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Abstract

We develop a theory for solving continuous time optimal stopping problems for non-linear expectations.
Our motivation is to consider problems in which the stopper uses risk measures to evaluate future rewards.
Our development is presented in two parts. In the first part, we will develop the stochastic analysis tools
that will be essential in solving the optimal stopping problems, which will be presented in Bayraktar and
Yao (2011) [1].
© 2010 Elsevier B.V. All rights reserved.
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1. Introduction

We solve continuous time optimal stopping problems in which the reward is evaluated
using non-linear expectations. Our purpose is to use criteria other than the expected value to
evaluate the present value of future rewards. Such criteria include risk measures, which are not
necessarily linear. Given a filtered probability space ({2, F, P,F = {F;};c[0,77) satisfying the
usual assumptions, we define a filtration-consistent non-linear expectation (F-expectation for
short) with domain A as a collection of operators {S[~|.7-',] A A 2 AN LO(}})}te[O,T]
satisfying “Monotonicity”, “Time-Consistency”, “Zero—one Law” and “Translation-Invariance”.
This definition is similar to the one proposed in [15]. A notable example of an F-expectation is
the so-called g-expectation, introduced by [14]. A fairly large class of convex risk measures (see

e.g. [6] for the definition of risk measures) are g-expectations (see [4,15,12,7]).
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We consider two optimal stopping problems. In the first one, the stopper aims to find an
optimal stopping time when there are multiple priors and the Nature is in cooperation with the
stopper; i.e., the stopper finds an optimal stopping time that attains

ZO)£  sup  &LY, + Hj|Fol, (1.1)
(i,0)€IxSo, 1

in which & = {&;};c7 is a stable class of F-expectations, Sp r is the set of stopping times
that take value in [0, T']. The reward process Y is a right-continuous F-adapted process and for
any v € So.7,Y, belongs to A* £ (¢ € A | & > ¢, as.forsomec € R}, where A is the
common domain of the elements in &. On the other hand, the model-dependent reward processes
{H'};cy is a family of right-continuous adapted processes with Hé = 0 that is consistent with
&. We will express the solution of this problem in terms of the &-upper Snell envelope Z° of
Y;, the smallest RCLL F-adapted process dominating ¥ such that ZM0 2479 + Hl}ie10,1) is an
&i-supermartingale for each i € 7.

The construction of the Snell envelope is not straightforward. First, for any i € Z, the
conditional expectation &;[£|F,],& € A and v € Sp,r may not be well defined. However, we
show that 1 — &;[§|F;] admits a right-continuous modification r — 8 [£]|F.] for any & € A and
that 5 is itself an F-expectation on A* such that E [-]F,] is well defined on A* for any v € So,7.
In terms of é' we have that

ZO)= sup LY, + H|Fol. (12)
(i.p)TxSo.r

Finding a RCLL modification requires the development of an upcrossing theorem. This theorem
relies on the strict monotonicity of & and other mild hypotheses, one of which is equivalent
to having lower semi-continuity (i.e. Fatou’s lemma). Thanks to the right continuity of 1 —
5 [£]F:], we also have an optional sampling theorem for right-continuous S -supermartingales.
Another important tool in finding an optimal stopping time, the dominated convergence theorem
is also developed under another mild assumption. These developments are presented in Section 2.
The stability assumption we make on the family & is another essential ingredient in the
construction of the Snell envelope. It guarantees that the class & is closed under pasting: for
any i, j € Z and v € Sp r there exists a k € 7 such that & [&|F,] = & [5 [§|fwg]|fg]
for any o € Sp,r. Under this assumption it can then be seen, for example, that the collection
of random variables { [X (p) + H’ H’ | Fy ] (i, p)el x S,,’T} is directed upwards. When
the constituents of & are linear expectatlons the notion of stability of this collection is given
by [6, Definition 6.44], who showed that pasting two probability measures equivalent to P at
a stopping time one will result in another probability measure equivalent to P. Our result in
Proposition 3.1 shows that we have the same pasting property for F-expectations. As we shall
see, the stability assumption is crucial in showing that the Snell envelope is a supermartingale.

This property of the Snell envelope is a generalization of time consistency, i.e.,

esssup & [§|F,] = esssup & [esssupé“,-[sm] ﬂ] ,
iel i€l ieZ

a.s.,Vv,o € Sor withv <o, as. (1.3)

[5, Theorem 12] showed in the linear expectations case that the time consistency (1.3) is
equivalent to the stability.
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When the reward t — Y, + H/ is “&-uniformly-left-continuous” and each non-linear
expectation in & is convex, we can find an optimal stopping time 7(0) for (1.1) in terms of
the Snell envelope. Then we can solve the problem

sup &Y, +H | Fol, (1.4)
peSo,T

when &;[-|F;] has among other properties strict monotonicity, lower semi-continuity, dominated
convergence theorem and the upcrossing lemma. Note that although, esssup; EIE [-|F:] has sim-
ilar properties to 5 [-|F:] (and that might lead one to think that (1.1) can actually be considered
as a special case of (1.4)), the former does not satisfy strict monotonicity, the upcrossing lemma,
and the dominated convergence theorem. One motivation for considering optimal stopping with
multiple priors is to solve optimal stopping problems for “non-linear expectations” which do not
satisfy these properties.

We show that the collection of g-expectations with uniformly Lipschitz generators satisfy
the uniform left continuity assumption. Moreover, a g-expectation satisfies all the assumptions
we ask of each &; for the upcrossing theorem, Fatou’s lemma and the dominated convergence
theorem to hold; and pasting of g-expectations results in another g-expectation. As a result
the case of g-expectations presents a non-conventional example in which we can determine an
optimal stopping time for (1.1). In fact, in the g-expectation example we can even find an optimal
priori* €T, 1i.e.,

Z(0) = &x[Yr) + Hig)lFol. (15)
In the second problem, the stopper tries to find a robust optimal stopping time that attains
V(0) 2 sup 1nf5[ + H}|F).- (1.6)
peSor!

Under the “&-uniform-right-continuity” assumption, we find an optimal stopping time in terms
of the &-lower Snell envelope. An immediate by-product is the following minimax theorem

V(0) = inf sup & [Y + H! |]-"0] (1.7
€1 peSyr
Our work was inspired by [10,11], who developed a martingale approach to solving (1.1)
and (1.6), when & is a class of linear expectations. In particular, [10] considered the controller-
stopper problem

sup sup E* |:g(X(,o)) + /p h(s, X, Us)dsi| , (1.8)
0

peSy. T Uel

where X () = x + fol f(s, X, Uy)ds + fot o (s, X)dWU . In this problem, the stability condition
is automatically satisfied. Here, g and & are assumed to be bounded measurable functions. Our
results on g-expectations extend the results of [10] from bounded rewards to rewards satisfying
linear growth. [5,9] also considered (1.1) when the &;’s are linear expectations. The latter paper
made a convexity assumption on the collection of equivalent probability measures instead of
a stability assumption. On the other hand, the discrete time version of the robust optimization
problem was analyzed by [6]. Also see [3, Sections 5.2 and 5.3].

The rest of Part I is organized as follows: In Section 1.1 we will introduce some notations that
will be used in both Parts I and II. In Section 2, we define what we mean by an F-expectation
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&, propose some basic hypotheses on £ and discuss their implications such as Fatou’s lemma,
dominated convergence theorem and upcrossing lemma. We show that ¢t — £[-|F;] admits a
right-continuous modification which is also an F-expectation and satisfies Fatou’s lemma and
the dominated convergence theorem. This step is essential since &[-|F,], v € Sp,7 may not be
well defined. We also show that the optional sampling theorem holds. The results in Section 2
will be the backbone of our analysis in Part II. In Section 3 we introduce the stable class of
F-expectations and review the properties of essential extremum. The proofs of our results are
presented in Section 4.

The optimal stopping problems (1.2) and (1.6) and their applications will be deferred to
Part II.

1.1. Notation

Throughout this paper, we fix a finite time horizon 7' > 0 and consider a complete probability
space ({2, F, P) equipped with a right continuous filtration F = {Ft}ie0,7], not necessarily
a Brownian one, such that Fy is generated by all P-null sets in F (in fact, Fy collects all
measurable sets with probability 0 or 1). Let So 7 be the collection of all F-stopping times v
such that 0 < v < T, as. For any v,0 € Spr with v < o, ass., we define S, L (pe
So.r | v < p <o, as.}and let Sf: ., denote the set of all finite-valued stopping times in S, ;.
Welet D = {k27" | k € Z, n € N} denote the set of all dyadic rational numbers and set
Dr & ([0, T)Nn D) U{T}. Foranyt € [0, T]and n € N, we also define

127] — 1

+ n
qn_([) 2 (2—n) and q:(l‘) A f2 t-I

2/‘1

AT. (1.9

It is clear that g, (1), ¢, (t) € Dr.
In what follows we let F’ be a generic sub-o-field of F and let B be a generic Banach space
with norm | - |g. The following spaces of functions will be used in the sequel.

(1) For 0 < p < oo, we define

e LP(F'; B) to be the space of all B-valued, F’'-measurable random variables & such that
E(|E|ﬁ) < 00. In particular, if p = 0, LO(F': B) stands for the space of all B-valued,
F’-measurable random variables; and if p = oo, L®(F’; B) denotes the space of all
B-valued, F'-measurable random variables £ with ||£]|oc £ esssup,cnlé(w)|p < oo.

