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\\re prove that  fu~lctions with ho1111decl deformation IL : R 1- IRn, R c IRn, 
i.e., such mappings tha t  the  symmetric part of the gradient ~ ( V I L  + ( V I L ) ~ )  is a 
measure, are approximately tlifferential~le a.e. The11 we generalize the result t o  
a more general class of functions. 

1991 ~ l l a f h c ~ r ~ a t ~ c s  S u b j ~ c t  C l a s s ~ f i c n t z o n  4GE35. Secondary 73E99, 42B2O. 

1. Introduction 

In the paper we deal with the  space B D ( R )  of functions nrith bountletl de- 
fornlation. Let us recall the  definition. 

To a vector function 11 = ( u l , .  . . . u,,) : 0 -4 IRn, where R C IRn is an open 
set,  we associate the  tlcformation trnsor E defined as a symmetric part  of the  
gradient of PL. i.e., E = i ( V u  + ( V I L ) ~ ) ,  or in terms of components, 

B D ( 0 )  is the space of all vector functio~ls IL E L1(R)n such that  E,, (defined in 
the distributional sense) are  measures with finite total variation. By a measure 

'This  research was carried ou t  while tlie author  stayed in the I C T P  in Trieste in 1995. He 
wishes to  thank the  ICTP for t he  hospitality. T h e  author \\.as partially supported by KBh' 
grant no. 2-P03A-03-1-08. 
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we will al\vaj.s mean a sigrietl Borel measure 11 on an open set R C m'" i.c.. 
11 = /I+ - / I - >  where / I +  and / I -  arc positive Rorel measures on 0, supportetl 
on disjoint sets. As usual, ] / I  = / I +  + / I -  denotes the measure of variation ancl 

1 1 / ~ 1 1  = I/II(R) tlle total variation of /I. \\'e also use notation X(R)." for the  space 
of vect,or functions 11 = . . . u,!,). u ,  E S ( R ) ,  where X ( R )  is a given f~i~ict ior i  
space. 

For the basic properties of B D ( R ) ,  see [21]. Note that  i f  IL E B D ( R )  and 
9 E C z ( R ) ,  then 119 E BD(IRn).  

T h e  class of functions with borintletl deforrnation B D ( R )  was introducecl 
by 5Iatt11ies. Strang ant1 C'liristiaiisen [lG] in connection with tlie variatio~ial 
p r o l ~ l e ~ n s  of perfrct plasticity, aritl investigated by Temam and Strang. ['A]. 

For the recent clcvelopment of tlie theory of B D ( R )  functions ant1 its appli- 
cations to  the  calcull~s of variations see, e.g. ['A], [25]. [ l s ] ,  [3], [ l ] .  [1]. ['I. 

It  is nell kno\vn that  the class B D ( R )  is larger than the class of vector 
functions \\.it11 I)ol~ntlctl variation B I ' ( R ) ,  see [ l G ] ,  [ Is] .  This fact follon.s from 
the result of Orristein, [PO]. 

Iiohn. [ l s ] .  was first to provc that many fine properties (related t o  geometric 
measure thcory) of D D ( R )  functions arc similar to  those of B l ' ( R )  functions. 

Since the spacc B D ( R )  is strictly larger than BI ' (R)n,  there are  f~rnc t io l~s  
(1 E B D ( f T )  such for certain i ,  j, the distrihutional derivative i)zci/i)x, is not a 
mt.asure. IIon.evcr, i t  was conjccti~red few years ago that  functions with bountletl 
tlcforn~ation are  approsimately tlifferential~le almost cverytvliere (see Section .3 
for the tlc.finitioi~ of apl)rosiinatc tlifferentiahilit?.). The  only known result in 
this direction was the onr  clue to Rcllettini. C'oscia and Dal XIaso, [A, Thcoreni 
8.21 s t a t i ~ ~ g  that  the function with the l~oundetl tlefor~ilation has approximate 
syn~~net l . i c  tlilferential a,?. This result was. I~o\ve\.er, easy. since hy tlie defi- 
riitio~i we k ~ ~ o n  "a lot'' aI)out syrnmctric 1)al.t of thc gradient ; ( '?(I  + ( V ( O T ) .  
The  jxoblem is to  investigate the properties of ren~ainirig, ske~v-sj.mmctric part 
i (Y11 - ( Y ~ I ) ~ ) ,  

