
Chapter 6

General Linear Model: Statistical

Inference

6.1 Introduction

So far we have discussed formulation of linear models (Chapter 1), estima-

bility of parameters in a linear model (Chapter 4), least square estimation

(Chapter 4), and generalized least square estimation (Chapter 5). In dis-

cussing LS or GLS estimators, we have not made any probabilistic inference

mainly because we have not assigned any probability distribution to our lin-
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ear model structure. Statistical models very often demand more than just

estimating the parameters. In particular, one is usually interested in putting

a measure of uncertainty in terms of confidence levels or in testing whether

some linear functions of the parameters such as difference between two treat-

ment effects is significant or not.

As we know from our statistical methods courses that interval estima-

tion or hypothesis testing almost always require a probability model and the

inference depends on the particular model you chose. The most common

probability model used in statistical inference is the normal model. We will

start with the Gauss-Markov model, namely,

Y = Xβ + ε, (6.1.1)

where

Assumption I. E(ε) = 0,

Assumption II. cov(ε) = σ2I,

and introduce the assumption of normality to the error components. In other

words,

Assumption IV. ε ∼ N(0, σ2In).

As you can see, Assumption IV incorporates Assumptions I and II. The

model (6.1.1) along with assumption IV will be referred to as normal theory
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linear model.
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6.2 Maximum likelihood, sufficiency and UMVUE

Under the normal theory linear model described in previous section, the like-

lihood function for the parameter β and σ2 can be written as

L(β, σ2|Y,X) =

{
1

σ
√
2π

}n

exp

{
−(Y −Xβ)T (Y −Xβ)

σ2

}
(6.2.1)

=

{
1

σ
√
2π

}n

exp

{
−YTY − 2βTXTY + βTXTXβ)

σ2

}
,

(6.2.2)

Since X is known, (6.2.2) implies that L(β, σ2|Y,X) belongs to an expo-

nential family with a joint complete sufficient statistic (YTY,XTY) for

(β, σ2). Also, (6.2.1) shows that the likelihood is maximized for β for given

σ2 when

‖Y −Xβ‖2 = (Y −Xβ)T (Y −Xβ) (6.2.3)

is minimized. But, when is (6.2.3) minimized? From chapter 4, we know that

(6.2.3) is minimized when β is a solution to the normal equations

XTXβ = XTY. (6.2.4)

Thus maximum likelihood estimator (MLE) of β also satisfies the nor-

mal equations. By the invariance property of maximum likelihood, MLE of

an estimable function λTβ is given by λT β̂, where β̂ is a solution to the nor-

mal equations (6.2.4). Using the maximum likelihood estimator β̂ of β, we
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express the likelihood (6.2.1) as a function of σ2 only, namely,

L(σ2|Y,X) =

{
1

σ
√
2π

}n

exp

{
−(Y −Xβ̂)T (Y −Xβ̂)

σ2

}
(6.2.5)

with corresponding log-likelihood

lnL(σ2|Y,X) = −n

2
ln(2πσ2)− (Y −Xβ̂)T (Y −Xβ̂)

σ2
, (6.2.6)

which is maximized for σ2 when

σ̂2
MLE =

(Y −Xβ̂)T (Y −Xβ̂)

n
. (6.2.7)

Note that while the MLE of β is identical to the LS estimator, σ̂2
MLE is not

the same as the LS estimator of σ2.

Proposition 6.2.1. MLE of σ2 is biased.

Proposition 6.2.2. The MLE λT β̂ is the uniformly minimum variance un-

biased estimator (UMVUE) of λTβ.

Proposition 6.2.3. The MLE λT β̂ and nσ̂2
MLE/σ

2 are independently dis-

tributed, respectively as N(λTβ, σ2λT (XTX)gλ) and χ2
n−r.
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6.3 Confidence interval for an estimable function

Proposition 6.3.1. The quantity

λT β̂ − λTβ√
σ̂2
LSλ

T (XTX)gλ

has a t distribution with n− r df .

