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1 Detection Performance Monte-Carlo vs Asymptotic ROC

J6: XN = whn, n=01---N-1 (1)
6. xn = A+wn, n=01---N—-1 (2)

Known signal(A > 0) in known noise level: MC involves creation of the random variables
under each hypothesis, and the calculation of the expentatithe random variables over multiple
trials. Top andT; are the test statistic under each hypoth@sisO andA 0

N-1
o) = 3 X~ A (0.0%N) ©
Similarly Ti(x) ~ .4 (A,6%/N) (4)
d* = NA ®)
02
T hreshold min Pcaséy) : g (6)
Asymptotic Per formance

_ _ Y
Pfa = Pr(TO(X) > y) - Q( \/ﬁ) (7)
Po = Pr(Ti(x) > V) = QQ *(Pra) ~ Vd?) ®

Known signal(—o < A < o) in unknown noise level: The unknown parameters are esti-
mated using ML, and the GLRT is formed.

A

~N/2 _yN-1 _ A2 N—1 2
GLRT::(%) exp( So (X(n)—A) L 20 x(n)

2 2
a5 207 203

A

01

LGLRT(unknowm) : 2In(i(y)) = NIn (i‘é) =NIn <l+ 2—22> (10)
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5 1. 3
0T =y %xi —x (12)
Asymptotic Per formance
Pra = Pr(To(x) > v/¥) +Pr(To(x) < —v/y) = 2Q(vy) (13)

Po = Pr(Ty(x) > 9) + Pr(Ta(x) < /%) = Q(Q H(22) Vi) +-Q(Q {(*12) + V) (14)

1.1 Matlab Code

%Written by K.Narayanan 05-25-05
% Asymptotic vs monte-carlo
%

figure(1)
clear,clf
sig2=1;N=30;
nreal=5000;

d2 =[0.25 , 1.0, 4.0]; ltype=[-k+';’-ko’;’-kd’];
pfa = [0:.05:1];
for | = 1: length(d2)
for i = 1:length(pfa)
% ss=sprintf(’j:%s i:%s ’,num2str(j),num2str(i));
% disp(ss)

threshold(j,i) = qinv(pfa(i));
pd(j,)= q(threshold(j,i) - sqrt(d2())));
end

subplot(211)
plot(pfa(:),pd(j,:).Itype(.:)),
hold on

% code for MC

randn('seed’,0)

A=sqrt(d2(j) * Sig2/N);

for i=1:nreal
x0=sqrt(sig2) *randn(N,1);x1=x0+A,;
TO(i,1)=mean(x0);
T1(i,1)=mean(x1);

end



Asymptotic of known Signal amplitude and noise level- ROC

0.8

0.6

0.4

Probability of detection (Pd)

. | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Probability of false alarm (Pfa)

MC of known Signal amplitude and noise level- ROC

0.8

0.6

0.4

Probability of detection (Pd)

| | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Probability of false alarm (Pfa)

(@)

Asymptotic of Unknown Signal amplitude and noise level-ROC

0.8

0.6

0.4

Probability of detection (Pd)

b Il Il Il Il Il Il Il Il Il J
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Probability of false alarm (Pfa)

MC of Unknown Signal amplitude and noise level-ROC

—0
5 —— d?=0.25
&C, - d?=1
S - d’=4
(8]
Q
B
kel
5
2
=)
©
Q2
°
o
Il Il Il Il 5 Il Il Il Il Il J
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Probability of false alarm (Pfa)
(b)
Figure 1. Asymptotic and Monte-Carlo ROC (a) Known Noise ¢leyb) Unknown Noise Level



[Pfa,Pd]=roccurve(T0,T1,51);

subplot(212)

plot(Pfa,Pd,ltype(),:))

hold on
end
subplot(211)
grid on
xlabel('Probability of false alarm (Pfa)’)
ylabel('Probability of detection (Pd)’)
titleCAsymptotic of known Signal amplitude and noise leve I- ROCY;
legl sprintf('d"2=%s’,num2str(d2(1)));
leg2 = sprintf('d"2=%s’,num2str(d2(2)));
leg3 = sprintf('d"2=%s’,num2str(d2(3)));
legend(legl,leg2,leg3);

subplot(212)

grid on

xlabel('Probability of false alarm (Pfa)’)

ylabel('Probability of detection (Pd)’)

titteC(MC of known Signal amplitude and noise level- ROC);
legl sprintf('d"2=%s’,num2str(d2(1)));

