A KATO-TYPE CRITERION FOR VANISHING VISCOSITY NEAR
ONSAGER’S CRITICAL REGULARITY
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ABSTRACT. We consider a vanishing viscosity sequence of weak solutions for the three-
dimensional Navier—Stokes equations of incompressible fluids in a bounded domain. In
a seminal paper [26] Kato showed that for sufficiently regular solutions, the vanishing
viscosity limit is equivalent to having vanishing viscous dissipation in a boundary layer of
width proportional to the viscosity. We prove that Kato’s criterion holds for the Holder
continuous solutions with the regularity index arbitrarily close to Onsager’s critical ex-
ponent through a new boundary layer foliation and a global mollification technique.

1. INTRODUCTION

The motion of an incompressible viscous fluid with constant density is governed by the
following Navier-Stokes equations:

O’ + div(u” @ u”) + VPY = vAu”,
divu” =0, (1.1)
u”(x,0) = ug(2),

where the constant v > 0 denotes the viscosity of the fluid, the unknown functions v* and
P? are the velocity field and pressure, respectively. Here the superscript v is used on all
the unknowns to emphasize the dependence on the viscosity. The Navier-Stokes equations
at zero viscosity ¥ = 0 formally become the Euler equations:

Oru~+div(u @ u) + VP =0,
dive = 0, (1.2)
u(z,0) = uo(),

where v and P are the velocity and pressure of the inviscid fluid, respectively.

An important problem in the study of incompressible hydrodynamics is the vanishing
viscosity limit from the Navier-Stokes equations (1.1) to the Euler equations (1.2), which
is naturally associated with the physical phenomena of turbulence and of boundary layers.
On domains without boundary, such a problem is well-understood: given a strong Euler
solution u” € C', the Leray-Hopf solutions u” of (1.1) converge strongly in the energy
space L{°L2 to u as v — 0; see, for exmple, [3].

In the presence of boundary, on the other hand, systems (1.1) and (1.2) considered in
a bounded domain € are supplemented with the no-slip boundary condition u|sq = 0 and
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slip boundary condition (u - n)|spn = 0, respectively, with n the unit outward normal of
the boundary 9€2. The mismatch of the boundary conditions leads to the phenomenon of
boundary layer separation. Establishing the vanishing viscosity limit in the energy space
L L2 in this case is much less understood. A well-known result of Kato [26] states that,
for a strong Euler solution u¥, the vanishing viscosity limit

u’ —uf in L°°(0,T;L*(Q))
holds if and only if
T
y/ HVUV”%%FCU) dt -0 as v—0, (1.3)
0

where I'., is a very thin boundary layer of width proportional to v.

Kato’s theory is by nature conditional. Many of the known results on strong inviscid
limits are also conditioned on special properties of the solutions [1,3,11,12,27, 28, 38,40].
Some unconditional strong convergence results do exist, but with additional assumptions
on the data like real analyticity [7], vanishing of the initial vorticity near the boundary [34],
or special symmetry of the flow [29,32,33,36]. These results are for short time and for
laminar flows close to a smooth Euler solution when there is no boundary layer separation
or other characteristic turbulent behavior.

The vanishing viscosity for turbulent flows faces serious challenges and remains widely
open. Little is known about the inviscid limit even when a strong Euler solution exists for
a short time. Therefore it is natural to consider the weak Euler solutions for the vanishing
viscosity limit. One type of such weak Euler solutions is the measure valued solutions [17].
In some recent works [14,19] the authors describe sufficient conditions in terms of interior
structure functions under which the weak (L7,) solutions u” of the Euler equations can
be obtained as weak L7 , limits of «”. In [13], the authors further extend the result of [14]
to allow certain interior vorticity concentration.

