6. Final Remarks

One can extend the above theory to the case of an unbounded metric space. Since
the constant in the Sobolev inequality (Theorem 6.1) does not depend on diam X
and u( X ), then this inequality extends to the case of an unbounded metric space.

Many domains 2 C R"™ can be regarded as metric spaces, with the geodesic
or related metric. Hence one can use the above method to obtain the (global)
imbedding theorems in domains.

Recently many papers deal with the Sobolev mappings from a domain 2 C R"
into a compact manifold or with the Sobolev mappings between two compact
manifolds (see, e.g. [3], [4], [14], [17], [18], [19], [21], [32], [36] and references
in these papers; that list is very far from being complete). The definition which is
usually employed depends on the imbedding of the image-manifold. However, it
is possible to define the space of Sobolev mappings between two metric spaces.
Namely, let (X, d, 1) be as in the definition of W!P(X,d, 1) and let (Y, p) be a
metric space. We say that f € W!P(X,Y) ifand only if p o f € WIP(X,d, )
for all ¢ € Lip(Y). If X and Y are two compact manifolds then it is not difficult
to prove that the space W1P( X, Y') coincides with that from the cited papers (see
[17] or [18] for details).
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