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ABSTRACT. In this paper, the three-dimensional stochastic nonhomogeneous incompressible
Navier-Stokes equations driven by Lévy processes consisting of the Brownian motion, the
compensated Poisson random measure and the Poisson random measure are considered in
a bounded domain. We obtain the existence of martingale solutions. The construction of
the solution is based on the classical Galerkin approximation method, the stopping times, the
stochastic compactness method and the Jakubowski-Skorokhod theorem.

1. INTRODUCTION

Lévy processes were introduced by Lévy in 1937. They are often applied to the term structure
and credit risk areas. They also have many important applications including option pricing and
the Black-Scholes formula. For example, in financial mathematics, the classical model for a stock
price is a geometric Brownian motion. However, wars, decisions of the federal reserve and other
central banks, and other news can cause the stock price to make a sudden shift. To model this,
one would like to represent the stock price by a Lévy process which allows for jumps.

Another interesting application of the Lévy processes can be found in the study of the stochastic
Navier-Stokes equations. The stochastic Navier-Stokes equations have a long history as a model
to understand turbulence in fluid mechanics, structural vibrations in aeronautical applications,
and unknown random external forces such as sun heating and industrial pollution in atmospheric
dynamics. In real physical situations, the random external forces may exhibit jumps and hence a
purely continuous process is not enough to capture the full dynamics. This again motivates the
needs for introducing jump processes in the system.

In this work we are concerned with the study of Navier-Stokes equations driven by Lévy
processes. Let D C R? be a bounded domain with smooth boundary 9D and € be a sample
space. We consider the following system of stochastic PDEs:

pdu + [p(u - V)u — vAu+ Vpldt = pf (t,u)dt + pg(t,u)dW + [, pLd,
dp + div(pu)dt = 0, (1.1)
dive = 0,
in Q x [0,T] x D, with the initial data
Pli=o = po, uli=o = uo, (1.2)
and the homogeneous boundary condition
ulop = 0. (1.3)

Here p > 0, u = (uy,us,u3) € R and p € R denote the density, the velocity and the pressure,
respectively; the viscosity coefficient v satisfies v > 0; pf (¢, ) is the deterministic external force;
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Z is a measurable metric space; the random external force is characterized by the Lévy processes
pg(t,u)dW + f » pLdA, where W is an R?-valued standard Brownian motion, and

L\ — F (u(z,t—),z)7(dt,dz), if |z|z <1,
| G (u(z,t—),2) w(dt,dz), if |z|z > 1,

where F and G are two functions, 7(dt, dz) is a time homogeneous Poisson measure, 7(dt, dz) is the
compensated Poisson measure associated to m which is defined as 7 (dt, dz) = 7 (dt, dz) — dtu(dz),
where 4i(-) = En(1,-) is the intensity measure. Here EX = [, XdP denotes the expectation of
the random variable X (w,t),w € € for a fixed ¢.

1.1. History of the problem. There have been extensive studies on the nonhomogeneous
Navier-Stokes equations. In the deterministic case (9 = L = 0), Kazhikhov [43] obtained weak
solutions for initial density bounded away from zero. Simon [67] proved the global existence of
strong solutions in two dimensions. For three-dimensional case, Ladyhzenskaya-Solonnikov [4§],
Padula [57, 58] and Salvi [63] established the local existence of strong solutions. The uniqueness
of strong solutions in R? was later proved by Choe-Kim [17].

When g or L does not vanish, the first and second equations in are stochastic. For viscous
compressible flows, Tornatore [70] obtained the existence and uniqueness of global solutions for the
two-dimensional periodic barotropic fluids with an additive noise, i.e., the random external forcing
is independent of the fluid velocity w. Feireisl-Maslowski-Novotny in [29] later considered the
three-dimensional problem in Sobolev spaces where the noise, under suitable weak formulation,
can be regarded as an additive one. They managed to show the existence of strong solutions by
using an abstract measurability theorem [3] and proved that the weak solution generates a random
variable. When the noise is multiplicative, that is, the random external forcing depends on wu,
the problem becomes more involved. Some recent development on the existence of martingale
solutions can be found in [8] [68] [71].

For incompressible nonhomogeneous fluids, the existence of martingale solutions to the equa-
tions (1.1)-(1.3) driven by an additive noise was established by Yashima [72] with positive
initial density. For general multiplicative noise, Cutland-Enright [20] constructed strong solu-
tions by using the Loeb space techniques in two and three-dimensional bounded domains. For
the well-posedness of the homogeneous stochastic incompressible Navier-Stokes equations, see
[2, 3L, [7l, 1T, [12], 13} 14, 25], B30}, B32], [35] 45, (5, 56, 511, 53], 54, [64] 62, [69] and the references therein.
See [5l 5] 18, 19, 22, 23| 26l 27, BT, 33] 34, [36, 37, B8, B9} 44, 50, 53] and the references therein
for the studies and results on the incompressible stochastic Euler equations, ergodicity of stochas-
tic partial differential equations, stochastic equations for turbulent flows, stochastic conservation
laws, and so on.

1.2. Main results. In this paper we consider the existence of martingale solutions to the three-
dimensional stochastic nonhomogeneous incompressible Navier-Stokes equations with Lévy pro-
cesses. Our approach is based on the Galerkin approximation scheme and the stochastic com-
pactness method. We will outline the main idea in the later part of the section.

First, we define the concept of solutions for the problems — as follows.

Definition 1.1. A martingale solution of — is a system ((Q,F, Fy, P), W, x, p,u), which
satisfies

(1) (2,5,F:, P) is a filtered probability space with a filtration JFy, i.e., a set of sub o-fields of
FwithF,cF,CcFlor0<s<t<oo,

(2) W is a d-dimensional F;-standard Brownian motion,

(3) 7 is a time homogeneous Poisson random measure over (Q,F,F;, P) with the intensity
measure [,

(4) for almost every ¢, p(t) and wu(t) are progressively measurable,

(5) p € L L=(0,T; L®(D))), u € L2(; L0, T; H)) N L2(; L2(0,T; V). For all ¢ €
[0,T], any ¢ € H'(D) and ¢ € V (see (2.1)), for definition of H and V), the following holds
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P-as.
¢
/Dp(t)gadxf/l)pogodz:/o /Dpu~Vgadmds, (1.4)
and
¢
/D(pu)(t)wdx—/o /D(puuvw—VVu-Vw)dxds—/Dpouodzdx
t t
:/ / pf(s,u)zbdxds—l—/ / pg(s, u)pdedW
o Jp o Jp
t i (1.5)
+/0 /ZZ<1/DpF(u(x,s),z)i/)dxw(ds,dz)
¢
—|—/0 /z221/Dp(}’(u(gc,s—),z)¢dac7r(ds,dz)7
and
ph:o==p02/;;40ﬁ40)wdw==Q/;fmqudw~ (1.6)

In the above, all stochastic integrals are defined in the sense of It6, see [1I, 211, 28], 46}, 42, [60, [61].

Throughout this paper, we assume that the Brownian motion W is independent of the compen-
sated Poisson measure 7(dt, dz). The intensity measure p on Z satisfies the conditions p({0}) = 0,
J[,(1 A ]z[*)p(dz) < oo and leIzzl |z[Pp(dz) < oco,¥p > 1. We also assume that {F;} is a right
continuous filtration over the probability space (2, F, P) such that Fy contains all P-negligible
subsets of €.

Before we state our main theorem, we make the following assumptions on the external forces.
Assumption (A). Assume that f: (0,7) x H — H and g : (0,7) x H — H*? are continuous
and nonlinear mappings, which satisfy the following condition: there exists a positive constant C'
such that

1£(t ) = F(E )2y < C llu— vl gy » N9(tw) = gt ) 20y < C llu =l 2 )

1F iz < € (1 Tullap ) s ot w)llzzm) < C (1+ Nl )

where H*? is the product of d copies of the space H which is defined in (2.1.
Assumption (B). For all t € [0, 7], there exists a positive constant C' such that

/Wl 1P (u,2) = F(0,2) 22y i(d2) + / I6(02) = G0Nyt

2
< Cllu—vllz2(py-

For each p > 2 and all ¢t € [0,T], there exists a positive constant C' such that

1 (s 2) 2y 1(d2) + IG(w, )72y m(d2) < C (14 [lulllepy ) (1.8)
et (D) o (D) (D)

Our main results are the following.

Theorem 1.1. Let the assumptions (A) and (B) be satisfied and assume that ug € H, py €
L>(D) satisfying 0 < m < pg < M. Then there exists a martingale solution of problems (L.1))-

([L.3) in the sense of Definition[1.1]



4 ROBIN MING CHEN, DEHUA WANG, HUAQIAO WANG

1.3. Outline of ideas. Theorem will be proved through the following steps. First we use
the Faedo-Galerkin method to construct the approximate solutions to the problem —.
More precisely, on the probability space (2, F, P) with a given d-dimensional Brownian motion
W and Poisson random measure 7, for the finite-dimensional approximate system we use the
Picard iteration to obtain a local solution (W, m,, p",u™) in a short time interval [0,7T,]. Here,
different from the deterministic situation, the velocity w in general exhibits jump discontinuity (in
time), and hence one cannot apply the standard method of characteristics to solve the transport
equation for p. To overcome this difficulty, we adapt the result of DiPerna-Lions [24] on transport
theory for less regular vector fields u to obtain a solution p € L*°. To obtain a uniform time
interval [0,T7] of existence for all n, we need to derive the energy estimates. This can be done by
applying the stopping times and the Burkholder-Davis-Gundy inequality.