leg2 sprintf('d"2=%s’,num2str(d2(2)));

leg3 = sprintf('d"2=%s’,num2str(d2(3)));
legend(legl,leg2,leg3);

figure(2)
clear,clf
d2=[0.25 , 1.0, 4.0]; ltype=[-k+";’-ko’;’-kd";

sig2=1;N=30;
nreal=5000;

for j = 1l:length(d2)

for i=1:51
Pfaa(i,1)=(i-1)/50;
u=Qinv(Pfaa(i)/2);
Pda(i,1)=Q(u-sqrt(d2(j)))+Q(u+sqrt(d2(j)));
end

subplot(211)
hold on
plot(Pfaa,Pda,ltype(,:))



randn(’seed’,0)

A=sqrt(d2(j) * Sig2/N);

for i=1:nreal
x0=sqrt(sig2) *randn(N,1);x1=x0+A;
yO=mean(x0)"2/(x0’ * XO/N-mean(x0)°2);
yl=mean(x1)"2/(x1’ * X1/N-mean(x1)"2);
TO(i,1)=N  *log(1+y0);
T1(,1)=N *log(1+yl);

end

[Pfa,Pd]=roccurve(T0,T1,51);

subplot(212)
hold on
plot(Pfa,Pd,ltype(j,))

end

subplot(211)

grid

xlabel(’Probability of false alarm (Pfa)’)
ylabel('Probability of detection (Pd))

titteCAsymptotic of Unknown Signal amplitude and noise le vel-ROC);
legl = sprintf('d"2=%s’,num2str(d2(1)));

leg2 = sprintf('d"2=%s’,num2str(d2(2)));

leg3 = sprintf('d"2=%s’,num2str(d2(3)));

legend(legl,leg2,leg3);

subplot(212)

grid

xlabel(’Probability of false alarm (Pfa)’)
ylabel('Probability of detection (Pd))

titte(MC of Unknown Signal amplitude and noise level-ROC’ )
legl = sprintf('d"2=%s’,num2str(d2(1)));
leg2 = sprintf('d"2=%s’,num2str(d2(2)));
leg3 = sprintf('d"2=%s’,num2str(d2(3)));

legend(legl,leg2,leg3);



2 Matched Subspace Detectors and Distributed Detection
A review presentation of:
1. Signal processing applications of oblique projectioarapors-RT Behrens, LL Scharf,1994
2. Matched subspace detectors LL Scharf and B Friedlanéigd 1
3. Statistical Signal Processing, LL Scharf, Addison Wgsl891
4. Adaptive Subspace Detectors, SKraut, LL Scharf and T Maiféin 2001

5. Distributed Detection-Notes by Michael McCloud

2.1 Agenda

e Projections

— Orthogonal P> =P,PT =P
— Oblique :PT #P

e Pseudo-Inverse, SVD, Whitening
e Four Detection Problems fgr= pp+n

— Coherent signal,known noise level:(i)Matched filter(MF):

n— Wy
o/ yTy
— Coherent signal,unknown noise level:(ij)Constant falaena rate (CFAR)MF:
cos— W'y t _ YTy

- ot
VUTeyTy It VT /YT Pgy

— In Coherent signal,known noise level:(iii) Matches sulegpigter(MSD):

Ty2
nf? = 2545
— In Coherent signal,unknown noise level:(iv)CFAR MSD:
2_ Wy _ F_
lcog” = WTw)(yTy) — F+1

e Application to Distributed detection



Figure 2: Projection of b on a

3 Mathematical Preliminaries

3.1 Projection, Pseudo-Inverse

e Orthogonal Projection of b on &Py = %’

e Projection MatrixP, = A(ATA)~1AT
P, is symmetric and idempotent fdr projection

e Ax=Yy, Over determined case= Ay is a least square solution
A* = (ATA)~L or A* = AT(AAT)~1 or Moore— Penrose conditions

¢ Relationship between Projection and Pseudo-inverse twpsrg, = AA*

3.2 SVD, Whitening Transformation
e SVD: Amxn= QmxmrmxiVoxs  ATA=QATAQT; AAT =VAATVT
e Rank m projection operator from eigen functions of SPR= QQ"

e Pseudo-Inverse and Singular valueg (
A =VMQT, M= diag(oil, L. g)

e Whitening Transformation:
Y = uX+v; Y is distributed gaussiant’ (ux R),R= E(w )
Z = pe+ w; Z is distributed gaussian (g, a?1)



whitening or decorrelation of R is obtained by the transfationz = R%lY, Qo= R%lx, w=
-1
Rzv