The classical result of Kato [26] indicates that the anomalous energy dissipation leads
to the failure of the inviscid limit to a strong (C'!) Euler solution; while the issue that
weak FEuler solutions may arise from the inviscid limit is closely related to Onsager’s
conjecture (see, for example [5,19] and the references therein). It has been made a precise
statement that the critical Onsager’s Holder regularity exponent is 1/3, below which the
Euler equations become non-conservative [4, 15,16, 24, 25], while above 1/3 the energy
conservation can be justified [9,10,20,22]. In the works of [2, 18] the authors derive
sufficient conditions for C'* solutions under which the global viscous dissipation vanishes
in the inviscid limit for Leray—-Hopf solutions u”, with an emphasis on the behavior or
solutions near the boundary. In particular in [18] a Kato-type criterion on the vanishing
of the energy dissipation rate in a thin boundary layer of thickness O(v?) is proposed,
among other regularity conditions, where 8 = % + € near the critical Onsager threshold
a = % + €. Note that the boundary layer in the result of [18] is thicker than that of
Kato [26].

The main goal of this paper is to bridge the gap between the original result of Kato [26]
for strong C'! Euler solutions and the result of [18] for weak C“ Euler solutions. Specifically,
we will show that under certain r-dependent assumptions on the family of solutions of
(1.1), a Kato-type result with boundary layer of thickness O(v) holds for weak Euler
solutions up to Onsager-critical spatial regularity o = %—F. See Table 1 below.
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NS solution u” Euler solution u boundary layer
Kato [26] Leray—Hopf Ccl(Q) O(v)
_ CL () with o3+ (g O34+
Drivas-Nguyen [18] booL(indary regularity toc () (")

1/3+ .
Cloc (Q) with Cllo/c3+ (Q) O(V)

Our result boundary regularity

TABLE 1. Comparison of results

Let us recall the classical existence results of Leray [31] and Hopf [23]. For a divergence-
free function ug € L?, problem (1.1) has a weak solution v € C (0, T, L2)OL2 (0, T, HI(Q))
in a bounded smooth domain € for any T' < co. Additionally, u is divergence-free and the
following energy inequality holds

1 ¢ 1
/ \u”]2dx+l// / |V [Pdads < / \u§|?dz, a.e. t € (0,T). (1.4)
2 Ja 0 Ja 2 Ja

Such a weak solution is called Leray—Hopf weak solution.
Next we introduce some notation. For some (small) h > 0, we define

Q= {x € Q, dist(z, 9Q) > h} and T} :=Q\Q" (1.5)

Also, we introduce the Besov space B, () which consists of measurable functions with
the norm

e yeRr3 ly|*

We further denote H(f2) to be the completion in L?(f2) of the space {v € C°(Q;R3) :
dive = 0}, and recall the following definition of the weak Euler solutions (see, for example

[18]).

Definition 1.1. Let Q@ C R? be a bounded domain with C? boundary. We say the
pair (u, P) is a weak Euler solution to (1.2) on Q x (0,7) if u € C(0,T; H(Q?)), P €
Ll (€ x (0,T)) and for all test vector fields ¢ € C§°(2 x (0,T)) it holds that

, p=1,a€(0,1). (1.6)

T
/ /(u-@tg0+u®u:V<p+PV~g0)da;dt—O.
0 Q

Our main result is stated in the following theorem.

Theorem 1.1. Let Q C R3 be a bounded domain with C* boundary. Let {u’},~¢o be
a sequence of Leray—Hopf weak solutions to (1.1) with initial data uf and suppose that
u¥ — ug in L*(Q) as v — 0. Assume in addition that

1
u” is uni formly in v bounded in L* (0,T; BS"®(Q)) for some a € (3, 1) . (1.7)

{u” is uniformly in v bounded in L* (0,T; L% (I'y,)), (18)

P is uniformly in v bounded in L? (0,T;L> (Ty,)).
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Then, if

T
limy/ / |V [2dzdt = 0, (1.9)
0 F4V

v—0

we have that the global viscous dissipation vanishes, i.e.,

T
lim 1// / |V [2dzdt = 0, (1.10)
v—0 0 9]

and moreover, u’ converges locally in L3(0,T; L3(S2)), up to some subsequence, to a weak
solution of the Euler equations (1.2).