The second step is to take a limit as n — oo and prove the existence of martingale solu-
tions. From energy estimates, the approximate solutions (W, 7, p™, u™) may converge on [0, 7.
However the convergence is too weak to guarantee that the limit is a solution on [0,7]. In the
two-dimensional case, it can be shown by using certain monotonicity principle that the nonlin-
ear terms converge to the right limit and hence a global strong solution can be obtained [51].
But when the space dimension is three the monotonicity does not hold and to the best of our
knowledge there is no result on the global strong solutions. This is why we pursue instead the
martingale solutions. As is explained, the main issue is the convergence of the nonlinear terms.

To this end, we relax the restriction on the probability space and aim to prove a tightness result
of the random variables (W,,, 7, p",u™). This can be obtained by applying the Arzsela-Ascoli’s
Theorem combined with the Aubin-Simon Lemma [66]. Moreover in order to analyze the nonlin-
ear terms, we prove the tightness of p"u" as well. Then from the Jakubowski-Skorokhod Theorem
[40] there exist a probability space (fl, F , P) and random variables (I;[/nj,%nj,,é”-f LUt Pt ) —
(W, m, p,u, h), P—a.s., with the property that the probability distribution of (Vi/nj s Ty P, UM, PRI U
is the same as that of (W, m,, p™, u™, p"u™). By using a cut-off function we can also show that
the random variables (WnJ ) Ty, P17, ") satisfy the approximate equations in (Q, fof, P) When
passing to a limit as n — oo, the usual method is to show that the limit process of the stochastic
integral is a martingale, and to identify its quadratic variation. Then apply the representation
theorem for martingales or the revised representation theorem (see [40]) to prove that it solves
the equations. But here instead, we can prove that W is a Brownian motion and 7 is a time ho-
mogeneous Poisson random measure. Then in view of the uniform integrability criterion, Vitali’s
convergence theorem and mollification techniques, together with the almost sure convergence on
((O), fof, P), we can obtain that (W), p, u) satisfies the equations — by passing to the limit
directly. Therefore it is a martingale solution of — in the sense of Definition

The rest of the paper is organized as follows. We recall some analytic tools in Sobolev spaces
and some basic theory of stochastic analysis in Section 2. In Section 3, we construct the solutions
to an approximate scheme by the Faedo-Galerkin method. In Section 4, we prove the tightness
property of the approximate solutions (W,,, 7, p", u") and then pass to the limit as n — co.

Notation. Throughout the paper we drop the parameter w € (2. Moreover, we use C' to denote
a generic constant which may vary in different estimates.

2. PRELIMINARIES

Let HY(D) denote the Sobolev space of all u € L?(D) for which there exist weak derivatives
g—; € L*(D),i=1,2,3. Let C°(D) denote the space of all R3-valued functions of class C*° with
compact supports contained in D and define

V:={u e CX(D) : divu = 0},

H := the closure of V in L*(D), (2.1)
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V := the closure of V in H'(D). (2.2)

In the space H, we consider the scalar product and the norm inherited from L?(D) and denote
them by (-,-)m and |- |y respectively, i.e.

(w,v)g = (u,v) 2Dy, |ulg = |ullp2py, wveH.
In the space V we consider the scalar product inherited from H'(D), that is
(u,v)v = (u,v) g + (Vu, Vu) 12(py.
Let p, denote the Sobolev conjugate in R? which is defined as
3p

—J 3-p
Px = any finite non-negative real number, if p =3,
0, if p> 3.

We first recall some properties of products in Sobolev spaces W1?(D) with p > 1.

Lemma 2.1 ([67]). For1 <p<gq<oo, f € W'¥(D) and g € WH4(D), ifr > 1 and + = %—l—q%,
then fg € WL (D) and

HfQHWM(D) < HfHWl,p(D) HQHWLq(D) :
For h e W=14(D), if% + % <land?l= p% + %, then fh € W=L"(D) and

IfPllw 1oy < [fllwe oy IRl =1a(p) -

Lemma 2.2 ([49]). Let (gk)r=1,2,... and g be functions in L1(0,T; L9(D)) for q € (1,00) such that
19kl oo, 7 0a(py) < C for any k and gi, — g almost everywhere in Qr := D x [0,T] as k — oc.
Then gi, converges weakly to g in L1(0,T; L1(D)).

For a probability space (2, F, P) and a Banach space X, denote by LP(2; L9(0,T; X)) (1 <p <
00,1 < ¢ < 00) the space of random functions defined on Q with value in L9(0,T; X), endowed

with the norm: )

lullzeszaorooy = (E Il ) -

If p = 0o, we write
Jull Lo (s L9(0,3x)) := inf {C; P[||ul| La(o,r;x) > C] =0} .

Remark 2.1. Note that the result of Lemma [2.2] also holds for the space L4(Q; L4(0,T; D)) in
Q x QT-

We now list a few preliminary results of stochastic analysis and useful tools for the sake of
convenience and completeness. For details, we refer the readers to [T, 21, 28] [46], 42, [60] [6T] and
the references therein. In particular, we will introduce the definitions of time homogenous Poisson
random measure, Lévy process, stopping time, 1t6’s formula and the BDG inequality and so on.

Definition 2.1. A filtration on the parameter set T is an increasing family {F; : ¢t € T} of
o-algebra. A stochastic process X;, t € T is said to be adapted to {F; : t € T} if for each ¢, the
random variable X; is F;-measurable.

Denote N := NU {co}, Ry := [0,00). Let (Z,2) be a measurable space. Then by M (Z)
we denote the set of all real valued measures on (Z,2), and M(Z) denotes the o-field on M(Z)
generated by functions ig : u — u(B) € R for p € M(Z), B € Z. Next, we denote the set of all
non-negative measures on Z by M, (Z), and M (Z) denotes the o-field on M, (Z) generated by
functions ip : M4 (Z) > p— p(B) € Ry, B € Z. Finally, by Mg(Z) we denote the family of all
N-valued measures on (Z,2), and Mg(Z) denotes the o-field on Mg(Z) generated by functions
ip:My>3p— u(B)€EN,BEZ.
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Definition 2.2. Let (Z,2) be a measurable space and y € My (Z). A measurable function
7 (Q,F) = (Mx(Z x Ry),Mx(Z x R})) is called a time homogenous Poisson random measure
on (Z,2) over (Q,F,F, P) if and only if the following conditions are satisfied

(1) for each B € 2 ® B(R,), n(B) := igo7 :  — N is a Poisson random variable with
parameter En(B) (If Ex(B) = oo, then n(B) = o0 );

(2) 7 is independently scattered, that is, if the sets B; € Z&B(R4),j = 1,2,...,n are pair-wise
disjoint, then the random variables 7(B;),j =1,2,...,n are pair-wise independent;

(3) for all B e Z and I € B(R,.), E[x(B x I)] = MI)u(B), where X is Lebesgue measure;

(4) for each U € Z, the N-valued process (N (t,U));>o defined by N (¢,U) := 7(U x (0,]),t > 0
is F-adapted and its increments are independent of the past, i.e. if ¢ > s > 0, then N(t,U) —
N(s,U) =n(U x (s,t]) is independent of Fj.

Now we turn to the definition of a Lévy process.

Definition 2.3. Let B be a Banach space. A stochastic process L = {L(¢) : t > 0} over
(Q,F,Ft, P) is called an B-valued Lévy process if the following conditions are satisfied.

(1) L(t) is Fr-measurable for any t > 0;

(2) the random variable L(t) — L(s) is independent of Fy for any 0 < s < ¢;

(3) L(0) = 0 aus.

(4) For all 0 < s < t, the law of L(t + s) — L(s) does not depend on s;

(5) L is stochastically continuous;
(6) the trajectories of L are cadlag in B P-a.s., i.e. which are right-continuous with left limits.

Note that we can construct a corresponding Poisson random measure from a Lévy process. For
example, given a B-valued Lévy process over (2, F,F;, P), one can construct an integer-valued
random measure in the following way: for each (B, I) € B(R) x B(R;.), define

(B, 1) :=#{te | AL € B}eN.

where A;L(t) := L(t) — L(t—) = L(t) — limg¢ L(s),t > 0 and A¢L := 0. If B = R?, then 7,
is a time homogeneous Poisson random measure, for details see [65, Chapter 4, Theorem 19.2].
Conversely, given a Poisson random measure, we can also construct a corresponding Lévy process.

Definition 2.4. A random variable 7(w) with values in the parameter set T is a stopping time
of the filtration F; if {w: 7(w) <t} € F; for each t € T.