° Lg([O, T];B) to be the space of all B-valued, F-adapted processes X such that
EfOT |X,|{édr < 00. In particular, if p = 0, L%([O, T1; B) stands for the space of all
B-valued, F-adapted processes; and if p = oo, L%O([O, T1; B) denotes the space of all
B-valued, F-adapted processes X with || X0 = esSSupP(; y)e0.71x 2| X1 (@) B < oo.

° (Cg([O, T:B) 2 {X e Lg([O, T1; B) : X has continuous paths}.

° Hg([O, T:B) £ {X e Lg([O, T1; B) : X is predictably measurable}.

(2) For p > 1, we define a Banach space
Mg ([0, T1; B)
1/p

T p/2
_ XEH%([Oy T];B) : 1 X || azr L {E|:</ |XY|]%BdS> i” <7,
0

and denote Mg([0, T1; B) £ N,=1 ME ([0, T1; B).
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(3) We further define
LE(F;B) 2 {g e L°F;B) : E[e"FF] < oo forall A > 0},

Cy ([0, T1; B) £ {X € C%([O, TI;B): E |:exp {A s[ng] |X,|B}:| < 00
tell,

forallA > 0¢.

If d = 1, we shall drop B = R from the above notations (e.g., Lg([O, T) = Lg([O, T1; R),
L?(Fr) = LP(Fr; R)). In this paper, all F-adapted processes are supposed to be real-valued
unless specified otherwise.

2. F-expectations and their properties

We will define non-linear expectations on subspaces of L°(Fr) satisfying certain algebraic
properties, which are listed in the definition below.

Definition 2.1. Let 27 denote the collection of all non-empty subsets A of LO(Fr) satisfying:

(D1) 0,1 € 4;

(D2) A is closed under addition and under multiplication with indicator random variables.
Namely, for any &, n € A and A € Fr, both & + 1 and 14& belong to A;

(D3) A is positively solid: For any &, n € LO(]:T) with0 < & < n,as.,ifn € A, thené € A
as well.

Remark 2.1. (1) Each A € Z7 is also closed under maximization “v”” and under minimization
“A”: In fact, for any &, € A, since the set {§ > n} € Fr, (D2) implies that £ v n =
Eligspyy + nlg<py) € A. Similarly, £ Ay € A

(2) For each A€ 27, (D1)—~(D3) imply that ¢ € A for any ¢ > 0;

(3) Zr is closed under intersections: If {A;};c7 is a subset of 27, then N;jc; A; € D15 Dr is
closed under unions of increasing sequences: If {4, },eny C 27 such that A, C A, for any
n €N, then U,en Ay € D73

(4) Itis clear that L?(Fr) e Y forall0 < p < oo.

Definition 2.2. An F-consistent non-linear expectation (F-expectation for short) is a pair (£, A)
in which A € 27 and £ denotes a family of operators {S[-|]—',] A A2 AN LO(]-",)}

1€[0,T]
satisfying the following hypothesis for any £, n € Aandz € [0, T']: ©

(A1) “Monotonicity (positively strict)”’: E[E|F;] < E[n|F:], as. if &€ < n, a.s.; Moreover, if
0 <& <nas.and E[E|Fp] = E[n|Fol, then & = n, a.s.;

(A2) “Time Consistency”: E[E[E|F1|Fs| = E[&|Fs], as. forany0 <5 <t < T;

(A3) “Zero—one Law”: E[14E|F;] = 14E[E|F1], a.s. for any A € Fy;

(A4) “Translation Invariance”: E[& + n|F;] = E[&|F:] + n, as.if n € A,.
We denote the domain A by Dom(€) and define
Dom, (£) £ Dom(§) N LY(F,), Vv e Sr.

For any &,n € Dom(€) with § = 7, a.s., (Al) implies that £[£|F;] = E[n|F;], a.s. for any
t € [0, T], which shows that the F-expectation (£, Dom(£)) is well-defined. Moreover, since
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Domg (&) = Dom(£) N LY(Fy) ¢ LO%(Fo) = R, E[-|Fo] is a real-valued function on Dom(E). In
the rest of the paper, we will substitute £[-] for £[-|Fo].

Remark 2.2. Our definition of F-expectations is similar to that of ]-"IX -consistent non-linear
expectations introduced in [15, page 4].

Example 2.1. The following pairs satisfy (A1)—(A4); thus they are F-expectations:

(1) ({E [IF:Deero, 11, Ll(}"T)): the linear expectation E is a special F-expectation with domain
LY (Fr);

) ({Eg[~|]-',]},e[oj], Lz(]-'T)): the g-expectation with generator g(z, z) Lipschitz in z (see
[14,4] or Section 5.1 of [1]);

3) ({Eg[-|f,]},e[0,7], Le(]—"T)): the g-expectation with generator g(f,z) having quadratic
growth in z (see Section 5.4 of [1]).

F-expectations can alternatively be introduced in a more classical way:

Proposition 2.1. Let £° : A +— R be a mapping on some A € Dt satisfying:

(al) Forany &,n € A with & < n, a.s., we have E°[&] < E°[n]. Moreover, if E°[E] = £°[n],
then &£ =, a.s.;

(a2) For any & € Aandt € [0, T], there exists a unique random variable & € A; such that
E°M1pE +y] = ED[IA& + y] holds for any A € F; and y € A,.

Then {E°[E|Fi1 2 &, & € A}iero, 17 defines an F-expectation with domain A.
Remark 2.3. For a mapping £° on some A € 27 satisfying (al) and (a2), the implied operator

E°[-|Fo] is also from A to R, which, however, may not be equal to £°. In fact, one can only
deduce that £°[§] = £°[£°[£|Fo]] for any & € A.

From now on, when we say an F-expectation &, we will refer to the pair (5 , Dom(& )). Besides
(A1)—(A4), the F-expectation £ has the following properties:

Proposition 2.2. For any &, n € Dom(&) and t € [0, T, we have

(1) “Local Property”: E[14& + 1acn|Fi] = 1AE[E|F:] + 1acEN|F:], a.s. for any A € Fy;

(2) “Constant-Preserving”: E[E|F,] = &, a.s. if & € Dom,(E);

(3) “Comparison”: Let £, € LO(F,) for some v € So.r- If n = ¢, a.s. for some ¢ € R, then
& < (or =)n, a.s. ifand only if E[14&] < (or =)E[14n] forall A € F,.

The following two subsets of Dom(&) will be of interest:

Dom™(€) £ {€ e Dom(€) : £ > 0, as.}, @D
Dom* (&) £ {§€ € Dom(€) : € > ¢, a.s. for some ¢ = c¢(§) € R}. '

Remark 2.4. The restrictions of £ on Dom™ (£) and on Dom*(€), namely (5 ,Dom™* (& )) and
(8 , Dom#(é‘)) respectively, are both F-expectations: To see this, first note that Dom™ (£) and
Dom*(€) both belong to Z7. For any ¢ € [0, T, (A1) and Proposition 2.2(2) imply that for any
£ € Dom* (&)

ELEIF] = E[c@IF] = c(®),  as., thus E[§]F] € Dom* (€),
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which shows that £[-|F;] maps Dom* (&) into Dom*(£)NLY(F;). Then it is easy to check that the
restriction of £ = {5[~|]—',]}t€[0 7 on Dom*(€) satisfies (A1)—(A4), thus it is an F-expectation.
Similarly, (5 , Dom™ (& )) is also an F-expectation.

We should remark that restricting £ on any subset A’ of Dom(€), with A’ € 27, may not
result in an F-expectation, i.e. (£, A’) may not be an F-expectation.

Definition 2.3. (1) An F-adapted process X = {X,};c[0,7] is called an “£E-process” if X; €
Dom(£),Vt € [0, T];

(2) An E-process X is said to be an £-supermartingale (resp. £-martingale, £-submartingale) if
forany 0 <s <t < T, E[X;|Fs] < (resp. =, >) X;, as.

Givenav € S(f  taking values in a finite set {#; < --- < t,},if X is an £-process, (D2) implies

that X, = Y| L=} X;, € Dom(€), thus X, € Dom,(&). Since {X,S = 5[§|]—',]}IE[O 7y isan

E-process for any & € Dom(E), we can define an operator £[-|F, ] from Dom(€) to Dom, (£) by
E[E|F1 2 X8,  forany & € Dom(E),

which allows us to state a basic Optional Sampling Theorem for £.

Proposition 2.3 (Optional Sampling Theorem). Let X be an E&-supermartingale (resp.
E-martingale, £-submartingale). Then for any v, o € S(fT, EIXv|Fs] < (resp. =, >)X o,
a.s.

In particular, applying Proposition 2.3 to each £-martingale {£[£|F;]1}/¢[0,77, in Which & €
Dom(€), yields the following result.

Corollary 2.1. For any &€ € Dom(€) and v, o € S({T’ 5[5[E|.7:v]|.7:g] = E[&|Foasl as.

Remark 2.5. Corollary 2.1 extends the “Time-Consistency” (A2) to the case of finite-valued
stopping times.

E[-|F,] inherits other properties of £[-|F;] as well:

Proposition 2.4. For any £, n € Dom(€) and v € S(f 7> it holds that

(1) “Monotonicity (positively strict)”: E[E|F,] < EFV], as. if € < n, a.s.; Moreover, if
0<é¢& <, as. and E[E|Fs] = EN|Fs), a.s. for some o € S&T, then & =1, a.s.;

(2) “Zero—one Law”: E[14&|F,] = 14E[E|F)), a.s. forany A € F;

(3) “Translation Invariance”: E[E + n|F,] = E[E|FV] + n, a.s. if n € Dom,, (£);

(4) “Local Property”: E[14& + 1acn|Fy] = 1AE[E|FV] + 14cEIFV], a.s. forany A € F,;

(5) “Constant-Preserving”: E[E|F,] =&, a.s., if & € Dom,,(&).