The proposition 6.3.1 leads the way for us to construct a confidence interval

(CI) for the estimable function λTβ. In fact, a 100(1 − α)% CI for λTβ is

given as

λT β̂ ± tn−r,α/2

√
σ̂2
LSλ

T (XTX)gλ. (6.3.1)

This confidence interval is in the familiar form

Estimate± tα/2 ∗ SE.
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Example 6.3.2. Consider the simple linear regression model considered in

Example 1.1.3 given by Equation (1.1.7) where

Yi = β0 + β1wi + εi, (6.3.2)

where Yi and wi respectively represents the survival time and the age at

prognosis for the ith patient. We have identified in Example 4.2.3 that a

unique LS estimator for β0 and β1 is given by

β̂1 =
∑

(wi−w̄)(Yi−Ȳ )∑
(wi−w̄)2

β̂0 = Ȳ − β̂1w̄,

⎫⎬
⎭ (6.3.3)

provided
∑

(wi − w̄)2 > 0. For a given patient who was diagnosed with

leukemia at the age of w0, one would be interested in predicting the length of

survival. The LS estimator of the expected survival for this patient is given

by

Ŷ0 = β̂0 + β̂1w0. (6.3.4)

What is a 95% confidence interval for Ŷ0?

Note that Ŷ0 is in the form of λT β̂ where β̂ = (β̂0, β̂1)
T , and λ = (1, w0)

T .

The variance-covariance matrix of β̂ is given by

cov(β̂) = (XTX)−1σ2

=
σ2

n
∑

(wi − w̄)2

⎡
⎣ ∑

w2
i −∑wi

−∑wi n

⎤
⎦ . (6.3.5)
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Thus the variance of the predictor Ŷ0 is given by

var(Ŷ0) = var(λT β̂)

= λT cov(β̂)λ

=
σ2

n
∑

(wi − w̄)2
(1, w0)

⎡
⎣ ∑

w2
i −∑wi

−∑wi n

⎤
⎦
⎛
⎝ 1

w0

⎞
⎠

=
σ2

n
∑

(wi − w̄)2
(1, w0)

⎡
⎣ ∑

w2
i − w0

∑
wi

−∑wi + nw0

⎤
⎦

=
σ2

n
∑

(wi − w̄)2

[∑
w2

i − 2w0

∑
wi + nw2

0

]

=
σ2
∑

(wi − w0)
2

n
∑

(wi − w̄)2
. (6.3.6)

Therefore, the standard error of Ŷ0 is obtained as:

SE(Ŷ0) = σ̂LS

√∑
(wi − w0)2

n
∑

(wi − w̄)2
, (6.3.7)

where σ̂2
LS =

∑n
i=1(Yi − β̂0 − β̂1wi)

2/(n− 2). Using (6.3.1), a 95% CI for Ŷ0

is then

Ŷ0 ± tn−2,0.025σ̂LS

√∑
(wi − w0)2

n
∑

(wi − w̄)2
. (6.3.8)
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6.4 Test of Hypothesis

Very often we are interested in testing hypothesis related to some linear

function of the parameters in a linear model. From our discussions in Chapter

4, we have learned that not all linear functions of the parameter vector can be

estimated. Similarly, not all hypothesis corresponding to linear functions of

the parameter vector can be tested. We will know shortly, which hypothesis

can be tested and which cannot. Let us first look at our favorite one-way-

ANOVA model. Usually, the hypotheses of interest are:

1. Equality of a treatment effects:

H0 : α1 = α2 = . . . = αa. (6.4.1)

2. Equality of two specific treatment effects, e.g.,

H0 : α1 = α2, (6.4.2)

3. A linear combination such as a contrast (to be discussed later) of treat-

ment effects

H0 :
∑

ciαi = 0, (6.4.3)

where ci are known constants such that
∑

ci = 0.
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Note that, if we consider the normal theory Gauss-Markov linear model Y =

Xβ + ε, then all of the above hypotheses can be written as

ATβ = b, (6.4.4)

where A is a p × q matrix with rank(A) = q. If A is not of full column

rank, we exclude the redundant columns from A to have a full column rank

matrix. Now, how would you proceed to test the hypothesis (6.4.4)?

Let us deviate a little and refresh our memory about test of hypothesis.

