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Electricity cannot be conviently stored. Thus there should be su�cient production at all times to meet the demand for electric
power. If a low-cost generating unit fails this will lead to its substitution by a higher cost unit. The cost of producing electric power
is a random variable because it depends upon two uncertain quantities, demand and the availability of the generating units.
Analytical computation of the mean and the variance of the production costs can become quite cumbersome and time consuming
for large systems, and therefore Monte Carlo simulation becomes an attractive alternative. A simulation study based on time series
analysis of actual load data is described in which the primary objective was to determine the respective contributions of the demand
and the generator availabilities to the variability of the estimates of the production cost. A secondary objective was to ®nd out the
extent to which an accurate temperature forecast reduces this variability. The results show that demand is a signi®cant source of
variation, and an accurate temperature forecast mitigates the e�ect of load uncertainty in the forecast of production costs.

1. Introduction

One of the characteristics of electric power production is
that it cannot be conveniently stored. Thus at every in-
stant of time there should be a su�cient amount of
electricity production to meet the demand. If an electric
power generating unit currently in operation fails or if the
demand is unexpectedly very high, an electric utility
company may have no other option but to import ex-
pensive power from another source or press into service
one of its own ine�cient generators. The cost of pro-
ducing electric power is a random variable because it is
dependent upon the uncertain mix of available generators
and the uncertain demand. It is the purpose of this paper
to describe a statistical model for the electric power
production cost insofar as it is a�ected by these two
factors and report on a statistical analysis based on this
model. The cost of fuel for the electric power generators
which is a major component of the production cost can be
considered to be non-random when the study horizon
spans only a limited time period.
In the current regulated climate, production costing

models are widely used in the electric power industry by
the individual utilities for the purpose of forecasting the
cost of electricity production. This use covers short, me-
dium and long-term electricity operations and planning.
For example, in the very short-term, which may range
from the next hour to the next few days, the models are

used to forecast electricity spot prices and guide decisions
regarding whether the utility's own generators should be
used to produce power or purchase from outside inde-
pendent producers. In the moderate term horizon which
may last anywhere from one month to one year, these
models are used to write supply contracts with major
users and vendors. For the long-term spanning a period
of one year and beyond, they are used to guide decisions
regarding acquisition and disposal of generation assets.
These models account for the expected variation of load
(i.e., demand for power) over time and the di�erent de-
grees of utilization of the generating units. In the stan-
dard models, the production cost of a power generating
system over a given time interval is obtained by adding
the amounts of energy produced by each generator in
MegaWatt-Hours (MWH) multiplied by its operating
cost ($/MWH). The amount of energy produced by a
given unit of course depends upon the magnitude of the
load, its capacity, cost and availability that dictate the
extent to which it will be called upon to deliver power. In
the coming deregulated climate of the future, it is ex-
pected that these models will also continue to play an
important role. One of their anticipated uses will be to
help buyers and sellers of electricity to devise hedging
strategies for transactions in the open market.
For the most part, in the current versions of the

probabilistic production costing models that are routinely
used by the industry, load is considered to be determin-
istic. The only source of uncertainty that is accounted for
by these models is generator availability. In this paper we
speci®cally account for load uncertainty, and show that*Corresponding author
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for short-range forecasts, this source of uncertainty is no
less important than that associated with generator avail-
ability. In this connection, we also investigate to what
extent an accurate temperature forecast reduces the
magnitude of this source of variation.
Traditionally, the electric power industry has made its

decisions based on the anticipated expected values of
production costs only, but it is being increasingly recog-
nized that a measure of variance is equally necessary. The
reasons for this as they pertain to a regulated environment
are outlined in Lee et al. [1] and Ryan and Mazumdar
[2,3]. In the deregulated marketplace, in order to carry out
hedging strategies for risk management, measures of vol-
atility (i.e., the variance) for both the price and volume of
the electricity demanded will be required [4]. An approx-
imate estimate of the market-clearing prices for electric
power is given by the short-term marginal costs, and the
production costing model that is being described in this
paper can be used to extract information about these costs
as well [5]. We consider the e�ect of the variability of load
and generator availability on the variation of production
cost of a generation system consisting of a typical as-
sortment of generating units using representative data.
The results show that load variability plays an important
role in the variation of production costs which points out
the need for developing and using models that explicitly
include this source of variability.
We ®rst describe in Section 2 two models for evaluat-

ing production costs. Section 3 reviews the analytical
formulas for the computation of the expected value and
the variance of the production costs of a generating
system. Since the analytical formulas are seen to be quite
complex, Monte Carlo techniques remain an e�ective
alternative. Section 4 gives the results of statistical anal-
ysis of a Monte Carlo simulation output in order to de-
termine the relative importance of the two stochastic
components of production costs, load and generator
availability.

