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Time Value of Money

(Chapter 5/6)

Goals

· Calculate the value today of cash flows expected in the future.

· Calculate the amount of money needed to today to generate some future value of money.

Why do we care about this topic?
· Time value of money = price of borrowing and lending

· Present value calculations are important

I.
evaluation of investment projects

ii.
capital budgeting

iii.  
pricing of bonds and stocks

iv.
firm valuation

Future Value of Money
· Refers to the amount an investment will grow to after one or more periods

· It is the answer to the question: "What will my $100 investment grow to if it earns 7% every year for five years?"

· Present dollars and future dollars are different kinds of money.  We will develop "exchange rates" between present dollars and future dollars that are similar to exchange rates between U.S. and Canadian dollars.

Future Value Calculation: Single Period Investment

· Given the interest rate, r (10% implies r = 0.1), every $X invested today will produce (1 + r) of future value (FV)

FV = $X((1 + r)

· Example:  Suppose you invest $100 in an account paying 10% over the next year.  How much will you have at the end of the year?
Future Value: Investing for more than one period
· What will your $100 investment be worth after two years if it continues to earn 10%. 


FV = 110(1.10) = $121 


The $121.00 is made up of four parts:

Part
Amount

the original principal


the interest earned during the first period


the interest earned during the second period


the interest earned on the interest paid during the first period


In general, the future value of a $X dollars invested today at an interest rate of r, (10% implies r = 0.1) for t periods is
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The expression (1 + r)t is called the future value factor.  This formula assumes that all interest is reinvested at the interest rate r.


FUTURE VALUE: EXAMPLE
What would your $100 investment be worth after 5 years if the interest rate is 10% per year?  

Step 1:
Compute the future value factor:

Step 2: 
Multiply the original principal by the future value factor.


Future values, the interest rate and time
Suppose you had $500 to invest for 10 years.  The table below shows the future value of your investment for different interest rates.  

Interest Rate
Future value Factor
Ending Amount

0.02
1.0210 = 1.2190
609.50

0.05
1.0510 = 1.6289
814.45

0.10
1.1010 = 2.5937
1,296.85

0.15
1.1510 = 4.0456
2,022.80

0.20
1.2010 = 6.1917
3,095.85

How are futures values related to interest rates?

How are future values related to the number of time periods?

Future Values and Multiple Cash Flows
· Calculate the future value of each cash flow and then sum these future values.

· Example:  Suppose your rich uncle offers to help pay for your business school education by giving you $5,000 each year for the next three years beginning today (year = 0).  You plan to deposit this money into an interest-bearing account so that you can attend business school six-years from today.  Assume you earn 4.25% per year on your account.  How much will you have saved in six-years?

Year
Cash Flow
Future Value Factor
Future Value

0
5,000



1
5,000



2
5,000



Total Future Value




PRESENT VALUES

Investing for one period
Given an interest rate of 10%, whatever funds we invest today will be 1.1 times bigger at the end of the period.  If we need $10,000 at the end of the period:


Present Value (1.1) = 10,000

Rearranging:


Present Value = 10,000/1.1 = $9,090.91

In general, present value of $X future amount for an interest rate r is:


[image: image2.wmf]ú

û

ù

ê

ë

é

r)

 

+

 

(1

1

$Xx

 

=

PV


Examples:
1.
Suppose you need $300 to buy textbooks next quarter. You can earn 3.50% on your money over the period from today to the beginning of next quarter in an interest-bearing account.  How much money do you need to deposit today? 

2.
Treasury Bills: Treasury bills are pure discount loans since they have no coupons.  With a Treasury bill, the U.S. government receives money today from the sale of the bills and repays a single lump sum in the future.  If a Treasury bill promises to repay $10,000 in 12 months and the market interest rate is 7%, how much will the bill sell for today?


PRESENT VALUES

Investing for more than one period
Suppose you need $10,000 in three years.  If you earn 5% each year, how much money do you have to invest today to make sure that you have the $10,000 when you need it?  