In the paper givc the affirn~ati\.claiisn.er to the above conjecture. I\-hile t l ~ c  
paprr \vas i r l  p r e p a ~ . a t i o ~ ~ ,  t-\n-rl~roxio. (-loscia arid Dal hlaso. ['I, of)tainetl a~iotlior 
proof of this conjcct~rre. 111 fact. \vc prove a Inore general result. Narncly, instead 
of assuming tlrat VII+(VU) ' '  is a I T ~ C ~ S I I ~ C ,  tvt: assume that  { P ,  u } ~ ,  are rnc:asurcs. 
where F', a r r  certain partial differential operators wit11 constant corficients,  sre 
Theorern .j ant1 Corollary 1 .  

N o t a t i o n .  $nil~ol TI"".P(CL) \ v i i l  tlenotc the usual Sobolev space of f u n c t i o ~ ~ s  
lvliose cli5tril111tional tlerivatives of order less tllerl or equal to  ,TI. belong to L" Qj. 

If F c R is a 13orcl set t l i ~ n  the nleasu1.e p L F  is defined by ( / /LF)(A) = 

/ [ (A n F ) .  Tlrc T,rbesgue nieasurc of A will 11e sirnply denoted hy I.'t/. 

If Ilk. 11 E I,? ( m n i  then we say that L I ~  conv~rges to 11 in the sense of tlistri- 
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butions i f  for every c% E C r ( I R n )  

L1.e denote such a convergence by writing u k  -+ u in D'. 

By ~nollifier we mean a function y, defined as q , ( x )  = E - ~ ~ ( x / E ) ,  where 
p E CF(IRn).  is a fiued function with y > 0 and JRn p(x)  dx = 1. T h e  symbol 
q, will al~vays stantl for a mollifier. By (it, R )  \ \e  will denote the scalar product 
of vectors in Dln.  In the paper C will denote a general constant which ma)  
change even in a single string of estimates. L\'e will write 11 x c t o  express t h a t  
there are t ~ o  positile constants C1 and C2 such that Clzl 5 r )  < C2u . 

A c k n o w l e d g e ~ l ~ e n t s .  The  a r ~ t h o r  ~vislics to thank Giovanni All~ert i  for 
bringing the problern considerecl here to  his attention. 

2.  I n t e g r a l  r e p r e s e l l t a t i o n  

In this section n.e recall Sni tah integral representation formula, [?'I, for C r ( I R n )  
functions ancl Ire s l ~ o ~ v  t l ~ a t  t l ~ i s  formula lloltls also for BD(IRn) fulictions lvith 
co~npac t  sr~pport .  First. \re s tar t  Lrith an elementary case of Smith's formula, 
nhich is, however, saficient for the apl~lications to  BD functions. 

Let 11 = ( u l .  1 1 2 . .  . . , u n )  E C?(IRn)". For b = 1 , 2 . .  . . , n ,  we have the  well 
known integral formula. see [17, Tlleorem 1.1 . I  0 /2] .  

nhcre Ii , , (n) = a , ~ , / J r l "  ant1 ~ c ' , ~  tlenotes volun~e of the unit hall. Note t h a t  

Placing tlris identity in (1) and integrating 11y parts we obtain 

Thus \re ol)tainctl an cs1)licit integral fov~nula to represent 11 in terms of 
{ E , , } .  Note that  the a~surnpt ion ahout t i ~ c  cornpactrlcss of the supprot of 71 was 
esspntial. since ( 2 )  does not liolcl for a general 11 E C'" as E , ,  vanishes on a certain 
class of polynomials of ol.tler 1. Nolv we show that ( 2 )  holds also for RD(IRn)  
functions with compact. support.  