2. An overview of production costing models

Electric power consumption varies with time re¯ecting
the predictably cyclical nature of human activities. The
demand is higher during the day and early evening,
weekdays and the summer or winter seasons as compared
to late night and early morning, weekends and fall or
spring seasons. In order to run the electric power gener-
ation system economically so as to reliably meet the de-
mand it is thus necessary to turn on and o� the generating
machines at appropriate times. The process of turning on
a machine is known as unit commitment in electric power
parlance. But the units cannot be turned on and o� in a
haphazard manner. Besides the start-up costs, one also
needs to consider certain operating constraints that dic-
tate how frequently and in what manner the units can be

turned on or o�. They are, for example: minimum up time,
minimum downtime, minimum capacity, maximum capac-
ity, ramping rate, etc. The minimum up time (downtime)
constraint refers to the fact that a unit once turned on
(o�) needs to be running for at least a certain amount of
time before it can be turned o� (on). The minimum and
maximum capacity constraints of a generating unit
specify the levels between which a generator needs to
operate. The ramping rate gives the maximum rate at
which a generator can attain full power from an ``o�''
state. Given an hourly load pro®le for a speci®ed time
horizon, the optimization problem whose solution gives
the sequence in which the di�erent units are turned on
and o� so as to meet the demand without violating these
constraints is called the unit commitment problem. It is
solved in conjunction with the economic dispatch problem
that determines how much power each committed gener-
ating unit produces so as to minimize the production cost.
The unit commitment problem gives rise to a combi-

natorial optimization problem that is not particularly
easy to solve for large systems. Solution methods for the
unit commitment and economic dispatch problems in a
purely deterministic situation where neither the load nor
the unit operating status is considered to be random are
given in Wood and Wollenberg [6]. The solution of this
pair of problems for a generation system gives the opti-
mal production costs for the time horizon to which the
generation and load data refer. This can then be used to
forecast the production costs over a given time period
when the load is regarded as deterministic and the gen-
erators are assumed to be available with certainty. To the
best of our knowledge counterparts of these optimization
problems have not been considered for the situation in
which the load or the generator operating states are
considered as random variables. Monte Carlo simulation
[7] is often done using this model to obtain estimates of
production costs when these quantities are considered
random, but they need more extensive development.
A second set of models into which it is relatively easy to

incorporate the stochastic features of load and generator
operating status is often used to obtain approximate es-
timates of production costs. In these models the unit
commitment constraints are completely ignored and it is
postulated that a strict predetermined merit order of
loading prevails according to which the generating units
will be run in order to meet the demand. The units will be
used to their full capacity if available and if needed to
produce power. The particular set of units that will be
used to supply the demand at any given time thus de-
pends on the magnitude of the load, the availability of the
generating units and the postulated loading order among
generating units. Unlike the unit commitment problem,
this model does not account for the history of the oper-
ation of the generating units. This model is often used in
practice under the assumption that it provides over the
long run a close approximation to the ®rst model that
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more closely mimics utility operations. In this paper we
will consider the second model only because the proba-
bilistic aspects of production costing have been developed
almost exclusively for this case. This model was ®rst
proposed by Ryan and Mazumdar [2] and has been used
in several other recent articles [1,3,8].
It is assumed that the costs are being calculated for a

power generation system consisting of N generating units
over a time interval [0, T ]. The following additional as-
sumptions are made:

(i) The generators are dispatched at each instant in a
®xed, predetermined loading order, and the actual
set of units being used at any given time depends
upon the instantaneous system load and the
availability of the generating units. This assump-
tion ignores the operating constraints associated
with unit commitment.

(ii) The jth unit in the loading order has a capacity cj
(MW), variable energy cost dj ($/MWH), and the
unavailability index (also known in the power
system parlance as the forced outage rate), pj. The
cost of unserved energy (i.e., the unmet demand) is
dN�1 ($/MWH). The sequence of values fdj; j �
1; . . . ;Ng is increasing. The operating state of each
unit j follows an alternating renewal process Yj�t�,
which is in the steady state:

Yj�t� � 1 if unit j is up at time t,
0 if unit j is down at time t:

�
The relation E�Yj�t�� � 1ÿ pj holds for all values
of t in the interval [0, T ]. (In Section 4, we will
assume Yj�t� to be a continuous-time Markov
chain).