Remark 1.1. Condition (1.9) recovers Kato’s criterion (1.3), but now in the framework
of weak solutions with C'* regularity, where a can be taken arbitrarily close to Onsager’s
critical exponent, cf. (1.7).

Remark 1.2. As pointed out in [18], violation of conditions (1.7) — (1.9) is responsible for
global dissipation to persist in the vanishing viscosity limit. More precisely, violation of
(1.7) corresponds to a failure of uniform interior regularity, which is required for anomalous
dissipation in domains without boundaries; see, for example [10]. On the other hand,
conditions (1.8)—(1.9) provide new mechanisms for anomalous dissipation in wall-bounded
flows. In fact several numerical investigations [37,39] have been carefully performed, where
formation and shedding of vortex sheet of width v at the boundary is confirmed, suggesting
the possible failure of the Kato-type near-wall dissipation criterion (1.9). On the other
hand, in [6] Cadot et al. conduct experiments for flows in Taylor-Couette cells with smooth
walls, and found that for sufficiently large Reynolds number, the energy dissipation in the
boundary layer decreases with Reynolds number which satisfies (1.9), while the energy
dissipation in the bulk becomes dominant and stabilizes to a constant.

Remark 1.3. Also pointed out in [18], the sufficient conditions (1.7)—(1.9) may still seem
stronger than necessary, especially when a smooth background Euler solution exists. In-
stead, in this case the uniform equicontinuity at the boundary alone is enough to conclude
the convergence [18, Theorem 4]. A result like that could give a more precise description
of what sort of objects can cause anomalous dissipation at the boundary. It would be
interesting to know if under the weak regularity setting the vanishing of the near-wall
dissipation (1.9) can be replaced by such a type of condition, although this is not what
we pursue here in this paper.

The basic idea in [18] is separation and regularization: applying a cut-off function
to separate the boundary from the interior domain, and mollifying the interior velocity
field. This introduces two length scales: the thickness h of the boundary layer and the
mollification scale e. With this localization, the resolved dissipation is bounded by

t
2(a—1) V|2 .
Sl N P

see [18, Section 2.1]. Recalling the natural constraint that ¢ < h, imposing appropriate
interior regularity assumption on the solution, and setting h ~ v?, the above estimate
translates to 17281 In order for this to vanish at the inviscid limit » — 0 one has to
require that

1+28(a—1) >0, (1.11)
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which, at Onsager’s critical regularity o = %—1—, returns to 8 = %+.

The obvious obstacle in the above approach to get to the O(v) boundary layer thickness
lies in the strong constraint between the two scales € and h. In other words, if one can find
a way to “free up” the choice for € so as to improve the mollification, then it is reasonable
to hope to obtain a thinner boundary layer.

Motivated by a recent work of the authors [8], where a global mollification was intro-
duced, we design a new localization technique with additional treatment near the bound-
ary. In particular, we will start with a boundary layer of the type as in [18] and perform
a further foliation within that boundary layer, mollify the solution with different scales
in each leaf of the foliation, and then glue everything together by a partition of unity.
Such a new type of mollification generates additional cancellation effects in estimating
the resolved dissipation, allowing one to reach the O(v) boundary layer. Moreover, using
the same idea, we also show that as the solution becomes more regular (corresponding to
increasing «), the regularity requirement (1.8) near the boundary can be relaxed, and the
the boundary layer in (1.9) is allowed to be thinner, cf. Theorem 5.1.

The rest of the paper is organized as follows. In Section 2 we briefly recall some needed
analytical results, and introduce the boundary layer foliation. In Section 3 we define the
mollification and use that to regularize the system. By testing the resolved system with
suitable test functions we prove the balance of the resolved energy, from which we proceed
in Section 4 to give the proof of Theorem 1.1. Finally in Section 5 we extend the result of
Theorem 1.1 to the case when solutions are more regular.