3.3 Pseudo-inverse and oblique projection

8 HTH HTS\ '/ HT
(o) = (5w 55) (5 )y
Woodbury Identity (A£XBXT)™1 = A 1A IX(B1£XTAIX)"IXTAL
0 = [H'H-HTS[S'9 ISTH] tHT -
(HTH) 'HTSS'S-STHHTH) HTg!sT)y
0 = [(HH)*HT+(HTH) HTS(S'S) -
STHHTH) *HTg ISTHHTH) HT -
(HTH) *HTSS'S—STH(HTH) tHTg STy
8 = (HTH) *H'[I -S(S (I -P4)9) 'S (1 —Pu)ly
HB = Ensy
Ens = PH(I—S(STP;S) 1SRy
Ens = H(H'PgH) 'HTPg

4 Structured Noise Model and Projections

In a multi-user enviorenment, a receiver sees more thanranerission. The competing users
transmission can be modeled as structured noise, sincéaraaeristics can be modelled. A
receiver in light of the interference characteristics caliifiy it to process the desired signal.

Yn = HXy + $,0+ v, n—dimensional observations

H and S are modal matrices of the signal(rank p) and interéa@ank t)respectively, such that
p+t < ni.e. accounts for non-zero null space

Tl -1 Tpl
Pseudo- inverse: A* — < (H PsH)"H'Pg )

(STPyS)1STPy
Note: PSL is a null steering operator that produces an interferemeevector, which is resolved

further ontoP2 and Ry for detecting hypothesis. Also giveRis=1—Pys, P& =1—Ps, the
following relations between. and oblique projections can be deduced:

10
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Figure 3: Signal and Interference subspace, oblique ahdg@onal operators

Pus = Ens+EsH
Pus = PS"‘PPSLH(PG)
Posn(Pe) = Py —Pys

Py = PsPcPs

5 Detection and Hypothesis Testing

Likelihood function is used to form the GLRT

Pca is chosen for the test which determines the threshold

Performance ROC 925 VS Pea Of Perror

When noise levetf) is unknown it is estimated using ML

1 (x-1)?

e 22

Likelihood Function f(x|,.q)
oV 2Tt

11



Y\ N2 (uu_)
GLRT: = (—1) e\ #1  2%
a5
. 1 X
LGLRT(knowro) : 2nl(y) = ?[HHOH%—Han%]
<2
LGLRT(unknowm) : i(y)"" = Hﬁng
1112

LGLRT(y) > n\Ho]
LGLRT(y) > n|H4]

1~Hi, L(y)>n
o) = {0~H<1), L(y) <n

Performance Psa =

P
Py P

6 (i) Detection of Coherent signal in known noise level

The noise estimates under each hypothesis is obtained by tis¢ null steering operator, that
removes interference and or signal

. { Psy, <0
n]_ == PJ‘ N

HSY» “>O
o = Péy

The variance of estimate is found using CRB, as the estirsa#icient. Matched filter statistic,
normalized to unit variance is :

var(@(R) — ) — _<E{‘ﬂ%§|m})lzoz(ﬂp§x)l

AR = TSRS,
B = OunderH, p>Ounder H

6.1 Detection of Coherent signal in known noise level (conti
Performance of one-sided test, ity : u=0,H1 : u> 0:

0 n<o

GLRT - ! b
L) { % (Y'Psy—-y'Risy), R>0

12



Threshold Detection
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Figure 4: (aHO0=0,H1 = A > 0, one-sided Hypothesis Test, (b)MF-detector
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Threshold O etection-teo-gided 1est
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Figure 5: (a)two-sided hypothesis test (b)invariance®efGLRT L1(y)

0, 1<0
GLRT L(y) — {% JPy), 150
Pla = 1—P#(0,1)<n],n>0
R = 1—P[W(A,1)gn],xzg(xTPSix)Qf’

Performance of two-sided test,ildg : = 0,H1 : p# 0 is given below. L1(y) exhibits Invariance
to translation and rotations i1 Pgx > plane by construction, shown in figure[5].