(iii) The load at time t, which is denoted by u�t�, is also
a stochastic process in the steady state. A special
case is when u�t� is a deterministic time-varying
function. The load has a certain amount of pre-
dictable variation depending upon the day of the
week, the time of the day, season, etc., but on top
of this, there is random variation.

(iv) For all i 6� j, Yi�t� and Yj�s� are statistically inde-
pendent for all values of t and s. Also, each Yj�t� is
independent of u�t� for all values of t.

(v) The up and down process of a generating unit
continues whether or not it is in use.

It is necessary to make assumption (v) in order to
guarantee that the steady-state condition for the gener-
ating units holds. The steady-state condition is used to
make the analytical formulas tractable. When Monte
Carlo simulation is performed, this assumption is no
longer essential. In the simulation reported in Section 4,
we have however retained this assumption.
Let the index i denote the ith position in the loading

order for the generating units. Let ei�t�dt and Zi�T � de-
note respectively the energy produced by unit i during the

time intervals [t, t � dt], and [0, T ], respectively. From the
above assumptions it follows that

e1�t� � min�u�t�; c1�Y1�t�;

ei�t� � min max u�t� ÿ
Xiÿ1
k�1

ckYk�t�; 0
 !

; ci

" #
Yi�t�;

i � 2; 3; . . . ;N :

Zi�T � �
ZT

0

ei�t�dt: �1�

3. Analytical formulation for the expected
value and variance of production costs

We brie¯y review the formula for the expected value of
production costs. First, consider unit 1. From the above,
we see that

E�Z1�T �� � E
ZT

0

e1�t�dt

24 35 � ZT

0

E�e1�t��dt

�
ZT

0

E�min�u�t�; c1�Y1�t��dt:

Now de®ne

I�t; x� � 1 if u�t� � x,
0 if u�t� < x.

�
Thus we can express

min�u�t�; c1� �
Zc1

0

I�t; x�dx:

Because of the assumed independence of Y1�t� and u�t�,

E�Z1�t�� �
ZT

0

Zc1

0

E�I�t; x�Y1�t��dx dt;

� �1ÿ p1�
Zc1

0

ZT

0

Pfu�t� � xgdt dx;

� T �1ÿ p1�
Zc1

0

GT �x�dx; �2�

where GT �x� is the average probability that the load is
greater than x, the average being taken over the interval
[0, T ]. That is,

GT �x� � 1

T

ZT

0

Pfu�t� � xgdt:
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When the load u�t� is a deterministic time-varying func-
tion, P u�t� � xf g � I�t; x�. That is, GT �x� now measures
the proportion of the time that the load exceeds or equals
x in the time interval [0, T ]. This quantity is known as the
load±duration curve in the power systems literature,
Proceeding in the same fashion, it can be shown [9]
that

E�Zi�T �� � T �1ÿ pi�
Zci

0

E GT x�
Xiÿ1
j�1

cjYj

 !" #
dx: �3�

Here, the Yj's are independently distributed Bernoulli
random variables with PfYj � 0g � pj, and PfYj � cjg �
1ÿ pj, and the integrand is equivalent to:

1

T

ZT

0

P u�t� ÿ
Xiÿ1
j�1

cjYj � x

( )
dt:

This reduces to the well-known Baleriaux formula [9±12]
when the load is deterministic. Although it is not partic-
ularly easy to compute (3), several e�ective approximation
procedures [12,13] have been developed for routine use.
In a similar way, it can be shown that the expected

amount of unserved energy (i.e., the unmet demand by
the generating system), denoted here by V �T � is given by

E�V �T �� �
ZT

0

Z1
0

P u�t� ÿ
XN

i�1
ciYi � x

( )
dx dt;

� T
Z1
0

E GT x�
XN

i�1
ciYi

 !" #
dx:

This integral also can be evaluated using the same ap-
proximations as those referred to above. The expected
production cost K�T � for the system during the interval
[0, T ] is obtained as follows:

E�K�T �� �
XN

i�1
diE�Zi�T �� � dN�1E�V �T ��;

The variance of the production cost is given by the fol-
lowing formula:

Var�K�T �� �
XN

i�1

XN

j�1
didj cov�Zi�T �; Zj�T ��

� d2
N�1Var�V �T ��� 2

XN

i�1
di cov�Zi�T �; V �T ��:

However, the computation of the above covariance terms
is not an easy proposition. To appreciate the reasons
why, let us consider the ®rst covariance term. From the
de®nition of Zi�T � in (1), it follows that

cov�Zi�T �; Zj�T �� �
ZT

0

ZT

0

cov�ei�t�; ej�s��ds dt: �4�

Now,

ei�t� � min max u�t� ÿ
Xiÿ1
k�1

ckYk�t�; 0
 !