Let us now recall the It formula for general Lévy-type stochastic integrals, see [T, [60} [61]. We
define P>(T,B) to be the set of all equivalence classes of mappings f : [0,7] x B x @ — R which
coincide almost everywhere with respect to ¢ x P and satisfy the following conditions:

(1) f is predictable;

2) P (fOT Jo 1£ ) 2a(dt, dz) < oo) =1
Here o(t, A) = m((0,t] x A), where m is standard Lebesgue measure. With this we are ready to
give the It6 formula [I, Page 251, Theorem 4.4.7] for general Lévy-type stochastic integrals. Let
X be the following process

dX () = G(t)dt + F(t)dW (t) + H(t, )7 (dt, dz) + K(t, 2)m(dt, dz), (2.3)
jal<1 jol>1

where for each t > 0, |G|z, F € Py(T) := Po(T,{0}) and H € P5(T,B). Furthermore, we take
B={recR%:0< |z| <1} and K to be predictable (see [61, Page 7]). Denote

dX.(t) = G(t)dt + F(t)dW (¢),
and

dX4(t) = H(t,z)w(dt,dx) + K(t,z)m(dt, dx),
|z|<1 |z|>1
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so that for each ¢ > 0, we have
X(t) = X(0) + X.(t) + Xa(t).
Assume that for all t > 0, supg<,<y, <|s|<1 H(8,7) < 00 a.s., then one has

Lemma 2.3 (Itd’s formula,[1]). If X is a Lévy-type stochastic integral of the form (2.3)), then
for each ® € C?(R™), t > 0, with probability 1 we have

D(X(t) - /aq> /33@ )X Xi](s)
//|>1 )+ K(s,z)) — (X (s—))] 7(ds, dx)
//|<1 =)+ H(s,z)) — ®(X(s—))] 7(ds, dx)

/ /|<1 )+ H(s,z)) — (X (5-)) — H(s,2)8;®(X (s-))] p(dzx)ds

We now recall the following so-called BDG inequality in stochastic analysis, see [60, Page 37,
Theorem 3.50].

Lemma 2.4 (Burkholder-Davis-Gundy inequality). Let T > 0, for every fized p > 1, there is
a constant Cp, € (0,00) such that for every real-valued square integrable caadlag martingale M,
with My =0, and for every T > 0,

6; 2 ((nf) <= (mws M17) < 68 (0n)F).

0<t<T

where (M), is the quadratic variation of M, and the constant C, does not depend on the choice
Of Mt .

Definition 2.5. Let B be a separable Banach space and let B(B) be its Borel sets. A family of
probability measures PP on (B, B(B)) is tight if for any £ > 0, there exists a compact set K. C B
such that II(K.) > 1 — ¢ for all II € P. A sequence of measures {II,} on (B, B(B)) is weakly
convergent to a measure II if for all continuous and bounded functions h on B

fim [ h(z)I, (dz) = / h(2)T(dz).

n—oo B B
Lemma 2.5 (Jakubowski-Skorokhod Theorem [40]). Let X be a topological space such that there
exists a sequence {hy,} of continuous functions h,, : X — R that separate points of X. Denote by
8 the o-algebra generated by the maps {hy,}. Then

(1) every compact subset of X is metrizable.

(2) every Borel subset of a o-compact set in X belongs to §.

(3) every probability measure supported by a o-compact set in X has a unique Radon extension
to the Borel o-algebra on X.

(4) if {IL,,} is a tight sequence of probability measures on (X,8), there exist a subsequence
{my}, and a probability space (0, F, P) with X-valued Borel measurable random variables Xy and
X such that, I1,,, is the distribution of Xy, and X — X a.s. on Q. Moreover, the law of X is
a Radon measure.

3. THE GALERKIN APPROXIMATION AND A PRIORI ESTIMATES

3.1. The Galerkin approximation.

We will obtain the weak solution of the equations — via the Galerkin approximation:
first we construct solutions of certain finite-dimensional approximations to — and then
pass to the limits.
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On the probability space (2, F, P) with a given d-dimensional Brownian motion W and Poisson
random measure 7. In order to solve —, we first consider a suitable orthogonal system
formed by a family of smooth functions {w,} vanishing on dD. One can take the eigenfunctions
of the Dirichlet problem for the Laplacian operator:

*Awn = >\nwn on D, wn|8D =0.
Now, we consider a sequence of finite-dimensional spaces

X, = span{w;}"

J=17 n=12....

For each n € N, we will look for the sequences (p™, u™) satisfying the integral equation:

/Dp"u”(t)’z/zdxf/ pouLYdr — // [VAU" — p"u"Vu")] pdxds
:/Ot/Dp"f(s,u”)z/)dxds—l—/o /Dp”g(s,u")dea:dW
+/0t /|Z|Z<1/Dp"F(u"(:17,s),z) wdw (ds, dz) (3.1)
+/0t /lZIZZI/Dp"G(u"(x,s—),z) Ydam(ds,dz),

for all ¢ € [0,T] and any function v € X,,, together with

(p")e + (u™-V)p" =0 in Qr =D x[0,T], (3.2)
u"|i=0 = ugy, p"li=0 = py in D. (3.3)
Here we assume that
uf € X", ul —up in L*(D), (3.4)
0<m<py <M, pf = po in L(D) weakly star. (3.5)

We look for a function ™ in the following form

=Y ertwr(@). (3.6)

k=1

It follows from [24, Proposition I1.1] and the regularity of u™ that equatlon 3.2) with (3.3) admits
a solution p" € L>(0,T; L>°(D)) for any given u™ of the form Spemﬁcally, there exists a
solution map S such that p"™ = S(u™). Similarly, from

(1/p") +u" -V (1/p") =

we know that 1/p™ € L*°(0,T; L*°(D)). Then p™ has lower and upper bound, that is
1
0<=<ph<C. 3.7
o <A< (3.7)

Here C is independent of n (only depends on py).

Next, we show the existence of a solution u™ € D([0,T]; o (3.1). Here D([0,T]); X,,) is
the space of all cadlag functions f : [0,7] — X,,. We equip ID)([ 7T],Xn) with the Skorokhod
topology (see [52]).
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Note that here p” = S(u™). Choosing ¢ = w1, wa,...,wy, in (3.1)), the coefficients ¢} satisfy
the following stochastic ordinary differential equations:

n

Z </ p"wkwg> dey (t) + Z / p"(wjpy - V)wrpgwedrdt
D /o

k=1

7/ pnf(t, E ijO;‘L)wldIdt‘i’V/ E ga?(t)ijngdxdt
D j=1 D3
(3.8)

:/ p"g(t,ijap?(t))wgdxdW—i—//
D J=1 D J|z|z<1

p"F Z w;py (t), z | wer(dt, dz)dx
j=1

+// PG ijgo?(t),z wer(dt, dz)dz.
D ‘z‘zzl

Jj=1

From (3.7) we know that the matrix ([, p"wirwedz) is nondegenerate, and hence (3.8) can be
reformulated as

del + Fo(t, o0, ..., oM)dt = GH(t, o7, ..., o0 )dW +/ To(@l, ..., @0, 2)m(dt, dz)
|z]z>1

(3.9)
+/ @g(g&?,,g&g,Z)ﬁ'(dt,dZ),
[2|z<1

with the initial data 7 (0) = ¢}, where ¢} are the coefficients of uy = Y orey Prowk- In
view of the assumptions (A) and (B), F,é,flleN Ur(dt,dz) and flz\z<1 O (dt,dz) satisfy the
Lipschitz and growth conditions. According to the existence theory [I pp.367, Theorem 6.2.3]
for the stochastic ordinary differential equations with jumps, we can apply a standard fixed point
argument to show that there exist a time 7,, > 0 and a function ¢, = (¢Y,...,¢r) satisfying
equation and the initial data for a.e. ¢ € [0,7,,]. This way u™ defined in (3.6) solves
for a.e. t € [0,T,]. Therefore we obtain a local solution (p",u™) of the system (3.1))-(3.3).

Next we want to show that we can find a uniform time interval of existence for all n. This will
follow from the a priori estimates established in the next subsection.

