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ABSTRACT. In this paper, we provide a blow-up mechanism to the modified
Camassa-Holm equation with varying linear dispersion. We first consider the
case when linear dispersion is absent and derive a finite-time blow-up result with
an initial data having a region of mild oscillation. A key feature of the analysis is
the development of the Burgers-type inequalities with focusing property on char-
acteristics, which can be deduced from tracing the ratio between solution and its
gradient. Using the continuity and monotonicity of the solutions, we then extend
this blow-up criterion to the case of negative linear dispersion, and determine that
the finite time blow-up can still occur if the initial momentum density is bounded
below by the magnitude of the linear dispersion and the initial datum has a local
mild-oscillation region. Finally, we demonstrate that in the case of non-negative
linear dispersion the formation of singularities can be induced by an initial datum
with a sufficiently steep profile. In contrast to the Camassa-Holm equation with
linear dispersion, the effect of linear dispersion of the modified Camassa-Holm
equation on the blow-up phenomena is rather delicate.
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1. INTRODUCTION

Wave motion is ubiquitous in nature and is one of the broadest subjects. Most
of wave phenomena might be described by mathematical models that are based
on certain hyperbolic-type, nonlinear dispersive partial differential equations. A
fundamental question in the study of those models is when and how a singularity
can form, or more precisely, whether a wave breaks (a wave profile remains bounded
while its slope becomes unbounded in finite time) in certain time. Breaking waves,
both whitecaps and surf, are commonly observed in the ocean, which provide a
source of turbulent energy to mix the upper layers of the ocean [25].

One common ingredient in all the current wave breaking techniques is to seek an
appropriate quantity depending on the information of the solution and to obtain a
differential inequality for it which can generate finite-time blow-up with well chosen
data. However the way of finding such a quantity is very much case-dependent [1J, [7].
For quasilinear equations, in many cases the solution u remains well-defined at each
point, but its gradient Vu may become infinite in finite time. Typical examples of
this situation can be found in the case of scalar conservation laws and some non-local

transport type equations, where blow-ups are due to focusing of characteristics.
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In this paper, we would like to investigate the blow-up mechanism of a cubic
quasilinear dispersive equation, namely the modified Camassa-Holm (mCH) equa-
tion:

) —
my + ((u* = ud)m)  +yu, =0, t>0, zeR, (1.1)
U(O,ZE) - UO(I)7
where

represents momentum density of the system, and v € R characterizes the effect of
the linear dispersion.

The mCH equation ([1.1]) can be derived by applying the method of tri-Hamiltonian
duality to the bi-Hamiltonian representation of the focusing modified Korteweg-de
Vries (mKdV) equation [I3] 15 2T]. To see this, consider the focusing mKdV equa-
tion

3 9
Ut = Uggy T+ U Ug.

2
In the bi-Hamiltonian form it can be written as

Ug = Jlﬁ = Jo—r,

where the Hamiltonian operators J; and J, are expressed as
Jy=0,, and Jo = 0>+ 0,ud,  ud,

with the Hamiltonians

1 1 1
H = - / w?dr, and Hy = —/ (—u4 - ui) dz.
2 Jr 2 Jg \4

Now define two new Hamiltonian operators
J =0, — 8;’, and Jy = 0,0, + agai + az0,ud; 'ud,.

Applying the recursion operator R = jgjf ! to the seed equation u; = u, we deduce
a hierarchy of an integrable system, namely,
u = RMuy = (JoJ7 ) uy.
Let uw = (1 — 9?)v and choose n = 1. Then the above system becomes
AN - a

uy = JoJy tuy = Jov = 73 [u(vQ — vi)]x + QU + QVsppy
The mCH equation (L.1)) is then obtained from the above equation by letting o =
—v, ag = 0, ag = —2. Therefore the mCH equation is formally integrable possessing
a bi-Hamiltonian structure. A Lax representation of (|1.1)) was later constructed
[22, 24], making the mCH equation amenable to the method of inverse scattering.
Physically, the mCH equation (|1.1)) models the unidirectional propagation of surface
waves in shallow water over a flat bottom [12], where u(t,x) represents the free
surface elevation in dimensionless variables.

The mCH equation can be viewed as a cubic extension of the well-known Camassa-
Holm (CH) equation

my + umg + 2mu, = 0, m = U — Ugy, (1.3)
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which was proposed as a model describing the uni-directional propagation of shallow
water waves [, [10, 16] and axially symmetric waves in hyperelastic rods [9, [1T]. The
CH equation was originally constructed by using the recursion operator method [16],
and can also be derived by applying tri-Hamiltonian duality to the bi-Hamiltonian
structure of the KdV equation [2I]. One of the remarkable distinctive properties
that the CH equation has, in contrast to the KdV equation, is the wave-breaking
phenomenon: the solution u remains bounded while its slope u, becomes infinite in
finite time. It has been shown that the wave-breaking can be triggered by an initial
sign-changing momentum density

mo(x) = (1 — 0H)ug = uo(w) — uf(z).

On the other hand, it can be prevented if mg does not change sign, c.f. [7, [8 [18]
20, 26]. In deriving such a blow-up, the global information of the data (such as
conservation laws, integrability, antisymmetry, etc.) is needed due to the non-local
feature of the equation.

The geometric formulation, integrability, local well-posedness, blow-up criteria
and singularity formation, existence of peaked solitons (peakons), and the stability
of single peakons and periodic peakons to the mCH equation ((1.1)) were studied
recently in [14], 17, 18, 23]. Tt is shown that even if the initial momentum density
mo(z) does not change sign, the solutions to the Cauchy problem (1.1)) can still blow
up in finite time, in contrast to the CH equation.

