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Equivalent Statement of the Poincaré Conjecture (*).

Piotr HajrAsz

Abstract. — We find an equivalent statement of the Poincaré Conjecture in an analytical form
mvolving the notion of the Sobolev mappings between manifolds.

1. - Introduction.

We start with recalling basic notions from the Sobolev mappings theory. More in-
formation can be found in papers given in references.

Let M™ be a smooth compact Riemannian m-dimensional manifold. We define the
Sobolev space WP (M™) as a completion of C*(M™) in the norm

i 1/p
llflll,p=( j(|f|1’+ IVfIP)dx) )

mMm™

Now let M™ and N" be two smooth compact Riemannian manifolds (M™ may have a
boundary but N” not), and additionally let’s assume that N" is embedded in the Eu-
clidean space R*. Then we define

wWhP(M™ N")={fe W-P(M™, R¥): fx)e N" ae. xe M™}
where
wbLr(mM™, R")={(f1,...,fk): fieWhP(M™),i=1,2,...,k}.

One can prove that in fact the space W ?(M™, N") is independent of choice of met-
rics on M™ and N" and of embedding of N™

(*) Entrata in redazione il 21 ottobre 1991.
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REMARK. — Analogously one can define the space WP (M™, N") for » > 1. This
space is also independent of choice of metrics and of embedding of N (see[5]).

TueoreM 1 (6], [7). - If p=m then C*(M™ N") is dense in
WhP(M™, N").

In the case p < m in general this statement doesn’t hold (see Lemma 1 and Theo-
rem 4 below).

THEOREM 2 ([8]). — If fe Wh™(M™, N™) then there exists « > 0 such that if g,,
g C*(M™, N"), |lf— gilim <e, i =1,2 then g, and g, are homotopic. ™

The following lemma was proved in[2] in a special case M™ = B™. It is also an
easier part of a very difficult theorem of Bethuel ([1], [4], Theorem 4 below). The
proof presented below extends the method given in[2].

1LEMMA 1 —If n(p)(N™) # 0 and p < m then smooth mappings are not dense in
WhP(M™, N™).

(7, denotes the k-th. homotopy group and [p] is the greatest integer not greater
than p.)

PROOF. — It is not difficult to find a smooth mapping f: BP'*! — SP! with two sin-
gular points of degree +1 and —1 such that near the boundary, fis a mapping into a
point. Now we can construct the mapping g: BP1*1 x §m~P1-1_ SlPl putting
g(b, s)=f(b). And in the end we can embed the torus B *! x S™-P1=1 into the mani-
fold M™ and extended the mapping g on the completion of this torus sending it into
the corresponding point.

Let’s assume that ¢: S'”! — N™ is a smooth representative of a nontrivial element
in 7, (N™). We will prove that the mapping ¢og € W"?(M™, N") cannot be approxi-
mated by smooth mappings. For if not there would exist a sequence f, e C™ (M™, N*)
such that f, — ¢ og in a W ? norm. Then the Fubini theorem implies that there exists
a small sphere of the type S around the singularity +1 (in one film
BWPI+1c BlPI+1 5 gm=I[p]=1c pf™) such that after taking a subsequence of f; (denoted
also by fi) fijsin — ¢ og|sw in WP norm. Mappings f;s»: SP' > N™ are homotopical-
ly trivial but ¢ o g | is a representative of a nontrivial element in 7,;(N"). This con-
tradicts Theorem 2. =

In the sequel we will use also the following lemma:

LEMMA 2. - If a mapping fe WhP(M™, N™) can be approximated by Lipschitz
mappings then it can be approximated by smooth ones.
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PROOF. — Lipschitz mapping can be approximated by a composition of a standard
convolution approximation with the nearest point projection from the tubular neigh-
borhood onto N™. For the proof of the continuity of such composition in W' ? norm see
e.g.[2] p. 63, [5], [7]. (By the convolution approximation we mean the convolution ap-
proximation of the components of the given mapping. This gives the mapping with
values in R¥, but near N" as the given mapping is continuous.)

2. — Poincaré conjecture.

