
Solutions for homework 13

1. Section 12.1 Fourier series: computation of Fourier series.

5. Expand the function

f(x) = x cosx

in a Fourier series on the interval −π ≤ x ≤ π. Pot the function and two partial
sums of your choice over the interval −π ≤ x ≤ π. Plot the same partial sums over
the interval −3π ≤ x ≤ 3π.
Solution. f(x) is an odd function, and the Fourier series is (see exercise

12.3.31 below)

f(x) = −1

2
sinx+

∞∑
n=2

2n(−1)n

n2 − 1
sinnx.
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7. Find the Fourier series for the function

f(x) =

{
1 + x, for − 1 ≤ x ≤ 0,
1, for 0 < x ≤ 1,

on [−1, 1].



Plot the function and two partial sums of your choice over the interval.
Solution. With L = 1 we have

a0 =

∫ 1

−1
f(x) dx =

∫ 0

−1
(1 + x) dx+

∫ 1

0

dx =

∫ 0

−1
(1 + x) dx+ 1 =

3

2
,

while for n ≥ 1

an =

∫ 1

−1
f(x) cos(nπx) dx =

∫ 0

−1
(1 + x) cos(nπx) dx+

∫ 1

0

cos(nπx) dx

=

∫ 0

−1

(1 + x)

nπ
d(sinnπx) +

∫ 1

0

1

nπ
d(sinnπx)

=
(1 + x)

nπ
sinnπx

∣∣∣∣0
−1
− 1

nπ

∫ 0

−1
sinnπx dx

=
1

n2π2
cosnπx

∣∣∣0
−1

=
1

n2π2
(1− (−1)n),

and

bn =

∫ 1

−1
f(x) sin(nπx) dx =

∫ 0

−1
(1 + x) sin(nπx) dx+

∫ 1

0

sin(nπx) dx

= −
∫ 0

−1

(1 + x)

nπ
d(cosnπx)−

∫ 1

0

1

nπ
d(cosnπx)

= − (1 + x)

nπ
cosnπx

∣∣∣∣0
−1

+
1

nπ

∫ 0

−1
cosnπx dx− 1

nπ
cosnπx

∣∣∣1
0

= − 1

nπ
+

1

n2π2
sinnπx

∣∣∣0
−1
− 1

nπ
((−1)n − 1) =

1

nπ
(−1)n+1.

The Fourier series is

f(x) ≈ 3

4
+

∞∑
m=0

2

(2m+ 1)2π2
cos(2m+ 1)πx+

∞∑
n=1

(−1)n+1

nπ
sinnπx.
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Fourier series for f(x) = 1+(x−abs(x))/2
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13. Find the Fourier series for the function

f(x) =

{
cosπx, for − 1 ≤ x ≤ 0,
1, for 0 < x ≤ 1,

on [−1, 1].

Plot the function and two partial sums of your choice over the interval.
Solution. With L = 1 we have

a0 =

∫ 1

−1
f(x) dx =

∫ 0

−1
cosπx dx+

∫ 1

0

dx = 1.

Recall that

cosα cosβ =
1

2

(
cos(α− β) + cos(α+ β)

)
.

Then for n ≥ 1

an =

∫ 1

−1
f(x) cos(nπx) dx =

∫ 0

−1
cosπx cos(nπx) dx+

∫ 1

0

cos(nπx) dx

=
1

2

∫ 0

−1
cos(n− 1)πx dx+

1

2

∫ 0

−1
cos(n+ 1)πx dx+

∫ 1

0

cos(nπx) dx

=

∫ 0

−1

1

2(n− 1)π
d(sin(n− 1)πx) +

∫ 0

−1

1

2(n+ 1)π
d(sin(n+ 1)πx) +

∫ 1

0

1

nπ
d(sinnπx)

= 0.

Recall also that

cosα sinβ =
1

2

(
sin(α+ β)− sin(α− β)

)
.