It is noticed that a new type of blow-up criteria in the sense of the so called
“local-in-space” is recently established in [2] [3, 4], which illustrates that the blow-
up condition is merely imposed on a small neighborhood of a single point in space
variable, and hence local perturbation of data around that point does not prevent
the singularity formation. The main idea used there is to track the dynamics of
two linear combinations u + fu, (for the CH equation, § = 1) of u and u, along
the characteristics and to make use of some convolution estimates to bound the
non-local terms by the local quantities. The blow-up result then follows from the
continuity and monotonicity argument.

The goal of the present paper is two fold. First we want to understand how the
local structure of the initial profile can affect the singularity formation. Similar to
the case of the CH equation, where the blow-up is indicated from the loss of the
lower bound on u,,, the blow-up criterion of the mCH equation asserts that blow-up
occurs if and only if mu, becomes unbounded from below (c.f. [I7]). Applying the
characteristics method we find that the evolution of mu, along the trajectories of
the flow map involves competition between u and u,, along with some non-local
convolutions. If any kind of convolution estimates as in the case of the CH equation
is available, one may expect to produce a local-in-space blow-up. Unfortunately,
the cubic nonlinearity makes it hard to control the non-local convolution terms, and
hence the problem becomes more subtle and it is difficult to employ the approach in
[2, 13, 4] directly. However in the case when < 0, the lower bound of the momentum
density m is preserved under the flow, c.f. and (4.5)), which can be used to
bound the non-local terms in terms of the local quantities. The resulting estimates
become an interplay between u and w,, which can in fact be measured by u, /u.
Physically, this quantity is related to the local oscillation of the datum. We are able



4 R.M. CHEN, Y. LIU, C. QU, AND S. ZHANG

to show that when the momentum density is bounded below by the weak dispersive
index, blow-up can be induced by “local mild oscillations”, independent of the size
of the oscillation region. Our main results on the oscillation-induced blow-up can
be formulated in the following two theorems.

Theorem 1.1 (Oscillation-induced blow-up: v = 0). Suppose v = 0. Let my €
H*(R) N LYR) for s > 1/2 and mo(z) > 0,Yx € R. Assume there exists a point
o € R such that

1
mo(zo) >0, and ug.(xg) < ———=up(xp). 1.4
o(o) 0.0(%o0) \/50( 0) (1.4)
Then the corresponding solution u(t,x) blows up in finite time with an estimate of
the blow-up time T™ as

1

T < — .
2m0(x0)u0,x(:v0)

(1.5)

Remark 1.2. (i) By the blow-up criterion in Lemma and a symmetric argument
one can also investigate the formation of singularity with moment density data my <
0. More specifically, assume mo(x) < 0,Ve € R. If there exists xy € R such that

1
mo(zo) <0, and  up,(xo) > ——=uo(x),

then the solution blows up in finite time and the estimate on the blow-up time T™ is
given in the same form as (|1.5)).

(ii) Our blow-up result may in the mean time hint on some local information about
the global solutions. Suppose that u is a given global solution to with initial
datum satisfying mo(z) > 0 for all z € R. Then from the above theorem we know
that at any time t it follows that

1
—u(t,z), forallx € R.

V2

Hence define an auziliary function ¢(t,z) = e%u(t,x) and we can compute the
x-derivative to get

ug(t,r) > —

Ou(t,z) = ev3 (um + %u) (t,z) > 0.

Thus for each fized t, x — ¢(t,x) is strictly increasing, leading to the following
one-sided estimate of u(t,x) in terms of the information of u at x = 0:

u(t,z) > eiﬁu(t,()), for x> 0; u(t,x) < eiﬁu(t, 0), forz<D0.

Moreover the sign condition m(t,x) > 0 implies |u,(t,x)| < u(t,x), and hence a
similar argument applied to the function ¥(t,x) = e *u(t, x) yields

u(t,z) < eu(t,0), forx > 0; u(t,z) > e*u(t,0), forx <O.
Therefore u(t, x) can be bounded in terms of u(t,0) as
eiﬁu(t,O) <u(t,x) < eu(t,0), forxz >0,

e“u(t,0) < u(t,z) < e vau(t,0), forz <O0.
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Blow-up issue in the case v < 0 is more subtle. The sign-preservation property of
m is no longer available. It is interesting to note that the quantity n = m+ /—7/2
preserves its sign along the characteristics, which makes the previous analysis of the
v = 0 case applicable. We now state the blow-up result with the negative linear
dispersion index in the following.

Theorem 1.3 (Oscillation-induced blow-up: v < 0). Assume v = —23% < 0. Let
mo € H*(R) N LY(R) for s > 1/2, mo(x) > —B,Yx € R, and Hy[ue] > 3v/20, where
Hi[u] is defined in (1.8). Suppose that there exists a point xg € R such that

mo(xo) > S, uoz(To) < min {—45, —2 (iHl[u] + 6) } , and

V2 (1.6)

Uo,x(iﬂo) < —\/g (Uo(ﬂfo) + 5) .

Then the corresponding solution u(t,x) blows up in finite time.

Remark 1.4. (i) It is found that the above results are different from the ones in
[2, Bl 4] for the CH equation. In the case of the CH equation, finite-time blow-
up is induced by “local fast oscillations” in the sense that ug.(zo) < —|ug(xo)l,
which implies that %
have to include the global information mg > 0 (or ng > 0 when v < 0) to obtain
estimates on the convolution terms. Such a requirement already excludes any local

fast oscillation, 1. e. \/LE < ‘730””(553‘;?‘ <1 ifmg >0, for example. In other words, our

> 1. In the case of the mCH equation, however, we

result asserts that finite time blow-up to the mCH equation can be triggered even by
muld local oscillations.