TIICOREAI 1 If 11 E BD(IRn)  h a ,  corrlpnct s ~ l p p o i f ,  ihrn  fornlllln (2) holds a.e.  

Proof. Since laIi,,/a.r,l 5 c'l.rll-". tho t h e o ~ e m  follows irnmecliately from 
Lemma 1 and 1,emma 2 below. 
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L E ~ I L I A  1 Lpt I i  E L,&,(IRn). I J /L  zs n ozgncd Bore1 measure o n  IRn u-zth compclct 
support  a n d f i n z t e  total  ra r za t l o t~ ,  then  I i  * /L E L~,,,(IRn). 

L E L I ~ I A  2 A s s u m e  that l I i ( z ) l  5 CIzI"-" ~92th certazn cons tants  C > 0 nrld 
a > 0. Let ti be a szgneil Borcl  rrleasurr on IRn u l th  conlpact support  and  firlztc 
total uarintron. If pc = / L  * y,, t hen  I i  * / I ,  -+ I< 1; / L  i n  D'. 

Le~nrna  1 follows from Fubini's theorem. According to Lemma 1, both I<*/ir  
and I i  * / I  are locally integrable functions, so I r e  can ask about the  convergence i11 

the sense of clistributions. T h e  proof of Lernma 2 follo~vs from the  Fuhini theorein 
and from the  Dominated Convergence Theorem. The growth condition for the 
kernel I i  in 1,emma 2 lcatls to the urliforln estimate, independent of 0 < s < 1. 

( I I i i  * p, ) (z)  5 C(I:lg-" + l ) ,  

see [Ci, 1,enima 21, xllich allo\vs us to al~ply Dominated Convergence Theoreni. 
\Ye leave t , l~e details to  the  reader. The proof of Theorem 1 is complete. 

Formula ( 2 )  is strictly relatrd to the so called Iiorn's inequality, see [ I l l ,  [22]. 
[19], [5]. [21. Theoleln 12.201. [14] and leferences therein. 

Non we s ta te  a more general version of Snlitli's representation fornlula. For 
the silnplicity sake we cio not pursrle to  state the result i l l  its [nost general form. 

Let PJ = (PJ1 . .  . . , PJnl ) .  j = 1 , .  . . . !Y he liriear ho~nogeneous partial dif- 
ferential operators of orclcr 771 > 1. with co~lstant coeficie~lts,  acting on vector 
functions 

,t 1 

11 = ( l i l . .  . . , U J I )  ant1 P,I~  = P,ktin.. 
k= 1 

IIomogencity of  ortlcr 171 means PJi; = ~ l L , l = , l  ( ! , n o .  13y p ,k ( ( )  \ye will denotc 
the  cha~.acteristic polyl~onlial of I',k. The follon.ing result is due to  Smith, [22]. 

T I IEOIIE~I  2 IJ'for t1,ery ( E Q"' \ {0) ,  the n ~ n t r i s  { l ~ J k ( ( ) )  has  rank  .\I, t l l c ~ ~  
therr ~.l.i.st Ii , ,  E Cnj(lRn \ (0)). I i ,J(n.)  = jnlm-*Ii,,(n./ln./) when x # 0, siich 
that for  11 = ( n l . .  . . . t i , , , )  E CiW(m'")"'. w t  hn19c 

I [ ,  = Ii,, * 11, 11 

Formula ('2) is a particular case of formula ( 3 ) .  Intleetl 

where 

Thus .\I = 1 7 ,  :Y = 11' ant1 111 = 1 .  IIcre :,, p1aL.s a role of P,. It is also easy to 
check, that  the rank of sr~itable matrix eclrials 71 .  