If Y1, Y2, . . . , Yn are n iid observations from N(μ, σ2) population, how do we

construct a test statistic to test the hypothesis

H0 : μ = μ0? (6.4.5)
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Thus we took 3 major steps in constructing a test statistic:

• Estimated the parametric function (μ),

• Found the distribution of the estimate, and

• Eliminated the nuisance parameter.

We will basically follow the same procedure to test the hypothesis (6.4.4).

First we need to estimate ATβ. That would mean that ATβ must be es-

timable.

Definition 6.4.1. Testable hypothesis. A linear hypothesisATβ is testable

if the rows of ATβ are estimable. In other words (see chapter 4), there exists

a matrix C such that

A = XTC. (6.4.6)

The assumption that A has full column rank is just a matter of conve-

nience. Given a set of equationsATβ = b, one can easily eliminate redundant

equations to transform it into a system of equations with a full column rank

matrix.

Since ATβ is estimable, the corresponding LS estimator of ATβ is given

by

AT β̂ = AT (XTX)gXTY, (6.4.7)
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which is a linear function of Y. Under assumption IV, AT β̂ is distributed as

AT β̂ ∼ Nq(A
Tβ, σ2AT (XTX)gA = σ2B), (6.4.8)

where we introduced the notation AT (XTX)gA = B. Therefore,

(AT β̂ −ATβ)TB−1(AT β̂ −ATβ)

σ2
∼ χ2

q, (6.4.9)

or under the null hypothesis H0 : A
Tβ = b,

(AT β̂ − b)TB−1(AT β̂ − b)

σ2
∼ χ2

q. (6.4.10)

Had we known σ2 this test statistic could have been used to test the hypoth-

esis H0 : A
Tβ = b. But since σ2 is unknown, the left hand side of equation

(6.4.10) cannot be used as a test statistic. In order to get rid of σ2 from the

test statistic, we note that

RSS

σ2
=

YT (I−P)Y

σ2
=

(Y −Xβ̂)T (Y −Xβ̂)

σ2
∼ χ2

n−r. (6.4.11)

If we could show that the statistics in (6.4.10) and (6.4.11) are independent,

then we could construct a F-statistic as a ratio of two mean-chi-squares as

follows:

F =

(AT ˆβ−b)TB−1(AT ˆβ−b)
σ2

/
q

RSS
σ2

/
(n− r)

∼ Fq,n−r under H0. (6.4.12)
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Notice that the nuisance parameter σ2 is canceled out and we obtain the

F -statistic

F =
(AT β̂ − b)TB−1(AT β̂ − b)

qσ̂2
LS

∼ Fq,n−r under H0, (6.4.13)

where σ̂2
LS, the residual mean square, is the LS estimator of σ2. Let us denote

the numerator of the F-statistic by Q.

Independence of Q and σ̂2
LS

First note that

AT β̂ − b = CTXβ̂ − b

= CTX(XTX)gXTY − b

= CTPY −ATA(ATA)−1b

= CTPY −CTXA(ATA)−1b

= CTPY −CTPXA(ATA)−1b

= CTP(Y − b∗),

(6.4.14)

where b∗ = XA(ATA)−1b. Now,

Q = (AT β̂ − b)TB−1(AT β̂ − b)

= (Y − b∗)TPCB−1CTP(Y − b∗)

= (Y − b∗)TA∗(Y − b∗), (6.4.15)
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where A∗ = PCB−1CTP. On the other hand,

RSS = (n− r)σ̂2
LS

= YT (I−P)Y

= (Y − b∗ + b∗)T (I−P)(Y − b∗ + b∗)

= (Y − b∗)T (I−P)(Y − b∗).(Why?) (6.4.16)

Thus, both Q and RSS are quadratic forms in Y − b∗, which under as-

sumption IV is distributed as N(Xβ − b∗, σ2In). Therefore, SSE and Q

are independently distributed if and only if A∗(I − P) = 0, which follows

immediately.

In summary, the linear testable hypothesis H0 : ATβ = b can be tested

by the F-statistic

F =
(AT β̂ − b)TB−1(AT β̂ − b)

qσ̂2
LS

(6.4.17)

by comparing it to the critical values from a Fq,n−r distribution.

Example 6.4.1. Modeling weight loss as a function of initial weight.

