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excess electrons with water clusters are reported. For the ðH2OÞ�45 cluster, evaluation of the gradient by
use of the analytical expressions lead to a factor of five speedup over numerical evaluation of the
gradient.
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1. Introduction

The interaction of excess electrons with water clusters has been
the subject of numerous experimental and theoretical studies [1–
21]. Recently, our group has derived [22] a family of one-electron
polarization models for ðH2OÞ�n cluster systems by applying an adi-
abatic separation to our previously introduced quantum Drude
model [23–29]. In the polarization model, the total energy of a
ðH2OÞ�n cluster is given by the sum of the energy of the neutral
water cluster as described by the distributed point polarizable site
(DPP) water model [30] and the electron binding energy (EBE) cal-
culated using a one-electron Hamiltonian including explicit polar-
ization of the water monomers by the excess electron.

To date, analytical gradients have not been presented for the
Drude or associated polarization potential approaches. As a result,
geometry optimization using these approaches have been carried
out numerically, and simulations have been carried out using the
Monte Carlo rather than molecular dynamics algorithms [23–28].
For optimizing the geometries and for carrying out simulations of
the dynamics of large ðH2OÞ�n clusters, analytical gradients are re-
quired. In this work, we present the expressions for analytical gra-
dients of the PM1 polarization model [22] and apply these to
optimize the geometries of clusters as large as ðH2OÞ�45.

2. Theory

In the PM1 model, the energy of the anion is given as the sum of
the energy of the neutral water cluster plus the electron binding
energy obtained from a model Hamiltonian. The DPP water model
employed in the PM1 model employs three point charges, three
atom-centered, mutually interacting point polarizable sites,
damped dispersion interactions between O atoms, and exponential
ll rights reserved.
repulsive interactions between atoms of different monomers. The
model Hamiltonian for the excess electron includes interactions
of the electron with the three-point charges, the induced dipoles
resulting from water–water induction, and monomer-centered
short-range repulsive potentials. In addition, the Hamiltonian in-
cludes terms that allow for the polarization of the water monomers
by the excess electron.

2.1. Model Hamiltonian

The model Hamiltonian for an excess electron interacting with a
water cluster is given (in atomic units) by

H ¼ �1
2
r2 �

X
i

Q i

ri
þ
X

j

lj � rj

r3
j

findðrjÞ þ V rep �
X

j

a
2r4

j

fpolðrjÞ;

ð1Þ

where the second and third terms correspond to the interactions of
the electron with the DPP point charges and the induced dipoles
from intermolecular induction, respectively, the fourth term ac-
counts for the short-range repulsive interactions of the excess elec-
tron with each monomer, and the last term incorporates the
polarization of the monomers by the excess electron. For water
the polarizability is approximately isotropic, and the experimental
value 1.45 Å3 of the isotropic polarizability of water is employed
in Eq. (1). The electron–water polarization is described by point
polarizable centers located at the M site of each monomer (The M
site is located on the rotational axis, and displaced 0.25 Å from
the O atom toward the H atoms). In Eq. (1) lj is the induced dipole
moment located at the M site of the jth molecule and obtained by a
vector sum of the three atom-centered induced dipole moments on
the monomer resulting from the electronic field from the other
monomers. It should be noted that the ‘collapse’ of the three
induced dipoles on each monomer to a single dipole is not essential,
and is made simply for computational speed. findðrjÞ ¼ 1�
expð�b1r2

j Þ and fpolðrjÞ ¼ ð1� expð�b2r3
j ÞÞ

2 are factors that damp
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Table 1
Nonzero derivatives of the Hamiltonian in the PM1 model for an excess electron
interacting with a water cluster

Coordinate oVpc=oR oV rep=oR oV ind=oR oVpol=oR

R ¼ RO 0 oV rep=oRO oV ind=oRO 0
R ¼ RH oVpc=oRH oV rep=oRH oV ind=oRH 0
R ¼ RM oVpc=oRM 0 oV ind=oRM oVpol=oRM
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the short-range interactions of the excess electron with the induced
dipoles (due to intermolecular induction) and polarizable sites,
respectively. The damping is required to remove the r ? 0 diver-
gences in the resulting integrals. The calculated energies are rela-
tively insensitive to the precise functional forms of the damping
factors. Vrep is constructed using the procedure of Wang and Jordan
[25] which closely follows the approach of Schnitker and Rossky
[31]. The excess electron is described using a set of s and p Gauss-
ian-type functions, both monomer-centered and floating, with the
latter being located at the center of mass of the cluster.