We restrict our attention (in the rest of the paper) to the category of differentiable
manifolds, but fortunately in the most important case n = 3 all manifolds admit such
structure. Let’s start with recalling the Poincaré conjecture in its classical state-
ment.

P.C. (first form). The n-dimensional manifold is homeomorphic with the sphere
S™ if and only if it has the same homotopical type.

The following lemma can be readily derived from Hurewicz and Whitehad’s
theorems.

LEMMA 3. — The n-dimensional manifold has the same homotopical type as the
sphere S™ if and only if it is compact, (n — 1)-connected, without bound-
ary. W

This lemma leads to the another equivalent statement of the Poincaré conjec-
ture.

P.C. (second form). Compact, n-dimensional manifold without boundary is
homeomorphic with the sphere S™ if and only if it is (n — 1)-connected.

In the sequel we will use the following lemma.

LEMMA 4. - If K™ is a compact, contractible (hence with boundary) submanifold of
R¥ then there exists a Lipschiltz retraction from R* onto K™

PROOF. — Proof of this lemma is more or less standard, so we will sketch it only.
Let’s divide R* into a family of small cubes using the lattice points. Now we can con-
struct this retraction as follows: Near the manifold we define it as the nearest point
projection. On the rest of the space we define our mapping by extending it on skele-
tons. The extension of the mapping to the higher dimensional skeletons is possible by
vanishing of the homotopy groups of the manifold K*. =
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3. - Main result.
The aim of this paper is to prove the following

THEOREM 3. — The following conjecture is equivalent to the Poincaré conjec-
ture:

CONJECTURE. — Compact, connected manifold M™, without boundary is homeomor-
phic with the sphere S™ if and only if C> (M™, M™) is dense in W-?(M", M™) for all
1sp< .

PROOF. — According to the second statement of the P.C. it is enough to prove that
the manifold M" is (n — 1)-connected if and only if C*(M", M™) is dense in
Wbhe(M", M") for all 1 <p < o,

Let’s assume that =, (M") # 0 for some 1 <k <mn — 1 then as follows from Lem-
ma 1, C*(M", M") is not dense in Wh*(M™ M™).

To prove the opposite implication, we note that as follows from Theorem 1,
C*(M", M") is dense in W P(M™, M™) when p = n. Hence, assume that p < n and
that M™ is embedded in R¥. Let fe W7 (M", M™). We have to prove that f can be ap-
proximated by smooth mappings.

LEMMA 5. - If M™ is a compact, (n — 1)-connected manifold without boundary then
for every x e M", M"\{x} is contractible.

PrOOF. — The case n = 2 is obvious. Let’s assume that n = 3. It is enough to prove
that =, (M"\{x})=0 for k=1,2,..., but by the dimension argument
T (M"\{x}) = ... =7, o (M"\{xz}) =0, hence by Hurewicz theorems (simple and
reverse) it is enough to prove that H, ;(M"\ {x}) = 0. M"\ {x} has a homotopy
type of M"\ B" where B" is a small ball, hence:

H,_;(M"\{x}) = H,_,(M"\ B") = (Lefschetz duality) = H'(M"\ B", 3B") =
= (excision) = H'(M", B*) = H'(M" /B")=H'(M")=0. =

(In the following reasoning we will use some informal notations.)

If ¢ > 0 is a sufficiently small then the ball B" (x, ¢) lying on the manifold M" can
be identified with the ball in euclidean space (using the system of normal coordi-
nates), so we can introduce the linear structure on B"(x, ¢) with x as a zero.

There exists the family of homotopies (for sufficiently small ¢)

H*¢: (M"\\ B"(x, ¢)) x [0, 11> M"\ B"(x, ¢),
H*<(,0)=14d, H”°(,1)= *.

(We restrict our attention to these x whose distance from the fixed point * is greater
than 2¢.)
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Let 11, .:B"(x, )\{2} >S" '(x, &) denotes the radial projection. Let
2 e Cy (B™(1)) be such that 0 < (x) <1 and ¢|gn1/2) = 1. Now we can define the
family of retractions

P& M" > M"\B"(x, ¢),
P ¢ | yn B, o) = Wy Bz, )5
by the formula

H®>:(, .(y), p(y/e)) when yeB"(x, e)\{z},
P& <(y) =< * when y =«
Y when ye M"\ B"(x, ¢).