3.2. A priori estimates.
Now, we want to get the needed a priori estimates. To this end, taking ¥ = wy in (3.1)),
multiplying the result by ¢} (¢) and then summing over k =1,2,...,n, we have

/ (u"p"du"(t))dx+/ plu™(u" - V)u"drdt + 1// Vu™ - Vu"dzdt
D D D

:/ p”f(t,u”)u”d:cdtJr/ p"g(t, u™ ) u"dedW (3.10)
D D
+// P F (u"(z,t—), z) u" 7 (dt, dz)dx
D J|z|z<1

+/ / PG (u"(x,t—), z) u"w(dt, dz)dx.
D J|z|z>1
First, we introduce the following stopping times:

_ { inf{t >0: ||\//7u"(t)||Lz(D) > N}, if {w eN: ||\/p7u”(t)||L2(D) > N} #* @,
T, if {weQ:[vp"u™(t)|r2(D) EN}ZQ).(
3.11)
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2
Define the function ®(p,q) = [, %dm. Note that

2 2 2
Vq@(p,q)=/ A da, ng’(P,Q)Z/ ~Tdx, 0,%2(p,q / %,
D P D P

where I is the identity matrix. Applying It6’s formula in Lemma [2.3] to the above function @
with (p, q) = (p™, p"u™), from the first equation in (1.1)), one deduces that

/\\ﬁu|dx—/D s d:z:ds—|—21//Du Au dxds—Q/Dpu(u -V)u"dxds
+2/ [f(su)derg(su)deer/\fgsu)\ dxds
//| . [2p"u"F (u™(z,5—),2) + p"F? (u"(z,5—), 2)] 7(ds, dz)dx
/ /|| . [20"u"G (u™ (2, s—),2) + p"G* (u"(z,5—),2)] 7(ds, dz)dz (3.12)
Ve, P
] VTG )2 Pz
+2/ / >1p"u”G(u”(x7s—),z) p(dz)dx,

where s € [0,t A7Tn], t € [0,T3,], t ATn := min{t, 7x}. From the second and third equations in

(1.1), we can infer that
:/ diV(u"unpvlu")de:/[unundiv(pnun)_,’_p WV (uu™)|dz
’ ; (3.13)
= / [u"u"(u" - V)p" + 2p"u" (u" - V)u"]dz,
D

where the first equality is due to the condition that «™ vanishes on (0,T") x 0D. It follows from
the second equation in (|1.1)) that

a (a3
/ u”u”mdx = —/ uum(u" - V)ptde = 2/ plu (u" - V)u"de. (3.14)
D s D D
Substituting (3.14) into (3.12)), for all s € [0,¢ A Tn], it holds that
S
2 2
IVF O ooy + 20 [ 1900 iy
2 S S 2
< H\/pgug 5 (D)+/0 2|<u",p"f(7",u")>|d?“Jr/0 [Verg(r,u™) || oy dr

+2 05<u”,p“g(r,u”)>dw‘+2 /OS/Z221<un7p"G(u"(x’r_)vz»/u(dz)dr
+/S/|I ) (20w, " F (" (2,7=),2) + [[VIF 2y ) 7l d2) (3.15)
N I R VEE A T

; / S /D /|| VA (" (,1=), 2) [2p(dz)dadr



MARTINGALE SOLUTIONS FOR THE STOCHASTIC NAVIER-STOKES EQUATIONS 11

+/OS/D/|Z|Z>1|\/ﬁa(u"(x,r—),z) 2u(dz)dadr.

Here (-, -) denotes the inner product. Taking supremum on both sides of (3.15|) over the interval
[0,t A Tn], and then taking the mathematical expectation, we obtain

tATN
n 2 n
E sup vanu (8)HL2(D) +2VE/O IVu (T)Hi?(D) dr

0<s<tATNn
IATN tATN 9
/ 2|<u",p”f(7“,u”)>\dr+E/ H\/p”g(r,u”)HLz(D) dr
0

<EHM“0

2(D)
S tATN
+2E sup / (u", p"g(r,u™ dW‘ +2E / / u”, G (u"(x,r—), 2))pu(dz)dr

0<s<tATN ‘Z>1

su P F (u Y+ ||V F (dr,dz 3.16
0<s<tI3\TN/ ‘/||Z<1 ( ( || HL2(D)) ) ( )

sup / / u, p"G (u"(x,r )+ H\/ GHL2 ) (dr,dz)
0<s<t/\TN | |Z>1

JrE/OMTN/ /Z<1 VP E (u™(z,7—), 2) | u(dz)dxdr
—|—E/OMTN/ /Z>1 VoG (u™(z,7—), 2) |? u(dz)dxdr

=L+ L+ L+ Is+ 14+ Is +1g+ 17 + Is.

Now, we shall estimate each term in the right-hand side of (3.16). First, for the term I, by
Young’s inequality and the hypothesis on f, it holds that

tATN
I gs]E/ IVFw ©)] 2, ds+OEIE/
0 0

tATN 9
< CIE/O IVFu ()22 ) ds + C:

For the term I, by the assumption on g, the Holder’s inequality yields

tATN
L < C]E/ H\/ H 05+ C (3.18)
Next, we shall estimate the term I3, the hypothesis on g and Burkholder-Davis-Gundy inequal-

ity imply

tATN 2
I; < CE [/ (p”g(s,u"),u")st}
0

tATN

ds
LQ(D)

[ver@sts

(3.17)

tATN 2
<CE| [ 10O (1 10O riy) VT ) ]
0 (3.19)

1

2

tNTN
SCE _sw |lVpru"(s)]| ) (/ |p"<s>||Lw(D>(1+||u"<s>||izw>)ds)

0<s<tATN

tATN
<eE sup H\/ﬁu”(s)ﬂiz(m + CE/O (1 + H\/PTUH(S)WL?(D)) ds.

0<s<tATN
For the term Iy, it follows from the assumption on G and Holder’s inequality that

L<E / " /| TG (), 2
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tATN 2

ds

/| NG5, sy )

tATN
<E [ VI Gy s+ E I e [

tATN tANTN
n 2 7 n
<E[ VT gy ds - GBI ey [ [ NG 5,y =)
Z|lz =2

tATN 9 tATN 9
<& [ NI iyt R iy [ (14 W6 )

tATN
< (0+1>E/0 VFu ()22 ) ds + C: (3.20)

Here Cy, fl 12> u(dz) < oo. For the term I, in view of the hypothesis on F', using the
Burkholder-Davis-Gundy inequality, Hélder’s and Young’s inequality, we have

Is;:=2E sup / / (u, p"F (u"(xz,r—), z))7(dr,dz)
lzlz<1

0<s<tATn JO

<2E l/o /Z<1<u",p"F(u"(a:, s—),z))Qu(dz)dsl

tATN
n 2 n n
<CE< sup |[vpru (8)HL2(D)/O /II ) 16" Lo () 1 F (e (5678—),2)”22(1)) N(dz)d5>
z|z<

1

2

=

0<s<tATN
tIATN 9 %
<CE LSSS;IS\TN H\/pi"u (S)HLz(D) (/0 (1 + H\/PTLU (S)HLZ(D)) ds) ‘| (3:21)

tATN
< _sp V@) + OB [ (L VI @) de

0<s<tATN

on the other hand, we can infer that

Iso:=E sup // H\ﬁFHL2 7(dr, dz)
[z]z<1

0<s<tATN

INTN
E / / ||\//7F||;(D) ,u(dz)ds]
0 |z|z<1

|

2

1
2

tATN
n|2 4
<CE / o HLoo(D)/ ||F||L2(D) ,u(dz)ds] (3.22)
0 |z]z<1
9 tIANTN 9
<e¢E sup H‘/P"“"(S)HH(D) + C’]E/ (1 + | /P"“n(s)Hm(D)) ds,
0<s<tATN 0
then
9 tATN 9
Is <cE sup H\/p”u"(s)HLz(D) + C’E/ (1 + ||\/p”u”(s)||L2(D)) ds. (3.23)
0<s<tATN 0

For the term Ig, similarly to I5, by the assumption on G, one has

tATN
Is <cE sup H\/ﬁu”(s)H;(D) + CE/O (1 + H\/pinu"(s)H?Lz(D)) ds. (3.24)

0<s<tATN
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Finally, we shall estimate the last two terms. For the term I7, in virtue of the assumption (B),
using Hélder’s inequality, we can infer that

tATN
E<CE [ 1 Olimmy [ NP 50 ) n(d)ds
0 |z|z<1 (325)

tIATN
n 2
SCE/ |V u (S)HL2(D) ds+ C.
0
Similarly to I7, in view of the hypothesis on G, one deduces that
tATN
" 2
Is < CE/O Vo™ u (S)HLQ(D) ds + C. (3.26)
Substituting (3.17))-(3.26)) into (3.16)), for sufficiently small € > 0, it holds that

tATN
n 2 n 2
E sup H\/pinu (S)HLZ(D) +2VEA ||V’LL (S)HLZ(D) ds

0<s<tATN (3 27)
2 tATN 9 ’

S]EH\/;Tgug , +CIE/ (1+||\/ﬁu”(s)||L2(D)> ds.
L*(D) 0

By the Gronwall inequality, we have
tATN
n 2
B sup Vi) [y +2E [ IV ds < C. (3.25)
0<s<tATN 0

Note that by the property of stopping time, we have t A7y — t as N — co. Then letting N — oo
in (3.28)), for any ¢ € [0,T,,], we obtain

t
n 2 n
]Eosgigtn./p"u (3)||L2(D) —|—21/E/0 [[Vu (s)||2L2(D) ds < C. (3.29)

Since the constant C is independent of n, then T;, =T.
Applying Ito’s formula to when p > 2, integrating over [0, s],s € [0, A 7x], one has

IV ()5, +pv/ IV ()22, 190 (0 2y dr
:p/o ”Wu"(r)"L;(D) (u™, p"g(r,u™))dW

p [ (3.30)
+§/ |Vpmu"(r HL2(D)[ u, p" f(r,u™)) + ||V g(ru” HLzD)] r
0
* g (g - 1)/0 Vo™ () [ 2y ™ 0" g, u")>2dr+§Ji,s,
where
/ /ll >1 H\/iu ) + V"G (u HLz(D)—H\/WU HLQ(D)} (dz,dr),
(3.31)
//Il <1 H\ﬁu ) VP E HLZ(D) NG HLQ(D)} (dz,dr),
(3.32)
and
/ / {H\/iu )+ VP F(u H ||\/p7"u HL2(D)
e (3.33)

V5, (V™ P (), Z)>}u(d2)d7°-
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Now, taking supremum up to time ¢ A 7y and taking mathematical expectation in both sides of
(3.30), and then we shall estimate each term of the resulting equation. For the first term, by
the Burkholder-Davis-Gundy inequality and Holder’s inequality, in virtue of assumption (A) and

(13.7), we have

/ H\ﬁ“ HL?(D) u", p"g(r, u”)>dW‘

sup
0<s<t/\TN

tATN 9 %
<CE Ogssggmllxﬁu |L2(D) (/0 (u", p"g(s,u")) dt> ]

s . 3 (3.54)
< CE OSSS;JB\TN [V (s |L2(D) (/o [Verg(s, u )HL2(D) dt) ]

» tATN

<eB s VI + OB ([ (14 IV ) ).