(i) Our choice (1.6)) of the initial data is not optimal in the sense of providing any
sort of a threshold between blow-up and global wellposedness. A more general con-
dition on ug (o) can be derived from the discussion in Sectz’on and formulated
as

U (z0) < min{—sp5, —0K}
where s and 0 satisfy (4.20) and (4.24), and the relation between ug(xo) and
uo(zo) + B should satisfy (4.21). The numbers we use in the theorem is simply
for computational convenience.

(i1i) The main difference between the two cases v < 0 and v = 0, which is also
the main difficulty, lies in the fact that v # 0 introduces some extra nonlocal terms
in the dynamic equations of the key blow-up quantities which fail to be controlled in
terms of the local terms. Bounding such terms gives rise to the additional conditions

on the initial data in Theorem [I.3.

Our second aim in the present paper is to seek initial datum with a sign-changing
momentum density m which can generate finite time blow-up. This is discussed in
the case of non-negative dispersion v > 0. At this moment we do not have a clear
picture of how to produce an oscillation-induced blow-up criterion when v > 0.
But with the help of an additional conservation law, the nonlocal terms can still be
bounded by some globally conserved quantities, which hints for the blow-up data
with sufficiently steep profiles. If we set r = \/m? 4+ v/2, the mCH equation (|1.1))
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can be rewritten as the form of conservation laws [19]
re+ ((u? —ul)r) =0. (1.7)

The three basic conserved quantities

Holu] = /R wdz,

Hiu] = /mu dx = /(u2 + u?) dz, (1.8)
R R
1

Hslu] = 1 /R(u4 + 2uu? — %ui + 2yu?) du,

are well-known and play an important role in all analysis of the solutions. Suppose
the linear dispersion parameter v > 0. If we denote

w(t7x>:r(t7x>_\/7/2: \/m2+7/2_\/7/2207

we may have the following new conservation law [19]

/Rw(t,:v) dx:/Rwo(x) dz, (1.9)

which is crucial in controlling the solution u and its slope u,. This observation allows
us to improve the blow-up results in [17, 18] to include the case of a sign-changing
initial momentum density and the effect of the linear dispersion with v > 0.

Theorem 1.5 (Blow-up for a sign-changing momentum density). Let v > 0, and
suppose my € H*(R), s > 5 and wy € L*(R). Assume further that there exists an
r1 € R such that

mo(z1) #0 and  mo(z1)ug (1) < —\/|m0(x1)| (27140 + %A%) ., (1.10)

where

Ay = (V1+7/2+ /7/2) |wo| 1 + 2.

Then the solution u(t,x) blows up in finite time with an estimate of the blow-up time
T* as

12 24y Ay + 1143
T < — % luga(ay) = 4] u2 _ et ) 1.11
T 24yAp + 1143 <\u07 (z1)] \/onx(xl) 12 |mg(xy)| ( )

The rest of the paper is organized as follows. In Section [2, some preliminary
estimates and results are recalled and presented. In Section[3the evolution equations
of various quantities related to finite time blow-up analysis along the characteristics
are established. Last section, Section[d] is devoted to the proofs to our main blow-up
results, Theorem Theorem [I.3] and Theorem

Notation. For convenience, in the following, given a Banach space X, we denote
its norm by || - ||x. If there is no ambiguity, we omit the domain of function spaces.
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2. PRELIMINARIES

Let us recall some basic results concerning the formation of singularities in the
mCH equation ([1.1)). Note that the mCH equation (1.1)) can be rewritten as a
transport equation for the momentum density, that is,

2
T

me + (u? — u)m, = —2m*u, — Y. (2.1)

The theory of transport equations implies that the blow-up is determined by the
slope of the transport velocity

(u? — u?), = 2mu, = 2up (U — Uy, (2.2)

In fact the local well-posedness and a blow-up criterion can be formulated as follows.
The details of proof can be found in [I7].

Lemma 2.1. Let ug € H*(R) with s > 3. Then there exists a time T > 0 such that
the initial-value problem has a unique strong solution v € C([0,T]; H*(R)) N
C*([0,T); H*Y(R)). Moreover, the map ug + u is continuous from a neighbor-
hood of the initial data ug in H*(R) into C([0,T]; H*(R)) N CY([0,T]; H*~'(R)). In
addition, if the corresponding solution w has maximum time T of existence with
0<T < o0, then

/0 (1) (8) st = oo,

Using the preceding criterion, one can derive the following precise blow-up condi-
tion [17].

Lemma 2.2. Suppose that uy € H*(R) with s > % Then the corresponding solution
u to the initial value problem (1.1) blows up in finite time T > 0 if and only if
lim inf t =t = —00.
g Jof {mlt ) sl )y = —o0
Certain conservative properties of the momentum density m will play a key role in
establishing our new blow-up criteria. First, note that an application of the method
of characteristics to the transport equation (2.1)) for m requires analyzing the flow
governed by the effective wave speed u? — u2, namely the solution ¢(t,z) to the

x?

parametrized family of ordinary differential equations

dq(t, x)

T - u?(t, q(t, ) — ui(t, q(t, x))

q(0,2) = z, x € R.

reR, tel0,T). (2.3)

One can easily check that

Proposition 2.1. Suppose ug € H*(R) with s > 3, and let T > 0 be the mazimal

existence time of the strong solution u to the corresponding initial value problem
(L.1). Then (2.3) has a unique solution ¢ € C*([0,T) x R,R) such that q(t,-) is an
icreasing diffeomorphism of R with