1 2
Lily) = SV Pasy - XG0, A2 = ExTRéx
Pra = 1—P[x(0) <n

]
Po = 1-P[xi(z*) <n]

14



7 (i) Detection of Coherent signal in unknown noise level

The LGLRT for the unknown noise level is found taking the Médt :

1, p<o
GLRT Lz(y) = yiPdy o
Wé&’ >0

L2 -1 is also a monotonic use this as the LGLRT L2;

0, p<o
GLRT la(y)~1 = & y(P—Ridy ~_ g

YRy H>
{ 0, p<o
_ Tolp. pl
= y' PsPcPgy A
yRopeply H>0

Detector structure and invariances are shown in figure[Gis@&lis estimated by using the null
steering operator it is the received sample variance. ThHeRORatched filter statistic is ‘T’ dis-
tributed.

Noise level:;02 =

Ty A BTPES)
VUTU, /YRy XR_t_1(M?)
Performance of detector

Pra = 1—Pltin—t-1(0) <n]

2
Po = 1-Pltin-—t-1(A%) <n],A?: %(XTPéX)

Test statistict =

15
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Figure 6: (a)CFAR MF detector structure (b)invariancehefGLRT L2(y)

8 (iii) and (iv) Incoherent Detection: MSD,CFAR-MSD

When the signal phase is not known, the statistics obtam#tkei coherent case is multiplied by its
conjugate to obtain energy and eliminate the phase terntectde structure shown in figure[7]

Matched Subspace Detectors

Description MSD
Test Stat; Inj2 = —(quﬂ%‘i
Threshold: Pra=1—P[x5(0) <n]
Performance: Po = 1—-P[x5(A?) < n],A%: §—§<XT PsX)

Matched Subspace Detectors

Description CFAR-MSD
. 2 |uTyP?
Test Stat: |cog“ = U
Threshold: Pfa=1—P[Fps_p(0) <n]
Performance: Po = 1—P[Fpsp(A%) <nJ,A%: E—E(XT PsX)

16
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Figure 7: (a)MSD detector structure (b)CFAR MSD detectnrcitire

9 Distributed Detection- Strong target,known noise leveB]

o Measurement in thit" sensor in the absence of interferenceyis= sk + Nk

e ML estimate ofjy is obtained by minimizing the quadratic in the exponent efltkelihood

function, i.e0y, f1(y/i) =0

Likelihood functionunder iH: f1(y|pk)

gz 30— WS (S0

T g2 3 0K~ ZWSAHESS)

(Siyk)?
S

T go 3 O (- 22 s 205

S&

~

Pk
Likelihood function f1(y|fk)

fo(y)

LLRT: log flf(i‘;k)
0
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10 Distributed Detection- Strong target,unknown noise legl[5]

o Estimates of the Noise from the observations under HO and H1;

S _ S k[P YkII?
1 NK
S _ Sl
0 NK
. 02
N/2root LGLRT: | = =2
0'2
1
~ SklIPeKlI® + Sk lIPsykll?
3k |IPg Ykl|?
L1 = M
L=1-1 = >
Yk [[Ps Ykl

11 Distributed Detection- Weak target, known noise level[p

e Weak target case only one of the k sensors detect the Ihﬁge:thosen to minimize the
exponent angl; is the resulting ML estimate:

Likelihood function f1(y|k, k) = 1 exp[ (;\]yly\2+]\yk—uks<\]2)]
!

Duloké <|§kllylllz+(yk—uk&)*(yk—uksa> =0

L : VeSS
Ok (;kllylller(Y&yk—2w$yk+uﬁszs<)) —0, k= arglinax ( kﬁii ") - argmax 1Ps k12
1 : _@) P\, .Sk
Dhck 5z (lngWH + W<Y|<+<Uk S5 S S5 =0, “k_%sk
Likelihood function f1(y[k, i) = exp[ (Z”y o aromax yiiggiyk)]

18



1 1 ,
fo(y) = o2NK &P 3 Z Il

o filylkok)  argmax (YiSSivk
LLRT: IOQW_ K ( S5 )

Note: This is a order-statistic, whos pdf may be found.

12 Distributed Detection- Weak target, unknown noise levéb]

o3
N/2root LGLRT: |

A

~ 1

argmax

1
NK y|2+||PLymH2] ,m=
NK L;m Sn k

1
NK [Zyﬁ— HPSnYmHZ} ,Pé‘ﬂ =1—Ps,

S klIykll?
NK
aj

IPs.yll®

0%
1 argmax 2
m, m= K | Ps Ykl
S
[P Yml |2
S Vi

Note: This is a order-statistic, whos pdf may be found as aimiaation of a F statistic if Numer-
ator and Denominator are independghtandom-variables.
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