We can choose the family H* ¢ «uniformly» and hence we obtain that P™ ¢ is a Lips-
chitz retraction with the Lipschitz constant bounded by Le ' where the constant L
does not depend on x. Now we can finish our proof following some ideas of [2] Th. 1.
There exists a constant C such that the maximal number k(c) of disjoint balls with
radius ¢ contained in M" is not less than Ce ™.

Let {B"(x;, ¢)}*¢] be such a disjointed family of balls. We have

k(e)

A+ 19nde=3 [ A7+ VAN de < fI -

i=1

k(s) ‘f—l(Bn(:tiv E))
Urier@, o

Hence there exists je {1, ..., k(¢)} such that

1 1
AP + 19117 do < 2= flRp < £,
fIB ;)
The mapping f can be approximated in the Sobolev norm by mappings P% ¢ of. In-
deed. We can assume that |f~'(B"(x;, ¢))| tends to zero with ¢ (Lebesgue’s mea-
sure), hence we have an approximation in LP-norm. Bearing absolute continuity of
the integral in mind it is enough to prove that
|V(P% ¢ of)|Pde—0 when ¢—0.
B a;, o)

We have
j |V(P% e of)|Pda < LPe? j |Vf|Pde < LPe~?C 1| f|E ,—0
FHB™xj, €) FIHB ;o)

when ¢ — 0. Now it remains to prove that the mapping P® ¢ f can be approximated
by smooth mappings.
Note that there exists a smooth mapping =: R — R* which is an extension of the
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retraction from the tubular neighborhood onto M". Composing the convolution ap-
proximation of P*°of with mapping = we obtain the smooth approximation g, of
P% ¢ of (compare with the proof of Lemma 2) with the following properties
1) g;—P®¢of in W"? norm and a.e. when ¢ — 0.
2) If E,={xeM": g,(x) e M"\ B"(x, ¢/2)} then |M"\ E,| - 0.
Unfortunately in general not all values of the mapping g, belong to M™. To obtain
proper approximation by Lipschitz mappings (compare with Lemma 2) it is enough to
compose g, with the retraction described in Lemma 4. Namely the manifold
M"\ B"(x, ¢/2) is contractible (Lemma 5) hence there exists a Lipschitz retraction
T: R¥ - M"\ B"(x, ¢/2) (Lemma 4). We denote its Lipschitz constant by K. Now it

suffices to prove that Tog, tends to P> ¢of in W' P-norm. T g, tends to P**of a.e.
and hence we have LP-convergence. Now it suffices to prove that

1= f |V(Tog,— P*¢of)|Pde—0 when 2—0.
M'ﬂ
We have

15=I+ f =1, ,+1,,,
E; M"\E;

I .= J |V(g;— P®<of)|Pdx—0 when ¢—0.
E,

(We used the fact that V(T o g,)(x) = Vg,(x) for a.e. x € E,. It is a simply consequence
of the fact that Tog,(x) = g,(x) when x € E))

I, < 2P 1K? J |Vg,|Pdac + 2P~1 j |V(P= < of)|Pdac.
M"™\ E; M"\E;

Second integral converges to zero because |M"\ E,| — 0. First integral also con-
verges to zero because

[ IVglrdes<z| [ (Vg -PoonlPde [ VPR Pdx |,
M"\ E; M"\E; M"\ E;

This completes the proof. =

We should note that our main result follows also from the following very difficult
theorem of Bethuel[1].

THEOREM 4. — Ifp < m then C* (M™, N") is dense in WHP (M™, N") if and only if
7 (N™) = 0.



PioTR HAJEASZ: Equivalent statement of the Poincaré conjecture 31

Although Theorem 3 follows also from Theorem 4, the proof presented above is
much simpler than that of Theorem 4. Moreover modification of the above method
leads to new results concerning the sequentially weakly density of smooth mappings
in Sobolev spaces of mappings—see[4].
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