¢ (t,x) = exp (2/0 m(s,q(s,x)) ug(s,q(s,)) ds) >0 (2.4)
for all (t,x) € [0,T) x R.
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Furthermore, in the case when v = 0, the potential m = u — u,, satisfies
m(t, q(t, ©))qu(t, ) = mo(x),  (t,2) €[0,T) xR, (2.5)

which implies that the zeros and the sign of m are preserved under the flow, whereas
in the general case when v # 0 one has

< bt a0t 2))a:(1,2)) = —yuage (26)

We are now in a position to present the following unusual conservation law which
plays a crucial role in our proof of Theorem [1.5]

Proposition 2.2. Assume mo € H*(R) N L*(R) with s > £ and v > 0. Suppose u
is the corresponding solution to (1.1)) with the initial data uy. Then

@l = ool = [~ <\/m3(x)+v/2—m) dr,  0<t<T. (27

Proof. Indeed, note that wy(t,z) = r(t,z). We can easily deduce from (1.7)) that

we + (v —uf)(w++/7/2)), =0,
from which (2.7 holds true. O

Denote p(z) = 3e~I”l, the fundamental solution of 1 — 92 on R, that is, (1 —

92)71f = px f, and define the two convolution operators p,,p_ as

pixflz) =2 / " i)y

2

poef@) =5 [ ety

Then we have the relation
p=p++Dp_,  Di=D_—Dsi. (2.9)
3. DYNAMICS ALONG THE CHARACTERISTICS

It is known from most of the literatures that finite-time blow-up analysis is often
carried out along the characteristics. The following lemmas give explicit information
of how the blow-up quantities evolve along the characteristics.

Lemma 3.1. Let ug € H°(R), s > 3. Then u(t,x) and u,(t, ) satisfy the following
integro-differential equations:

2 1
up + (U — u)uy = —yp, ¥ u — gui + 3 [pe* (u—uy)® —p_* (u+u,)®]. (3.1)

Upy + (u2 — ui)um

2 1
=v(u—pxu)+ <§u3 — uui) — §p+ * (2u3 + 3uu? — ui)

— %p * (20 + Buul + ud)

1 1
=v(u—pxu)+ (gug—uu?E) —g[p+*(u—uz)3—|—p,*(u+ux)3}.
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Proof. From (|1.1)), we have
(1= 82) (0 + (02 — 1))

= —(u? —u2)m, — 2mPu, — Yu, + (u? — u2)u, — 02 (( Ui)%)

= —(u? — u2)my — 2mPu, — Yu, + (U — u2)uy — Gugugem — 2uim,  (3.3)

- (U2 - Ui)“ﬂcm

= —2m’u, — YUy — 6UL Uz — Zuimm,
which implies
wp + (U2 — u)uy = —p x (2mPug + Yy + ugtizem + 2uim,)
= —p * (2mun, + 2(uim), + yu.).

Taking derivative to (3.4)) with respect to x yields

Uge + (U2 — U2 ) Ugy

= —2mu? — p, * (2muu, + 2(u2m), + yu,)
= —2mu — 2p, * (muu,) + 2 [uzm — p+ (uzm)] + v (u — p * w)
= (u—p*u) —2p, * (Mmuuy) — 2p* (u>m).

In view of proof in Lemma 3.1 [1§], we know

1 1
pyx (mul) = —gux + 3P+ * (Buu? + u2),

1 n 1
—u?
6 ° 3
1 1 1 1
Py * (muuy) = Eug — 3P+ * u® — Zuui + P+ * (uu? + u?),
1 1 1
p_ * (muuy) = —éu?’ + 3p- * u® + Zuui —oP-* (uu? —u?).

It then follows from ({2.9)) that

2p*(muuy) + 2p, * (uim)
2 1 1
— §ui — P (20 + Buul —ul) + 3P-* (2u° + Buu? + ul) (3.6)
2 1
S8 = 5 [P x (0 =) —pox (utw,)].

p_* (mu?) = —p_ * (3uu? —u?),

and

2p,x(muny) + 2p * (uZm)

2

1 1
= wi} = Sut o+ 5py o+ (20 4 3wl — ) + gpox (20 4 Bul +ul) (39)
2

1
:uux—gugjtg[p+>k(u—ux)3+p_*(u—l—ux)3}.

Combining (3.4) with , and ( . ) with , we complete the proofs of
and ((3.2)). D

Next we focus on the dynamics of M := mu, along the characteristics.
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Lemma 3.2. Assume that the initial data my € H*(R), s > 3. Let T > 0 be the
mazximal existence time of the resulting solution m(t,x) to the initial value problem
(1.1). Then M := mu, satisfies

M, + (u* —u2)M, = —2M?* — yu2 +ym(u — p*u

— 2mp, * (muuy) — 2mp * (uzm)

)
)

= —2M?* — yu2 +ym(u —p*u (3.8)

3 3

Proof. By simple computation, we know that

1 1
+m <—u3 - uui) —=m [py* (u—uy)® +po* (u+u,)’] .

M, + (u* = w2)M, = m(ug + (0 — ud)ugs) + (my + (u® — ul)my)u,.