10,000 = PV*(1.05)(1.05)(1.05)
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Solving for the present value:

Present Value Calculation 
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The expression 1/(1 + r)t is called the present value factor or discount factor. The interest rate, r, is sometimes referred to as the discount rate.  Calculating the present value of a future cash flow to determine its worth is commonly called discount cash flow valuation.  
Example:  Evaluating Investments
Your manager proposes to buy an asset for $350 million.  This investment is very safe.  You will sell the asset in four years for $520 million.  Assume that the asset generates no income between the time you buy the asset and the time you sell the asset.  You also know that you could invest the $350 million elsewhere and earn 10% with very little risk.  Would you buy this asset?  



PRESENT VALUES 
Investing for More than One Period
Present Values and Multiple Cash Flows

Suppose your firm is trying to evaluate whether to buy an asset.  The asset pays off $2,000 at the end of years one and two, $4,000 at the end of year three and $5,000 at the end of year four.  Similar assets earn 6% per year.  How much should your firm pay for this investment?   

Rule: Discount to the present one set of cash flows at a time and then add them up.

Year
Cash Flow
Present Value Factor
Present Value

1
2,000



2
2,000



3
4,000



4
5,000



Total Present Value





Present Values and Future Values
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Determining the Discount Rate
Given the relationship between present values and futures value, we can also determine the interest rate.  We will want to do this when are calculating the rate of return on an investment.  We can solve for the discount rate by rearranging the 

following equation:
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Solving for r:
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· What interest rate makes $100 today grow to $180 in 5 years? 


Finding the number of periods
Sometimes we will be interested in knowing how long it will take our investment to earn some future value.  Given the relationship between present values and futures value, we can also find the number of periods.  We can solve for the  number of periods by rearranging the following equation:
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Solving for t:
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Rule of 72: the time to double your money.  The time needed to double your money is approximately (72/r) at r%.

· How long would it take to double your money at 5%?

Annuities
An annuity is a level stream of cash flows for a fixed period of time.   

Suppose we are examining an asset that promises to pay $1,000 at the end of each of the next three years.  The cash flows are in the form of a three-year $1,000 annuity.  If we want to earn 10% on our investment, how much would we offer to pay for this investment?

Year
Cash Flow
Present Value Factor
Present Value

1
1,000



2
1,000



3
1,000



Present Value of Total Cash Flows




PV (Annuity) calculation

Since the cash flows of an annuity are all the same, we can come up with a very useful variation of the present value formula.  The present value of an annuity of C dollars per period for t periods when the rate of interest is r is given below.  The period covered by the interest rate r must correspond to the frequency of the annuity payment (For a monthly annuity, for example, we would use a monthly interest rate).
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Note, that the formula describes the difference between C/r and a discounted C/r - we will see this again when discussing perpertuities.

Present Value of an Annuity: Example
Suppose you need $25,000 each year for business school.  You need the first $25,000 at the end of 12 months and the second $25,000 at the end of 24 months. If you can earn 8% per year on your money how much do you need today?  Using the formula for the present value of an annuity:

· Step 1:  Calculate the present value factor:

· Step 2:  Use the formula for the present value of an annuity:


The Future Value of an Annuity
(Note that this is the difference of a 'future value' of C/r minus a normal C/r term)
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Suppose you plan to retire ten years from today.   You plan to invest $2,000 a year at the end of each of the next ten years.  You can earn 8% per year on your money.  How much will your investment be worth at the end of the second year?

· Step 1:
Calculate the future value factor:  

· Step 2:
Use the formula for the future value of the annuity:


Perpetuities
A perpetuity is an annuity in which the cash flows continue forever.

Suppose we are examining a perpetuity that costs 1,000 and offers a 12% rate of return.  The cash flow each year is $1,000*0.12 = $120.  More generally, the present value of a perpetuity multiplied by the rate of interest must equal the cash flow:
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Suppose an investment offers some perpetual cash flows of $800 every year. The return you require on such an investment is 6%.  What is the value of this investment?