For the second, third and fourth terms, similar to the first term, Holder’s inequality, (3.7) and
assumption (A) yield

tNTN
E/ H\/ﬁu ||L2 D) ?pnf(57un)>ds
’ tATN 9
< [ W, (L VPO ) & (335
Ot/\TN
< OIE/ (14 Vo () [y ) s
0

d
o tINTN p—2 9 tATN
IE/O H\/ﬁu"(s)‘Lz(D)"Wg(s,u")|‘L2(D)ds§CEA (14 IV () [ i ) ds:
(3.36)
and

tANTN
B[ V), ool ds
° tATN 9
= CE/ [V (s HLZ(D) (1 + H\/ﬁun(s)HL?(D)) ds (3.37)
Ot/\TN
< ouz/ (14 Ve (5) [ ) s
0

For the term .J; g, it follows from the inequality (a+b)P < 2P~!(aP 4 bP) for all p > 1 and a,b > 0,
(3.7) and assumption (B) that

E sup |Jis|<E sup //|| ||\ﬁu )+ V"G (u™ ||L2(D)} (dz,dr)
z>1

0<s<tATN 0<s<tATN

tATN
T A R (I e NS O A e

<0 (Benm)+ [ BV O, ds) -
(3.38)

On the other hand, the terms J> ; and Js 4 can be rewrite as

Botdso= [ [ LIV VI 0 iy~ IV Ol
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= IV O[3y (VT P (1), 2) )
S
—92 B
+ /| P IV O ) (VT F (), 2 dr)
0 z|lz<1

= J4,s + J5,s-
For all a,b € H and p > 2, from Taylor’s formula, it holds that

[la+ b8, = lalf = plalfy>(a.b)| < C(p) (laly * bl + 101} )

From this above inequality, one has

E sup |Jus <C(p) sup // 1{|\\ﬁu H(p 2) HWF ),Z)H;(D)

0<s<tATN 0<e<f/\7'N
+ ||\ﬁF ||L2(D) }77 dz,dr)
<C(pE <O<§337N|MT”U” L2(D) / / . 1||f F(u™(5-),2) 32y u(dz)ds)

tATN
CoE [ [ VI =) [
l2]z<

It follows from the assumption (B) and Hélder’s inequality that

1 tATN 9 g
E sup |Jus| < gE sup  |[v/p"u" (s H 2oy T C(p {/0 (1 + ||\/p7‘un(s)HL2(D)) ds}

0<s<tATN 0<s<tATN

tATN
+ C(p)E/O (1 -+ p"u"(s)HiZ(D)) ds

tINTN
n L) p
<SE s VI )], + OO >/0 (14 [IVF @) ) s
(3.39)

| =

For the term Js5 ¢, by the Burkholder-Davis-Gundy inequality and Young’s inequality, we have

E sup |J5,s|<0<p>E{( sp | Vpmu(s Hi?(;))

0<s<tATN 0<s<tATN

" </0 /z|z<1 H\/pTLF(un(S_)’Z)HZ(D) .U(dz)d5> }

1 tATN g
g]E sup H\/ﬁun(s)H;(D) + C(p)E {/o (1 + ||W“n(5)||i2(p)) ds}

0<s<tATN

IN

1 N tANTN "
<E, 2 VTl + C0DE [ (14 WOl ) i
(3.40)
Plugging ((3.34] into 7 one deduces that
3 n p TN n p—2 n 2
gJE sup H R (S)HLZ(D) +CE/ H\/ﬁU (5)‘ L2(D) Vu (5)||L2(D) ds
0<s<tATNn 0 (3.41)

p tATN
<E|opus LQ(D)+C(P,T)<1+E/O 7 (s I\sz))
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Applying the Gronwall inequality to (3.41)), we can infer that

E sup H\/pTu H <C(1+EH\/;T

0<s<tATN

L?(D)) (3.42)

Therefore,
tATN 9
E sup H\/ﬁu"(s)HiQ(D) —|—C’]E/ |V ™ (s) |L2(D [Vu™(s)l72(p) ds

0<s<tATN
<c(1 EH,/
( + i L2(D)>

By the argument similar to the case of p = 2, since t A7y — t as N — oo, letting N — oo in

(B43), then

(3.43)

t
Eoiugt ||\/p7”u”(s)}|1£2(D) + C’E/ |V u™(s)| i;fD) ||Vu"(s)||2L2(D) ds

(3.44)
<c(1+E|v
( + poUG LZ(D)>
Taking the power p > 1 to (3.15]), it follows from (3.44]) that
T P
E ( / 190 (5) 22 ds> <c (3.45)
0

Next, in order to get the tightness of p™u”, we need to estimate some increments in time of
p"u™ in the space V’. For this, we need the following estimates. First, it follows from (3.44]) and
p" € L>(0,T; L>°(D)) that

p"u™ € LP(Q; L>(0,T; L*(D))). (3.46)
Then we have
V(p"u™) € LP(Q; L>(0,T; H~Y(D))). (3.47)
From this, the continuity equation implies that
ip™ € LP(Q; L>(0,T; H1(D))). (3.48)

For p > 1, from (3.45)), it holds that
u" € LP(Q; L*(0,T; V)).
Since V — LS, then
u™ € LP(Q; L*(0,T; L5 (D))), (3.49)
and
p"u™ € LP(Q; L2(0,T; L°(D))). (3.50)
To get the another estimate of p™u”, we need the following lemma in [4, Theorem 1.1.1].

Lemma 3.1. Let T be a linear operator from LP1(0,T) into LP2(D) and from L9 (0,T) into
L%2(D) wzth q > pl and gg < p2 Then for any s € (0,1), T maps L™ (0,T) into L™ (D), where
r

- S/p1+(1 /a2 S/zanr(l DI

When p; = 2,ps =6,¢q1 = 00,¢2 = 2 and s = 3, it follows from Lemma (3.1} (3.46) and (3-50)
4

that

pmu™, u e LP(Q; L¥3(0,T; L*(D))). (3.51)
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By Hoélder’s inequality and (3.51)), it holds that

/0 ! ( /D (™) dx)2/3 it < /O ! ( /D (p"u")4dm>1/3 ( /D (u")4dm)1/3 dt

17

< (( /D (p”u”)4dx)2/3 dt) - ( /0 ' ( /D (u”)4dx) . dt) -

IA

I /\

Then, we have
prumu € LP(Q: LY3(0, 75 LA(D)),
and
V(p"u™u™) € LP(Q; L*Y3(0,T; H-Y(D))).
In virtue of the definition of the norm of V', one deduces that
e+ 6) = " @y = s [ e ) - @) o
€V, llellv=1JD
Thus it follows from that

T-6 T—6 t+6
e o) - @R =B [ | [ s
0 0 t

T—60
SE/ (Ji + o+ Js + Ja+ Js + Jo)dt,
0

dt

\

where
t+0 2 t+0 2
Ji(t) == / div(p"u" @ u™)ds|| , J2(t) = / pAu"ds|
t t
V/ V/
t+6 2 t+0 2
Ja(t) = / pfsa)ds| Lt = | [ gt amaw]|
t v t v
t+6
,8—),z)w(ds,dz)||
| |Z<1 \"d
t+6
,8—),z)m(ds,dz)
| |Z>1 A

For the term J;(¢), one has

40
J11/2 = sup / / div(p"u" @ u™)ds | ¢(x)dx
eeVillellv=1 (/D \Jt

t+6
< C’/ o™ u"u™ || 12 py ds.
t

By Hélder’s inequality and (3.53)), then
97 3/4

T—6 T
]E/ Ji(t)dt < 62 |E (/ ™| 35 dt) < o2,
0 0

C/ (/ dx>2/3dt+0/ (/ 4dx>2/3dt

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
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For the term Jo(t), similarly to (3.56)), we have

T—6 T—0 t+0 2
]E/ J2(t)dt§E/ (/ VU™ 2 p) ds) dt
0 0 t

T—-6 t+6
< 91E/ / VU™ (|72 ) dsdt < C6.
0 t

For the term J5(t), by Holder’s inequality, it follows from the assumption (A) and (3.7) that

(3.57)

2

T—0 T—6 t+6 9
e[ awar<ce | [ RO P (1+u“|Lz<D>)d8] dt
t

3.58
) T—-6 t+6 ) ( )
o oramon [ [ (100 st

< CHE < 4.