Now, multiplying (3.5) and (2.1) with m and u, respectively, then combining them
together with (3.2), we finish the proof of (3.8)). O

4. FINITE-TIME BLOW-UP DATA

In this section we will investigate the blow-up conditions for the initial data to
the mCH equation in various cases corresponding to different sign of v. We
emphasize two different blow-up mechanisms. The first one stems from the idea of
local-in-space blow-up [2, 3, [4] in the study of Camassa-Holm and hyperelastic rod
equations, where the blow-up criteria assert that local perturbation of data around
a single point does not prevent the singularity formation. Such type of blow-up can
also be viewed as induced by “local fast oscillations” which is independent of the size
of the oscillation region. The second mechanism involves the global information of
the data, which relies on controlling the non-local terms in the transport formulation
of the PDE by certain conservation laws.

In view of Lemma , an approach toward the the blow-up of is to track the
evolution of M, which is given in (3.8). Apparently, the convolution terms in
contain non-local information, and do not seem to be easily controlled by any local
quantity. However in the case when v = 0, one has the sign-preservation property of
the momentum m(t, z) (c.f. (2.5])). When m does not change sign, the convolution
terms have a determined sign, making it possible to obtain the oscillation-induced
blow-up. In fact, the oscillation mechanism can be measured by u,/u. When v = 0
and the sign of m remains fixed, fast oscillation is automatically excluded. But it
is possible to preserve mild oscillations along the characteristics, which is enough to
lead to a blow-up.

For the case of general v, one loses the sign preservation of m(¢,z). Therefore it
becomes difficult to control the nonlocal terms in equations , and in
terms of the local terms directly. When ~ < 0, however, we find a transformation
that “absorbs” this term, making it fit in a similar structure as of the v = 0 case,
and hence an oscillation-induced blow-up follows. At this moment we don’t have
a clear picture of how to generate the oscillation-induced blow-up criterion when
v > 0. But with the help of the additional conservation law , the nonlocal
terms can still be bounded by some globally conserved quantities, which makes it
possible to obtain a finite time blow-up for data with sufficiently steep profiles.
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4.1. Oscillation-induced blow-up when v = 0. We are now in a position to
prove the oscillation-induced blow-up result for v = 0.

Proof of Theorem[1.1] As is explained before, we will trace the dynamics along the
characteristics emanating from zy. Denote

u(t) = u(t, q(t,z0)),  Ua(t) = ua(t, q(t, 20)),

. — (4.1)
m(t) = m(t7(.7(t7$0))7 M(t) = (mux)(t,q(t,mo)),
and let “ /7 denote the derivative along the characteristics ¢(t,zo). Then from
(13-1)), (3.2), and ({3.8]) we have the following ODE system for u, 4, and M.
- 2 . 1
'(t) = —guz‘g(t) + 3 [P+ * (u—uy)® — po % (u+ uy)?] (¢, q(t, o)),
N 145 1
iy () = (§u3 - uu12> () — 3 [P+ * (u—uy)® + po % (u+ us)?] (¢, q(t, o)),

LB e w4 0 )] (a0

Since we know that mg > 0,Vz € R, in particular, mgy(zo) > 0. So from (2.5)), we
know m(t,x) > 0,Vzx € R and m(t, q(t,z0)) > 0. Therefore from the fact that

1
ult.a) =pemltia) =5 [ ¢ mly) dy, wsltn) = pe <m(t, )
R

we have u(t,x) > 0 and u(t) = u(t, q(t,x¢)) > 0. Moreover
U— U, =2 xm >0, u+u, =2p_xm >0.

Hence we know |u,(z,t)| < u(z,t). Since u(t) > 0, we can track the dynamics of
Uy /u along the characteristics.

(2) ()= E @ Z207) Tty 3 gl a0)

u 3u? 3u?
— - * ()t gt 20)) (42
_ @ - a)@ -2
3u? '

So if initially 4, (0) < —\%E(O), we see that the right-hand side of the above estimate
is non-positive. Hence 4, /u decreases, and thus

(%) (t) < %(0) < —%,

which implies that @(t) + /2, (¢) < 0. It is then inferred that u(t) + /31, (t) < 0.
Meanwhile it is also found that 2(t) — v/3@,(t) > 0. Hence it is concluded that

@(t) — 36,2(t) < 0.
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Plugging this into the ODE for M we have

M'(t) < —2M3(t) + i (%a?’ - mﬁ) (t) = —2D2(t) + %ma(# —3@2)(t) < —2M2(t),
which generates blow-up in finite time with an estimate of the blow-up time 7™ as

oL 1

2]\7(0) ~ 2mo(0)uo (o)’

O

4.2. Oscillation-induced blow-up when v < 0. As is discussed at the beginning

of this section, we look for a transformation that eliminates the yu, term in equation
(1.1). Consider the following change-of-unknown

v(t,x) = u(t,x) + 5 (4.3)
for some constant 3 to be determined. Plugging into and denoting n =
UV — Uy, it follows

ng + [((v —B)* — vg)n}x —2Bv,mn + (26% + 7)v, = 0.
Thus choosing g = \/T/Q we obtain the equation for v as
ng+ [((v—B)° — vi)n}x — 2Bv,n = 0. (4.4)
Note that we have the following relation between the two momenta m and n

m(t,x) =n(t,x) — S,

and (v — 8)* —v2 = w? — w?. This implies that the new equation for n has the

same characteristics as defined in (2.3]) for the equation ((1.1). Moreover along the
characteristic ¢(t,z) we have

d
%(n(h) = Qﬁvx (nqgc)a

which implies that

() a(t.) = n(0,0)exp (2 ' Bua(s.4(s.2)) is). (45)

Therefore the zeros and the sign of n are preserved under the flow.
Let N = nv,. Then from definition of n,v we know that N = M + (v,. From