2. PRELIMINARIES

In this section, we recall some commutator and pressure estimates, and introduce the
boundary layer foliation.

2.1. Commutator estimates. Recall the standard mollification for the function f
Toe) = /B ooy e (2.1)

with 7. being the standard mollifier of width e. A straightforward calculation gives

Vi) = - / D)V (f(x —y) — fla))dy = / V() (f(z — ey) — f(x))dy.
<(0) B1(0)

€
and hence, for f € B> with r € [1, o],
IV ellre < € HIfllpoee(q)- (2.2)

Similarly,
[ fe = fllLrae) < Ce*[|fll oo (q)- (2.3)

Lemma 2.1. Let f € Biy™(Q), g € Bry™(Q), and let 1 < 7, rq, r9 < 00, % + % =1
Then there exists some C > 0 such that the following holds

1(f ®g)e = fe @GellLr(ae) < C€2a||f||3?1*°°(9)||9||B$3°°(Q)- (2.4)

Proof. Inequality (2.4) is nothing but the commutator estimate in [10]. Here we give an
outline of the proof.
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Let 6f(z,y) := f(x —y) — f(z). By (2.1) we compute for every z € QF,
(fege—fe®T

=/ 0f(w,y) @ dg(x, y)ne(y)dy — (/ 5f(:v,y)m(y)dy> ® (/ 59($7y)ne(y)dy>
Be(z) Be(z) Be(z)

1 1

< </ !5f(ar,y)|”m(y)dy> 1 (/ lég(w,y)l’"z'ne(y)dy> 2 + | fe— |19 —
Be(x) Be(x)

(2.5)

Integrating (2.5) over Q€ gives

/ (f@g)e— fe®T| do

T v
<c( [ nw [ 1seardsan)” ([ ot [ sterdey)
R3 Qe R3 Qe
+ C[|Fe = £l 196 = gllzre.

This together with (1.6) and (2.3) conclude the desired (2.4). O

2.2. Pressure estimates. The pressure P” appeared in (1.1) can be deduced from the
velocity u” via the Poisson equation

—APY = divdiv(u” ® u"”).
From [21, Lemma 2], we have the following lemmas.

Lemma 2.2. Let p € (1,00). Assume that v’ € L?*"(Q) and P"|sq € LP(0). Then the
pressure P¥ € LP(Q). In addition, the following estimate holds,

1P llzoe) < € (1P loallzoony + I Baney ) - (2.6)

Lemma 2.3 (Hardy-type embedding [30]). Let p € [1,00) and f € WyP(Q). Then

f(z)
dist(x, 0Q)

where C' depends on p and €.

< CIV e
Lr(Q)

2.3. Boundary layer foliation. For o € % % we define the following sequence

ﬁg =0 and 6;: = < + Bn—l) ) n= 172737 . (27)

Clearly, {3} is bounded and strlctly increasing, and
1
8% = lim B = 5 >1 if 7<a<§.

i n—oo' " 5 — 6o 3 6

Hence there exists some finite number

N(a), «ac€ <;,;] ,

15
1 -z
Y ae (2’6)’

N = (2.8)
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such that

0=45 <Pr<f3<--<PBy_1<1<PBy (2.9)
In light of (2.7)-(2.9), we define, for any « € (3,1), an increasing sequence {3, }_; such
that

0=0<f1<Pa<--<PBn-1<Pny:=1 and (2.10)

1 1
Bn < 20 —a) (1 + 35111) ; (2.11)

where N is given in (2.8).
The purpose of introducing the sequence {3,,} is to design the following decomposition
of the boundary layer. Note that, when n = 1, (2.11) reads 1 < ﬁ, which agrees

with (1.11). Next we decompose the inner region of 2 as
Vi= Q2" v, = 02 2 Ghen 2 < < N (2.12)

see Figure 1.

20/
FIGURE 1. Decomposition of €2

It is easy to check that, for v small enough,
CvPmaxtem) if |k —m| = 1,

‘ (2.13)
0 if |k—m|>1,

meas (V,,) < CvP=1  meas (V, NV;,) < {
see Figure 2.
With the above decomposition, we have the following proposition.