Then

b1 =

∫ 1

−1
f(x) sin(πx) dx =

∫ 0

−1
cosπx sin(πx) dx+

∫ 1

0

sinπx dx

=
1

2

∫ 0

−1
sin 2πx dx−

∫ 1

0

1

π
d(cosπx) =

−1
4π

cos 2πx
∣∣∣0
−1
− 1

π
cosπx

∣∣∣1
0

=
2

π
,



and for n ≥ 2

bn =

∫ 1

−1
f(x) sin(nπx) dx =

∫ 0

−1
cosπx sin(nπx) dx+

∫ 1

0

sin(nπx) dx

=
1

2

∫ 0

−1
sin(n+ 1)πx dx+

1

2

∫ 0

−1
sin(n− 1)πx dx−

∫ 1

0

1

nπ
d(cosnπx)

=
−1

2(n+ 1)π
cos(n+ 1)πx

∣∣∣0
−1

+
−1

2(n− 1)π
cos(n− 1)πx

∣∣∣0
−1
− 1

nπ
cosnπx

∣∣∣1
0

=
−1

2(n+ 1)π
(1− (−1)n+1) +

−1
2(n− 1)π

(1− (−1)n−1)− 1

nπ
((−1)n − 1).

Hence

b2m+1 =
2

(2m+ 1)π
, b2m = − 1

π

(
1

(2m+ 1)
+

1

(2m− 1)

)

The Fourier series is

f(x) ≈ 1

2
+

1

2
cosπx+

2

π
sinπx+

∞∑
n=2

bn sinnπx.
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17. Expand the function f(x) = x2 in Fourier series valid on the interval −π ≤
x ≤ π. Plot both f and the partial sum SN for N = 1, 3, 5, 7. Observe how the graphs
of the partial Fourier series approximates the graph of f . Plot the same graphs over
the interval −2π ≤ x ≤ 2π.



Solution. f is even, hence

a0 =
2

π

∫ π

0

x2 dx =
2π2

3
,

for n ≥ 1 : an =
2

π

∫ π

0

x2 cos(nx) dx =
2

nπ

∫ π

0

x2d(sinnx)

=
2

nπ
x2 sinnx

∣∣∣π
0
− 4

nπ

∫ π

0

x sinnx dx

=
4

n2π

∫ π

0

xd(cosnx) =
4

n2π
x cosnx

∣∣∣π
0
− 4

n2π

∫ π

0

cosnx dx

=
4

n2π
π(−1)n =

4(−1)n

n2
.

The Fourier series is

f(x) ≈ π2

3
+ 4

∞∑
n=1

(−1)n

n2
cos(nx)
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2. Section 12.3 Fourier series: Fourier Cosine and Sine series.

3. Give a piecewise definition of fo, the odd extension for f as defined on the
given interval. Sketch the graph of fo. Sketch the graph of fop over three periods.

f(x) = x2 − 1, [0, 2]

Solution. The odd extension is

fo(x) =

 f(x), x ∈ [0, 2]
0, x = 0
−f(−x), x ∈ [−2, 0]

=

 x2 − 1, x ∈ [0, 2]
0, x = 0
−[(−x)2 − 1] = −x2 + 1, x ∈ [−2, 0]
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7. Give a piecewise definition of fe, the even extension for f as defined on the
given interval. Sketch the graph of fe. Sketch the graph of fep over three periods.

f(x) = x2 − 1, [0, 2]

Solution. The even extension is

fe(x) =

 f(x), x ∈ [0, 2]
0, x = 0
f(−x), x ∈ [−2, 0]

=

 x2 − 1, x ∈ [0, 2]
0, x = 0
(−x)2 − 1 = x2 − 1, x ∈ [−2, 0]
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19. Expand the given function in a Fourier cosine series valid on the interval
0 ≤ x ≤ π. Plot the function and two partial sums of your choice over the interval
0 ≤ x ≤ π. Plot the same partial sums and the function the series converges to over
the interval −3π ≤ x ≤ 3π.

f(x) = x cosx

Solution. The cosine series is

f(x) ≈ a0
2

+

∞∑
n=1

an cos(
nπx

L
)

where

an =
2

L

∫ L

0

f(x) cos(
nπx

L
)dx, n ≥ 0.