Suppose n individuals, m men and w women participated in a six-week

weight-loss program. At the end of the program, investigators used a lin-

ear model with the reduction in weight as the outcome and the initial weight

as the explanatory variable. They started with separate intercept and slopes

but wanted to see if the rate of decline is similar between men and women.
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Consider the linear model:

Ri =

⎧⎨
⎩ αm + βmW0i + εi, if the ith individual is a male

αw + βfW0i + εi, if the ith individual is a female
(6.4.18)

The idea is to test the hypothesis

H0 : βm = βf . (6.4.19)

If we write β = (αm, βm, αf , βf)
T , then H0 can be written as

H0 : A
Tβ = b, (6.4.20)

where

A = (0 1 0 − 1), b = 0. (6.4.21)

Assuming (for simplicity) that the firstm individuals are male (i = 1, 2, . . . , m)

and the rest (i = m+ 1, m+ 2, . . . , m+ w = n) are female, the linear model

for this problem can be written as

Y = Xβ + ε,

where Y = (R1, R2, . . . , Rn),and

X =

⎛
⎝ 1m Wm 0m 0m

0f 0f 1f W f

⎞
⎠ , (6.4.22)
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where Wm = (w01, w02, . . . , w0m)
T and W f = (w0(m+1), w0(m+2), . . . , w0n)

T .

Obviously,

XTX =

⎛
⎝ Bm 02×2

02×2 Bf

⎞
⎠ , (6.4.23)

where

Bm =

⎛
⎝ m

∑m
i=1w0i∑m

i=1w0i

∑m
i=1w

2
0i

⎞
⎠ , (6.4.24)

and

Bf =

⎛
⎝ m

∑n
i=m+1w0i∑n

i=m+1w0i

∑n
i=m+1w

2
0i

⎞
⎠ . (6.4.25)

(XTX)−1 =

⎛
⎝ B−1

m 02×2

02×2 B−1
f

⎞
⎠ , (6.4.26)

where

B−1
m =

1

mSSm(W )

⎛
⎝ ∑m

i=1w
2
0i −∑m

i=1w0i

−∑m
i=1w0i m

⎞
⎠ , (6.4.27)

where SSm(W ) =
∑m

i=1(w0i − W̄m)
2 with W̄m =

∑m
i=1w0i/m. Similarly,

B−1
f =

1

mSSf(W )

⎛
⎝ ∑n

i=m+1w
2
0i −∑n

i=m+1w0i

−∑n
i=m+1w0i m

⎞
⎠ , (6.4.28)

where SSf(W ) =
∑n

i=m+1(w0i − W̄f)
2 with W̄f =

∑n
i=m+1w0i/w. This leads
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to the usual LS estimator

β̂ =

⎛
⎜⎜⎜⎜⎜⎜⎝

R̄m − β̂mW̄m

SPm/SSm(W )

R̄f − β̂fW̄f

SPf/SSf(W )

⎞
⎟⎟⎟⎟⎟⎟⎠

(6.4.29)

where, SPm =
∑m

i=1(Ri−R̄m)(w0i−W̄m), and similarly, SPf =
∑n

i=m+1(Ri−
R̄f)(w0i − W̄f).

AT β̂ = (0 1 0 − 1)

⎛
⎜⎜⎜⎜⎜⎜⎝

R̄m − β̂mW̄m

SPm/SSm(W )

R̄f − β̂fW̄f

SPf/SSf(W )

⎞
⎟⎟⎟⎟⎟⎟⎠

= SPm/SSm(W )− SPf/SSf(W ). (6.4.30)

B = AT (XTX)−1A

= (0 1 0 − 1)

⎛
⎝ B−1

m 02×2

02×2 B−1
f

⎞
⎠
⎛
⎜⎜⎜⎜⎜⎜⎝

0

1

0

−1

⎞
⎟⎟⎟⎟⎟⎟⎠

=
SSm(W ) + SSf(W )

SSm(W ) ∗ SSf(W )
. (6.4.31)
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Hence,

Q = (AT β̂ − b)TB−1(AT β̂ − b)

=
SSm(W ) ∗ SSf(W )

SSm(W ) + SSf(W )
(SPm/SSm(W )− SPf/SSf(W ))2 (6.4.32)