We make the following basic hypotheses on the F-expectation £. These hypotheses will be
essential in developing Fatou’s lemma, the Dominated Convergence Theorem and the Upcrossing
Theorem.

Hypotheses.

(HO) For any A € Fr with P(A) > 0, we have lim,,_, 5, £[nl4] = o0;
(H1) For any & € Dom™(€) and any {A,},en C Fr with lim,—o 1 14, = 1, a.s., we have
lim, o0 1 E[14,8] = €[]
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(H2) For any &, 7 € Dom™ (£) and any {A,},eny C Fr with lim,—o | 14, = 0, a.s., we have

Remark 2.6. The linear expectation E on LY(Fr) clearly satisfies (HO)-(H2). We will show that
Lipschitz and quadratic g-expectations also satisfy (HO)—-(H2) in Propositions 4.1 and 5.5 of [1]
respectively.

The F-expectation & satisfies the following Fatou’s Lemma and the Dominated Convergence
Theorem.

Theorem 2.1 (Fatou’s lemma). (H1) is equivalent to the lower semi-continuity of E: If a
sequence () ,en C Dom™ (€) converges a.s. to some € € Dom™ (£), then for any v € S(f T
we have

El§1F)] < lim E[E|F],  as., 2.2

n—0oo

where the right hand side of (2.2) could be equal to infinity with non-zero probability.

Remark 2.7. In the case of the linear expectation E, a converse to (2.2) holds: For any
non-negative sequence {£,},ey C L!(Fr) that converges a.s. to some &€ € LO(Fy), if
lim, , E[§,] < oo, then & € LY(Fr). However, this statement may not be the case for an
arbitrary F-expectation. That is, lim,_, . £[£,] < 0o may not imply that § € Dom™ () given
that {€,},eny C Dom™(€) is a sequence convergent a.s. to some & € LO(Fr). (See Example 5.1
of [1] for a counterexample in the case of a Lipschitz g-expectation.)

Theorem 2.2 (Dominated Convergence Theorem). Assume (H1) and (H2) hold. Let {&,},cN be
a sequence in Dom™ (€) that converges a.s. If there is an n € Dom™ (€) such that &, < n a.s. for
any n € N, then the limit & of {£,},en belongs to Dom™ (£), and for any v € S&T, we have

nll{gog[érﬂfu] = g[$|_7:v], a.s.

Next, we will derive an Upcrossing Theorem for £-supermartingales, which is crucial in
obtaining an RCLL (right-continuous, with limits from the left) modification for the process
{E1&|F1}er0.1) as long as & € Dom(&) is bounded from below. Obtaining a right continuous
modification is crucial, since otherwise the conditional expectation £[£|F,] may not be well
defined for any v € S, r.

Let us first recall what the “number of upcrossings” is: Given a real-valued process {X;};¢[o0,7]
and two real numbers a < b, for any finite subset F of [0, T'], we can define the “number of
upcrossings” Ur(a, b; X (w)) of the interval [a, b] by the sample path {X;(®)};cF as follows:
Set vg = —1, and for any j = 1, 2, ... we recursively define

vj—1(@) £ min{t € F : t > 1 (w), X;(w) <a} AT €Sy,
V2 (w) SminfreF:t> vj—1(w), Xi(w) > b} AT € S(fT,

with the convention that min ¥ = oo. Then UF(a, b; X (w)) is defined to be the largest integer j
for which vy (w) < T.If I C [0, T']is not a finite set, we define

Uj (a,b; X (w)) & sup{UFr(a, b; X(w)) : F is a finite subset of 1}.



E. Bayraktar, S. Yao / Stochastic Processes and their Applications 121 (2011) 185-211 193

It will be convenient to introduce a subcollection of Py

Dr A {Ae Pr:RC A},

gearly, 97 contains all LP (Fr),0 < p < oo. In particular, L°°(Fr) is the smallest element of
27 in the following sense:
Lemma 2.1. For each A € 97, L®(Fr) C A.

Proof. For any £ € L% (F7), we have —||€]l00, 2||£llcc € R C A. Since 0 < & + ||§]l
2| lloos a.s., (D3) implies that & + [|€]lc € A. Then we can deduce from (D2) that &
(¢ + 16lloo) + (—ll€lloc) € 4. O

For any F-adapted process X, we define its left-limit and right-limit processes as follows:

1A

X, £ lim X, and X £ lim X+ foranyrel0,T],

n—o00 n—o0

where ¢, (t) and q,f (t) are defined in (1.9). Since the filtration F is right-continuous, we see that
both X~ and X are F-adapted processes.
It is now the time to present our Upcrossing Theorem for £-supermartingales.

Theorem 2.3 (Upcrossing Theorem). Assume that (HO), (H1) hold and that Dom(£) € .@T.
For any E-supermartingale X, we assume either that Xt > ¢, a.s. for some ¢ € R or that the
operator E[-] is concave: For any &, n € Dom(E)

EAE+ A =Mn] = AEE]I+ (1 =M)E ], YAre(0,1). (2.3)
Then for any two real numbers a < b, it holds that P(UDT (a,b; X) < oo) = 1. Thus we have

P(X; — lim X

n—oo  dn

yand X = lim X, foranyt € [0, T]) — 1. 2.4

As a result, Xt is an RCLL process.

In the rest of this section, we assume that the F-expectation & satisfies (H0)—(H2) and that
Dom(€) € 7. The following proposition will play a fundamental role throughout this paper.

Proposition 2.5. Let X be a non-negative £-supermartingale.
(1) Assume either that esssup,.p, X; € Dom™ () or that for any sequence {£,},en C Dom™ ()
convergent a.s. to some & € LO(]:T),
lim £[&,] < oo implies € € Dom™ (). (2.5)
n— oo

Then for any v € So.1, X, and X} both belong to Dom™ (£);

QI X,+ € Dom™ (€) forany t € [0, T], then X is an RCLL E-supermartingale such that for
anyt € [0, T, X;" < X,, a.s.;

(3) Moreover; if the function t + E[X,]from [0, T] to R is right continuous, then X is an RCLL
modification of X. Conversely, if X has a right-continuous modification, then the function
t — E[X,] is right continuous.

Now we add one more hypothesis to the F-expectation &:
(H3) For any & € Dom™(€) and v € S T, X5 € Dom*(&).

In light of Proposition 2.5(1), (H3) holds if esssup,cp,E[§1F:] € Domt (&) or if £ satisfies
(2.5).
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Foreach ¢ € Dom*(€), we define £’ 2 £—c(&) € Dom™ (€). Clearly X&' 2 {£[¢’ |J—',]}t€[0 -
is a non-negative £-martingale. By (A2), 5[X,s ] = 5[5[5 |.7-",]] = E[¢] for any ¢t € [0, T],
which means that 7 > & [X g’] is a continuous function on [0, T']. Thanks to Proposition 2.5(2)

and (H3), the process X,SH_ = lim, _, XjJr(t), t € [0, T]is an RCLL modification of X% Then

for any v € Sp 1, we define

EEIF] 2 X5 4 e®) (2.6)

as the conditional F-expectation of £ at the stopping time v € Sp,r. Since we have assumed
Dom(&) € Zr, Lemma 2.1, (H3), (D2) as well as the non-negativity of X ?, o+ imply that

E[€|F,] € Dom*(€), 2.7

which shows that E[-|F,] is an operator from Dom*(£) to Dom*(€) £ Dom*(&) N LY(F,). In

fact, {5 [- |.7-',]} 1€[0.7] defines a F-expectation on Dom® (£), as the next result shows.

Proposition 2.6. For any & € Dom* (&), 5[§|]-" 1 is an RCLL modification of E[§|F.].
{ [- |‘7:f]}te 0.7] is an F-expectation with domain Dom(E) = Dom®(£) € Pr and satisfy-

ing (HO)—(H2); thus all preceding results are applicable to £

Proof. As Dom(&) € @T is assumed, we see that Dom*(€) also belongs to @T. Fix & €
Dom#(é'). Since X¢"1 is an RCLL modification of X&', (A4) implies that for any ¢ € [0, T']

EEIF] = X5 4 c(6) = EE1F + c(®) = E[E' + c®)|F ] = EEIFL as.  (28)

Thus ] [£]F.] is actually an RCLL modification of £[£|F.]. Then it is easy to show that the pair
(8 Dom#(é‘)) satisfies (A1)—(A4) and (HO)—(H2); thus it is an F-expectation. [

We restate Proposition 2.5 with respect to & for future use.

Corollary 2.2. Let X be an g—supermartingale such that essinficjo,71X; > ¢, a.s. for some
ceR

(1) If esssup,ep, X1 € Dom*(&) or if (2.5) holds, then both X, and X" belong to Dom* (&) for
anyv € So.r;

Q) IfXte Dom* (&) for any t € [0, T, then X is an RCLL g—supermartingale such that for
anyt € [0, T], X,+ < X, a.s.

(3) Moreover; if the functiont +— g[X,]from [0, T]to R is right continuous, then X is an RCLL
modification of X. Conversely, if X has a right-continuous modification, then the function
t — E[X,] is right continuous.

The next result is the Optional Sampling Theorem of & for the stopping times in S, .