No\\ the countri,part of Theorem 1 reads as fo1lon.s. 
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T I ~ E O R E \ ~  3 Ass~lrne  fhnt  P I ,  Ii',,, bf, I\.' and ira nrr as  zn Theorem 2. If u E 
L1(IRn)\' hns corr~pncf support  and P , I I .  3 = 1 , .  . . , h are mrnsures  ~oz th  bounded 

i totnl ~ a r c n t l o n ,  thetz forrn~lln (3) holds a.r  

Proof is that same as that  for Theorem 1. 

In many applications it is important to have integral represelltations in do- 
mains, rather than those for compactly supported hinctions. For tlie extension of 
Smith's theorem to domains, see the paper of Iialamajska [10]. It is also possible 
to extent1 Theorem 3 to domains, hut we \ v i l l  not go into details. 

3. Approximate differentiability 

L,et 11 he a real valued functior~ tlefinctl on a measural~le subset E c IRn. \\.e 
say that L = ( L 1 , .  . . , L,,) is an nppt .os ir~~nte  total rlifl~rerztic~l ( in  short a.t.ct. ) of 
u a t  .ro i f  for every 5 > 0 thc set 

has a. as a deri\it>v point.  If this I S  t l ~ c  case then .xo is a density point of E and 
L is uniquely detcrrninccl. 

\\.e lccall that  s E IRn is a t lens~ty point of a mcasurahlr set A C IRn if 
l i n ~ , - ~  Id n B ( z , ~ , ) l / / f l ( ~ ,  , . ) I  = 1 .  

\\'hen \ve s q  that  11 is t1ifferential)le in a poii~t :ro we \rill mean the classical 
definit ion. 

If a fr~nction u : E -+ IR I ~ a s  t l ~ e  follo~ving "Lusin type" property: for every 
E > 0 there exists a locally Lipscllitz ful~ctiou h : lRn + IR such tha t  I{x E 
E : I I ( . ~ )  # I T ( s ) } /  < E .  then 11 lias a.t . t l .  almost ever!.\rllere in E .  This  is a n  
elementary consecliit7nce of t l ~ c  a.e. tlifferentiahility of Lipschitz frlr~ctions ( 1 1  has 
a . t .d .  in r i f  n is a tlcnsity point of the set { u  = h )  ant1 h is differentiable at  r ) .  

Since e v e l  1,ipscliitz fiinctior~ can hc extender1 from any slll~sct of IRn to  IRn 
as a 1,ipschitz function. [ l o .  '2.10:1], tllc above remark leatls to the following 

LE\III.A 3 Let E c IItn / I F  (1 rntrr.i.n~~nblt a i~bs t t  (ir~cl 1i.I : E i IR n ~ e n s ~ ~ r a b l t  
fzinciions. If / u ( . T )  - rc(y)l < 1.r - g / ( I ( r )  + I ( y ) )  c1.t. 1 1 2  E ,  tllctn u has  a. t .d.  
almost ~ i . ~ r ! j ~ c ~ h e r t  it, E .  

Rfrr2ar.k. Tlie inrcliialit~. in thc ic~llllia holtls a.e. in the folloiving sense: there 
is a set F c E .  IF1 = 0 such that  t l ~ c  inrcluality holds for all r , y  E E \ F .  

The a l~ove  mcntio~ictl 1.~1sin t>,pr  property is not only sufficient but also nec- 
essar!. for a . r .  existence of a.t.cl. The  necessity is a tlifficult par t .  This is due t o  
\\'hi triry. [26]. 

TIIEORE\I 4 Lrt 17 C IR" bc n 71,trr~lrrnblr s f t  nnrl 11 : 17 -+ IR n rnens111-able 
furlctron. Thrrz f h r  J'ollori~rlg f11'o cor~r l t f !or~s  are eqnlt.nleni 
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1 .  .u zs r ~ l ~ p r o s l r n n f e l ! ~  totally drflerenttnble n.e in E 

2. For rach E > 0 there enlsts n  locally Lipschltz f u n c t ~ o n  h  : IRn -+ IR such 
that l { x  E E : ~ ( x )  # h ( x ) } l  < E .  