The residual sum of squares for this model is

RSS =
m∑
i=1

(Ri − α̂m − β̂mw0i)
2 +

n∑
i=m+1

(Ri − α̂f − β̂fw0i)
2

= SSm(R)− β̂2
mSSm(W ) + SSf(R)− β̂2

fSSf(W ), (6.4.33)

where SSf(R) =
∑n

i=m+1(Ri − R̄f)
2 with R̄f =

∑n
i=m+1Ri/w, and similarly

for SSm(R). Corresponding F-statistic for testing H0 : βm = βf is then given

by

F =
Q

RSS/(n− 4)
. (6.4.34)
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6.4.1 Alternative motivation and derivation of F-test

Suppose we want to test the testable hypothesisATβ = b in the linear model

Y = Xβ + ε (6.4.35)

under assumption IV.

Under the null hypothesis, the model (6.4.35) can be treated as a restricted

model with the jointly estimable restrictions imposed by the null hypothesis.

Now whether this hypothesis is true can be tested by the extra error sum of

squares due to the restriction (null hypothesis). By the theory developed in

Chapter 4,

RSSH = RSS + (AT β̂ − b)TB−1(AT β̂ − b) = RSS +Q (6.4.36)

leading to RSSH−RSS = Q. If the null hypothesis is false, one would expect

this difference to be large. But how large? We compare this extra error SS

to the RSS from the original model. In other words, under the alternative,

we expect Q/RSS to be large, or equivalently, F = (n− r)Q/(q ∗RSS) to be

large. The significance of this test can be calculated by noting the fact that

under H0, F follows a F -distribution with q and n− r d.f.
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Example 6.4.2. Example 6.4.1 continued. Under the null hypothesis,

the model can be written as

Ri =

⎧⎨
⎩ αm + βW0i + εi, if the ith individual is a male

αw + βW0i + εi, if the ith individual is a female
(6.4.37)

Notice the same slope for both subgroup. The parameter estimates for this

problem are:⎛
⎜⎜⎜⎝

α̂m

α̂w

β̂

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

R̄m − β̂W̄m

R̄f − β̂W̄f

SPm+SPf

SSm(W )+SSf (W ) =
ˆβmSSm(W )+

ˆβfSSf(W )

SSm(W )+SSf(W )

⎞
⎟⎟⎟⎟⎠ . (6.4.38)

It can be shown that the residual sum of squares for this reduced model can

be written as

RSSH = SSm(R) + (β̂2 − 2β̂β̂m)SSm(W ) + SSf(R)− (β̂2 − 2β̂β̂f)SSf(W ),

(6.4.39)

leading to

RSSH −RSS = (β̂m − β̂)2SSm(W ) + (β̂f − β̂)2SSf(W ). (6.4.40)

The test statistic F is then given by,

F =
(n− 4)

{
(β̂m − β̂)2SSm(W ) + (β̂f − β̂)2SSf(W )

}
SSm(R)− β̂2

mSSm(W ) + SSf(R)− β̂2
fSSf(W )

. (6.4.41)
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6.5 Non-testable Hypothesis

In the previous section, we only considered hypothesis which are testable.

What happens if you start with a non-testable hypothesis? A non-testable hy-

pothesis H0 : A
Tβ = b is one for which every row of the linear function ATβ

are non-estimable and no linear combinations of them are estimable. From

our discussion in Chapter 4, we know that when we impose non-estimable

restrictions on the linear model, the restricted solution becomes yet another

solution to the linear model and hence the residual sum of squares does not

change. Thus, in this case, extra error sum of squares due to the non-testable

hypothesis is identically equal to zero. However, one may still calculate a F -

statistic using the formula (6.4.13)

F =
(AT β̂ − b)TB−1(AT β̂ − b)

qσ̂2
LS

, (6.5.1)

as long as B is invertible. What would this statistic test if H0 : A
Tβ = b is

non-testable? In fact, when ATβ is not estimable, the test statistic F would

actually test the hypothesis AT (XTX)gXTXβ = b. [See Problem 6 in this

chapter.]
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Partially Testable Hypothesis