For the term Jy, in virtue of the Burkholder-Davis-Gundy inequality, H6lder’s inequality and the
condition on g, we obtain

T t+60 2
Jy S/ E( sup / /p"g(s,u”)g@dde) dt

0 peViellv=1Jt D
T t+0 2

§/ E( sup / (/ p”g(s,u")wdm) ds) dt
0 eeV llellv=1Jt D
T t+0

</ (E | 0 st ) ds) a (359)
T o -

S/O (E/t 1™ Lo (D) (1 + [Ju ||L2(D)) ds) dt

T
< CHE/ sup_ 1" 113 () (1 + ||u"||iz(D)) dt < C9.
0 0<t<T

For the term J5, by the Burkholder-Davis-Gundy inequality and Hélder’s inequality, the assump-
tion (B) and (3.7) imply

T t+0 2
Js < / < sup / / / ,8—), %) @dmfr(ds,dz)) dt
peVilellv=1 lzlz<1
t+6 2
< C’/ sup / / (/ PG (U™ (x,5—),2) @dx) wu(dz)dsdt
peVilellv=1/t |zlz<1 \JD

e 2 2 (3.60)
<c / E | /| Iy G 07502 s -
t z|lz<

T t+0
<C [ B[ 1 ey (1 I ) st
. t
< C’E/ 6 sup (19" % () (1 + HunuiQ(D)) dt < €.
0 O0<t<T
Finally, for the term Jg, similarly to , one has

T—6
Jo < CE/ 0 sup " [ (1+ ||u”|\2Lz(D))dt§ co. (3.61)
0 0<t<
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Plugging ([3.56)-(3.61) into (3.55)), we obtain
T—0
]E/ 107 (& + )u™ (¢ + 6) — o (D)™ (1)]|% dt < €% (3.62)
0

Now, we want to get the estimates of the increment of u™ for the tightness of u™. Note that
p(t+0) [u"(t+0) —u"(t)] = p"(t + 0)u" (t 4 0) — p" (t)u" (t) — " (£) [p" (t + 0) — p" ()], (3.63)

then we only need to estimate the term u”(t) [p" (¢t + 6) — p™(¢)]. To this end, it follows from

Sobolev embedding theorem, Lemma (13.45) and (3.48) that

T-6
B[ I OR 0= O g,

T—60 t+0
SE/O Hun”Hl(D)/t 193l y=1.3 py s |t (3.64)

T
This combining with (3.62) and (3.63)) yields
T—0
E/O 97t 4 0) [ ¢+ 0) — u" (]2, 5. b < COF (3.65)
Applying , then we have

T—-6
]E/O |u™(t + 0) — un(t)niv,l,%w) dt < Co3. (3.66)

4. TIGHTNESS PROPERTY FOR THE APPROXIMATION SOLUTIONS AND CONVERGENCE

4.1. Tightness property for the approximation solutions.
In this subsection, we shall show the tightness property for the approximation solutions in the
following lemma.

Lemma 4.1. Define
S = C(0,T;R%) x My(Z x [0,T]) x L>=(0,T; W~1°°(D))

6
x L*(0,T; L*(D)) x L*(0, T; W~**(D)), 0 < a < 3

equipped with its Borel o-algebra. Let TI" be the probability on S which is the image of P on
by the map: w (Wn(w7 ')a 7Tn((“)a .)’pn(w’ ')7un(w7 .)7pnun(w, ))7 that is, fO’I" any B C S:

I"(B) =P{we Q: Wy(w,),m(w, ), p"(w,"), v (w, "), p"u"(w,)) € B}.
Then the family 11" is tight.

Remark 4.1. We can also prove that u” is tight in D([0, T; Hy,) as [52] 55], where D([0, T]; Hy)
denotes the space of H-valued weakly cadlag functions.

In order to get the tightness of p™, u™ and p"u", we need the following Proposition in [G6].

Proposition 4.1. Let X, B and Y be Banach spaces such that X CC B C Y. Assume 1 < p < o0,
& is a set bounded in LP(0,T; X) and [ly(t +6) — y()|| oo, 7—0,y) = 0 as & — 0 uniformly for
y € €. Then €& is relatively compact in LP(0,T; B).



20 ROBIN MING CHEN, DEHUA WANG, HUAQIAO WANG

Proof of Lemma[{.1. Denote C(0,T; R?)x L (0,T;W ~1:2°(D))x L?((0,T)x D) x L*(0, T;W ~*2(D))
by S;. Let II7 be the probability on S;. We shall find for any ¢ subsets: ¥, € C(0,T;R%), X, €
L0, T; Wb °°(D)) Y. € L*(0, T L?(D)) and Z. € L*(0,T; W~%2(D)) are compact, such that

PW, ¢ %) <5, P(p" ¢ Xe) < 5, P(u" ¢ Y:) <5 and P(p'u” ¢ Z.) < 5. We will prove these
results in the following four steps.

Step 1: Find a ¥, € C(0,T;R%) which is compact, such that P(W,, ¢ £.) < £. To this end.
For Y. we rely on classical results concerning the Brownian motion. For a constant L. to be
chosen later, we consider the set

3. = {W() € C(0,T;R%) : sup m|W(te) — W(t1)| < Le, Vm € N} .
t1,t2€[0,T],|t1 —t2|< 5

Y. is relatively compact in C(0, T; R?) by Arzsela-Ascoli’s Theorem. Furthermore . is closed in
C(0,T;R?). Therefore 3. is a compact subset of C(0, T}; Rd) We can show that P(W,, ¢ ¥.) < §
In fact, by the Chebyshev inequality P{w : {(w) > r} < % E [|{(w)[¥], we have

U {w : sup W, (t1) = Wy, (t2)] > IT;;}

t1,t2€[0,T],|t1 —t2|<m—6

Plw: Wy(w, )¢ X} <P

6_
= i le (m>4E sup W (t) — Wy, (iTm~%)[*
m=1 =0 L5 iTm=6<t<(i+1)Tm—6
o 4
m
Scn; <L> (Tm=®)"m* Lgﬂ;m2

Therefore choosing L? = 4= (34 #)71 we obtain that P{w: Wy (w, ) € ¥.} > 1 - £.

Step 2: To find an X. € L>(0,T; W~1°°(D)) that is compact, such that P(p" ¢ X.) < .
For this, we introduce the space Y! with the norm

)

L (0,T;H-1(D))

. dy
||yHy1 = ||y||L°°(OTL°°(D)) + ot

9y
ot

then V! is a Banach space. For q > 0, E||y||qLOC(07T;LOC(D)) < C and IE’ (O H-1(D) =

define Hy”yﬁ as the space of random variables y endowed with the norm

1
q

L“(O»T;HI(D))>

We choose X, as a closed ball of radius 7. centered at 0 in L>(0,T; W ~1:°°(D)) with the norm
[[ly1- By Propos1t10n then X, is compact.
It follows from (3.7] 1_' and Chebyshev’s inequality that

i Ayl
HyH)}é = (EHy”%“(O,T;LO"(D))) + EH@{;

P ¢ X2) = P (Io" s > 72) < —E (I0"131) < = lyllys < —

Choosing 7. = 4Ce™!, we have P(p" ¢ X.) < £. Then P{w: p"(w,") € X.} >1—%.
Step 3: Find a Y. € L?(0,T; L?(D)) that is compact, such that P(u™ ¢ Y.) < £. For this, we
introduce Y? with the norm:

T
lylly2 == sup [[y(t)|[r2p) + (/ ||y(t)||%/d8>
0<t<T 0

ro :
+</ e+ 0) = yOI2, -1 5, ) ,

2
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then Y? is a Banach space. For 1 < p < 0o, Esupy<;<r ||y(t)||L2(D) <C,E (fo ly(t ||Vds) e
2
and ]EfO Uyt +6) — (t)”W’l’%(D)dt < C, define

I

e

2

1 T

+ E( / ||y<t>|2vds>
T—6 3

+E< [ w0 - _13(D)dt> |

Choose Y as a closed ball of radius r. centered at 0 in )2 W1th the norm ||-||;,>. Then Proposition

- 14.1] yields that Y; is compact in L2(O T; L?(D)). From and Chebyshev’s inequality, one
deduces that

Il = (s 1o(o)eco )

P(u" ¢ Ye) = P ([u"]ly. >17) <

ot Q

n 1
E (lu"lly2) < = llyllyz <

mﬁ\‘ —_

Choosing 7. = 4Ce™*, we have P(u™ ¢ Y.) < %. Then P{w u(w, )€Y} >1-%
Step 4: Find a Z. € L*(0,T;W~**(D)),0 < a < {5 that is compact, such that P(p"u™ ¢
Z.) < §. To this end, define the space V3 with the norm

1
2

T—6
R - 2
Iyl = WO, 5 o e oy * ( / Iyt + ) y(t)HV,dt) ,

then y3 is a Banach space. For 1 < p < oo and y such that E|y(t )Hi 0514 (D)) < C and
3 4

IEf y(t+0) —y(t)||3dt < C, define

5 T—6 3
Iolye = (EIO s o) +E</ ||y<t+a>—y<t>||%/dt> .

Take Z. as a closed ball of radius 7. centered at 0 in Y* with the norm [[-||ys. From Proposition
it holds that Z. is compact in L2(0,T; W~%2(D)) . On the other hand, (3.55) and Chebyshev’s
inequality imply

C

7, n 7, 1 ~ 7, n 1
Plpu ¢ Z) = P (|07 lys > 72) < 2B (I0"u"lys) < = Iyllyg < =
1> o 1>

|

Choosing 7 = 4Ce™!, we have P(p"u" ¢ Z.) < £. Then P{w : p"u"(w,") € Z.} > 1 — %.
To summarize, we can find suitable 6 such that

Plw: W, eX pte X, u" €Y, p"u" €Z.}>1—e.
Hence
M. x XexY.xZ)>1—e. (4.1)

Since Mn(Z x [0,T]) endowed with the Prohorov’s metric is a separable metric space, by Theorem
3.2 in [59] pp.29], then it holds that the distributions of the family {m,,n € N} are tight on
Mn(Z % [0,T]). Therefore, it follows from Corollary 1.3 in [47, pp.16] that the distribution of the
joint processes

{(Wn(WJ ')7 ﬂ—n(w7 ')7 pn(w7 ')7 un(w7 ')u pnun(w7 )) ‘ne N}
are tight on S. The tightness property of II" is thus proved. O
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4.2. Convergence.