Theorem 2.4 (Optional Sampling Theorem 2). Let X be a right-continuous £ -supermartingale
(resp. E-martingale, E-submartingale) such that essinf;ep, X; > ¢, a.s. for some ¢ € R
If X, € Dom*(&) forany v € So.1, then for any v, o € So, 1, we have

E[X|Fol < (resp. =, >)Xppo a.s.
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Using the Optional Sampling Theorem, we are able to extend Corollary 2.1 and Proposi-
tion 2.4 to the operators £[-|F, ], v € So.T.

Corollary 2.3. For any &€ € Dom*(§) and v, o € So.7, we have

E[EIEIFNIFs ] = ElEI1Funcl,  as. 2.9)

Proof. Since (g , Dom*(£)) is an F-expectation by Proposition 2.6, for any £ € Dom"(€), (A2)
implies that the RCLL process X§ £ {£[S|}",]}te[o T is an £-martingale. For any ¢ € [0, T],
(2.8) and Proposition 2.2(2) show that ’

X; = El617] = Elc@)|F] = Ele@)|Fil = (), as.,

which implies that essinf,e[o,T])fo > c(£),a.s. Then (2.7) and Theorem 2.4 giverise to (2.9). O

Proposition 2.7. Forany &,n € Dom*(&) and v € So.7, it holds that

(1) “Strict Monotonicity”: §[§|fv] < <5~'[17|]-"U], a.s. if &€ < n, a.s.; Moreover, if g[El]-"g] =
EnlFs], a.s. for some o € So.1, then &€ =1, a.s.;

(2) “Zero—one Law”: 5[1A$|_7-'U] = 1A8~[§|}",,], a.s. forany A € F,;

(3) “Translation Invariance”: g[i;‘ +n|F] = g[.§|.7:,,] +n, a.s. if n e Domﬁ(c‘,’);

(4) “Local Property”: 5[1A.§ 4+ 1gen|Fy] = 1A5[§|.7:,, + 14& [17|.7-'V], a.s. forany A € F,;

(5) “Constant-Preserving”: €[§|.7:v] =& as,if€E e Dom#(S)

Remark 2.8. Corollary 2.3, Proposition 2.7(2) and (2.8) imply that for any & € Dom* (&) and
veSor,

EMaE] = ET14&] = E[EN1aE| 7]
= E[14E16170] = E[14EIEIF)]], YA€ F. (2.10)
In light of Proposition 2.2(3), & [£|F,] is the unique element (up to a P- null set) in Dom# &)

that makes (2.10) hold. Therefore, we see that the random variable & [£|F,] defined by (2. 6) is
exactly the conditional F-expectation of £ at the stopping time v in the classical sense.

In light of Corollary 2.3 and Proposition 2.7, we can generalize Fatou’s Lemma (Theorem 2.1)
and the Dominated Convergence Theorem (Theorem 2.2) to the conditional F-expectation
E[1F] v e Sor.

Proposition 2.8 (Fatou’s lemma 2). Let {€,},en be a sequence in Dom® (€) that converges a.s.
to some & € Dom*(£) and satisfies essinf,cnE, > ¢, a.s. for some ¢ € R, then for any v € So.T,
we have

E[EIF) < lim E[E|F)],  as., 2.11)

n—0o0

where the right hand side of (2.11) could be equal to infinity with non-zero probability.

Proposition 2.9 (Dominated Convergence Theorem 2). Let {&,},en be a sequence in Dom* (&)
that converges a.s. and that satisfies essinf,cn&, > ¢, a.s. for some ¢ € R. If there is an



196 E. Bayraktar, S. Yao / Stochastic Processes and their Applications 121 (2011) 185-211

n € Dom*(E) such that &, < n a.s. for any n € N, then the limit & of {&,}nen belongs to
Dom*(€) and for any v € So.7, we have

lim E[5,|F] = E[EIFR] as. (2.12)

Proof of Propositions 2.8 and 2.9. In the proofs of Theorems 2.1 and 2.2, we only need to
replace {&,},en and E[-|F;] by {&, — c}ueny and 8[ |Fy] respectively. Instead of (Al), (A3)
and (A4), we apply Proposition 2.7(1)—(3). Moreover, since (A2) is only used on Dom™ (&) in
the proofs of Theorems 2.1 and 2.2, we can substitute Corollary 2.3 for it. Eventually, a simple
application of Proposition 2.7(3) yields (2.11) and (2.12). O

3. Collections of F-expectations

In this section, we will show that pasting of two F-expectations at a given stopping time
is itself an F-expectation. Moreover, pasting preserves (H1) and (H2). We will then introduce
the concept of a stable class of F-expectations, which are collections closed under pasting.
We will solve the optimal stopping problems introduced in (1.1) and (1.6) over this class of
F-expectations. Before we show the pasting property of F-expectations, we introduce the concept
of convexity for an F-expectation and give one of the consequences of having convexity:

Definition 3.1. An F-expectation £ is called “positively-convex” if for any &, n € Dom™ (), A €
O0,1)and ¢ € [0, T]

EME + (1 — M| F] < AEEIF ]+ (1 = MEMIF:],  as.

Lemma 3.1. Any positively-convex F-expectation satisfies (H0). Moreover, an F-expectation &
is positively-convex if and only if the implied F-expectation (5 Dom#(E)) is convex, i.e., for any

£, € Dom*(E), A€ (0, ) andt €0, T]
Elhg + (1= MnlF] < AEEIFT+ (1 - DEMIFL,  as. 3.1)
Proposition 3.1. Let &;,&; be two F-expectations with the same domain A € -@T and

satisfying (H1)-(H3). For any v € Sy 1, we define the pasting of &;, E; at the stopping time
v to be the following RCLL F-adapted process

& ElF1 = Lo EEIF) + Lo & [EEIFNF]. Yiel0.T] (3.2

forany & € A* ={& € A: &> c, as. forsome c = c(&) € R}. Then 5i‘fj is an F-expectation

with domain A* € éT and satisfying (H1) and (H2). Moreover, if & and £; are both positively-
convex, &;’ i is convex in the sense of (3.1).

In particular, for any o € Sp. 7, applying Proposition 2.7(4) and (5), we obtain
EV{EIFo] = Loz EIEIFo] + Lpso) & [ € (E1 I T ]
= 1<\ & [EEIFNIFo] + 1= & [E) 181 R Fo ]
= & [L=01& €1 Fol + Lpso) E 6111 |
= &[EiE1FovellFs].  as., 3.3)

where we used the fact that {v > o} € F,,o thanks to [8, Lemma 1.2.16].
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Remark 3.1. Pasting may not preserve (HO). From now on, we will replace assumption (HO)
by the positive convexity, which implies the former and is an invariant property under pasting
thanks to the previous two results. Positive convexity is also important in constructing an optimal
stopping time of (1.1) (see Theorem 2.1 of [1]).

All of the ingredients are in place to introduce what we mean by a stable class of F-
expectations. As we will see in Lemma 2.2 of [1], stability assures that the essential supremum
or infimum over the class can be approximated by an increasing or decreasing sequence in the
class.

Definition 3.2. A class & = {&;};e7 of F-expectations is said to be “stable” if

(1) All &;, i € T are positively-convex F-expectations with the same domain 4 € é]‘ and they
satisfy (H1)-(H3);

(2) & is closed under pasting: nanlsaly, foranyi, j € Z,v € So.r,thereexistsak = k(i, j,v) € Z
such that £ ; coincides with & on A*.

We shall denote Dom(&) £ A*, thus Dom(&) = Dom* (&) € _@T for any i € Z. Moreover, if
&' = {&;}ier satisfies (2) for some non-empty subset Z’ of Z, then we call & a stable subclass
of &, clearly Dom(&’) = Dom(&).

Remark 3.2. The notion of “pasting” for linear expectations was given by [6, Definition 6.41].
The counterpart of Proposition 3.1 for the linear expectations, which states that pasting two
probability measures equivalent to P results in another probability measure equivalent to P,
is given by [6, Lemma 6.43]. Note that in the case of linear expectations, (H1), (H2) and the
convexity are trivially preserved because pasting in that case gives us a linear expectation. On
the other hand, the notion of stability for linear expectations was given by [6, Definition 6.44].
The stability is also referred to as “fork convexity” in stochastic control theory, “m-stability”
in stochastic analysis or “rectangularity” in decision theory (see the introduction of [5,2] for
details).

Example 3.1. (1) Let P be the set of all probability measures equivalent to P, then &p =
{Ep}gep is a stable class of linear expectations; see [6, Proposition 6.45].

(2) Consider a collection 4l of admissible control processes. For any U € 41, let PU be the
equivalent probability measure defined via [11, (5)] (or [10, (2.5)]), then & L2 (E pUUey 18
a stable class of linear expectations; see Section 5.3 of [1].

(3) For any M > 0, a family &) of convex Lipschitz g-expectations with Lipschitz coefficient
K, < M is an example of stable class of non-linear expectations; see Section 5.1 of [1].

The following lemma gives us a tool for checking whether a random variable is inside the
domain Dom(&’) of a stable class &.

Lemma 3.2. Given a stable class & of F-expectations, a random variable & belongs to Dom(&)
ifand only if ¢ < & <, a.s. for some ¢ € R and n € Dom(&).

Proof. Consider a random variable £. If ¢ € Dom(&), since Dom(&) = Dom*(&;) forany i € Z,
we know that there exists a ¢ = ¢(&) € R such that & > c(§), a.s.