Suppose you want to test the hypothesis

ATβ = b, A = (Ap×q1
1 Ap×q2

2 ); q1 + q2 = q, and b = (bT
1 bT

2 )
T (6.5.2)

such that A has rank q and AT
1β is estimable while AT

2β is not. From

our discussion on the testable and non-testable hypotheses, we can easily

recognize that if we use the F-statistic based on RSSH−RSS, we will end up

with a test statistic which will test the hypothesis H0 : A
T
1β = b1. However,

if we use the test statistic (6.4.13), we will be testing the hypothesis

AT
∗β = b, (6.5.3)

where A∗ = (A1 HTA2) with H = (XTX)gXTX.
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6.6 Problems

1. Consider the simple regression model:

Yi = μ+ βxi + εi, i = 1, 2, . . . , n, (6.6.1)

where εi, i = 1, 2, . . . , n, are iid normal random variables with mean zero

and variance σ2.

(a) For a given value x0 of x, obtain the least square estimator of θ(x0) =

μ+ βx0.

(b) Derive a test statistic for testing the hypothesis H0 : θ(x0) = θ0,

where θ0 is a known constant.

2. Suppose θ = aTβ is estimable in the model Y = Xβ + ε, where a and

β are p× 1 vectors, Y is an n× 1 random vector, X is an n× p matrix

with rank(X) = r ≤ p, and ε ∼ N(0, σ2In). Assume β̂ and S2 to be the

least squares estimators of β and σ2 respectively.

(a) What is the least squares estimator for aTβ? Call it θ̂.

(b) What is the distribution of θ̂?

(c) What is the distribution of (n− r)S2/σ2?

(d) Show that θ̂ and (n− r)S2 are independently distributed.

(e) Show how one can construct a 95% confidence interval for θ.
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(While answering parts (b) and (c), do not forget to mention the specific

parameters of the corresponding distributions.)

3. Suppose Y11, Y12, . . . , Y1ni
be n1 independent observations from a N(μ+

α1, σ
2) distribution and Y21, Y22, . . . , Y2n2

be n2 independent observations

from a N(μ − α2, σ
2) distribution. Notice that the two populations

have different means but the same standard deviation. Assume that

Y1j and Y2j are independent for all j. Define n1 + n2 = n, and Y =

(Y11, Y12, . . . , Y1n1, Y21, Y22, . . . , Y2n2)
T as the n×1 vector consisting of all

n observations. We write Y as

Y = Xβ + ε, (6.6.2)

where β = (μ, α1, α2)
T , X =

⎡
⎣ 1n1

1n1
0

1n2
0 −1n2

⎤
⎦ with 1ni

representing a

ni × 1 vector of 1’s, and ε is an n× 1 vector distributed as N(0, σ2In).

(a) A particular solution to the normal equations for estimating β is

given by β̂ = GXTY , where G = diag(0, 1/n1, 1/n2). Show that

the error sums of squares for this model is given by SSE = (Y −
Xβ̂)T (Y −Xβ̂) =

∑2
i=1

∑ni

j=1

(
Yij − Ȳi.

)2
.

(b) Suppose one wants to test the hypothesis H0 : α1 = α2. The re-

stricted model under the null hypothesis is given by

Y = XHβH + ε, (6.6.3)
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where XH =

⎡
⎣ 1n1

1n1

1n2
−1n2

⎤
⎦ , and βH = (μ, α1)

T . The least squares

estimator of βH is given by β̂H = 1
2

⎡
⎣ Ȳ1. + Ȳ2.

Ȳ1. − Ȳ2.

⎤
⎦. Find the error

sum of squares for the restricted model. Call it SSEH . Compare

SSE and SSEH . Are they equal? Why or why not?

(c) Is the hypothesis H1 : α1 + α2 = 0 testable? If so, give a F -statistic

to test this hypothesis. If not, state the reason why it is not testable.

4. Suppose two objects, say A1 and A2 with unknown weights β1 and β2

respectively are measured on a balance using the following scheme, all

of these actions being repeated twice:

• both objects on the balance, resulting in weights Y11 and Y12,

• Only A1 on the balance, resulting in weights Y21 and Y22, and

• Only A2 on the balance, resulting in weights Y31 and Y32.