2.2. Analytical gradient of the PM1 model

The analytical gradient of the energy associated with a closed-
shell Hartree–Fock wavefunction can be written as [32]:

oE
oR
¼
X
lv

Plv

oHcore
lv

oR
þ 1

2

X
lvkr

PvlPkr
ohlvkrki

oR
�
X
lv

Qlv
oSlv

oR
; ð2Þ

where P is the density matrix defined in terms of the molecular
orbital coefficients

Plv ¼ 2
Xm=2

a

ClaCva; ð3Þ

and Q is the energy-weighted density matrix given by

Qlv ¼ 2
Xm=2

a

eaClaCva: ð4Þ

In Eqs. (3) and (4), the sum is over the occupied orbitals and ea is
an orbital energy. Hcore

lv is a matrix element of the one-electron core
Hamiltonian,

Hcore
lv ¼ /lj �

1
2
r2 �

X
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Za

ra
j/v

* +
; ð5Þ

and Slv is an overlap matrix element, Slv = h/lj/vi. Thus the gradi-
ent of the Hartree–Fock energy can be calculated using the molec-
ular orbital energies and LCAO-MO coefficients, together with the
derivatives of the core Hamiltonian, the overlap matrix, and the
two-electron integrals, hlvjjrki ¼ hlvjrki � 1

2 hlkjrvi.
For the adiabatic polarization potential model described in the

previous section, only a single electron is considered explicitly,
and the gradient for the ground electronic state of the excess elec-
tron may be expressed as

oE
oR
¼
X
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�
X
lv
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; ðPlv ¼ Cl1Cv1; Qlv ¼ e1Cl1Cv1Þ;

ð6Þ

where the Hamiltonian matrix elements Hlv = h/ljH j/vi have only
one-electron contributions, and only a single orbital energy and
associated orbital coefficient are required. In general, there can be
more than one bound excess electron state, and the subscript ‘1’
on the orbital energy and coefficients refers to the ground anionic
state. The derivative of the Hamiltonian matrix is

oHlv
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: ð7Þ

There are twelve derivatives associated with the x, y, z
coordinates of the three atoms and of the M site, for each water
molecule. The derivatives of the basis functions with respect to
the coordinates associated with the M sites are zero as there are
no basis functions located on the M sites. Hence the Pulay terms
[33,34] only require derivatives with respect to the atomic
coordinates.
The nonzero contributions to the gradients of the Hamiltonian
(i.e., the third term in Eq. (7)) are summarized in Table 1, where
Vpc involves the interaction of the excess electron with the point
charges of the DPP water model, and Vind and Vpol correspond to
the third and fifth terms in Eq. (1).

The greatest challenge in evaluating the gradients in the PM1
model is presented by the terms involving the interaction of the
excess electron with the induced dipoles resulting from intermo-
lecular induction. This term may be expanded as
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where rk is the vector from the electron to the induced dipole lk lo-
cated on the M site associated with molecule k, and use has been
made of the fact that in the current implementation of the PM1
model, the intermolecular induced dipole moment vector is inde-
pendent of the electron coordinates. The derivative of the first term
in Eq. (8) depends only on the M site, but the derivative of the in-
duced dipole moments in the second term depends on both the
atomic sites and the M site. The procedure for calculating the deriv-
atives of the induced dipole moments is discussed in the next
section.

2.3. Derivative of the induced dipole moment

The induced dipole moment at atomic site i resulting from the
interactions with the charges on the other monomers is given by
[35]:

li ¼ ai E0
i þ

X
j–i

~Tij � lj

 !
; ð9Þ

where E0
i is the electric field at site i produced by the fixed charges

on the other monomers, ai is the polarizability of site i, and ~Tij is the
dipole tensor

E0
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In Eq. (10), f1(Rij) and f2(Rij) are damping functions used in the
DPP water model. The induced dipoles are calculated iteratively.