\Ye will not use this theorem in the secluel. For more striking result, see the 
original paper of \Yhitncy [XI .  

Koiv ive can formulate the main result 

T I IEORE~I  5 f t s s ~ ~ n z ~  thnt P, r ~ t r  operators of o r d e r m  2 1 ,  a s  zn Theorern 2 otlti 
R c Illn 2s an open  set If Z L  E  IT;'^^-^ ' ( R ) "  has  the property that  dlstrlbut~onril  
d e ~ z l ~ ~ f t l v r  P,ZL = 1 .  . , iZr n tc  rr~ensc~tes ~irzth bounded total  rnrzatzon,  thrrj (111 

the f t~ tzc f lo t~ . :  Doll f o ~  In1 = 112 - 1 h a r t  n  t  d alrr~ost et~.cryt~,hcie In R 

Ren2nr.l;. T h e  assumption 11 E 1l.;"R,--"'(R)~'' is sl~perfluous. Indeed. i f  \ye 
assume only that  u E Z?'(TRn)l', then representation formula (3)  which holds for 
C,OO a1lon.s 11s t o  apply a version of Deny and Lions' argument (cf. [13, Corollary 
21. [24, Thcorem 2.11, ['J], [17, Tlieorem 1.1.2)).  This implies tha t  Z L  which is a 
priori a tlistribution, already belongs to  I[',",:-'"(0). \\;e skip details because it 
is standard anel we will not usc it in the secluel. 

COROLLAR~ '  1 Z L  E BD(R) has  a.t.d. alrnost ereryzche~e 

Since P, (c j r~ )  are measures for y E C'F(R).  Theoren1 5 follo~vs immediatel~.  
frorn Theorem 3 .  Le~nina  7 a ~ ~ t l  Tl~eorenl  6. Kote that  the fact 11 E I~',;~-"~(R)." 
is employetl in the  proof that P,(qcc) are measures. 

4. Calder611, M a r c i n k i e w i c z  a n d  Z y g m u n d  

In this section ivr recall sonie tlefinitions ant1 results related to  CaltIel.611 a n d  
Zygmuncl's theory of singular integrals. 

Let / L  IIC a s~gnct l  Bolcl riieasule on R" i\.ith finite total \ariation. \\'e tlehne 
the maximal function of / I  as 

The following lernma is well I.rnonn. 

LCLI\IA 4 If the rnrnsurr ~1 1 9  u s  nborle tiler1 for ecery  t  > 0 

T h e  cons tant  C d~llcl~rl . . ;  on  17. or111~. 



The  proof ivlien / L  is an absolutely continuous measure is given in [23, p. 51, 
ho\vever, the same argumrnt  nrorks in the general case (cf. [23, p. 771).  

LE\I\IA 5 I f  t1 z q  a s  abol'e t h e n  for  e v c l y  1 > 0 ,  the 7 n e a ~ u r e  / L L { I \ [ / L  < t )  I <  

absolutely c o n t ~ t ~ l ~ o l ~ s .  

Proof .  Live need to p ro le  that  f o ~  E c {.\lie < t )  bvith / E l  = 0 there is 
1/1I(E) = 0. Fol E > 0 let E C Uzl R ( T , . T , ) ,  n h r ~ e  n., E E and C,:, I B ( z , , r , ) l  < 
E .  Thrn  

c% n 

l t ~ l ( E )  5 I / e l ( B ( . r , , i , , ) )  5 ~ t l ~ ( x , , ~ , ) l  < t:. 
,=I , = I  

The lemma follo\vs 1,. letting e -+ 0.  