Assume Y ′
ijs are independent, normally distributed variables with com-

mon variance σ2. Also assume that the balance has an unknown sys-

tematic (fixed) error β0. The model can then be written as:

Y11 = Y12 = β0 + β1 + β2 + ε1

Y21 = Y22 = β0 + β1 + ε2

Y31 = Y32 = β0 + β2 + ε3,
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where ε′is are i.i.d. random variables. Let Ȳi. = (Yi1 + Yi2)/2.

(a) Express the least square estimates β̂ of β = (β0, β1, β2)
T in terms of

Ȳi., i = 1, 2, 3.

(b) Find V ar(β̂). Argue that β̂ has a normal distribution.

(c) Suppose σ̂2 =
∑3

i=1

∑2
j=1(Yij − Ȳi.)

2/3. What is the distribution of

σ̂2?.

(d) Write the hypothesis that both objects have the same weight in the

form H0 : A
Tβ = b.

(e) Propose an F-statistic for testing the above hypothesis.

5. A clinical study recruited 150 untreated hepatitis C patients along with

75 hepatitis C patients who have been treated previously with Interferon-

α monotherapy. There are two new drugs under study, pegintron and

peginterferon. Investigators randomly allocated the two treatments to

all 225 patients. The goal is to compare the effect of Pegintron and

Peginterferon in reducing the hepatitis C. The response variable Y is

the difference in viral levels between baseline and 24 weeks post treat-

ment. Denote by αP and αPI the effect of pegintron and peginterferon

respectively.

(a) Write this problem as a general linear model assuming that the new
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treatments may interact with whether the patient was previously

treated or not. Use your own notation for effects, subscripts

and error terms not defined here.

(b) What is the design matrix for the model you specified in part (a)?

(c) Is αPI −αP estimable in the linear model you have proposed in part

(a)?

i. If yes, give its BLUE and a 100(1− α)% confidence interval for

the difference between αPI and αP .

ii. If not, give an estimable function that would represent the dif-

ference between the two new treatments and give a 100(1−α)%

confidence interval for this estimable function.

6. Consider the linear model

Y = Xβ + ε,

where ε Nn(0, σ
2In), X is a n×p matrix of rank r(< p) and β is of order

p× 1.

(a) Let H = (XTX)gXTX. Show that ATHβ is estimable for any p× q

matrix A.

(b) For a matrix A of order p × q of rank q, the testable hypothesis

H0 : ATβ = b can be tested using the test statistic F = (n−r)
q

Q
SSE ,
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where

Q = (AT β̂ − b)T [AT (XTX)gA]−1(AT β̂ − b) (6.6.4)

which is identical to SSEH − SSE. Here, β̂ = (XTX)gXTy is a

solution to the normal equations XTXβ = XTY . When ATβ = b is

non-testable, SSEH−SSE is identically equal to zero. However, it

is still possible to calculateQ using expression (6.6.4) if AT (XTX)gA

is invertible.

Now suppose that ATβ = b is non-testable but AT (XTX)gA is

invertible. Derive Q for testing the hypothesis H0 : A
THβ = b and

show that it is algebraically identical to the test statistic Q that

would be calculated for testing the non-testable hypothesis H0 :

ATβ = b using (6.6.4).

7. Consider the one-way-ANOVA model

Yij = μ+ αi + εij; i = 1, 2, 3; j = 1, 2, . . . ni.

(a) Develop a test procedure for testing the hypotheseis H0 : A
Tβ = 0

where

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0

1 1

−1 0

0 −1

⎞
⎟⎟⎟⎟⎟⎟⎠

.
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(b) Develop a test procedure for testing the hypothesis H0 : ATβ = 0

where

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0

1 −1

−1 −1

0 2

⎞
⎟⎟⎟⎟⎟⎟⎠

.

(c) Compare the test statistics from part (a) and (b). Are they same?

If so, why?

(d) If possible, derive a test procedure for testing the hypothesis H0 :

α1 = α2 = 5.

8. For testing the hypothesis H0 : ATβ = b, the test statistic derived in

class was

F =
Q/q

SSE/(n− r)
=

n− r

q

Q

SSE
.