; ci

" #
Yi�t�;

ej�s� � min max u�s� ÿ
Xjÿ1
k�1

ckYk�s�; 0
 !

; cj

" #
Yj�s�:

Although Yk�t) and Yj�s� are independent for k 6� j, Yk�t�
and Yk�s� are correlated for each k. For a two-state con-
tinuous-time Markov chain in the steady-state, if the
transition rate from the up state to the down state is
denoted by kk and the rate from the down state to the up
state is lk, then it is well-known [14] that

cov�Yk�t�; Yk�s�� � pkqk exp�ÿ�kk � lk� sÿ tj j�; �5�
where pk � kk=�kk � lk� � 1ÿ qk, and is the unavailabil-
ity index of unit k. The approach of Ryan and Mazumdar
[2] to compute the variance assumes that the load u�t� is a
deterministic function of t and the stochastic process Yi�t�
is a continuous-time Markov chain. Their procedure can
be illustrated by considering the term Var�Z2�T ��. From
the de®nition of ej�t� it follows that

e2�t� �min�max�u�t� ÿ c1; 0�; c2�Y1�t�Y2�t�
�min�u�t�; c2��1ÿ Y1�t��Y2�t�;

e2�s� �min�max�u�s� ÿ c1; 0�; c2�Y1�s�Y2�s�
�min�u�t�; c2��1ÿ Y1�s��Y2�s�:

Thus in order to compute the variance term one needs to
compute the covariance of e2�t� and e2�s� using (5) and
then integrate the covariance function cov�e2�t�; e2�s�� in
(4). This process needs to be repeated for each pair of the
indices i and j �i; j � 1; 2; . . . ;N�. Thus the extent of the
required computations becomes enormous for large sys-
tems. In this procedure, the di�culty arises from the need
to account for the 2N possible availability states of a
system of N generating units. Several recent papers have
suggested procedures for simplifying the computation of
the variance of the production costs but they still remain
quite complex and cumbersome [1,3,15,16]. Also, in none
of these papers is the randomness of the load taken into
account.

4. Statistical analysis of a Monte Carlo output

The complexities of the analytical formulae should not be
a deterrent for the use of the production costing models
because many of the answers to questions involving them
can be obtained with the aid of Monte Carlo simulation.
Properly designing the simulation remains an important
issue and we have addressed previously several ways
in which variance reduction can be achieved [17]. We
illustrate an application of Monte Carlo simulation in
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attempting to answer two important questions relating to
the magnitude of uncertainty associated with the load in
estimating the electric power production costs. Many of
the production costing models that are currently used by
the industry assume that the load is a deterministic
quantity with no inherent randomness. But it is clear that
such an assumption is hardly justi®able. Thus it is natural
to ask how important the variability associated with the
load is as compared to the variability resulting from the
generator outages insofar as the estimate of production
cost is concerned. One of the important factors that a�ect
the magnitude of the short-term variations in the load is
the ambient temperature. Thus a question that is very
relevant is as follows: if an accurate forecast of the
temperature is available for the study horizon, can it be
utilized to reduce the variance of the estimated produc-
tion cost? In an attempt to answer these two questions
using Monte Carlo simulation we analyzed a data set that
gave the actual ambient temperature and the corre-
sponding load for each hour in a region covering the
north-eastern United States during the calendar years
1995 and 1996.
The data set was divided into two subsets: spring±

summer and fall±winter. The load data pertaining to
holidays such as Labor Day, Christmas, and Indepen-
dence Day were deleted because they did not represent
typical load pro®les for the weekdays. In order to answer
the two questions raised in the preceding paragraph, we
present an analysis considering the spring-summer
weekdays only. The purpose of this analysis is to predict
the production costs for six selected weekdays during the
spring and summer seasons, and estimate the variance
components due to load and generator availabilities for
these days. The six chosen days for which the predictions
are being made were also deleted from the data set. Thus,
the reduced data set consists of 246 weekdays. Figure 1
gives a plot of the last 900 hourly load data points from
this set.
We next considered a generation system patterned after

the generation mix of an actual electric utility company.

The relevant characteristics of the units, in their loading
order, are given in Table 1.

4.1. Load models

We consider two separate models for the load. In Model
I, the load is characterized as a discrete time series,
and the temperature data is not used. In Model II, the
hourly load is represented as the sum of two compo-
nents: a regression equation with temperature as an
independent variable and a discrete time series for the
residual values.