Proposition 2.1. Let {£,}N_| be a C! partition of unity subordinate to {V,}N_, such
that

N
ptén C Vo, 0<6 <1, Y &=1. (2.14)
n=1
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n>2 "/;Lmvn+]_‘ ~ PPt
T Vﬁn+2 + I/Bn+1 < Vﬁn :> Vn m VTL+2 — @7
QVanl Vn f
* I 2 i,
21/ oy Bt Qv Vit2
v 20/Pnt4
o0 o0 0N

FIGURE 2. Foliation of 92

Then, it follows that, for 0 <n < N,
V(én+6En1)? =0 if 2€VyNVpr1, and V& =0 if € Vy\ Uiz, Vi,  (2.15)

where we define

N (&
Vil = (U Vn> and Vp:=@. (2.16)
n=1
Proof. From (2.14) and (2.13) we know that
(én + én-l—l) ‘Vann+1 = 17 én‘vn\ui;ﬁnvi =1
Therefore (2.15) follows trivially by differentiating the above. O

3. REGULARIZATION AND RESOLVED ENERGY BALANCE

In this section, we define the mollification and regularize the system, and then derive
the balance of the resolved energy.
Forn=1,..., N, define

B [t =pfwods, wevinvi,
oz, t) := (3.1)
[ tste =000y @€ Van Vi
From (2.13) we know that
fo=for1 on VN V. (3.2)
From (2.2)-(2.3), it holds that, for p € [1, c0),
CVB"(O‘_l)Hf”Bg’“(QV)a r € VN Vi,

IV FallLo vy <
LP(Va) Cyﬁn+1(a—1)Hf”BS,OO(QV)’ z €V, N Vi,
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and
_ Cvoo|| fllpeeary, @ € VaN Vi,
[ fr = flloevyy < 0B
Cp*Pn+ HfHBg’OO(QV)7 S Vn N Vn+1.
With (3.1), we deduce from (1.1) that
ol + div(u’ @ u’), + VP! =vAuZ, Yz eV, (n=1,...,N).
Multiplying it by &, and summing up imply that

N N N N
Oy (Z gnu;> +) Gudivu @ u¥), + > GVP =vY &Aur, YzeQ¥. (35)
n=1 n=1 n=1 n=1

To deal with the boundary contribution, we introduce a smooth cut-off function 6(z) in
Q such that,

0<O(x)<1, Ox)=1if Q¥ Ox)=0 ifz¢Q%, and |Vl <4 ' (3.6)

Next we wish to test (3.5) by 6(z) (Zﬁ;l §nﬁ) to derive the resolved energy balance.
However, this test function fails to be solenoidal, and hence cannot be used as a legitimate

test field for Leray-Hopf solutions. Therefore, to make our argument work we must appeal
to the following theorem:

Theorem 3.1 (Theorem 1, [35]). Assume that 2 is an open, bounded domain with C*
boundary OS2, and u is a Leray—Hopf solution of (1.1). Then there exists a pressure field
P e L0, T; Wh3(Q)) with

3 2 4 3

212y Z = 3.7

s r 3= Sy (3:7)
such that for all p € C§°((0,T) x §)

T
/ /(u-@tcp—i—u@u:Vgo—i—Pdivcp—i—Vu'Ago)dfvdt:().
0 Q

This way we can multiply (3.5) by 6(z) (227:1 fn@) and integrate over Q x [0,7],
leading to

(3.8)

/ / (Z 5”“”) <Z 2T Zﬁndlv (w @ u”), Zgnvpv) dudt.

n=1

The main result of this section is the followmg.

Proposition 3.1 (Resolved energy balance). Under the same hypotheses as in Theorem
1.1, it holds that

313%/ / (Z §nu”> <Z EnvAul — Zﬁndw (u” @ u¥)y, Z{nVP”> dxdt = 0.

n=1
(3.9)
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Proposition 3.1 is a direct consequence of Lemmas 3.1 — 3.3 below.