On the other hand, if ¢ < & < p, as. fgr some ¢ € R and n € Dom(&), it follows that
0<&—c<n—c, as. Since Dom(&) € Y7, we see that —c,¢c € R C Dom(&’). Then (D2)
shows that n — ¢ € Dom(&’) and thus (D3) implies that § — ¢ € Dom(&’), which further leads to
& = (& — ¢) + ¢ € Dom(&) thanks to (D2) again. [
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We end this section by reviewing some basic properties of the essential supremum and
essential infimum (for their definitions, see e.g. [13, Proposition VI-1-1], or [6, Theorem A.32]).

Lemma 3.3. Let {§} jc7 and {n;} jeg be two families of random variables of LO(F) with the
same index set [J .

(D) If §j < (=) nj, a.s. forany j € J, then esssup jc 7§ < (=) esssup ¢ 71, d.s.

(2) For any A € F, it holds a.s. that esssup;c 7(1a&; + lacn;) = laesssup;. 7§ +
1acesssup ;e 70, In particular, esssup . 7 (1A§j) = 1aesssup;c 7§, a.s.

(3) For any random variable y € L°(F) and any o > 0, we have esssup;c 7 (aéj +y) =
aesssupjejsj + v, a.s.

Moreover, (1)—(3) hold when we replace esssup ¢ 7 by essinf ¢ 7.

4. Proofs

Proof of Proposition 2.1. For any & € A and ¢t € [0, T], let us define £°[£]|F;] £ &. We will
check that the system {5"[5 |F:], € € /1} | satisfies (A1)—(A4); thus it is an F-expectation
with domain A.

(1) For any n € A with § < n, as., we set A = {E£%§|F] > E°[n|F]} € F, thus
14E°1E|F:] = 14E°[n|F:]. It follows from (al) and (a2) that

EX[LAL°IEIF] = E[1aE°IIF]] = E°Man] = E°N1aE] = E°[14E°1EIFT],

which shows that £°[14E°[£|F;]] = £°[14€°[n|F;]1]. Then the “strict monotonicity” of (al)
further implies that 14E°[£|F;] = 14E°%[n]F:], a.s., thus P(A) = 0, i.e., E°[E|F;] < E°[n|F:],
a.s.

Moreover, if 0 < & < n, a.s.and E°[§|Fo] = £°[n|Fol, applying (a2) with A = 2 and y = 0,
we obtain

ElE] = E°[E°151F01] = E°[E°InIFol] = E°Mnl.

Then the strict monotonicity of (al) implies that & = n, a.s., proving (A1).
2)Let0<s <t <T,forany A € F5 C F; and y € Ay C A;, one can deduce that

tel0, T

el [EElFNF ] + v | = E AL IE1F +v] = £7[1a + v]

Since E°[E°[€|F I Fs] € Fi, (a2) implies that E°[E|F] = & = E°[E°IEIFNTF],
proving (A2). 3
(3)Fix A € F;, forany A € F; and y € A;, we have
E (1AL F)) + v] = E°[1 50, E0LE1Fi D + 7]
= E15048 +v] = E°[1;(0a8) + 7]
Since 14E°[E|F;] € Fy, (a2) implies that E°[14&|F;] = 14E°[£|F;], proving (A3).
(4)Forany A € F; and n, y € A, (D2) implies that 149 + y € 4;, thus we have
E[LA(EIEIF) +n) + v] = E°[1AE°[E1F) + Aan + )] = E°[1a€ + Aan +y)]
=E[1aE+m) +v]
Then it follows from (a2) that £°[§ + n|F;] = £°[E|F:] + n, proving (A4). O



E. Bayraktar, S. Yao / Stochastic Processes and their Applications 121 (2011) 185-211 199

Proof of Proposition 2.2. (1) For any A € F;, using (A3) twice, we obtain

EMMaé +1aen|F] = 14EM4E + Vaen|Fi] + 1acE[14E + 1aen|F]

= E[Ma(14é + Lae)|Fr] + E[Mac(1aé + Laen)|Fi]

= E[1a&|F) + EMMaen|F] = 14ELENF] + 1ac&IF],  as.
(2) Applying (A3) with a null set A and & = 0, we obtain £[0|F;] = E[140|F;] = 14E[0|F;] =
0, a.s. If & € Dom, (), (A4) implies that E[&|F;] = E[0 + &|F;] = E[0|F ]+ & =&, ass.
B)If&E < n,as., (Al) dlrectly implies that for any A € F,,, E[IAE] < &£[147]. On the other
hand, suppose that E[146] < E[14n] for any A € F,. We set A2 {E > n} € F,, thus
1;6 >1;1>cAQ0,as. Usmg (A1) we see that £[1;&] > E[1;n]; hence E[1;6] = E[1 3]
Then (A4) implies that

[1;6—cA0]=E[1;]—cAO0=E[1;n]—cAO0=E[1;m—cAOL
Applying the second part of (A1), we obtain that 1;& —c A0 =17 —c A0, a.s., which implies
that P(A~) =0,ie.& <p,as. O
Proof of Proposition 2.3. We shall only consider the £-supermartingale case, as the other cases
can be deduced similarly. We first show that for any s € [0, T] and v € S(f T
EXv|Fs] = Xons,  as. 4.1)
To see this, we note that since {v < s} € F, (A3) and Proposition 2.2(2) imply that
g[xvlﬂ] = 1{v>s}5[xv|~7:s] + l{ugs}g[xvu:s]
= 8[1{v>s}Xv\/s|]:s] + 5[1{v§s}XvAs|}—x]
= 1{v>s}g[Xv\/s|-7:s] + l{vgs}g[XvAs|-7:x]
= 1{v>s}g[Xu\/s|-7:s] + I{VSS}XVAS’ a.s. 4.2)
Suppose that vy £ ) v s takes values in a finite subset {f; < --- < f,} of [s, 7]. Then (A4)
implies that

n—1

[XUx |ftn—l] = 5[1{U.Y=tn}th |Ezz—l] + Z I{Vx:ti}Xti 4 a.s.
i=1

Since {vy = t,} = {vy > t,—1} € F;,_,, (A3) shows that
g[l{VA':tn}th|ftn—l] I{Va—tn 5[X[n |‘Ftn I] = 1 {vs

Thus it holds a.s. that E[ X, |F;, |1 < Ljy>r, 1 Xs,, + Zi:_lz 1(v,=1) Xy, . Applying E[-|F;, , ]
on both sides, we can further deduce from (A2)—-(A4) that

th—l , a.s.

_[n

S[X‘)s'ﬁan] = gl: [ V?|‘7:ln l]lﬁn 2] = I{Vr>fn Z}E[th 1|‘7:[n 2 + Zl{u?_t,}th
—2

= I{Vs>tn Z}th 2 + Z I{Vr*lt}th - I{Vs>ln 3}th 2 + Z 1 Vs*tz}Xlt a.s.
i=1 i=1

Inductively, it follows that £[ X, |F;,] < X;,, a.s. Applying (A2) once again, we obtain
E[Xu 1] = E[E[XulF)IB] < EIX BT < X, as,

which together with (4.2) implies that £[X,|Fs] < 1p=gXs + Lp<gXvas = Xonas, as.,
proving (4.1).
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Leto € S(f r taking values in a finite set {s; < --- < sp,}, then

m m
EXIFol = D) UomepELX0IF ] < ) Noms Xuns; = Xvno,  as. O
Jj=1 Jj=1
Proof of Proposition 2.4. Given & € Dom(E), we let v € S(f o take values in a finite set
{HH <--- <ty}.
(1) For any n € Dom(€) with § < 5, a.s., (A1) implies that

n n

EEIF] =D L= lE|1F] < Y 1p=)€lnlF, 1 = EMIF).  as.
i=1 i=1
Moreover, if 0 < & < n, a.s. and E[£|F,] = E[n|Fs], as. for some o € S{T, we can apply
Corollary 2.1 to obtain

ELE] = E[EIE1F51] = E[EMIFL1] = €.

The second part of (A1) then implies that £ = 7, a.s., proving (1).
(2) For any A € F,,itis clear that AN {v =t} € F;, foreachi € {1, ..., n}. Hence we can
deduce from (A3) that

EMAEIF] = D e EMAEIF] = D EMpumynaélFil = Y 1pinallE|F;,]
i=1 i=1 i=1

n
=14 ) 1= EIE|IF] = 14E[E|F),  as., proving (2).
i=1
(3) For any n € Dom, (&), since 1{,—;}n € Domy, (£) for each i € {1, ...,n}, (A3) and (A4)
imply that

ELE +nIF) =) Ny IE + 1l F ] = Y EMpmi€ + Lpmiynl T ]

i=1 i=1

n
= > (EMpm 81 F T+ Lz
i=1
n
= > 1= EEIF ] +n=CEEIF]+n,  as., proving (3).
i=1
The proof of (4) and (5) is similar to that of Proposition 2.2(1) and (2) by applying the just
obtained “Zero—one Law” and “Translation Invariance”. [

Proof of Theorem 2.1. (H1) is an easy consequence of the lower semi-continuity (2.2). In fact,
for any & € Dom™(€) and any {A,},eny C Fr with limyoo 1 14, = 1 as., {14,&},en is an
increasing sequence converging to £. Then applying the lower semi-continuity with v = 0 and
using (A1), we obtain £[£] < lim,_ 0 1 £[14,£] < E[£]; so (H1) follows.