4.1.1. Model I: time series for hourly load

The data sequence here consists of the hourly load for the
weekdays starting at 12 midnight of March 21 1996 and
ending at 11 pm of September 20 1996. To maintain an
unbroken sequence in the data, the average hourly load
values for the respective weekdays were inserted for the
holidays. Missing information and the hourly data for
the six test days were also replaced with the corre-
sponding average values. The result is an unbroken se-
quence of 132 weekdays. After the weekly cycle
(di�erence = 120 hours for ®ve weekdays) is removed
from the data, an AR(3) model is found to provide a
good ®t to the time series. Plots of the Auto-Correlation
Function (ACF) and the Partial Auto-Correlation
Function (PACF) of the hourly load data, the theoretical
AR(3) model, and the residuals are given in Fig. 2(a±c).
The ACF and PACF of Fig. 2(a) closely match those of
Fig. 2(b), and those of Fig. 2(c) match the characteristics
of a white noise process. The ®tted model, an ARIMA
�3; 0; 0� � �0; 1; 0�120, is:
u�t� � ÿ 2:49� 1:103�u�t ÿ 1� ÿ u�t ÿ 121��

� 0:000 070 24�u�t ÿ 2� ÿ u�t ÿ 122��
ÿ 0:1412�u�t ÿ 3� ÿ u�t ÿ 123�� � u�t ÿ 120� � z�t�:

Here z�t� is a Gaussian white noise process with mean 0
and estimated variance r̂2

z � 990:04.

Fig. 1. Hourly load data for a summer season.

Table 1. A generation system

Units Capacity
(MW)

Mean time to
failure (1/k)

Mean time to
repair (1/l)

Energy cost
($/MWH)

1±2 400 1100 150 6.00
3 350 1150 100 11.40
4±7 150 960 40 11.40
8±9 150 1960 40 14.40
10±12 200 950 50 22.08
13±15 100 1200 50 23.00
16 50 2940 60 27.60
17 100 450 50 43.50

cost of unserved energy d18: $135/MWH
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4.1.2. Model II: time series for hourly load with
temperature as an independent variable

In this model, individual regression equations are ®rst
®tted for each hour of a 24-hour period in which the load
u(t) is the response and the hourly temperature st��F� is
the independent variable. A plot of the load versus tem-
perature at each hour, shown in Fig. 3 for the hour be-
ginning at 12 noon, suggested the following regression
equation:

u�t� � b0;t � b1;tst � b2;t�st ÿ 65�d�st� � x�t�;
where d�st� is de®ned as:

d�st� � 0 if st � 65,
1 if st > 65,

�
and x�t� is a time series to be suitably determined.
We used a reduced data set of 246 weekdays (spring±

summer seasons of 1995 and 1996) to estimate the

least-square regression coe�cients, b̂t, which are given
in Table 2. A t-test of the regression coe�cients con-
cluded that all regression coe�cients at each hour di�er
signi®cantly from zero (the p-values were 0.000+). The
parameters of the time series x�t� were next estimated
based on the residuals. For this purpose, the same data
sequence as used in Model I (March 21 1996 to Sep-
tember 20 1996) was used. The plots of the ACF and
the PACF of x�t� ÿ x�t ÿ 120�, when compared to those
of an AR(1) process and those of the residuals with the
corresponding functions of a white noise process, sug-
gest that an AR(1) model is suitable for representing
the data. (see Fig. 4(a±c)). For Model II, an ARIMA
�1; 0; 0� � �0; 1; 0�120, is obtained as follows:

u�t� � b̂0;t � b̂1;tst � b̂2;t�st ÿ 65� d�st� � x�t�;
x�t� � x�t ÿ 120� � 0:879�x�t ÿ 1� ÿ x�t ÿ 121�� � z�t�;

Fig. 2. (a) ACF and PACF of x�t� � u�t� ÿ u�t ÿ 120�; (b) ACF
and PACF of an AR(3) process; and (c) ACF and PACF of the
residuals.

Fig. 3. Load versus temperature at 12 noon.

Table 2. Least-square estimates of regression coe�cients

Hour b̂0 b̂1 b̂2

0 1266.488 )3.043 24.923
1 1228.883 )3.098 23.214
2 1200.436 )2.784 21.825
3 1210.148 )3.110 23.743
4 1252.080 )3.378 25.518
5 1396.442 )4.181 26.683
6 1615.254 )5.040 24.353
7 1730.754 )4.980 25.635
8 1722.957 )4.150 25.587
9 1725.510 )4.286 25.880
10 1779.210 )5.160 26.604
11 1810.045 )5.940 27.871
12 1801.092 )6.194 27.849
13 1828.385 )6.812 28.760
14 1837.352 )7.484 29.619
15 1860.203 )8.327 30.908
16 1890.890 )8.823 30.870
17 1973.484 )10.534 33.116
18 2046.137 )11.728 33.575
19 2055.195 )11.765 33.010
20 2003.196 )10.099 32.082
21 1699.140 )4.486 28.454
22 1524.169 )3.820 28.715
23 1392.461 )3.821 28.062
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where z�t� is a Gaussian white noise with mean 0 and
estimated variance r̂2

z � 2032:55.