For every t > 0 we tlrfine a Caltlr~.d~~-Z!.grnuIld tlecoili~~osition of / L  as follows. 

Let Et = { A l , ~ e  < 1 ) .  T h e  set R, = IRn \ E l  is open. I,et R t  = Uz, Q i  
be a tlecomposition into LVl~itney cu l~es  (i.e., Q, a r r  closed cubes with pairwise 
disjoint iilt,eriors and s11cl1 that  tliam Q, is comparable to dist ( Q , ,  E l ) .  see [23: 
p.  161 for more details). By Caltler611-Zygmunci decomposition of LL lve mean 
I L  = g + t l b ,  where 

and tit = ( P  - / l ( Q z ) / l Q i I ) L Q i .  i.e.. / lp (k l )  = /((/I n Q , )  - IA n Q i l p ( Q , ) / I Q i I .  
By lelnrna 5 .  i e L E t  ant1 hence g are itlc~ltified with integral~le ft~nctions. T h e  
C'aldrrcin-Zyginl~ntl cl~cornpositioii tlepe~itls 011 t ,  hut for the simplicity of no- 
tation we do not put t  as a subscript. Tile letters "g" ant1 "b" correspond t,o 
"good" ant1 "bad" part of 1 1 .  It is \ v ~ l l  knoivn tllat 

Thc constants (' tlcpc.iit1 on rl only. Incq~i;~lity 1 .  is a reformulation of 
Lem~rla 1. Iiicc~~ialit,y 2.  follo\vs iron1 the fact that tliamQ, is comparable to  
dist (0,. El) ant1 from t11c clefinit ion of El, see 123. 11. 191 for cl(xtails. It follows 
froin "differcntiat~ion thcoreir~", ["i. 1.3.91. that  / L L E ~ ~  5 t ,  ( p L E L  is a function) 
ant1 hcnce / I /  < C't .  7'1i~1s g E I,' n I,%. 

If F c IR'' is a closetl sct tlicn n.1: tiefin(, :\Irercit~kicrric:k irttcgrnl ussociated 
to  F as 

where 6 ( z )  = tlist ( 2 .  F). Ol~vio l~s ly  I . (n )  = m for n. E IRn \ F .  The  folloiving 
result is n.el1 knowil. see [23.  pp. 1.1-lrj]. 
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LELIMA 6 Let F C IRn be a closed set such that IIRn\ FI < m. T h e n  I . ( z )  < cw; 
for n l n ~ o s t  every  x E F .  ~Lforeocer 

This lemma follows easily from Fubini's theorem. 

5. Differentiability properties of convolution 

L E M M A  7 Lct I i  E C'w(IR" \ {O))! J i ( . r )  = I.r17"-"Ii(z/ln.j), 771 2 1 and l t t  j~ b c  
n s i g i ~  ~d Bore1 111 tns l l  V E  o tr I l ln  1~i t11  cor~ipnct sz~ppol.t nrld jitaite totnl  rnr.intiorr. 
T l ~ e t ~  I i  * 1 1  E IT<:C-,-'.'(IRn) n t ~ d  

This is a classical forml~la for tlifferentiation of distributions, combined with 
Lenirrla 1. If 172 = 1, tlicri Lemma 'i states only that  I( * / L  E L:,,. 

It  is natural to  ask what \ire can say about derivatives Dm(Ii '  * 1 1 )  when 
1 0 1  = 117. iIss111ne for a moment that  insteatl of / L  we have a function g E LP(IR"). 
1 < ?I < cc (with compact sr~pport  as \\ell). The  case of general measure 11 n.ill 
be treated later (Theorern 6 ) .  