On the other hand, to show that (H1) implies the lower semi-continuity, we first extend (H1)
as follows: For any £ € Dom™(€) and any {A},ey C Fr with lim,o 1 14, = 1, ass., it
holds for any ¢ € [0, T'] that

Tim 1 €M, 815 = EEIFL  as. 43)
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In fact, by (Al), it holds a.s. that {5 1 An.§|.7-}]}n oy I8 an increasing sequence bounded from
above by £[£|F;]. Hence, lim, o 1 E[14,&|F:] < E[&|F;], a.s. Assuming that lim,, oo 1
El14,6|F] < E[&|F:] with a positive probability, we can find an ¢ > 0 such that the set
A, = {lim,,_)Oo 1t EMaElF] < EEIF] — s} € J; still has positive probability. Hence
for any n € N, we have

14 EM1a,81F1] = 14, lim 1 E[14,817] < 14, (ElE1F]—¢), as.
Then (A1)-(A4) imply that
EMada,E]+e = EMa a6 + el = E[ENAN4,E + | F1] = E[14,EM4, £ F ] + €]
< E(MAELEIF] + elac] = E[EMAE + elac|Fi] = EM1a§ + elacl.
Using (A4), (H1) and (A1), we obtain
EMMg.6+el =E[14,8]l+6 = nlglgo P EMp, 14,8l +¢
< EMa & +elac] < E[14.6 +¢],

thus £[14,8 + ¢] = E[14,& + elac]. Then the second part of (Al) implies that 14,§ + & =
14,8 + elge, as., which can hold only if P(As) = 0. This results in a contradiction. Thus
lim, o 1 E[14,&1F:] = E[E|F:], as., proving (4.3).

Next, we show that (2.2) holds for each deterministic stopping time v = ¢ € [0, T']. For any
j,n € N, we define A{; e N2 1€ — &l < 1/j} € Fr. (Al) and (A4) imply that for any k > n

E[IA’,;SI}",] < EMge—g <181 F] < ELek + 1/j|F ] = EL&| Fi ] + 1/j,  as.

Hence, except on a null set N,{ , the above inequality holds for any k > n. As k — o0, it holds
on (N ] ) that

EM,;81F] < lim E[&|F]+1/).

k—o00

(Here it is not necessary that lim,_, E[&|F;] < oo, as.) Since &, — £, a.s. asn — 00, it is
clear that lim;,— » % IA,- = 1, a.s. Then (4.3) implies that E[&|F;] = lim, o0 © 8[1A,-§|.7-',]

holds except on a null set NJ. Let N7 = U Nj. It then holds on (N/)° that

EEIF) = lim 1 E[1,,€17] < lim EGIF]+1/).

k—o00

As j — o0, it holds except on the null set U;?‘;l N/ that

ElE1F:] < lim E[&,]F;]. 4.4

n—oo

Letv e S(I; , taking values in a finite set {#; < --- < #,}. Then we can deduce from (4.4) that

EIEIF] Zl{v WEIENF,] < Zl{v —i) lim £[17;] = lim Zlv i) ELEnl ]

n—>oo

lim E[&,|F],  as., 4.5

n—0o0

which completes the proof. [
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Proof of Theorem 2.2. We first show an extension of (H2): For any &, n € Dom™(£) and any
{Antnen C Fr withlim, o | 14, = 0, a.s., it holds a.s. that
lim | E[§ +14,n|F]=E[E|F],  as. (4.6)
n— o0
In fact, by (Al), it holds a.s. that {S[S + lA”n'}—f]}n eN is a decreasing sequence bounded
from below by £[£|F;]. Hence, lim, oo | E[& + 14,n|F] = E[£|F:], a.s. Assume that
lim, o0 | E[E + 14,n|F:] > E[£|F;] with a positive probability, then we can find an ¢ > 0

such that the set A, = {limnﬁoo I EIE + 14,0 F] = EE|F] + 8} € JF; still has positive
probability. For any n € N, (A4) implies that

14, €16 + 14,01 F] = 14, nlggo } EL€ + 1a,n|F1]
La (E[E1F ]+ ¢) = 14, E[€ + €| F],  as.
Applying (A1)—(A3), we obtain
EMa +1a,dan] = E[EMa + 14,14 F]]
= E[1a E[6 + 1a,nIF]] = E[1a EE + 6| F1]]
= E[E[1a € + )| F]] = E[1a, (€ + )]
Thanks to (H2) we further have
EMpEl= lim | E[1g 6 + 14,140 = E[la € +o)] = E[1a8],

v

v

thus E[14,6] = EM1a, (€ + 8)]. Then the second part of (A1) implies that P(A,) = 0, which
yields a contradiction. Therefore, lim, .o | E[€ + 1 AN Fi] = E[E|F:], a.s., proving (4.6).

Since the sequence {£,},cN is bounded above by 7, it holds a.s. that § = lim, . &, < 1,
thus (D3) implies that £ € Dom(E). Then Fatou’s Lemma (Theorem 2.1) implies that for any
vV E S(f’ T

E[EI1FV] = lim E[§,]F)],  as. 4.7

n—oo

On the other hand, we first fix r € [0, T]. For any j, n € N, define A{; & N =&l < 1/j} e
Fr. Then one can deduce that for any k > n

ELEIF < N € + 1/ + 1, MIFI < EE+1/+1, (= OIF], as.

Hence, except on a null set N,{ , the above inequality holds for any k > n. As k — oo, it holds
on (N;) that

Jim EIENF < EE +1/j + 1, (0 = ©IF].

Since & € LO%(Fr) and &, — &, as.asn — oo, itis clear that lim, 00 1 lAj =1, a.s. Then

(4.6) and (A4) imply that except on a null set N, J , we have
Tim | ELE + 1]+ 1 (7 = OIF] = ELE +1/j1F] = EEIF]+ 1/,
Let N/ = U?,O:o N,{, thus it holds on (N/)C that

k@ﬂéklﬂ] < ElE1F1+1/).
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As j — o0, it holds except on the null set U?‘;l N that lim,,_, 0o E[£,|F] < E[E]F]. Then for
any v € S(f 7> using an argument similar to (4.5) yields that

lim £[5:|F)] < E[EIF)]. as.,
n—oo
which together with (4.7) proves the theorem. [

Proof of Theorem 2.3. Let FF = {f; < tp < --- < tg} be any finite subset of Dr. For
j = ,d, we define A; = {v; < T} € ]-'v ,clearly, A; D Aj4q. Let d = IﬂJ one
can deduce that Ur (a, b; X) = ijl 14,; and that
Lot g oy KT =@ 2 Lya 4y Lxr <o (X1 — @)
Lix;<a)(X7 —a) = —(a — X7)™.
Since X7 € Dom(€) and L*°(Fr) C Dom(&) (by Lemma 2.1), we can deduce from (D2) that
d/
b — a)Up(a, b; X) —(a—-Xpr)" = Z 14,;(b —a) + Yx;<a)(X7 —a) € Dom(¢&).
j=1
Then Proposition 2.4(1)—(3) and Proposition 2.3 imply that
E[(b—a)Up(a,b: X) — (a— X7)"|F,, ]

v

d/

==Y Lay +E[w 4, X7 = O, ]
j=1
d/

=(b-a) ; Lasy + 100 4y (XTI Py 1 = )
d/

<b-a) Z Lay, + 1ud7 (Anjr\zp) (szd/ —a), as.
j=1

Applying &[-|Fy,, ] to the above inequality, using Proposition 2.4(1)—~(3) and Proposition 2.3
again, we obtain

S[(b—a)UF(a,b; X) —(a— XT)+|‘7:Vzd’—1]

d'—1
<¢& |:(b —a) 2 Loy, + (Qay, , + lu?’:jl(Azj,l\Azj))(X“zd' —a) ‘fv24’1:|
d’—lj
—(b-a) ; Lay, + 5[(1A2d, Flyri ) Ky =) ‘]-"UM_I]
d=1
=(b—a) Z Lay; + 1A2d’ +1 d—ll(AZ/ 1\A2,) )(E[XVZd’lfVZd’—l] - a)
d’—l
<b—a) ) Ay +(1ay,  +1
.
<(b-a) 2; Las + 150104, gy Koy =@ 2
J

5 Ay dzp) Koz =@
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where we used the fact that X Vo > b on Ay in the first inequality and the fact that X Vg <
a on Apy—y in the last inequality. Similarly, applying £[-|F,,, ,] to the above inequality

yields that
E[(b—a)Ur(a,b: X) — (a— X1)"|Fy, ]

d' —1
<®-a Z] Ligj 10014y Ko @), s
J:
Iteratively applying £[- |qu2 ENE & [~|.7-",2 _,] and so on, we eventually obtain that
E[b—a)Up(a,b; X) —(a— X7)T] <0. (4.8)

We assume first that X7 > ¢, a.s. for some ¢ € R. Since (a — X7)* < |a| + |c], it directly
follows from (A4) that

0> E[(b—a)Ur(a.b; X) —(a—Xp)*] = E[(b—a)Ur(a,b; X)] — (lal +|c]). (4.9)

Let {F,},cn be an increasing sequence of finite subsets of Dy with U,y F;, = Dr, thus
lim,. 1 Uf,(a, b; X) = Up,(a, b; X). Fix M € N, we see that

Jim 1t Ly, @b x0=m) = 10,0, @b 0)>M) = Lup, @.b;X)>M)- (4.10)

Forany n € N, we know from (4.9) that E[(b—a)M 1y, a.b: x)>m}] < EL(b—a)UF, (a, b; X)] <
la] + |c|, thus Fatou’s Lemma (Theorem 2.1) implies that

E[b — MLy, (@, x)=c0}] < E[(b — OMVYup,_ (@a,b:3)>m)]
Jim 1 E[(b — aYMVyy, (@.b:x)>my] < lal + [c]. (4.11)

IA

On the other hand, if £[-] is concave, then we can deduce from (4.8) that

0> E[(b—a)Ur(a,b; X) — (a— X1)7"]

v

1 1

E5[2(19 —a)Up(a, b; X)] + E5[—2(a - Xt

Mimicking the arguments in (4.10) and (4.11), we obtain that
E[w - a)2Mlyy,, (@b X)=oc} | < —E[—2(a — X7)7]

where —2(a — X7)T = 1ix;<a)2(X7 — a) € Dom(€) thanks to (D2). Also note that (A1) and
Proposition 2.4(5) imply that £[—2(a — X7)*] < £[0] = 0.