4.2. Monte Carlo procedure

In the Monte Carlo simulation, the stochastic inputs for
each run are the hourly load and the operating state for
each generating unit at each instant during the six chosen
24-hour periods. The outputs are the total energy pro-
duced by each unit and the production cost of each unit
and the system during the same period. We use the fol-
lowing notation to describe the simulation:

N = Number of generating units.
T = Number of hours.
ki = Failure rate of generating unit i

�i � 1; . . . ;N�.
li = Repair rate of generating unit i

�i � 1; . . . ;N�.

Ul = �ul�1�; ul�2�; . . . ; ul�T �� = sample l
�l � 1; . . . ; L� of an hourly load
pro®le during hours 1 to T .

L = Number of hourly load pro®les to be
sampled.

Sq = f�t1; t2; . . . ; tj::�1; �t1; t2; . . . ; tj::�2; : . . .
�t1; t2; . . . ; tj::�Ng = sample q�q �
1; . . . ;Q� of a generator up and
down time sequence covering the
period [0, T ].

�t1; t2; . . . ; tj::�i = Up and down time subsequence of
generator i. If j is odd, tj is the time
at which the generator i fails, other-
wise tj denotes the time that the
generator i is repaired and made
available �tj < T �.

Q = Number of sequences Sq to be sam-
pled.

Cl;q = Total production cost when the
sampled hourly load pro®le is Ul
and the sampled generator up and
down time sequence is Sq.

4.2.1. Steps of the Monte Carlo procedure

Step 1. Read the parameters pertaining to capacity,
costs, failure and repair rates for each generating
unit as well as the estimated parameters for the
two load models.

Step 2. Repeat for l � 1 to L. (sampling of load vectors)
2.1 Obtain a load vector Ul by sampling each

hours load for 24 hours based on the
known values of the earlier hours and the
load model.

2.2 Repeat for q � 1 to Q. (sampling of gen-
erator up and down states)

2.2.1 Set the state of generators at time t � 0 to
all units being up.

2.2.2 Obtain Sq by generating successive up and
down times until time T . For each gener-
ating unit i draw random samples of up-
time from an exponential distribution with
parameter ki and draw samples of down-
time from an exponential distribution with
parameter li �i � 1; 2; : . . . ;N :�

2.2.3 Using the predetermined loading order
among the available units, compute the
energy produced by each unit during the
time interval [0, T ] using the model of
Section 3.

2.2.4 Calculate the production cost Cl;q for each
unit and the system for the time interval
[0, T ].

2.2.5 Add the cost of unserved energy (if any) to
Cl;q.

Fig. 4. (a) ACF and PACF of x�t� ÿ x�t ÿ 120�; (b) ACF and
PACF of an AR(1) process; and (c) ACF and PACF of the
residuals.
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4.3. Statistical analysis of Monte Carlo output

The simulation output yielded a total of L� Q values of
production costs for the period under consideration. This
set of output values has two identi®able sources of vari-
ation: load and generator up and down times. A random-
e�ect one-factor model [18] was used to represent this
data. In this model, the cost Cij is given as follows:

Cij � l� li� gij �i� 1;2; . . . ;L; j� 1;2; . . . ;Q�; �6�
where l. is a constant, li are iid normal random variables
with expectation zero and variances r2

l , gij are iid normal
random variables with expectation zero and variances r2

g,
and li and gij are independent.
The variation of Cij within each load value li results

from generator outages during the study period. The
quantities li and gij are the load and generator e�ects, and
the quantities r2

l and r2
g respectively give the contribu-

tions of load and generator to the variance of production
costs r2 which equals r2

l � r2
g.

Performing a standard analysis of variance on the
simulation output, we obtained the mean square between
loads (MSL) and the mean square within loads (MSG). It
is well known [18] that the expected values of these two
quantities are given by

E�MSL� � r2
g � Qr2

l ; E�MSG� � r2
g

Thus, the estimates of r2
g and r2

l are

S2
g � MSG; S2

l �
MSLÿMSG

Q
; S2 � S2

g � S2
l : �7�

Here, S2 is an estimate of the variance of the production
cost r2. Therefore, the estimate of the variance of the
production cost is broken into two components, S2

g and
S2

l . The former measures the variability of the production
cost due to the generator e�ect and the latter due to the
load e�ect.

