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Abstract. \Ye corlstruct a hourldetl dornairi d l  C x2 with the cone property and a harmonic 
function on f2 wllicll belongs to 11;i"'(b2) for all 1 5 p < 41'3. As a corollary we deduce t,hat, 
t h ~ r c  is 110 Lp-Hocige decornpositioll in LP(.(?, iK2) for all p > -1 and that the Dirichiet problem 
for tllc Laplitcc, eq~~ittion cannot 1,e in general solved wit,h the bo~lnd;rr?; data in 11'1.p(b2) for all 
p i 4.  

1. Introduction. It is natural t o  consider the Poisson ecjliation ALL = J L  ill tlie Sobolev 

spac.c ~ l - l . ~ ( R ) .  However. ill some problerns we have t o  seek for solutions in I17'.p(R). 

v.rliere 11 f 2. This appears for example in the context of the LP-Hodge tlecorrlpositiorl 

wllich has recently founcl many applications to Djavier Stokes equatio~ls j13!, quasiregular 
rriappings [ lo] .  [7:. ;8]. harniorlic niappings [I]. calc1111is of variations [9]. higher integral~il- 
ity of the Jacohian [ l l ! .  [ 5 ] ,  [6]. elliptic eclilations [12]. [16]. [18] and many other prot~lerris. 

Usually one assulnes that  the boundary of t h r  d o r n a i ~ ~  is slifficiently regular. Then one 

prove\ the 11niqliene5s and the exi5teiice of the bolution to  the Dirichlet pro1,lern for the 
Poisson equation and hence tha t  for the LP-Hodge deconlposition. In this note we give 

a very elenlerltary example vil-hich shows tha t  a single cusp on tlie boundary can imply 

nonexistence and nonuniqueiless results. 111 a slightly different context the nonuniqlleness 
for Dirichlet prohlen~ in a donlain with a 5ingle cu5p on the  boundary ha i  beer1 5tudied 
in [14]. 

2. Result. For the sake of siinplicity we assunle tha t  fl is a bounded do~ri;~irl. By 
b ~ ' i ' ~ ( f 2 )  we clerlotc the closed subspace of T,lrl.J'(R) which is the  closure of C;"(R) in 
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the I..I7'.p norni u l , , ,  = u l l p  + \ V I L ~ .  I t  is a well known and trivial fact that  the only 
harmonic function in I .~ ' ; '~(R) is the  constant equal to zero. Hence the  same llolds in 
I$;~;'~(R) for all p > 2 (because W,:'~(R) -+ 1 1 . ~ ; ' ~ ( ( ~ ) ) .  In the case p > 2 we do not need 
any assunlptions about the regularity of the boundary. But what about the case 11 < 2:' 
In the case p = 1 it suffices to  assume that  BR E C1.l (cf. [4. Vol. 1. Chapter 2. Prop. 
13j) and in the case 1 < p < 2 that  a R  E C1 (see Rernark 2 below). 

We start  with a very elementary example which shows that  if we loosen the smooth- 
ness assu~rlptioils oil the boundary. tllen tile above rcssult on the u~liqueriess of Dirichlet 
problem inay fail for 1 5 p < 2. 

Let R be the irrlage of the  two dirnensiorlal disc D = {z z - i J  < 1) urlder the 
mapping z ++ z 2 .  The hourldary of f2 is a smooth Jordan ciirve except the  point ,- = 0,  
~vhere  we have a n  interior cusp. hIoreover, this dornain has the cone property. i.e.. there 
exists a cone V with a finite height so that  every point -1: E R has a cone T/, congruent 
to If arid witl-i vertex at  .c such that  T/, c R. 