Lemma 3.1 (Resolved dissipation). Under the same hypotheses as in Theorem 1.1, we

have
T N N
lim/ /9 &nu? EnvAul | dxdt = 0. 3.10
i [ o (Se) (3 10

Proof. Owing to (2.13) and (2.14), we find
Eelm =0 if [k —m| > 2. (3.11)

Integration by parts then gives

T N N N T
v /0 /Q 0 (; &u%) (;gnaug> dodt=v /O /Q Ok Emul Nu, dadt

km=1
T E—
=-v 3y / / 0&1.E, VUl NV uy, dedt — v
0 Q
|

|k—m|<1

2> /O ! /Q OV (E&m)uf Vu, drdt.

|k—m|<1

T
Z / / VO&kEmuVul, dzdt (3.12)
0 Q

k—m|<1

The terms on the right side of (3.12) are treated as follows. First, it follows from (1.7),
(2.13), (2.14), (3.3) that, if [k — m| = 0,

T
/ / + / 06,V Ul Vuy ddt
0 VienViga VkﬂVkC+1

T
U112 2 |12
< Cv /0 (12 o IV i) + 1R N oo, IV 2 v, )

T
v / / 9§,§vu,gvugdxdt‘ =
0 Q

T

T
1 —_— 1 — N2
= <l/36k+1 /0 HVUZH%S(VkﬂVkJrI) dt + s /0 HVUZHLS(VkﬂVkCH) dt)

T
1 _ 1 _
< Cv (y35k+1+26k+1(a 1) 4 3Pe—1+2Bk(a 1))/0 HuV”%g,w(Qy) dt (3.13)
< Oyt sBe-1+2Bk(a=1)

If |k —m| =1,
T JR—
‘—y / / 084 VUl VT, d:cdt‘
0 Q

T
<Cv / VRl 28 (v I VU | 28 (Vi) 1€6Em | L3 (Vi v, dE
0 (3.14)

< C 1+Bmax{k m}(%-‘rQ(OA—l)) T V2 dt
N ’ . I ||B§"’°°(QV)

S C’y1+ﬁmax{k,m} (2047%) .
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Thanks to (1.7) and (2.10), we know that

1 5
1+ gﬁkfl + 26k<0‘ - 1) >0, and 1+ /Bmax{k:,m} <2a - 3) >1- 5max{k,m} > 0.

Hence, from (3.13)-(3.14) we conclude

3135 Z / / 0&1Em VUVl dadt

m|<1
g — (3.15)

< 1 UNT UV .
< ’113%) Z + Z V/O /99§k§mVukVum dmdt‘

[h=ml=0  |k=m]|=1
S C lim Z <V1+%Bk—1+2ﬁk(a_1) + V1+/8max{k,m}(2afg)) =0.

v—0
lk—m| <1

Second, observe from (3.6) that § = 0 if x ¢ Q* NTy,. Then, utilizing (3.4), (1.7),
(3.6), and the Hardy-type inequality, it follows that, for small v,

> / / VOEEmul NV ur, dedt = v / / VO R, VR, drdt
Q

2
|[k—m|<1 YNl

1

1
2 T 2
v|2 2 1% V|12 v 2
< <u/0 /mey V| da:dt) <1//0 190120 vy 75, — 2y + N v9||L2(F4y)>
T _ 3 T ) 3
< (V/O /Q|Vul]’v\ dxdt) (V/O v a*§||u"HB?,oo(Ql,) + HVUVHLQ(F@))
1
T 2
<C<y1+<2a—§>+u/ / |Vu]”v|2dt) . (3.16)
0 F4u

Thanks to (1.7) and (1.9), we take v — 0 in (3.16) to get

hr% Z / /vegkgmugvuv dzdt| = 0. (3.17)