4.4. Estimation of variance components

The Monte Carlo simulation was run, with the initial
state all units up at hour 0, for both load models for a
period covering 24 hours of six di�erent days, April 10,
May 3, June 4, July 30, August 23, and September 20,
1996. It was assumed that the actual loads for these six
particular days were unknown but that the hourly loads
of their predecessor days and 1 week earlier were known.
Moreover, perfectly accurate forecasts of the hourly
temperatures were assumed to be available for all 6 days.
A total of 90 000 runs were made for each 24 hour period
with L � 300 and Q � 300. For each Model I and II, the
variance components of the production costs were esti-
mated from Equation (7). Table 3 gives the results. They
show that quite di�erent estimates for the expected pro-
duction costs were obtained when the forecast tempera-
ture was considered. Moreover, the overall variance S2 as
well as the contribution of the variance component S2

l
decreased when temperature was included in Model II.
The explanation is that knowing the temperature reduces
the residual load variability and therefore its e�ect on the
variance of the production cost is decreased. The Monte
Carlo simulation was also run using the actual values of

Table 3. Estimated variance components of the production cost

Season/date Load model Ê[C] S2
l (´ 1000) Vâr[C] (´ 1000) S2

1=V âr[C]

Spring
April 10 1996 Model 0 309 675 ± 64 785 ±

Model I 283 497 568 239 619 104 0.915
Model II 307 619 273 060 342 642 0.795

May 3 1996 Model 0 249 875 ± 40 277 ±
Model I 235 565 554 193 592 845 0.932
Model II 240 352 257 369 296 682 0.865

June 4 1996 Model 0 261 903 ± 46 388 ±
Model I 233 398 547 599 588 399 0.928
Model II 252 268 256 485 308 485 0.829

Summer
July 30 1996 Model 0 287 461 ± 57 195 ±

Model I 286 627 580 042 640 446 0.903
Model II 272 122 261 141 311 337 0.836

Aug 23 1996 Model 0 363 814 ± 187 657 ±
Model I 310 348 623 696 703 818 0.884
Model II 356 323 380 384 545 140 0.696

Sept 20 1996 Model 0 259 321 ± 44 140 ±
Model I 254 843 559 610 604 238 0.923
Model II 281 138 265 961 324 651 0.817
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the hourly load for each of these 6 days. We call this case
``Model 0.'' Thus this model includes only one source of
uncertainty namely that resulting from generator avail-
ability. Estimated 95% prediction intervals of the pro-
duction cost corresponding to Models 0, I, and II were
obtained based on the Monte Carlo estimates of the mean
and the variance of the production costs. These intervals,
illustrated in Figs 5 and 6, give the approximate range
within which the production cost is expected to lie with
probability 0.95. We observe that the intervals predicted
by Model II contain those of Model 0 for all the six test
days, which is not the case for Model I, and the intervals
for Model II are much shorter compared to those for
Model I. We also notice that the e�ect of temperature is
more evident in the results obtained from the summer test
days compared to the spring test days in that the intervals
predicted by Model I contain all those of Model 0 for the
spring season.
From the Monte Carlo results we observe that the load

e�ect is a major component of variation of production
costs, and the variation in costs is large. Therefore, load
should not be treated as deterministic in production
costing models. The variability associated with it should
be explicitly modeled. We also see that the estimates of
the short-term production costs may be made more pre-
cise by using the temperature forecasts and time series
models that govern the load distribution. E�orts toward
more accurate load prediction using covariates such as
temperature, humidity, wind speed, etc. should pay a

dividend by reducing the error of production cost fore-
casts.

5. Concluding remarks

Cost of electricity production is a topic of general public
interest. In this paper we have attempted to illustrate the
importance of probability models and statistical analysis
for assessing this cost. Probability models are important
because the production cost is a�ected by two stochastic
variables ± demand and the availability of the generating
units. The reliability of the generators plays a crucial role
in determining costs because electricity cannot be con-
veniently stored and the failure of a low-cost unit will lead
to a higher-cost unit being substituted in its place. The
state space associated with a realistic power generation
system can be quite large resulting from a combination of
the operating states of the individual generating units and
the load states. This makes the analytical computation of
the mean and the variance of the production costs quite
di�cult. However, Monte Carlo simulation can always be
used to obtain answers to practical questions of interest.
In this paper we gave an example of a Monte Carlo
simulation from which we can conclude that in order to
obtain accurate forecasts of electric power production
costs the hourly load should not be considered deter-
ministic but regarded as a stochastic process. Better load
prediction by considering predictor variables such as
temperature will improve the accuracy of prediction of
production costs. The ®ndings of this paper suggest that
analytical models, which explicitly consider load as a
stochastic process, need to be developed.