THEOREN 1 If f2  I S  as above. then  the f~~rlrtzorz ~ ( z )  = 1111 ( z p l  + 212) zs h a r i n o n ~ c  
In f2 and belongc to  1 . 1 ~ i ' ~ ( f l )  for all 1 5 p < 313 

P r o o f. The  napping z H 1 /z  + i /2 rnaps D onto the halfplane {lrn z < 0 )  and llerlce 
the  boundary 3 0  is rnapped onto the .z-axis. So f ( 2 )  = In1 (1 / a  + i /2)  is harrllonic and 
it vanisl~es on i3D. except the discontinuity point = 0. But since R and zr are obtained 
from D and f hy coinposition with &. it follows that rr is a llar~nonic function and 
equal to zero on t h t  boundary of fl, except the point z = 0. where u is not contiiiuous. 
Elerncntary estimation shows that  V r c  t LP for all p < 413. Nov.7 it easily follows that  
E ~r.,'.~(n). 

R e  rn a r k 1. As was poii~ted out to the author by Pekka Koskela it follows fro111 Bren- 
nan's conjecture that  the exponent 413 in Theorcirl 1 is in sorile sense critical. Namely. if 
R c R2 is a bounded simply connected doinaiii and Q : R + B 2  is the Rieinarlrl rrlapping 
(B' is the unit disc) then as was coi~jectured by Brennan 131. l V $  E LP(R)  for all p < 4. 
Assume nosr that u E IV~ ' " (R)  for soine y > 413. If Brennan's co~ljecture is true then 
it easily follows that  u o E IV;"(B"). LIoreover. if I L  is harrnorlic then u o apl  is 
harmonic as well. The only harirlonic funct,ion in I , ~ : " ( B ~ )  is the corlstarlt function equal 
to zero and hence we deduce that  if IL E II!:'~(R) is a norlt,rivial liarinonic function then 
q 5 4/'3. As far as I know. Brennan's conjectute is still open and the best known result in 
this direction is due to Pornrnerenke j15j who proved that  V @ (  E L"(R) for all p < 3.399. 
Of course this result also gives a certain estimate for q. 

The re5t of this paper is devoted to  showing how to  use Theorern 1 to  obta~r l  exainples 
of nonexistence for the  LP-Hodge decomposition and norlexistence of solutio~ls to the 
Diriclllet problem for Laplace and Poisson equations SVe start  with an  elerrlentarv general 
observat ion 

THEOREZI 2. Let R c Rr' be a bounded open set and 1 < p , q  < x. l / p  + l / q  = 1 
T h e n .  

(A)  The follo7llzng tuio rondzt7ons are equ~valen t :  



HODGE DECO\IPOSITIO\ 

( a )  For ezjery h E (W';'~(R))" the Dzrzchlet problem 

hns a solut1or1. 

(I)) E'orry tlector field F E L p ( R .  Bn)  u d m ~ t s  an  LP-Hodye decomposzt~on. z.e., there 
e n s t  11 E W;'~(Q)  and H E LP(R. RrL) ,  tiiv H = 0. such that 

Aloreovei. f h ~  solutzon of the Dzr7chlet problerrr of ( a )  7s ulug!le 7f and only ~f the 
Lp-Hodge decomposztzon of ( h )  2s urlzqut. 

( B )  If the ( L B O ~ J P  C O I I ~ L ~ Z O I L ~  ( a )  (b) rzre satrsjzed (we do not clcsurne un/queness). therl 
lllr orlly l~arrnonlc functzorl In 11;i '~(f2) IS the c ~ i ~ ~ t i ~ n f  fur~<t?on ~qu(11 to ZCTO 

P r o o f .  ( A )  First we prove that  (h )+(a ) .  Let h E (11.;:'"((2))* be taken at will. It 
follows froirl the PoincarP inequality that  V : I ~ I . ~ . " ( R )  - Lq(f2.XrL) is an  isorrlorphisin 
onto a closed slihspacc and hence by the  Hahn Bal~ach theorem the functional 11 can be 
represrilted i ~ i  the form il[l); - J ' ( F ,  81%) for a certain F E LJ'(f1, X7' ) .  Lrt  E' - Cii - H 
l ~ e  the Lp-Hodge decomposition. Then h [ I S ;  - , [ (Cu.  V I : )  arid 11eilce h = A I L .  Tlle proof 
of the  implication (a)=+@) is easier a i d  iilvolves qi~nilar argurrlents. 