If \re try to  coml)ute tlie tlerivative in cluestion, formally. using the  formula 
" I I o ( I i  * g )  = ( D n l <  )*g",  then \vc arrive into troul~lrs: kernel D" Ii'. 1 0 1  = 111 has 
a noni~itegral>le sirig~llari ty (of orcler 11) .  so t lie formula makes no sense. IZIiklilin 
piovetl. Ilo\vevrr, that i f  we interpret tlie convolution \vitli D 0 l i  as a sing~rlar 
intkgral. t l ~ c n  D n ( I i  * g )  = ( D n I i )  * g + cg n.ith s ~ ~ r p r i s i ~ l g  appearance of tlie 
term cg.  n.11c.r~ c is a consthnt (tlcpentling on I<).  Roughly speaking. the  reasoil 
why  cg apprars is t l ~ r  follo\vi~ig: in the tlcfinitioii of singular integral \vc cut tlie 
kernel D e l i  ncar origin, this causes the appearance of 6 distribution ant1 hcrl(.e 
that of tlic term cg. 

Now the tiil.ect a p p l i c a t i o ~ ~  of cclehratetl theorem of Calderrin ant1 Zygnil~iitl 
on I~o~~lltlctlness of singular i~ltegrals i n  1," readilj. cstahlislies the  following rcs~~l t ,  
of hlilililin. [IS. Theorcni 1.391. 

L ~ h r a r ~  S If li 2 q  ns 2 1 1  L,etiarrzn 7 clr~rl g E L P ( R n ) ,  1 < I )  < cc has  cornpoct 
s u p l ~ o r t ,  t h f n  Ii * g E I I ' , ~ P ( l R n )  n r ~ d  D ' ( 1 i  * g )  E LP(IRn) for  /a1 = m 

If we replace. however, y in Lernma S by y E L' or by a measure p ,  then 
the distributional tlerivat,ive D"(I< 1: i t ) ,  1 0 1  = rn does not need to he a measurr: 
(ot.hernise 'l'heorem 1 n.ol~ltl ilnply BD = BI'). \Ye can only prove the  exis tr~ice 
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of derivatives i i i  the  approximate sense. hIore precisely for every la1 = m - 1, the  
function D m ( I i  * p) has a.t .d. almost every\\~he~.e. This is the main technical tool 
in the proof of Theorcrn 5 .  Since, accortling to Lern~ila 7, D m ( I i * p )  = ( U m I i ) * l ~ ,  
D n I i ( x )  = l s l l - " D " l i ( x / I s l ) ,  when 1 0 1  = 177 - 1 ,  the problem retluces t o  the  
case n1 = 1. 

THEORESI G Let li E Cm(IRn\{O)) ,  I i ( s )  = / T ( ~ - ~ I ~ ( X / ~ X ~ )  w h e n  s # 0 a n d  let 
p be n s~grled Bore1 m e n s u r f  o n  IRn 1~71th fi111te fo tu l  vnrtatzon.  T h e n  the  f u n c f z o n  
I i  * / i  h n s  npprorzmntc  t o f n l  dzf lerentinl  a1rno.t erer-y~rhere.  

R f m n r k .  \\'e do not assurne that  the support of is compact,  however, for 
our applications it ~vould suffice to  assuri-ie it. 

This theorern is essentially tlrle to C:altle~.ti~l ant1 Zygmund. [S, Remark,  p. 
1291. Namely C:alcler6n ant1 Zygrnt~ntl sketched tile proof in tlie particular case 
I i ( r )  = 1n.l'-". The  general case goes along the same line. Tllcrc are, however, 
two reasons for which we include all tlie details liere. T l ~ e  first reason is tha t  the  
paper of Calder611 and Zygm~lncl contains a very short sketch only; the second 
reason is that  we realizetl that  this resr~lt can be used to solvc some questions 
which arose in fieltls of calculus of v a r i a t i o ~ ~ s  rv11el.e singular integrals did not 
appear so far. 