Therefore

a0 =
2

π

∫ π

0

x cosxdx =
2

π

∫ π

0

xd(sinx) =
2

π

(
x sinx

∣∣∣π
0
−
∫ π

0

sinxdx
)
=

2

π
cosx

∣∣∣π
0

= − 4

π
,

and

an =
2

π

∫ π

0

x cosx cos(nx)dx,



Using the trigonometric identity

cosα cosβ =
1

2

(
cos(α− β) + cos(α+ β)

)
we obtain after integration by parts

a1 =
1

π

∫ π

0

x
(
1 + cos 2x

)
dx =

π

2
+

1

2π

∫ π

0

xd(sin 2x) =
π

2
− 1

2π

∫ π

0

sin 2x dx

=
π

2
+

1

4π

∫ π

0

d(cos 2x) =
π

2
,

and for n ≥ 2

an =
1

π

∫ π

0

x
(
cos(n− 1)x+ cos(n+ 1)x

)
dx

=
1

π

∫ π

0

x cos(n− 1)x dx+
1

π

∫ π

0

x cos(n+ 1)x dx

=
1

(n− 1)π

∫ π

0

xd sin(n− 1)x+
1

(n+ 1)π

∫ π

0

xd sin(n+ 1)x

= − 1

(n− 1)π

∫ π

0

sin(n− 1)x dx− 1

(n+ 1)π

∫ π

0

sin(n+ 1)x dx

=
1

(n− 1)2π

∫ π

0

d cos(n− 1)x+
1

(n+ 1)2π

∫ π

0

d cos(n+ 1)x

=
1

(n− 1)2π
(cos(n− 1)π − 1) +

1

(n+ 1)2π
(cos(n+ 1)π − 1)

=
1

(n− 1)2π
((−1)n+1 − 1) +

1

(n+ 1)2π
((−1)n+1 − 1)

=
( 1

(n− 1)2π
+

1

(n+ 1)2π

)
((−1)n+1 − 1)

Therefore

f(x) = − 2

π
+
π

2
cosx+

∞∑
n=2

( 1

(n− 1)2π
+

1

(n+ 1)2π

)
((−1)n+1 − 1) cosnπx
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31. Expand the given function in a Fourier sine series valid on the interval
0 ≤ x ≤ π. Plot the function and two partial sums of your choice over the interval
0 ≤ x ≤ π. Plot the same partial sums and the function the series converges to over
the interval −3π ≤ x ≤ 3π.

f(x) = x cosx

Solution. The sine series is

f(x) =

∞∑
n=1

bn sin
(nπx
L

)
≡
∞∑
n=1

bn sinnx

where, for n ≥ 1

bn =
2

L

∫ L

0

f(x) sin
(nπx
L

)
dx ≡ 2

π

∫ π

0

f(x) sinnx dx =
2

π

∫ π

0

x cosx sinnx dx.

Using the trigonometric identity

cosα sinβ =
1

2

(
sin(α+ β)− sin(α− β)

)
we have

b1 =
2

π

∫ π

0

x cosx sinx dx =
1

π

∫ π

0

x sin 2x dx

=
1

π

∫ π

0

−x
2
d(cos 2x) =

−x
2π

cos 2x

∣∣∣∣π
0

+
1

2π

∫ π

0

cos 2x dx

= −1

2
,



and for n ≥ 2

bn =
2

π

∫ π

0

x cosx sinnx dx =
1

π

∫ π

0

x
(
sin(n+ 1)x+ sin(n− 1)x

)
dx

=
1

π

∫ π

0

x
( −1
n+ 1

d(cos(n+ 1)x) +
−1
n− 1

d(cos(n− 1)x)
)

=
1

π
x
( −1
n+ 1

cos(n+ 1)x+
−1
n− 1

cos(n− 1)x
)∣∣∣∣π

0

− 1

π

∫ π

0

( −1
n+ 1

cos(n+ 1)x+
−1
n− 1

cos(n− 1)x
)
dx

=
( (−1)n+2

n+ 1
+

(−1)n

n− 1

)
− 1

π

∫ π

0

( −1
n+ 1

cos(n+ 1)x+
−1
n− 1

cos(n− 1)x
)
dx

= (−1)n 2n

(n+ 1)(n− 1)

− 1

π

∫ π

0

( −1
(n+ 1)2

d(sin(n+ 1)x) +
−1

(n− 1)2
d(sin(n− 1)x)

)
=

2n(−1)n

n2 − 1
.

Therefore

f(x) = −1

2
sinx+

∞∑
n=2

2n(−1)n

n2 − 1
sinnx.
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