In this subsection, we shall pass to the limit directly to get the solution. The following proof
differs from the approach of Da Parto-Zabezyk in [21I]. It is based on the method used by Ben-
soussan in [2]. In the above Subsection, we know that II" is tight on the space S = C(0, T; R?) x
My(Z x [0,T]) x L®(0,T; W=12°(D)) x L2(0,T; L*(D)) x L2(0,T; W=*2(D)), 0 < a < .
According to Jakubowski-Skorohod’s theorem, there exist a subsequence {n;}, and a probability
space (£, F, P) and random variables (WnJ s Ty s P, U, prau"s ); (W, p,u, h) with values in S,
such that the probability distribution of (Vi/nj,frnj,ﬁ"f ,a, pig™) is 11" and the probability
distribution of (W, , p,u, h) is a Radon measure, and

(Wn7,7rn7,p ui, ptia™ ) — (W, p,u,h) in S, P—a.s. (4.2)

Here W is &, = a{p(s),u(s), W(s), m(s) }o<s<t-standard Brownian motion. In fact, we need to
prove that for s <t and i2 = —1

. 2
E [exp {iA(W(¢) — W(s)}] = exp (_)\Q(t - 5)> . (4.3)
It is sufficient to show that
E [exp {i\(W(t) — W(s)} |:°rs} = exp (—)\2(t - s)) . (4.4)

Here E denotes the mathematical expectation with respect to the probability space (Q,ﬁ’, P)
Note that if X is F measurable and E(|Y|), E(]XY]) < oo, then

E(XY|F) = XE(Y|F), BE(Y|F)) = EY). (4.5)
Thus
E(XY)=E (XJE(Y|3")) . (4.6)
Using (4 , we can prove if the following equality is satisfied.

. 204 _ g
B exp AV (0) — IV ()} A g, W] = exp (2=

for any continuous bounded functional A(p, w, W, ) on S dependlng only on the values of p, u, W,
on (0,s). Since W, ;(t) = Wiy, (s) is independent of A(p"7, 4™ WnJ,ﬂ'nJ) and Wn is a Brownian
motlon then we have

It [exp{z'A(an (t) = W, () A (5™, 0™, an,frnj)}
= B [exp{iA(Wa, (t) = Wi, (s)}| BIAG™ %, W, 7)) (4.8)

2
= exp <_>\(t28)> E(A(pm RTER an , ﬁ-nj ))
Taking j — oo, and the continuity of A imply ([@&7). Then W (t) is a F;-standard Brownian
motion.

For a random measure n on Z x [0,7] and for any A € Z, where Z is the Borel sets on Z,
define the measure valued process N, (t) by N, (t) = {A+— N,(t,A) :==n(A x (0,t])}, t € [0,T].
We have the following proposition:

)mA(p,u,W, ), (@7

Proposition 4.2. 7r,; and 7 are time homogeneous Poisson random measures on B(Z) x B([0, T])
over (Q, F, P) with intensity measure p.

Proof. We shall prove the Proposition by the definition. Since 7, and 7, have the same distribu-

tion and , is a time homogeneous Poisson random measure, from [9, Proposition A.5, Remark
A.6], it holds that 7, satisfies (1)-(3) of Definition [2.2]
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Therefore, we only need to prove that 7, satisfies (4) of Definition with the filtration
F, = o {W(s),7(s), p"(s),u™(s ),pu;0 < s <t} te(0,T]. To this end, fix n € N,to € [0,7] and
to < s < t. The definition of ”J"t implies that T, 1S fﬂ adapted. Then it remains to prove that
X, = Ni, (t) — Nz, (s) is independent of Fy, .

It follows from (2) of Definition [2.2f that the random variable X, = = N;, (t) — Nz, (s) is in-
dependent of N, (to), hence we only need to prove that X, is independent of 5™ (r), 4" (r) and
p(r),u(r) for any r < t.

Fix r € [0, to] Since the distributions of (Wn,frn,ﬁ”,’&") and (W, m,, p™,u™) are same,
then ‘C(p ‘[O r], U ‘[0 r]a ) - ‘C(p |0'f‘ |[O,T]7Xn)7 where X, = Nﬂ'n(t) - N‘ﬂ'n(s) and [’(h)
denotes the distribution of h. Note that 7, = 7 (see [9, Theorem D.1]), (p™,u™) is the so-
lution of the stochastic approximation equations, then it is adapted to the o-algebra gener-
ated by 7,. Therefore P"[0,7:u"|j0,r] are independent of X,. From [J, Remark A.6] and

(p |[07“]7 |[07“]7 ) - ‘C( D
pendent of X,. By [9) Lemma 9.3], it holds that X,, is independent of p|jg ., uljo,r. Since
m(w) = 7p(w) for all w € Q© and n € N, then 7 is a time homogeneous Poisson random mea-
sure. (]

Xn), one can deduce that p"|(g ), 4" (o, are inde-

Now we need to prove that (an,%nj,ﬁ”f ,u") satisfies the equation (3.1)), that is,

t
P[5 (1)) + / P [div (50 @ i) — AT ds
0

t t
=i O+ | [ amds [ et i )b, (4.9)
0 0

t
pr / / FUF (i (2, 5-), 2) Fo, (ds, d2)
0 J)zlz<1

t
pr / / G (i (2, 5-), 2) o, (ds, d2),
0 ‘Z‘Zzl

where P" : L?(D) — X, is the projection onto X,,. To this end, we define
t
&) =P p"u(t) — p"u"(0)] + / P [div(p"u” @ u™) — vAu"]ds
0

o [[ s /t ]
/ /zZ<1 (,5-), 2) n(ds, d2)
/ /z>1 (z,5—),2) ™ (ds, dz),

and
T
27 = [ e syt
Of course
Z" =0, P—a.s.
Let

t )
€M (t) = P [p" 0" (t) — p 0" (0)] + / P [div(,sn’ WV @) — vAGY | ds
0

t ¢
_Pp" [/ ﬁnjf(s’,&nj)ds—f—/ P g(s,u" )deJ]
0
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t ~
n oM j ° T o
-P / / prIF (U (z,5—), 2) 7T, (ds, dz)
0 Jlz|z<1

t
_ IP”/ / G (A (2, 5-), 2) o, (ds, d2).
0 |Z|Zzl
and
o T o
27 = [ 1€ Ol ot
0
We have the following proposition:
Proposition 4.3. Z" =0 P — a.s., that is, (an,%nj,ﬁ"-f,ﬂ”i) satisfies the equation (3.1J).

Proof. Here the difficulty comes from the presence of the stochastic integrals in Z™. By Theorem
2.4 and Corollary 2.5 in [10], we can infer that

L(p" u™ € Wiy, mn) = L(F™ 0™ €, Wi, 7on,)- (4.10)

Note that Z" is continuous as a function of 5"7’ if 4™ belongs to a finite-dimensional subspace
of HY(D). In view of (4.10)) and the continuity of Z", one deduces that the distribution of Z"
is equal to the distribution of Z" on R, that is,

Ep(Z7) = E¢(Z™), (4.11)

for any ¢ € Cp(Ry), where Cp(X) is the space of continuous bounded functions defined on X.
Now, let € > 0 be an arbitrary but fixed number and ¢. € C,(R;.) defined by

e = L, 0<y<g
c 1, y>e.

One can check that

b ze)= |

Q

o
n;

U o) 2" dP < / Lio,¢] dﬁ+/ 1 o) 2™ dP.
Q Q

€
Hence by the definition of E(Z™), we can infer that
P(2" 2 ¢) < B.(2),
which, together with implies that
P(Z"% > ¢) < E¢.(Z2™).

By the fact that (p™,u™, W,,,) satisfies the Galerkin equation, from the above inequality, it
holds that

P(Z% > ¢e) <E¢.(Z™) =0, (4.12)

for any € > 0. Since € > 0 is arbitrary, from , we can infer that
Z" =0 P—as. (4.13)
It follows from that (an,frnj, P, ") satisfies the equation . O

Now, we want to pass to the limit directly. To this end, we need the following proposition and
lemma (see [41, Chapter 3]).