Proof of 7 '11eo~~cr~1 6.  Given t > 0. let r c  = y + / 1 6  he a Caltler6n-Zygmund 
decon~position of 1 1 .  \\'e ~ v i l l  use tlic notation from t,lic Scction 4. Note tha t  
lIRn \ Efl  + O as t --, m, so it sr~fliccs to prove that I< * 1 1  has a . t .d .  alrnost 
everyivhere in Et.  for evcry t  > 0 .  \IT? have I i  * j r  = I i  * g + I i  * p b .  Since 
g E L' n L". then y E Lp for ever. 1 < 11 < x: ant1 l~cncc I i  * g is differentiable 
a.e. in m" as every l\;',;P function for 11 > 7, is clifferentiable a,?.. [TI. Tl111s it 
remains to prove that  the function I< * pb has a.t.tl. almost everywhere in El. 
Let I. hc the integral of lIa~.rinkie\vicz associatttl to E,. Sinrr  I, < oc a.e. in Et 
(Lemma 6 ) ,  tllr tlttsi~~etl property of I i  * / i b  follo\vb i~~~rnc t l i a tc ly  from Lernma 3 
and t l ~ e  1ern1na l,elo\v. 

L ~ s r x r ~ i  9 Tlit i ~ r e q ~ l n l i t y  IIi * p h ( y )  - I i  * / c " ( n . ) I  5 (';I/ - s j ( I , ( r )  + I . ( y ) )  ho lds  
for  ctlmosf all n.; y  E E t .  ~ r i f h  C'' t l fp t  r ~ t l i r ~ g  or1 n or11y. 

I2rn~nrk.s .  1 )  Set. the rerriark folIo\virig Lemma 13. 2 )  Le11111ia '3 can be inter- 
pretrtl in trrnis of gerlrralizctl So1,olrv spaces introtl~icctl hy  tlir aiitlior in [I?]. 
Namt.l!. tllc i~lecluality of Lenl~iia !I i~lll>lics I i  * p b  E l l " , ' ( E t .  / . .  \I7"). We will 
not use this inter111,ctation i l l  tllr scc l~~c l .  

a.e.. so it rcmairls to  prove t l ~ a t  
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for i = 1 , 2 , .  . . Fix i E N. 

By 2' we will denote the center of the cube Q,. In what follows z and y 

will always belong t o  E!. The heart of the matter is to  estimate the exp~ession 
V = Ii * /~:(y) - Ii * /L:(T) which I ded~ca te  to  my sweetheart Joanna.  \Ye need 
to consitler three cases. 

Case 1: Ix - yl  < cliamQ,; For z E Q,, there is a variable point zc(z) E 
such that  

In the last s tep we ernployecl the fact JQ, dll: = 0. Solr using the propel t! 

IPPI(Q,) I CtlQ,I n.e get 

(C: clepencl5 on t . )  Fol a certain point t . ( r )  hclo~lging to the segment joining 1 

wit11 ~ ( 2 )  + z' - z 

T h e  last inequality follorvs fro111 tllc observation that 5(2) z d i a m Q ,  for : E Q, 
ant1 I Z  - 2'1 z 17 - J I  for z E (2,. 

Case 2: In. - yl 2 10-'tlist ({n., y}.Q,); 

- 
L\'c cinpIoye(1 Ilc>ic the fact Jc2, ( I / ( :  = 0.  KO\\ for certain s ( : )  E zz l  

\\.e obtain a similar cstiinatc. wit11 n. replaceci by y .  Thus 

diam Q, 
7 - 2'1 l x  - 2 ,  n+l lQ,l + ly - zt l  

Now the estimates 1.1. - :'I, / y  - 2'1 < C'jr - y1 lead to the clesiretl inequality 
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Case 3: d i a m Q ,  5 1.r - yl < 10-'dist ({x ,  y),Q,); T h e r e  exist  points  - 
I C , , ~ .  t ~ ~ , ~  E 2:' such that 

Hence 

d i a m  (2, 

T h e  proof for Lemma 9 ant1 hence t h a t  for Thcorem 6 is complete .  
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