Example: Valuing Preferred Stock as a perpetuity
Preferred stock is an example of a perpetuity.  The holder of preferred stock is promised a fixed cash dividend every period (quarter).   It is called preferred because the dividend is paid before common stock dividends.  Suppose Fillini Co. wants to sell preferred stock at $100 per share.  A very similar issue of preferred stock outstanding has a price of $40 per share and offers a dividend of $1 every quarter.  What dividend will Fillini have to offer if the preferred stock is to sell for $100?

Hint: Using the above information and the formula for the present value of a perpetuity we know:
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Growing Annuities and Growing Perpetuities

g = growth rate of the cash flow, i.e., instead of a 'steady' stream of cash flows, we now deal with valuing a growing stream of cash flows, where the growth is constant (for example, 10% per year). C = is the first cash flow to be received (and hence, C × [1 + g] is the second cash flow, etc.) We will always assume the r > g.
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Example: What is the present value of a lottery price, paying out $100 a year from now, and every year for 10 years, it will grow by 8%. The interest rate - or discount rate equals 12%.
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Example: What would be the value - or present value - of winning the above price when the payments and growth will last forever?


Comparing Rates: The Effect of Compounding Periods
Effective Annual Rates and Compounding
Stated or quoted rate: The rate before considering any compounding effects, such as 10% compounded semiannually.

Effective Annual Rate (EAR): The rate, on an annual basis, that reflects compounding effects, such as 10% compounded semiannually gives an effective rate of 10.25%.
Why is it important to work with EARs?  Suppose you are interested in buying a new car.  You have shopped around for loan rates and come up with the following three rates:

Bank A:
12% compounded monthly

Bank B:
12% compounded quarterly

Bank C:
12.25% compounded annually

Which is the best rate?  We use effective annual rates to compare the above lending rates.


Calculating Effective Annual Rates
The formula
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where m is the number of periods per year and the quoted rate is expressed as 0.08, for example.

· Examples:
1.
What is the EAR for 12% compounded quarterly?

Step 1:
Divided the quoted rate by the number of times that interest is compounded during the year.

Step 2:
Add 1 to the result and raise it to the power of the number of times interest is compounded during the year.

Step 3:
Subtract 1 from your answer in Step 2.


Computing Present Values use EARs
· What is the present value of $100 to be received at the end of two years at 10% compounded quarterly?  

Step 1:
Calculate the effective annual rate:

Step 2:
Calculate the present value of the cash flows.

· Note, alternatively you can use a quarterly interest rate and increase the number of periods to eight.  The quarterly interest rate equals the quoted interest rate, 10%, divided by 4.  For a two-year annuity, however, you can only use the EAR of 10% compounded quarterly because the annuity has two payments and not eight.


Annual Percentage Rates (APRs) and EARs
Annual Percentage Rate: The rate per period times the # of periods per year, making it a quoted or stated rate.

What is the annual percentage rate if the interest rate is 1.25% per month?

Example:  If you look at the credit agreement for your credit card, you will see that an annual percentage rate is charged.  But what is the actual rate you pay on such a card if you do not make your payment? 


An APR of 18% with monthly payments is 0.015 or 1.5% per month.  What is the EAR?

Example:  Loan Payments

· You have decided to buy a new four-wheel drive sports vehicle and finance the purchase with a 10-year loan.  The loan is for $33,500.  Interest starts accruing when the loan is taken. The first loan payment is one-month after the interest starts accruing.  The interest rate on the loan is 8.5% (APR) per year for the ten-year period.   
· What type of security is the series of loan payments?

· What is the present value of the loan?

· Given the interest rate on the loan what is your monthly payment?

a.
What discount rate should be used in the present value calculation?

b.
Calculate the monthly loan payment.


c.
How much principal will you have paid off after two months?

�Assumes annuity payment occurs at the end of the period. We will always assume this in this class!
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