Proposition 4.4 (Uniform integrability). If there exists a nonnegative measurable function f in
R*, such that lim % = 00 and sup,cp E[f(|Xa])] < 0o. Then {X,,a € I'} are uniformly

T—00
integrable.
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Lemma 4.2 (Vitali’s convergence Theorem). Suppose p € [1,00), {X,} € LP and {X,,} converges
to X in probability. Then the following are equivalent:

(1) X, 5 X;

(2) the variables | X,|P,n € N are uniformly integrable;

(3) E(|Xn[?) = E(X7).

Let us denote the subsequence (p™,4"),5 > 1 by (p™,u™). Since (p"™,4") and (p™,u™) has
the same distribution, thus by (3.44)) and (3.45), we have

o 2p
It HWW” <c, 414
sup ( sup P LQ(D)> < (4.14)

0<s<T

T
supE (/0 ||V&"(s)\\iz(D) ds) <C. (4.15)

Proof of Theorem[I.1 In order to prove Theorem [I.1] we will break the limits into deterministic
and stochastic parts. First, we pass the limits of the deterministic parts and finally pass the
limits of the stochastic parts.

Taking the limits of deterministic parts: Note that p” € L*(€2; L>(0,T; L>(D))), then

p" — p weakly star in L*(Q; L®(0,T; L=(D))), (4.16)
and
o on 4
E sup [5"]14 -1 py < C- (4.17)
t€[0,T]
This together with Proposition (4.2) and Vitali’s convergence Theorem implies
p" — p strongly in LQ(SOZ; L0, T; W=1°(D))). (4.18)

By (4.15) we can infer that the sequence 4" contains a subsequence, still denoted by 4", that
satisfies

4" — u weakly in L2(; L?(0,T; H'(D))). (4.19)
Similar, by the fact p"(w) € L>=(0,T; L>°(D)), in view of (4.14)), it holds that
@ — u weakly star in  LY(€%; L>®(0, T; L*(D))). (4.20)

Let us consider the positive nondecreasing function f(x) = 22 in Proposition The function

(

f(x) obviously satisfies lim fo) = oo. Thanks to the estimate IoEsupte[OwT] ||i2”|\ig(D) < C,

Tr—00

we have that sup,,>; Ef(”’&n”iz(o’T;Lz(D))) < C. By Proposition we see that the family

{||un ||2L2(0,T;L2(D)) in € N} is uniformly integrable with respect to the probability measure. From
Vitali’s convergence Theorem and (4.2), one deduces that

@" — u strongly in L?(Q; L*(0,T; L*(D))). (4.21)
Next, from (4.14]), it holds that
P — h weakly star in L2(€; L>(0,T; L*(D))). (4.22)

A

By (4.14), we have I@Isupte[o’T] ||p°”fl"||iz(D) < C. This yields that Iﬁlsupte[o’T] ||ﬁ”i2"||é[,,a,2(D) <
C. Tt follows from (4.2 and Vitali’s convergence Theorem that

U™ — b strongly in L2(Q; L2(0,T; W~*2(D))). (4.23)
From the fact that [|fglly-1.6(p) < C | fllww-1.0(p) 9l g1 (py In Lemma (4.18)) and (4.19)),

then one has
prU™ — pu weakly in L2(€; L0, T; W—1%(D))). (4.24)
This together with implies that
h = pu. (4.25)
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It follows form (3.53)) that
UM — b weakly in L2(; LY3(0, T; L2(D))). (4.26)

Similarly, by the fact that |[fglly—12py < Cllfllw-1.6(p) 9/l (py In Lemma and (4.19),
(4.23) and (4.25]), we can infer that

prE " — puu weakly in L2(Q; LY (0, T; W 13(D))). (4.27)
Then h = puu. By , the continuity of f and g, Vitali’s convergence Theorem imply that

f(t, ") — f(t,u) strongly in L*(Q; L*(0,T; L*(D))), (4.28)
and

g(t,@") — g(t,u) strongly in L?(€%; L?(0,T; L*(D))). (4.29)

Taking the limits of stochastic parts: First, we show that

/0 ﬁ"g(s,&”(s))dﬁ/n(s)%/o pg(s,u(s))dW (s) weakly in L?(; L2(0,T; L*(D))).  (4.30)

To deal with the stochastic integral, we introduce the function:

G.(t) = 1/; J (t - s) G(s)ds, (4.31)

3 3

where J is the standard mollifier, G(s) = p(s)g(s,u(s)). Set G"(s) := p™(s)g(s,@"(s)). Note that
T 2 T
IE/ HGE(t)’ dtg]E/ HG(t)’
0 L2(D) 0

G.(t) = G(t) in L?(0,T;L*(D)). (4.33)
Since fot G (s)dW,(s) € L2($2; L2(D)), then for V¢ € L2(2; L%(D)), there exists a & such that

2

dt 4.32
ey (432)

and

i <¢, /0 t é”(s)de(s)> SR (e,6). (4.34)
Next, we will show that £ = fot G’(s)dW(s) Integrating by parts, we obtain
/ G ()W (s) = G (Wa(t) — / (G ()] W (). (4.35)
Letting n — oo in 7 in virtue of and ([£.29), w(; can obtain
/Ot G2 (s)dWy(s) = G()W (1) - /Ot[@s(S)]sW(S)dS = /Ot Ge(s)dW (s). (4.36)

Here the symbol “—" denotes weak convergence. Since

t 2 t
E\ [ czeans =E( / ||G2<s>||i2(mds)
0 L2(D) 0 (4.37)
R t
<k ( / IIﬁ"g(s7ﬁ”(s))I%z<D>d8> <c,
then it follows from Remark 2.1 that
t t
/ G (s)dW, (s) — / G.(s)dW (s) in L*(Q; L*(D)). (4.38)
0 0

That is, V¢ € L2(2; L2(D)), we have

(s [ t Grs)av(s)) > (o, [ t G (). (439)
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8 (o [ @) -5 (s [ cme)

ki <¢>, / Gn(s) - é2<s>1dv°vn<s>>

Note that

LR <¢, / G (s)da(s) — / t és<s>dW<s>> (4.40)

t
+& (0. [ 16.0) - Gleaw ()
0
= H1 + H2 + Hg.
For the first term Hy, the Cauchy-Schwarz inequality, (4.29)) and (4.32]) yield that

(o, [[1676) - Guoaiis) )

< (Bola) (E | [1em) - Gonains

2 2
(4.41)
L2(D)

. ) L, t 0 0 2
< (16122, E(/O e -z, ds) S0,
as n — oo and € — 0. Similar as H;, for the term Hj, it follows from the Cauchy-Schwarz
inequality and that Il:3<q5, [1G(s) —é(s)]dW(s)> — 0 asn — oo and ¢ — 0. This
together with (4.39), and implies that £ = fot G(s)dW (s). The proof of is

thus complete.
Next, we show that

/0 /ZZ<1 P" [p"F (4" (z,s—),2)] mn(ds,dz) — /o /|Z|Z<1 pF (u(z,s—),2) 7(ds,dz)  (4.42)

[N

in M2(2, [0, 7], L3(D)), which is the space of all F,-martingales M, such that I fOT ||MtH2Lg(D) dt <
oo. From (4.21) and the continuity of F (4" (x,s—),z), we can infer that P, [F (4" (z,s—), 2)]
converges to F (u(x,s—), z) in L?(Z, u; L?(D)) almost everywhere (&, s) € © x [0, T]. Thanks to
the convergence (4.16)), it holds that

P, [p"F (i" (2, 5-),2)] = pF (u(w,s—),2) in L*(Qx[0,T); L*(Z,u; L*(D))).  (4.43)

On the other hand, for any 9 € L2(§2 x [0,T); L*(Z, u; L*(D))), one has
P, [p"F (4" (x,s—), 2)], T ds,dz) — t F (u(x,s—),z),v) w(ds,dz
//|< 5 F (6500, 2] ) Falds,dz) = [ (P (). 2),v) (s d2)
:/0 /|| (B G, 5),2)) ) (e — 7)(ds, ) (4.44)

+/0 /|z|z<1 {Py, [p"F (0" (z,5—), 2)] — pF (u(z,s—),2),9¥)} 7(ds, dz).

Note that all the integrals in are well-defined thanks to the discussion above. Since 7, = 7
for any n almost surely, by [9, Proposition B.1], we can infer that the first term on the right-hand
side of goes to 0 as n — oo. It follows from the continuity of the stochastic integral (as
linear functional from M2([0, T|, L%(Z, ui; L2(D))) into M2(Qx [0, T]; L2(D))) and that the
second term on the right-hand side of also converges to zero as n — oco. Similarly, thanks
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t enor fom .
to le|221 |z|Pp(dz) < 00,¥p > 1, one deduces that [; lelzZI P [p"G (" (x,5—), )| Tn(ds, dz) —
fg flzlzzl pG (u(x,s—),2) m(ds,dz). The proof of Theorem [1.1|is thus complete. O
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