(3.8) and (3.2) and using the relation v = —23% we deduce
Ny + (u? — )Ny = My 4 (u? — u2) My + ugs + (0 — u2)ugy

x

__on2 _
= —2N? + 4BNuy + yn(u — p * u) (4.6)

3

This suggests us to look for the blow-up of N(¢,x). We still want to consider the
blow-up induced by oscillations. Thus from the previous argument in Section [4.1]
we would like to check the dynamics of u,/u along the characteristics. However we
no longer have the sign-preservation for v now. But instead, the sign of v can be

1 1
+n (3u3 - uui) — o [pgox (u—ug)® +po* (u+ug)?] .
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preserved, provided that n does not change sign. Therefore we can compute the
dynamics of u, /v = v, /v. Recall u(t), u,(t) as in (4.1)). We further denote

ij\<t> - U(ta Q(t7 'IO))J @(t) - Ux<t7 Q<t7 .730)),
At) = n(t,q(t.z0)), N(t) = N(t,q(t, z0)),

and let the notation ‘'’ denote the derivative with respect to the time ¢ along the
characteristics ¢(t, zo). Note that the evolution of v, is the same as the one for ,:

G(t) = () — 4(p > )t gl 70)) + (éa - m) (0
1

~3 [p+ * (u—ug)® +p_* (u+ uw)ﬂ (t,q(t,x0))
) (4.7)
= 250 + 20 o)taltn) + (30 07 - G- 9 ) ()
1
—3 [P+ * (u—uy)® +p_ * (u+ug)?] (¢, q(t, o))
Using (4.2) and the following identity
PN ~N! ~9 ~/
Uy Uy u By,
ZYp==).=
(5)0=(3) &%
we can calculate
w\ P S by o e 2.y
(?) (t) = = {’yu —|—’yﬂ(u—|—v)+§u — Ul + gl

=70+ a)py x v+ (V= 0z)p- 0]
u? - U+ 0y

v (G - amt) = s - witatem)

U — 0,

IS s Pt ata) (48)
1 i PORRPN s
=32 [26," — 30(0 — B)u,” + (v — B)* — 65%0°

+ 667 (04 0a)py * v+ (U —U)p- * 0]
— (04 02)py * (u —ug)’ (¢, q(t, 70))
— (0 — Ty)p— * u+ug)?(t, q(t, xo))] )

From the assumption that ng(z) > 0, no(zo) > 0 we know that n(t,z) > 0 and
n(t) > 0. This implies that

v(t,x) >0, |ug(t,x)| <wv(t,xz), v(t)>0, (4.9)
which, in terms of u and u,, reads

u(t,x) > =B, u(t,z) tu.(t,x) > -5, ult)>-—p.
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Using these estimates together with the fact that v < 0 we can deduce that

1 1
3 [P+ (U —uy)® +po* (u+ Uz)g} < 553-

— (@4 B)pr* (1 —w)’ = (0= @) x (u+u,)* < 5%,

Putting (4.6)-(4.10]) together and plugging u = v— /3 we can estimate the evolution
of N(t),v,(t) and v, /0 as

(4.10)

N(t) < 282 4 yA@ - pru) +7 |2 [@— 8P + Y] — G- 50)5|, (4.11)

3
1
&)< [@=p)+5] - (@ - B)6,* = 26%(0 — pxv), (4.12)
BY (g < 25" =300 = )" + 70— 9 - 650 + 0
v - 302
28% SO
+ = (V4 0y)ps *x v+ (U — 0y)p— * v]. (4.13)
Recall from the evolution for n
n'(t) =m'(t) = —(2m* + 7)o, = —2(n — 2B)n0,. (4.14)

It is observed from the above equation that when n > 23 and 0, < 0, n grows
exponentially. Thus by the definition N = 77, it is conceivable that can lead
to a Burgers’ type blow-up inequality, provided that v, is non-increasing. Therefore
we would like to show that the right-hand side of is nonpositive, that is

~ ,\ Ly e
(U_ﬂ)v.tZ Z g [(U_6>3+53] _252(1}_])*”)7 (415)
from which we see that we need an upper bound for the non-local term p*v. But it

seems difficult to obtain an estimates in terms of local quantities. Instead, we make
use of the following global information.

1
pxv=pxv| <||v|pe <|ullze + 8 < —2H1[u] + B.

Let |

In a similar way we can estimate
1

1
_ < — o < =K
Py xU,p *U_2||U||L < oK

and hence
(U + 0p)ps *xv+ (U —0,)p_ xv < K0. (4.16)
In the case when
v>sB, v>0K, forsomes>10<d<I, (4.17)

a sufficient condition for (4.15)) to hold is

(% + 682K — 65%0

N
e U )

(4.18)
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Controlling the right-hand side of the above leads to

1. ., B+68K—68% 1, 32 26(1 — §)

300 36-58) =3  T36-1 " (s—1)s"
_[1 1 201-6)7 4
- {§+(s—1)52+8(5—1)(5]v'

Therefore a sufficient condition for (4.18)) is
N 1 1 2(1—-190) 1 ~
25 |2 2 4.19
b _{3+(s—1)52+5(s—1)5]v’ (4.19)
where a constraint on s and ¢ must be imposed

1 1 2(1 = 6)

~+ -+

3 (s—=1)s? s(s—1)0

Next we use (4.13]) to look for a sufficient condition to persist the local oscillation.
Similarly as in the case of ¥ = 0, one wants the right-hand side of (4.13) to be

negative. Plugging (4.16]) into (4.13) and solving the inequality yield
30— B) - VA 300 - B) + VA

<1. (4.20)

<05’< 4.21
s ats et (1.21)
where
A =7* 4 650° + 333%0% — 4832 K. (4.22)
Further plugging in (4.17)) we have
48 .
A > [52 + 65 — (7 — 33)} 3202 (4.23)

Solvability of (4.21]) requires that the discriminant A > 0, which holds when
48
s+ 6s > - =3 (4.24)

Now we choose § = %. From condition (4.24]) we may choose s = 4. This way we

have 1— 8 A
1 1 21-6) 59 8 -
§+(s—1)32+3(3—1)5_144’ s+ 0s <5 33>_9'

Therefore

300 —B) = VA _ 3, _30@0-F)+VA
< ; .