Acknowledgement

The authors express their indebtedness to the referees for
their valuable suggestions. This research was supported
by the National Science Foundation under the grant
ECS-9632702.

References

[1] Lee, F.N., Lin, M. and Breipohl, A.M. (1990) Evaluation of the
variance of production cost using a stochastic outage capacity
model. IEEE Transactions on Power Systems, 5, 1061±1067.

[2] Ryan, S.M. and Mazumdar, M. (1990) E�ect of frequency and
duration of generating unit outages on distribution of system
production costs. IEEETransactions onPower Systems, 5, 191±197.

[3] Ryan, S.M. and Mazumdar, M. (1992) Chronological in¯uences
on the variance of electric power production costs. Operations
Research, 40, S284±S292.

[4] Pilopovic, D. (1998) Energy Risk: Valuing and Managing Energy
Derivatives, 1st edn, McGraw-Hill, New York, NY. pp. 99±126.

[5] Shih, F. and Mazumdar, M. (1998) An analytical formula for the
mean and variance of marginal costs for a power generation
system. IEEE Transactions on Power Systems, 13, 731±737.

Fig. 5. Prediction intervals of the production cost (spring).

Fig. 6. Prediction intervals of the production cost (summer).

Electric power production costs 1147



[6] Wood, A. and Wollenberg, B. (1996) Power Generation Operation
and Control, 2nd edn, John Wiley & Sons, New York, NY. p. 145.

[7] Breipohl, A.M., Lee, F.N. and Chiang, J. (1994) Stochastic pro-
duction cost simulation. Reliability Engineering and System
Safety, 46, 101±107.

[8] Mazumdar, M. and Kapoor, A. (1995) Stochastic models for
power generation system production costs. Electric Power Systems
Research, 35, 93±100.

[9] Mazumdar,M. and Bloom, J.A. (1996) Derivation of the Baleriaux
formula of expected production costs based on chronological load
considerations. Electrical Power and Energy Systems, 18, 33±36.

[10] Baleriaux, H., Jamoulle, E. and de Guertechin, F.L. (1967) Sim-
ulation de l'exploitation d'un parc de machines thermiques de
production d'electricite couple a des stations de pompage. Revue E
(edition SRBE), 5, 225±245.

[11] Booth, R.R. (1972) Power system simulation model based on
probability analysis. IEEE Transactions on Power Apparatus and
Systems, 91, 62±69.

[12] Mazumdar, M. and Gaver, D.P. (1984) On the computation of
power-generating system reliability indexes. Technometrics, 26,
173±185.

[13] Iyengar, S. and Mazumdar, M. (1998) A saddle point approxi-
mation for certain multivariate tail probabilities. SIAM Journal
on Scienti®c Computing, 19, 1234±1244.

[14] Ross, S. (1997) Introduction to Probability Models, 6th edn,
Academic Press, San Diego, CA. pp. 318±320.

[15] Ryan S.M. (1997) A renewal reward approximation for the
variance of electric power production costs. IIE Transactions, 29,
435±440.

[16] Shih, F. and Mazumdar, M. and Bloom, J.A. (1999) Asymptotic
mean and variance of electric power generation system production
costs via recursive computation of the fundamental matrix of a
Markov chain. Operations Research, 47, 703±712.

[17] Mazumdar, M. and Kapoor, A. (1997) Variance reduction in
Monte Carlo simulation of electric power production costs.
American Journal of Mathematical and Management Sciences, 17,
239±262.

[18] Neter, J., Kutner M.H., Nachtsheim, C.J. and Wasserman, W.
(1996) Applied Linear Statistical Models, 4th edn, Irwin, Chicago,
IL. pp. 958±976.

Biographies

Jorge Valenzuela received his B.S. in Electronic Engineering from
Northern Catholic University in Chile in 1984. He obtained an M.S.
degree in Industrial Engineering at Northern Illinois University in
1996. Currently he is a Ph.D. candidate at the University of Pittsburgh.

Mainak Mazumdar received his Ph.D. in Industrial Engineering from
Cornell University in 1966. He worked as a Research Scientist at the
Westinghouse R&D Center during the period 1966±1981. Since 1981,
he has been a faculty member in the Department of Industrial Engi-
neering at the University of Pittsburgh.

Contributed by the Engineering Statistics and Applied Probability
Department.

1148 Valenzuela and Mazumdar