Using (HO) in both cases above yields that P(Up, (a, b; X) = 00) =0, i.e., Up,(a, b; X) <
00, a.s. Then a classical argument (see e.g. [8, Proposition 1.3.14]) shows that

P(both lim Xgand lim X exist for any ¢ € [0, T]) =1.

s /'t,s€Dr s\, s€Dr

This completes the proof. [
Proof of Proposition 2.5. We can deduce from (2.4) that except on a null set N

X, = lim X -, <esssupX; and
n—oo 4n ) seDy

X?‘ = lim Xq;f([) <esssup Xy foranyr € [0, T], 4.12)

n— 00 seDy
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thus X7 = hm X vy < esssup X and
- SGDT

X;r = lim X g (v) = esssup X forany v € Sp 7. (4.13)

n—oo DT

Proof of (1): Case 1. For any v € 8o, if esssup;cp, X5 € Dom™ (&), (D3) and (4.13) directly
imply that both X and X belong to Dom(€).

Case II. Assume that £ satisfies (2.5). For any n € N, since X is an £-supermartingale and since
g, M), q W) e S(f - Corollary 2.1 and Proposition 2.3 imply that

EX ] = 5[5[ oL <v>]] = &[Xyr ] = Xo

qn+l
and 5[an_+l(v)]=5[5[x ol (V)]] E[X,~ 1] < Xo.

Hence, {E[XqT(v)]}neN is an increasing non-negative sequence and {E[an—(v)]}neN is a

decreasing non-negative sequence, both of which are bounded from above by X¢ € [0, 00).
(2.5) and (4.13) then imply that both X and X; belong to Dom(£), proving statement (1).
Proof of (2): Now suppose that X’,Jr € Dom™ (&) for any ¢t € [0, T]. First, we show that for
te€[0,T]and A € F;

E[1aX"] = lim E[1aX 1) ]- (4.14)
Since the distribution function x > P{X;" < x} jumps up at most on a countable subset S of

[0, 00), we can find a sequence {K ; }OQ 1 C€ [0, 00)\ § increasing to oo. Fix m, j € N, (A1)-(A3)
imply that for any n > m

S[IAI{Xq,T(,)<Kj}(Xq,T(Z) A KJ)]
= E[lalix s <k Xyt ] 2 5[1A1{Xq;(,)<Kj}5[Xq2<z>|7:q,,*(r>]]
= 5[5[1A1{Xq,,+<,><1<ﬂxqm(r)|7: +(,)]] E[IaLix 1 <k X g 0]-

Since K; ¢ S, P{X; = K ;} = 0, one can easily deduce from (4.12) that lim;,, oo I{Xq+(,)<1<j} =

1{X+<K }» aS. (In fact, for almost every w € {X+ < K} (resp. {X+ > Kj}), there
exists an N(w) € N such that Xq+(t) < (resp. >)K; for any n > N(w), which means
lim;, o 14x wFo<Ki) y(w) = 1(resp. 0) = 1{X+< K; }(a))) Applying the Dominated Convergence
Theorem (Theorem 2.2) twice, we obtain

S[IAI{X,'*'<K]-}XI+]
= E[IAI{X,+<K/_}(X,+ ANKj] = Jim 5[1A1{an+m<,<j}(an+(,) AK)|
> lim E[lalix <k Xgrm] = E[Malixr ok X i ]
Since lim;j 0o 1 1y _ k) = Las., the Dominated Convergence Theorem again implies that

S[IAX?_] = jgrlg.log[lAl{Xf<Kj}Xt—i_] z Jgn;og[lAl{X?<Kj}Xq;(l)] = g[lAX T(I)]

which leads to that £[14X;"] = lim—0c&[14 Xq;(t)]. Fatou’s Lemma (Theorem 2.1) gives the
reverse inequality, thus proving (4.14). Since X is an £-supermartingale, using (4.14), (A2) and
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(A3), we obtain
E[LaX] = lim E[1aX,r )] = lim E[EMAX k)| 71]]

= lim &[1aE[X,: 17 ]] = E[14%/]

for any A € F;, which further implies that X ,+ < X;, a.s. thanks to Proposition 2.2(3).
Next, we show that X is an £-supermartingale: For any 0 < s < ¢ < T, it is clear that
g, (s) < g,5(r) forany n € N. For any A € Fj, (A3) and Corollary 2.1 imply that for any n € N

S[IAXqI(s)] z E[IAE[XqI(t)|qu(s)]] = 5[5[1qui(t)|]:qi(s)]] = E[IAXq,T(t)]'
Asn — 00, (4.14), (A2) and (A3) imply that
E[1aX[] = lim E[1aX 4] = lim E[14X 1] = E[IaX"] = E[EMAX]T|F]]
= E[1AE1X1 7]

Then Proposition 2.2(3) implies that X;F > E[Xlﬂ]-"s], a.s., thus {Xt+}te[O,T] is an RCLL &-
supermartingale.
Proof of (3): If t — E[X,] is right continuous, for any ¢ € [0, T'], (4.14) implies that

+1— 1 —
XM= Jim E[Xq;(,)] = E&[X,].
Then the second part of (Al) imply that X;" = X;, as., which means that X* is an RCLL

modification of X. On the 0the~r hand, if X is a right-continuous modification of X, we see from
(2.4) that except on a null set N

+ _ Y — Iim X Y, —
X, _,111120)(%7'0)’ X; = nlgrolqu:(t), X; =X;, and
X =Xgr o for any n € N.
Putting them together, it holds on N¢ that
+ _ 1 — Iim X —Y —
X = ,}LHC}OX%T(I) = nli)ngo X =X =X (4.15)

Since X is an &-supermartingale, (A2) implies that for any 0 < #; < b < T,&[X,] =
S[S[X,zl}'tl]] = &[X,,], which shows that the function ¢ > £[X,] is decreasing. Then (4.14)
and (4.15) imply that for any ¢ € [0, T']

EIX] 2 lim E[X,] = lim E[X,-()] = EIX/] = E1Xi]

thus limg; £[X] = £[X;], i.e., the function ¢ — E[X,] is right continuous.  [J

Proof of Corollary 2.2. Since essinf;c[o,71X; > ¢, a.s., we can deduce from (A4) that X¢ S

{X: — cliejo. 7] is a non-negative £-supermartingale. If esssup,.p, X; € Dom* (&) ((D2) implies
that esssup,cp, X; € Dom* (&) is equivalent to esssup,cp, X; € Dom™(&€)) or if (2.5) holds,
Proposition 2.5(1) shows that for any v € Sy 7, both (X¢); and (X°);" belong to Dom™ (£).
Because

X, =X, —c and (X} =X/ —¢c, Vtel0,T], (4.16)
(D2) and the non-negativity of (X¢)~, (X¢)™ imply that
X, = (X, +ceDom*(€) and X = (XTI +c € Dom*(€).
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On the other hand, if X;r € Dom*(€) for any ¢t € [0, T], (D2) implies that the non-negative
random variable (Xc)t+ = Xf — ¢ belongs to Dom™(£). Hence, Proposition 2.5(2) show
that (X°)* is an RCLL E£-supermartingale such that for any t € [0,T], (X"’):r < X{, as.
Then (4.16), (2.8) and (A4) imply that X is an RCLL E-supermartingale such that for any
t € [0,T], X,+ < X;, a.s. Moreover, if t — E£[X,] is a right-continuous function (which is
equivalent to the right continuity of ¢ — £[X7]), then we know from Proposition 2.5(2) that for
any ¢t € [0, T], (X")t+ = X{, a.s., or equivalently, X,Jr = X;, a.s. Conversely, if X has a right-
continuous modification, so does X, then Proposition 2.5(2) once again shows that t > E[X[]
is right continuous, which is equivalent to the right continuity of ¢ +— £[X;]. This completes the
proof. [

Proof of Theorem 2.4. We shall only consider the g—supermartingale case, as the other cases
can be deduced easily by similar arguments. Fix ¢ € [0, T], we let {V!},cN be a decreasing
sequence in StFT such that lim,_, v,ﬁ = v V t. Since essinf;cp, X; > ¢, a.s., it holds a.s. that

X, > c foreach t € Dr. The right-continuity of the process X then implies that except on a null
set N, X; > c for any t € [0, T]. Thus we see from (A4) that X¢ L (X, — clielo,r] 1s a
non-negative £-supermartingale. For any n € N and A € F, C F,vs, (A2), (A3) and
Proposition 2.3 imply that

EMaXy 1= 5[5[le§é 7] = 5[1A5[X5},1 |F]] < EMaXS] 4.17)

We also have that £[14X¢,,] = lim,_ oo E[14 X, |. The proof is similar to that of (4.14). (We
only need to replace Xf by X%, and Xq;r(t) by X“}', in the proof of (4.14)). Asn — ocoin (4.17),
(A2) and (A3) imply that

EMAX[1 = lim E[14X5, ] = EMAX,] = E[EMaX;,, 1] = E[LAELX],, 1 F]].
Applying Proposition 2.2(3), we obtain that £[XS,,|F;] < X7, a.s. Then (A4) and (2.8)
imply that

ELXvu F] = ELX ol Fil = ELXSy, + el Fil = EIXS, | Fl+e < XS +c= X, as.
Since {v <t} € F;, we can deduce from (A3) and (A4) that

g[Xv|-7:t] = g[l{v>t}Xuvt + l{vgt}Xv/\t|-7:t] = 1{v>t}§[Xv\/t|-7:l] + l{vft}XvAt
< oo Xe +1p<nXoar = Xoar  ass.