1 <7 (4.25)
Further plugging the values of s and ¢ into yields another sufficient condition
for ,'(t) < 0 as
0 > %a : (4.26)
In fact the above condition implies that @' (t) < 0.

We now illustrate our strategy of proving Theorem [I.3] We first choose an initial
datum which satisfies (4.17)) and (4.26)), from which we know that ©,’(0) < 0. Then
0, decreases within a short time interval, which makes n increase. To continue the

monotonicity further in time, we need to persist (4.17)) and (4.26)). But the property
(4.17) can be inferred from the upper bound of v,, due to the sign-preservation of
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n. To check (£.26) at later time, we will use the monotonicity of 7,°/2% near 3/4.
Now let us give the details of proof of Theorem [1.3]

Proof of Theorem[1.3 From the assumptions of Theorem [1.3] we know that

7’1,()(27) Z 07 n0($0) > 2ﬁ7 'UO,:C($O) S min {_467 _EK} )

; (4.27)
and vg,(xg) < —\/gvo(mo).
So from the above argument we know that
7' (0) <0,
and hence v, decreases over a certain time interval [0, o] with ¢ty > 0. So
N N . 3
02(t) < 02(0) = v (70) < min {—45, _ZK} . te[0,t], (4.28)
Together with (4.9) we know
. _ 3
v(t) > |0,(t)| > max {45, ZLK} : (4.29)

which satisfies (4.17)).
Claim 4.1. The ratio estimate (4.26|) holds as long as the solution exists.

To see this, since (4.26)) is satisfied at initial time, it may propagate over a short
time interval by continuity. If the claim is not true, then there exist times to > ¢; > 0
such that

~ 3.
52 (t) < Z1}2(15) for t; <t <t,.

From (4.29) and the first estimate in the above we know that v,(t) is decreasing

on [0,t1]. Hence v,(t1) < 0. Another application of (4.29)) to (4.23]) implies that
the inequality in (4.25]) should be a strict inequality. Therefore from the last two

estimates of the above we know by a continuity argument that there is a t3 > t;
such that condition is satisfied for ¢ € [ty, t3], which implies that 0, /v is non-
increasing over [t1,t3]. Together with the information of the sign of v and 0, we
know that 0,°/7% is non-decreasing over [t,ts]. Hence 0,°/2% > 3/4, which is a
contradiction, This completes the proof of the claim.

In view of (4.29) and the above claim it follows that 0,(t) always decreases, and
that (¢) > 48. This way from (4.14]), the fact that 0,(t) < —48 < 0, and the initial

condition on n we know that 7 is increasing, more precisely,
w'(t) > 88(n(0) — 28)n(t), = nA(t) > n(0)e2PRO-20)1
This is then deduced that N (¢) = 7i(t)5;(t) < 0.
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Comparing (4.11)) and (4.12)), it is deduced from (4.18)) that

3 [0 8P+ 8] - (0 - 59" < 4502

Therefore
N'(t) < =27 [(7 — 2B8)0,° + B2 (@ — p * u)]
< -2 (7 - 20)5.% — V26 Ha[ul] < N,

for ¢ large enough, say,

t>t, = — L log ﬂHlEL] +
86(n(0) — 25) 81(0)
Hence N(t) blows up to —oo in finite-time T with
1
N(t)

T <t,—

Finally notice that N = M + 84, and from

1
we know that in this case
lim ]\/Z(t) = —00,

t—=T*—

which completes the proof of Theorem [1.3] O

Remark 4.2. As is pointed out in Remark the choices for s and 0 are not
unique. All needed are (4.20) and (4.24]), and the ratio condition (4.26) should be

accordingly adjusted. For instance taking s =6, 0 = 1/2, and vg . (zo) < —\/gvo(xg)

in (4.27) can also generate finite time blow-up.

4.3. Finite-time blow-up when v > 0. In this case, we first introduce the fol-
lowing global estimates.

Lemma 4.3. Assume that the initial data mo € H*(R) N L*(R), s > 5. Let T >0
be the mazimal existence time of the resulting solution u(t,x) to the initial value
problem (L.1)). Then we have

() <2 )] < 2 (4.30)

where

Ao = (V1+9/2+ v/7/2)lwo| o + 2.