Equivale~ice of uiliqueness of solutions t ~ )  ( a )  arid (I,) is evident. 

(B)  To the contrary v-e ass~lrrle tha t  r r  E ~ . ; ; . ~ ( f t j .  r 3  7; 0. A,, = U. Let h E (TI.;."(R))* 
1~ such t,hat 11[r,] # 0. It fc~llows frorri (a)  that  tilrre vsists ~i t I I ~ . " ( R )  with Au = h .  
Now 0 f Ar/[!$j = ri[A1,! = 0. This contradict,iori coillpletes the proof. 

Rcrrl a r k 2.  If the  boundary of tllp dolnaiii is slifficierllly regular. say E C1. 
tlieri it f o l l o ~ ~ s  froin Caltler6r1- Zygrrlund theory that bot,h coi~dit~ioils ( a )  and (}I) of the 
above theore~r~  are satisfied (her (17. Thnl.  3.61) ;inti licrlce by 7'2rcorem 2113) for every 
1 < p < x the only llnriiloriic i'unctiori irl It;:'"( (2) is t h r  constant equal to zero. IIowever. 
;is folloars f'rorn Theorel11 I the ~lnicluerless cloes not hold for a tlornair~ which appear> ill 
Theorerr1 1. Hence we get the fc~lloming t.lieorern. 

THEORLILI ,3 Ij (1 1 5  c~s z n  Theorem 1 and i, > 1. 1 I p  - 1, (1 = 1 .  f11frz  there ex~stc 
l( E (IT',: "~'2))' s ~ t  l~ thot f l~c  D ~ I  lchlet problr rn Au - h u 11;; "(i2).  dot 5 nut (idlrlit 
a71y sol~stfon ,Iloreorl~r. thprp c~z<t. i  u ver for jwld F E LI'(.O X') wlric 11 t lof  i rzoi o t i n ~ ~ t  
nn L" -Hodqr tlecompos7f7on 

R e 111 a r k  3.  The doinair1 R which appears in Tlit~oreni 3 has the cone property aiici 
llellce Theorern 3 is slightly slirprisirlg wl~eri compareri with the result of Bogovsliii I?; L-. 

~ v h o  proved that  if R c R" is a hoiinded dorriain with the cone property arid 1 .c p < x is 
taker1 arbitrarily. then every f~i~lctioil  f E LP(fl)  atirnits a n  1,"-I-lotige decornpositiorl, i.e.. 
there exists a vect,or field F E Vit"(f2. W" ) a d  a constant C such that  f = tliv F + C. 

THEOREXI 4 If i 2  7s as zr~ Theown1 1 and p > 4. then therr ezzsts uo E 14713"(f2) such 
that the Dirzt hlet problenl 

does not a d i r ~ ~ t  any so lu t lo~~  u ITr1J'(f2) 



I1 e 111 a r k  3 Note that  in this donlaln. the  classical Dirichlet problem for tlie Laplace 
equation. for arly continuoils bour~dary data.  atlrr~its ;t urllque solutiorl 

P r o o f  of T 11 e o r e  I ~ I  4. Let F E L''(R. R2) be a vector field wl-iich does not adinit 
an  LP-Hotlge decomposition. We extend this vector field onto W2 putting I; = 0 outsitle 
fl. Then we can apply to this extended F a variant of Hodge decorr~positior~ which holds 
on the entire R2 (see [lOj. [9!): 

F = V c + H .  

where 11 E L1."(X" = { f E D'(W2 ) V f E L p ( L X 2 ) ) .  div H  = 0. It is xv~ll kiiown that  
L1.P c l!t/t;l,':. so we get Z L ~  = v i n  t I l r l .p ( f l ) ) .  NOW the  Diriclilet prol)lerri stttted i r ~  
Tlleoreni 4 (witli just defined ( L O )  does riot adrriit ariy solution. For if riot we would have 
tlie LP-Hodgc drcornpositioii I: = V - u )  + ( H  t VIL) iri R. 

Acknowledgeinents. Th t~  author w~~l i c ' s  to thank Pckka Koskcla who poirlted out 
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