[k—m|<1

Finally, thanks to Proposition 2.1 and (3.2), we infer that

T
[ e
0 Q

|k7m|<1
—Z / ( [+ )W(&%)uzwzdxdt
VienVi—1 VienVi41
N-1
+Z / / V(ér€rr1) (uf o Vul +ufVuy ) dedt (3.18)
=1 VkﬂVk-H

N
=> v / ( / OV (&) urVul dx + / GV(gz)ugHvugﬂdx> dt
k=1 0 VenVi—1 VkﬁVk.}rl
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+Z / / V(261 U VI dadt
VkﬂVk+1

VkﬂVkH

where the second equality is due to (3.2), and the third equality comes from relabeling

and (2.15).
As a result of (3.12), (3.15), (3.17) and (3.18), we conclude (3.10).

g

Lemma 3.2 (Bulk energy flux). Under the same hypotheses as in Theorem 1.1, we have

T N N
lim /0 /Q 0 (; gn%) <n; fndiv(u”@)uV)n) dxdt = 0.

Proof. By (3.11), integration by parts leads to

K (i f) (isdw) dodt

Z / /efkfmukdlv u’ @ u¥ )y, dedt

|[k—m|<1
Z / / uV Qul, — (v’ @ u¥)m ):V(@gkgm@) dadt
|[k—m|<1
[ e o
|k—m|<1
We claim
hm Z / / uV Q@ uY, — (v’ @ u¥)m, ) 1V(95k€m17%) dxdt = 0.
\k m|<1

(3.19)

(3.20)

(3.21)

In fact, we notice from (1.7), (1.8), (3.6), (1.4), (3.4), and the Hardy-type inequality that

Z / / uy @ ug, = (@ ) >¢(V9)fk€mfgdxdt

m|<1

| /\

IN

N|=

IN

Cv

T . T 3
</ y<2a*§>|yu'/||23§¥,oomy) dt +/ / |V ? dxdt)
0 0 F41/

1
2
</ / da:dt) (/ / IVO(uy, — u” +u )]2da:dt>
FQVﬁQV 4, N2V
1 1
3T 2
C <y/ Hu”]‘im(my)dt) (/ 3 — | dt+/ / |V0u”|2dxdt>
0 0 0 T4y

(3.22)
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SC(I/ —|—1// / ]Vu”]Qdmdt)
T

This, together with (1.7) and (1.9), implies that

lim Z / / u” ®ul, — (¥ @ u¥)m ) t (VO)&r&muf, dzdt = 0. (3.23)

1/~>0
m|<1

Next, from (2 14), (1.7), (3.3), and Lemma 2.1 we have

Z/ / W @ — (@ u)y ) 06V dadt

< C Zk:/o ”uilk/; & Ufl]é — (uV X uy)kHL%(Vkak+1)||vuil’;||L3(Vkak+1) dt
T [— [— —_— —

+ Czkj/o |uf ® uy — (v’ @ uV)k|’Lg(Vka]:+l)HVuk|]L3(Vkﬂch+l) dt
T
28110+ Pk11(a—1) 2Bk a+LBr(a—1) v3
< CZ/O (u K+ 10HBk11 + p2BratBr )HU HB?"’O(QV)dt

S C Z Vﬁk(3a—1).

Similarly,

T _
/ / (@@@— (u”@u”)m) OGSy dadt| < C Y pmaxm e,
0 Q

|[k—m|=1
The above two inequalities and (1.7) guarantee that
35% Z / / u” QU — (U’ @ u¥)m ):agkgmvuk dzdt| = 0. (3.24)

m|<1

By Propositlon 2.1, the same deduction as (3.18) yields that

/ / u” ®RuY, — (U’ @ u¥)m, ) OV (Epm)uy, dadt
|<1

= Z / / u,m Ruy, — (W ® u”)kH) OV (& + &y + 26kbpr) dadt
VienVi41

(3.25)

As a result of (3.23)—(3.25), we conclude (3.21).
It remains to control the last integral appeared in (3.20). By the fact divu? = 0, we
deduce that, if |k —m| =0,