(a) If U ∼ χ2
n(λ) distribution, what is E(U)?

(b) If V ∼ χ2
n distribution, what is E(1/V )?

(c) Use the independence of Q and SSE, and your results from parts

(a) and (b) to find E(F ).

(d) Show that E(F ) ≥ 1.

9. Silymarin is a milk thistle product frequently used by non-alcoholic

Chapter 6 223



BIOS 2083 Linear Models c© Abdus S. Wahed

steatohepatitis (NASH) patients. A clinical trial sponsored by National

Center for Alternative Medicine investigated the use of 3 doses of sily-

marin (140mg, 280mg, and 420mg) in relation to a placebo dose. The

outcome was measured by the reduction in NASH Activity Score (NAS,

a continuous random variable). There were 6 patients in each treatment

group. In addition to the doses, analysis of NAS score included two

other additional variables (X and Z below) as covariates. Let

Yij denote the reduction in NAS score for the jth patient in the ith

dose group, i = 0, 1, 2, 3; j = 1, .., 6.

Di be the silymarin dose for the ith group (D0 = 0 for placebo,

D1 = 140, . . . , and so on)

αi be the effect of the ith dose

Xij denote the baseline ALT levels, a continuous variable indicating

severity of liver damage

Zij be the baseline measure of insulin sensitivity (a continuous mea-

sure).

Consider the following two linear models:

Model A (treat dose as categorical):

Yij = μ+ αi + θXij + γZij + εij (6.6.5)
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Table 6.1: Results from the analysis of silymarin data
Model A

Source df Type I SS
Intercept 1 107.48
Dose 3 30.34
X 1 3.27
Z 1 0.20
Error 18 9.62

Model B
Source df Type I SS
Intercept 1 107.48
Dose 1 25.09
X 1 2.54
Z 1 0.27
Error 20 15.53

Model B (treat dose as continuous):

Yij = μ+ δDi + θXij + γZij + εij (6.6.6)

with standard assumptions of normality and independence for the error

terms.

(a) Write the null hypothesis H0 : (α1 − α0)/D1 = (α2 − α0)/2D1 =

(α3 − α0)/3D1 as A
Tβ = b.

(b) Show algebraically that under H0, Model A reduces to Model B.

(c) Suppose you have analyzed the data using SAS and obtained the

output from proc GLM (given in Table 6.1). Test the above hy-

pothesis from your output.

10. Suppose (Yi, Xi), i = 1, 2, . . . , n be a pair of n independent observations

such that the conditional distribution of Yi|Xi is normal with mean μ1+

ρσ1

σ2(1−ρ) (Xi − μ2) and variance σ2
1 (σ2

1, σ
2
2 > 0, |ρ| < 1).

(a) Can you write the problem as a linear model problem? [Hint: Use

transformed parameters, for example, define β0 = μ1 − ρσ1μ2

σ2(1−ρ)].
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(b) Is the hypothesis μ1 = 0 testable?

(c) Is the hypothesis ρ = 0 linear in terms of your transformed param-

eters? If so, is it testable?

(d) For part (b) and (c), if possible, provide the F -statistic for testing

the above hypotheses.

11. Consider the simple linear model

Yi = μ+ α (−1)i, i = 1, 2, . . . , 2n− 1, 2n, (6.6.7)

where Yi’s are independent normal random variables with common vari-

ance σ2.

(a) Show that U = (Y2 + Y1)/2 and V = (Y2 − Y1)/2 are unbiased

estimators of μ and α, respectively. Can you find separate 95%

confidence intervals for μ and α based on U and V ?

(b) Find 95% confidence intervals for μ and α based on the least square

estimators of μ and α.

(c) Compare the intervals from parts (a) and (b) and comment.

12. Consider the multiple regression model

Yi = β1X1i + β2X2i + . . .+ βpXpi + εi, i = 1, 2, . . . , n.

with E(εi) = 0 and var(εi) = σ2. Assume εi’s are independent.
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(a) Derive a test statistic for testing H0 : β
(1) = 0, where β(1) includes

only the first q(< p) components of β.

(b) Discuss two different ways to test the hypothesis β1 = β0, a given

value of β1.

Chapter 6 227