Furthermore, there holds

prult. ) < 5. (431)
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Proof. We first estimate |u(t, z)| from

u(t,z) =p*xm(t,x) = %/00 e~ Yim(t, y) dy. (4.32)

Taking absolute value on (4.32]), we have

1

fut, z)] < / e Vm(t, )| dy
2 Jr
1

e 1 o
:5/ el y'\m(t,y)]dy+§/ e m(t,y)|dy  (4.33)
|m|>1 Im|<1

1
S—/ Im(t,y)lder—/ e 7l dy.
2 Jimp>1 2 Jimi<1

Next we evaluate the first term on the right-hand side of (4.33)). Since

()2 = / (VP o)+ 772~ VAT2) do =

m?2(t, )
R /m3(t, x —i—’y/?—i— V7/2

_ (t x) . (t x) .
/|m|>1 N eI N /w D 2

(t,2) )
- /m>1 VM2t z) + /24 \/7/2 !
> : [ im0l ds,
VL2472 S

we get the following estimate by noticing Proposition

[ it olde < (VISR + V) s (131

Substituting (4.34]) back into (4.33|) completes the proof of the first estimate of
(4.30)). By similar argument, we can get the above bound of u,(t, z).
An application of Young’s inequality infers that

lput, )| < lpllos i = ufl < 52 (4.35)
O
Proof of Theorem[1.5. Again we introduce the notation
u(t) := ult, q(t, 1)), Uy (1) = ux(t, q(t, 11)),
(4.36)

m(t) == m(t, q(t,z1)), ]\/4\(t) = M(t,q(t,z1)) = m(t) a(t),

where z; is given in ((1.10), and let ‘" * denote the derivative with respect to ¢t along
the characteristics ¢(¢,z1). Then equations (1.1) and (2.3)) imply that

A (t) = — (2m(t)2 +7) Ga(t). (4.37)
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Moreover, combining (3.2) and (2.3) with Lemma [4.3] we find

50 < (04 343) +0) [Ja07 - 07

1 1 11
s@m+¢®+mmm%gw%mw}§mwﬁﬁ,mm

aﬂwz—(w%+%£)+%wﬁ—@ﬁymwz—<w%+%A®.

Integrating (4.38]) from 0 to ¢ produces

11 11
~ (10t 3y A8) 1450 < 0 < (A0+ TA) e+ B0, (039)

We will divide our argument into two cases, according to the sign of mg(zy).
Case 1: mg(z1) > 0. Then we know from (4.39)) and the initial conditions that

ug(t,q(t, z)) = tp(t) <0 (4.40)

for 0 <t < Ty, where
. 24U07x ($1)
T 24 A+ 11AY
Next we claim that under assumption , it holds

m(t) = m(t,q(t,z1)) > 0, for 0 <t < T4. (4.41)
Indeed, from ([2.6]), (2.4) and (4.45) we know that along the characteristics

d
Thus
m(t)g.(t,z1) > m(0) > 0,

which in turn implies that m(¢) > 0 on [0, 7 ]. Moreover it follows from ([2.4)) that

q:(t, 1) —exp(/m S)Uy(s s)<1.

m(t) >m(0) >0 for 0<t<T,.

Hence we have

Thus on [0, 7], A(t) is well-defined and
L R N S @(t) < 205 (t) (4.42)
m(t) m(t)? mt)2) T
Integrating (4.42)) from 0 to ¢ and using (4.39), we get
1 11 1
<2 Ag+ =A%) t + 4,0 —
a2 | (v 508) 1+ 80 + 5
. ' (4.43)
=274+ =45 ) t*+2 :
( YAy + 12 0) t° 4+ UO@(Jﬁl)t—i‘ mo(l’l)
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From the assumption on the initial data we know wug . (z1) < 0 and mg(x;) > 0. So

when
24~ A 11A3
Uow(2) < — 244 + 114
12m0(m1)

the right-hand side of (4.43)) becomes zero at

12 24y A + 1143
= | 2 () — 0) <7,
VT T ou0 Ay + 1142 (“"’ (1) + \/ o) = o ) ¥

It is then deduced that there exists 0 < T < T} such that m(t) — +oo ast — T.
On the other hand, (4.39) also implies that for 0 < ¢ < T}

() Kon + %Aé) t+ u}(())}
) [<7A0 + %Aﬁ) T + uo,x(:cl)l (1.44)

R 24~vAg + 11A3
m(t) (Uo,x(l’l) = \/ g, (1) — 7—) ,

—

M(t) = m(t)u, (1)

IN

IN
3

N —

12m0 (ZEl)
which thus implies that

inf Mz, ) < M(t) = —oco, as t—T <T.
e

Therefore the solution u(¢, ) blows up at a time 0 < 7' < T3.

Case 2: my(x;) < 0. The argument follows along the same line as in the previous
case. For the sake of completeness we give the details as follows.

In view of (4.39) and the initial conditions, u,(t) satisfies
ug(t,q(t,x)) = uy(t) >0 (4.45)

for 0 <t <T_, where
_ 24ug (1)
T 24yAg+ 11437
Hence
m(t) <m(0) <0, for 0<t<T_,

which implies that % is well-defined on [0,7_], and we further compute to get

(%) _ _m(lt>2mf - (2 + mzf)Q) @ (t) > 2a,(1).

Integrating the above leads to

1 11

myo (331 ) .
When

24y Ay + 11A3
> 220 27000
to(®1) _\/ —12mg(x1)
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the right-hand side becomes zero at

12 24vAy + 11A3
Th= ————— (Uo,z(%) — \/ugz(xl) + M) <7T_.

T 24 A, + 11A3 12mo(z1)

Hence there exists some 7" € (0, T,] such that m(t) — —oo as t — T'. Therefore
N 11
|50~ (14+ 3142
1,
(t) UO,x(fEI) — ’YA() + ﬂAO T2

i 24~y Ay + 1143
m(t) (Uo,z(ﬂfl) + \/U(Q)’x(ﬁl) + W) ’

—~

M(t) = m(t)a.(t)

IA
3

IN
3

DN | —

which in turn implies that

inﬂEM(x,t) S]/W\(t)—>—oo, as t—=T <T.
e

Therefore in this case the solution u(x,t) also blows up at a time 0 < 7' < T5. This
completes the proof of Theorem [L.5] O
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