The derivatives of the induced dipole moments are evaluated by
differentiating Eq. (9):
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The derivatives in Eq. (11) could be solved iteratively, but this
would require 12N SCF procedures, and it is computationally faster
to use the inverse matrix approach, i.e., rewriting Eq. (11) as

~M
oli

oRk
¼ Ck;

oli

oRk
¼ ~M�1Ck ð12Þ



Table 2
CPU time (s) to evaluate the energy and gradient of the ðH2OÞ�45 cluster

Terma CPU time(s)

Pulay Non-Pulay Total
oVNN
oR N/A 0.7 0.7

oSlv

oR 4.1 N/A 4.1

oðVkinÞlv
oR 12.6 N/A 12.6

oðVpcÞlv
oR 28.8 11.7 40.5

oðV repÞlv

oR 39.0 27.8 66.8

ol
oR N/A 3.0 3.0

oðV indÞlv
oR 58.0 59.2 117.2

oðVpolÞlv
oR 56.6 91.8 148.4b

Total 199.1 194.2 393.3

Energy 35.8

a oðAÞlv

oR is a shorthand notation of o/l
oR jAj/v

D E
þ /ljAj o/v

oR

D E
þ /l

oA
oR

�� ��/v

D E
.

b The tabulated results are for a six d Gaussian function representation of the
polarization potential. The total time to evaluate the

oðVpolÞlv

oR contributions is reduced
from 148.4 to 31.3 s if a three s GTF fit is used in place of the six d GTF fit. The CPU
time for the energy evaluation is reduced from 35.8 to 17.1 s.
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where Ck is 9N component vector, and ~M is a 9N � 9N matrix:

~M ¼

�1 0 0 a1T12xx a1T12xy a1T12xz � � �
0 �1 0 a1T12yx a1T12yy a1T12yz � � �
0 0 �1 a1T12zx a1T12zy a1T12zz � � �

a2T21xx a2T21xy a2T21xz �1 0 0 � � �
a2T21yx a2T21yy a2T21yz 0 �1 0 � � �
a2T21zx a2T21zy a2T21zz 0 0 �1 � � �
a3T31xx a3T31xy a3T31xz a3T32xx a3T32xy a3T32xz � � �
a3T31yx a3T31yy a3T31yz a3T32yx a3T32yy a3T32yz � � �
a3T31zx a3T31zy a3T31zz a3T32zx a3T32zy a3T32zz � � �

..

. ..
. ..

. ..
. ..

. ..
. . .

.

0
BBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCA

ð13Þ

where N is the number of monomers, and Tijxx, Tijxy, Tijxz, � � �, Tijzz are
the nine elements of the dipole tensor, ~Tij. Once available, the in-
verse of ~M can be used for calculating the derivative of the induced
dipole moments with respect to any degree of freedom.

The Ck vector is expressed as
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where E0
ix, E0

iy, and E0
iz are the components of the electric field at site i

produced by the fixed charges, and lx, ly, and lz are the compo-
nents of the induced dipole moments, l.
In the paper of Sommerfeld et al. [22] four different polarization
potentials were presented. In this work we have adopted the PM1
model in which the undamped polarization potential terms are of
the form a=2r4

k . The integrals involving the a=2r4
k operator cannot

be done analytically. To overcome this difficulty, the polarization
operator associated with each monomer, including the associated
damping factor, can be least squares fit to Gaussian-type functions
(GTF) centered at the M site to give [22]:

Vpol ’ �
X

k

akGTFk; ð15Þ

where the ak are the coefficients of the fit. The analytical derivatives
of this term are straightforward to evaluate. In Ref. [22] the fit made
use of six d-type Gaussians. This fit, together with a smaller three s-
type Gaussian fit, will be used in the calculations presented in this
paper. Moreover, because the polarization potentials in the four
polarization models of Ref. [22] are all fit to GTF’s, the gradient pro-
gram works without change with all four models.

2.4. Treatment of constraints

The PM1 electron–water model is based on the DPP rigid mono-
mer water model. Although Euler angle coordinates are commonly
used for maintaining the geometrical constraints in such models,
we have opted instead to use Cartesian coordinates in evaluating
the gradients both due to the difficulties posed by the M site for
an Euler angle representation and because of our plans to transi-
tion to a flexible monomer model in the future. The rigid monomer
constraints were then imposed by transforming the derivatives
from Cartesian coordinates to the Euler angle coordinates, /, h,
and w.