Hence, we can find a null set N such that except on N¢
g[XU|.7-"t] < Xyar, foranyt € Dr and the paths of E[XVLF] and X, . are all RCLL.
As aresult, on N¢

EIXy|F) < Xopr, V1[0, T],  thus E[X,|Fo] < Xppo, Vo €Sor. O

Proof of Proposition 2.7. (1) If £ < n, a.s., by (A1), it holds except on a null set N that

ElE1F] < EFL,
for any ¢ € Dr and that the paths of £[£|F.] and £[n|F.] are all RCLL,

which implies that on N¢
EIEIF) < EMIFL, Vielo,T],  thus E[E|F)] < EMIF



208 E. Bayraktar, S. Yao / Stochastic Processes and their Applications 121 (2011) 185-211

Moreover, if g[é|,7—'g] = §[n|.7-'g], a.s. for some o € Sp 7, we can apply (2.8) and Corollary 2.3
to get

E[E] = EI&] = E[E[&1F,1] = E[EIF1] = Elnl = E.
Then (A4) implies that [ — c(§)] = E[E] — c(&) = E[n] — c(&) = E[n — c(&)]. Clearly,
0<é&—c() <n—c(),as. The second part of (A1) then implies that £ — c(§) = n — c(§),
a.s., i.e. £ = n, a.s., proving (1).
(2) Forany A € F, and n € Dom? (&), we let {v,},en be a decreasing sequence in S(f 7 such that
limy o0 | v, = v,as. Foranyn € N, since A € F,, and 5 € Dom’jﬂ (£), Proposition 2.4(2)
and (3) imply that

EMAE|F, 1 = 14ETE| R, ). and  E[E + 0|7, ] = EEIFR, 1+, as. (4.18)
Then we can find a null set N” such that except on N’

(4.18) holds for any n € N and the paths of g[lAELF], 5[5 |F.] and
E[& + n|F ] are all RCLL.

Asn — o0, it holds on (N')¢ that
EMEIF] = lim E1aEIF, ] = lim 1ELEIF, ] = LETIF).
and that  E[¢ +n|F,) = lim [ + I, 1 = lim E[EIF, 1+ 0 = EEIF] + 1,

proving (2) and (3). Proofs of (4) and (5) are similar to those of Proposition 2.2(1) and (2).
The proofs can be carried out by applying the just obtained “Zero—one Law” and “Translation
Invariance”. [

Proof of Lemma 3.1. (1) Let £ be a positively-convex F-expectation. For any A € Fr and
n € N, (D1) and (D2) imply that 14, n14 € Dom(E). Then the positive-convexity of £ and
Proposition 2.2(2) show that

EMal =€ |:l(n1A)i| < Letnra+ (1 - 1) £[0]
n n n

Lemig+ (1 - 1) 0= Lemi. (4.19)
n n n

Since P(A) > 0, one can deduce from the second part of (A1) that £[14] > 0. Letting n — oo
in (4.19) yields that

lim E[nlas] > lim nE[l4] = oo,
n—0o0 n—0oo

thus £ satisfies (HO). Moreover, for any &, n € Dom*(£),A € (0,1) and r € [0, T], we can
deduce from (2.8), (A4) and the positive-convexity of £ that
g[)né + (1 = Mn|F] = E[AE + (1 — M)nlF]
=E(E —c®)+ A =1 (n—c)IF]+rc@) + A — e
< AE[E —cENFI+ Ae) + (A = 2)EM — cIF ]+ (1 = M)e(n)
= AE[EIF ]+ (1 = DEMIF] = AEEIFR] + (1 = VEMIFL  as,

which shows that & is convex in the sense of (3.1). On the other hand, if £ satisfies (3.1), since
Dom™ (&) ¢ Dom*(£), one can easily deduce from (2.8) that & is positively-convex. [
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Proof of Proposition 3.1. We first check that €i‘f i satisfies (A1)—(A4). Let £,n € A* and
t [0, T]. N _ _

(1) If & < 7, as., applying Proposition 2.7(1) to £; yields that £;[£|F,v;] < Ej[nlFovel, ass.
Then (A1) of &; and (3.3) imply that

& (617 = &8I FnIF] < 8 FnIFR] = & [nF]. as.

Moreover, if 0 < § < n as. and £ [§] = £/ [n] Gie. &IE; 617 = EIE; I F]] by (B.3)),

the second part of (A1) implies that £;[£]|F,] = £;[n|F,], a.s. Further applying the second part
of Proposition 2.7(1), we obtain £ = 5, a.s., proving (A1) for Ei”j.

(2) Next, we let 0 < s < < T and set 5, £ &;[£|F]. Applying Proposition 2.7(2) to & and
<5~’j, we obtain
g,"jj[Etlfs] = l{vfs}gj[Eﬂfs] + 1{v>s}gi[gj [Et|fv]|-7:s]
= 5]- [l{vss}5;|.7:5] + & [5][1{U>s}5[|.7:v]|.7:s], a.s.,

where we used the fact that {v > s} € F,As thanks to [8, Lemma 1.2.16]. Then (A3) and (A2)
imply that

Eillp=n 517 = &[1p<&[617]17]
= L= & [E[§1ANIA] = 1= E[817]. as. (420
On the other hand, we can deduce from (3.2) that
L= 5 = Lsavsn& [E1F] + 1o-n &[E 151 RIF]
= Ly & [EIF] + 100 E[EEIRNFA] as.

Since both {s < v <t} = {v > s} N {v > ¢}° and {v > ¢} belong to F, s, Proposition 2.7(3)
and (2) as well as Corollary 2.3 imply that

Eillp=0E1F] = Ei[Ls<v=nEiEIFNF] + Lm0 &[S EIF N Fune]
= Vyeren & [EEIFANF] + Lp=n & [Ei1EIFNF ]
= Vycren &G EIFonid + & [11on & EIFIF]
= &[5 cven & E1Fonid + Voo &G EIFNF] = E[1s<nEEIFRNF],  as.
Taking &; [1 7] of both sides as well as using (A2) and (A3) of &, we obtain

G[Ei =5 ZIFNF] = 5[5 [1{s<u}5,-[é|fv]|f,]|ﬂ] = &1 161 FNIF]
= 1= & [EEIRNF] as.,
which together with (4.20) yields that
V[0 EIFNF] = Loz & [E1F] + 1o &[EEIRNF] = £ [E1F].
a.s., proving (A2) for & ;.

(3) For any A € F;, using (3.3), (A3) of [S’V, as well as applying Proposition 2.7(2) to g’j, we
obtain

£V i[1a81 7] = E1a&jEIFoill ] = LAE[EE1FilIF] = 148} [61 7],
a.s., proving (A3) for & ;.
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Similarly, we can show that (A4) holds for £ ; jas well. Therefore, & ; 1s an F-expectation with

domain A*. Since 4 € @T, ie.RcC4,it follows easily that R c A*, Wthh shows that A* € QT
(4) Now we show that 5”1 satisfies (H1) and (H2): For any £ € A" and any {A, },eny C Fr with
lim, o 1 14, = 1, as,, the Dominated Convergence Theorem (Proposition 2.9) implies that
lim,— 00 1 gj[l A, &1 Fv] = E;[&|F)], a.s. Furthermore, using (3.3) and applying the Dominated
Convergence Theorem to g yield that

hm 1+ E J[IA E] = hm Té[ [IA §|.7:v]]
=& [Sj[$|]-'v ] = Ei‘fj[f], proving (H1) for Ei‘fj.
With a similar argument, we can show that é‘i‘f j also satisfies (H2).

(5) If both &; and &; are positively-convex, so are g, and 5] thanks to (2.8). To see that El.‘j i is

convex in the sense of (3.1), we fix &, n € V= (0,1) and ¢t € [0, T]. For any s € [0, T], we
have

EiE 4+ (=M F] < AEIEIFN+ (A = VEjIIF],  as.

Since £ [A& + (1 — M| F1, E;[£|F.] and E;[n]F ] are all RCLL processes, it holds except on a
null set N that

EiME + (1 — M| F] < A& EIF+ (A = DEmIF], Vs el0,T],

thus 5j[k§ + (1 =MnFpv] < ng[a]:vw] + (1 - k)Ej[nlfuw]-
Then (3.3) implies that

E e + (1 — Ml F)

G + (1 = Ml Fovill 7]

< &[AEEIF vl + (1 = VE NI F el Fr ],

W& [EEIFmIF ] + (1 = ME[E; 1 Fuvll F]
AELLEIFN+ (= 0E A, as. O

A
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