For a given monomer, the derivatives in Euler angle coordinates
corresponding to the translations are associated with the sum of
the derivatives in Cartesian coordinates of the various atomic sites.
The derivatives for the rotations in Euler angle coordinates are de-
scribed by using the torque vector with respect to the centers of
mass (CM) of the monomers [36]

si ¼ DROi
� FOi

þ DRH1i
� FH1i

þ DRH2i
� FH2i

þ DRMi
� FMi

ð16Þ

where FO, FH, and FM represent the forces at the O atom, a H atom,
and M site, respectively, and DROi

is the displacement vector given
by ROi

� RCMi
, with DRH1i

, DRH2i
, and DRMi

being calculated in an
analogous manner. The derivatives with respect to /, h, and w are
then given by

oE=oRi/

oE=oRih

oE=oRiw

0
B@

1
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� sin / cos / 0

sin h cos / sin h sin / cos h

0
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1
CA
�six
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�siz

0
B@

1
CA ð17Þ
3. Performance

In implementing the gradients of the PM1 model, care was ta-
ken to identify contributions that are zero or are related to other
contributions, and to exploit this information to minimize the
computational time. In order to check the efficiency of the analyt-
ical gradient code, it is instructive to compare timings with those
for numerical evaluation of the gradients. The numerical gradients
were evaluated both in a ‘brute force’ manner which requires 12N
times more CPU time than a single-point energy evaluation, and by
a ‘modified’ implementation that evaluates only those integrals
that are changed upon specific displacements. It should be noted
that numerical geometry optimizations in most ab initio electronic
structure codes require 9N times more CPU time than single-point
energy calculations as all integrals are evaluated for each atomic
displacement.
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Fig. 1 compares the computational time to calculate numer-
ically and analytically the gradients for several water cluster
anions. For a ðH2OÞ�16 cluster, the evaluation of the gradient ana-
lytically is roughly nine times faster than the ‘brute force’
numerical gradient and three times faster than the modified
numerical gradient For the ðH2OÞ�45 cluster, analytical evaluation
of the gradient is fifty times faster than the ‘brute force’ numer-
ical gradient and about five times faster than using the modi-
fied numerical evaluation of the gradient. With this speedup,
optimization of the geometries of various isomers of a cluster
the size of ðH2OÞ�45 can be rapidly accomplished, but with our
standard Gaussian-type orbital (GTO) basis set, which employs
both monomer-centered and additional functions at the center
of mass, the time to evaluate the gradient is still too long to
permit long-time molecular dynamics simulations. Specifically,
for ðH2OÞ�45, our standard GTO basis set contains 287 primitive
functions, and a single-point energy calculation takes 36 s, and
the corresponding gradient requires 393 s on a 2.6 GHz opteron
processor (see Table 2). There are several strategies for reducing
the CPU time required for both the energy and gradient evalu-
ations. These include (1) using a three s GTF rather than a six d
GTF fit of the polarization potentials, (2) prescreening integrals
and evaluating only these that are estimated to be greater in
magnitude than some threshold, (3) combining the repulsive
and polarization potential, and (4) replacing the present atom-
centered basis set with a 3D grid of s Gaussians, which would
eliminate the Pulay terms. Through a combination of these
strategies, it should be possible to reduce the CPU time for a
gradient evaluation of a cluster the size of ðH2OÞ�45 as described
by the PM1 model by as much as a factor of 50, which would
permit long-time MD simulations. For example, we have found
that use of a 6 � 6 � 6 grid of s Gausians rather than the pres-
ent monomer-centered +5s4p floating set of GTO’s gives accu-
rate electron binding energies for ðH2OÞ�45 while resulting in a
five-fold reduction in the CPU time required for the analytical
gradient compared to that required with our standard GTO
basis set.
4. Conclusions

Analytical gradients have been implemented for the PM1 model
for ðH2OÞ�n clusters. The PM1 model is based on the DPP water model
and allows for both intramolecular induction and polarization of the
water molecule by the excess electron. The availability of analytical
gradients will greatly facilitate use of the PM1 model in carrying out
molecular dynamics simulations on large ðH2OÞ�n clusters. When the
six d GTF representation of the polarization potential is used, the
derivatives involving this term are the most time-consuming part
of the calculation. With the smaller three s GTF fit to the polarization
potential, the most time-consuming step in the gradient evaluation
is due to the terms involving the interaction of the excess electron
with the induced dipoles from intermolecular induction. We note
also that with our standard monomer-centered basis set, about
one half of the time of the gradient evaluation is due to the Pulay
terms. By switching to a 6 � 6 � 6 grid of s GTF functions for the elec-
tronic basis set, the Pulay terms are eliminated and the CPU time re-
quired to evaluate the analytical gradient for a cluster the size of
ðH2OÞ�45 is reduced about five-fold. With the adoption of the smaller
three s GTF fit of the polarization potential and the use of the
6 � 6 � 6 grid of s GTFs for the basis set, MD simulations for tens of
psec. are feasible for clusters of this size when carried out on a single
CPU, and for a few nsec. when carried out in parallel.
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