) / /U” ®@up, : V(0€kEmuy) dedt = Z/ /|“k|2“k (0€2) dwdt

|k—m|=0
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1 N T 1 N T
=32 [ e vodsar 37 [ g - vieh et
k=1 k=1

Lo~ [T [ rpo— 1 s (7T o
:Z/ / P ek - VO dwdt + 5 / / Ofuf |2} - V(€3) dadt
2k:1 0 Jv 2k:1 0

Vi—1NVg
1L T -
T 9 Z/ / 9’“Z+1|2uZ+1 - V(&7) dadt (3.26)
k=1 0 ViV
1N T | N=1 T
=3 Z/ / |u%\2§zuz - Vo dxdt + 5 Z / / 9|“Z|2UZ . V(&% + 51%“) dadt
k=170 Vi =1 0 JVinVis

1T S o
+/ (/ GIUTIQUT-V@%)CIH/ 9]u”N|2u”N-V(§]2V)dx) dt
2 0 VonVy VNQVN+1

1L (T N-1 .7
=3 Z/o ” |UZ|2§I%uZ - VO dxdt — Z /0 / 9|“Z|2UZ VY (Epligr) dadt,
k=1 —1

VinVisa

where the third equality is due to (3.2) and (2.15); and if |k —m| =1,

T
S [ e veas.m) da
=] =170 79

N-1 .1
- /0 /V - Uy g @y V(2088 1uy ) dedt
k=1 kW41
N-1 .1
- /0 /V . Py - V(06kErsr) dadt (3.27)
k=1 EMVE+1
N-1 .1 - -
= /0 /V . (‘UZ—HPUZ—H - VO(Eklra1) + 9’u2+1|2uz+1 . v(£k§k+l)) dadt
k=1 EMVE+1
N—-1 .1
) /0 S (R 906 + O - 9 (€uin)) dr.
k=1 MVi4+1

Combining the above calculations together and applying Lemma 2.3 we have

T
Z / / ul, @ ub, : V(0&kEmuy) dadt
0o Ja

|k—m|<1

1L T N-1 ,r
k=170 Vi =1 70 JVinVig

IN

T
C/ / |up*|uf, - V0| dzdt (3.28)
0 T, NOQY
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T 1/2
gc( / [u”]| oo (1, dt) (/ / yvuV|2dxdt>
0 F4l/

From (1.8) and (1.9) we conclude that

lim Z / / ur, @ uf, : V(0&k&nuy) dedt = 0. (3.29)

ml<1
Taking (3.20)7(3.21), and (3.29) into account, we complete the proof of Lemma 3.2. [

1/2

Lemma 3.3. Under the same hypotheses as in Theorem 1.1, we have

T N L N o
lim /O /Q 0 <;§nug> <nzl gnvpg> dzdt = 0. (3.30)

Proof. The proof is a slight modification of that in Lemma 3.2, and hence we omit it
here. O

4. PROOF OF THEOREM 1.1
In this section we prove Theorem 1.1.

4.1. Vanishing of global dissipation. We aim to prove the validity of (1.10). The
combination of (1.4) with (3.8) generates

0<2y/ /]Vu”|2
f;AWW—A%ﬁﬁMMY-+AQ AL (1)

N
+ 2/ / <Z §nu"> (Z EqrvAul — anle u’ @ uY), z:lf VP,{)

14
nun

= I+ I+ 1.
First, from Proposition 3.1 it follows that
lim IIT = 0. (4.2)
v—0

Next, basic properties of mollifier 7,5 ensure that

‘/%%m%wé/’%Fé/hﬂ?

Q Vi Q

§ /efkfmuk /95%'“'{2_/ ”U,V’2
Q Q

2<k+m

Then,

1 1
_ 2 —9\?2
<o me) ([ @) sef e
Vkm‘/;n Vkm‘/ﬂl FQVﬁl
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and hence the uniform bound of u” in L>(0,T; L?) implies that
lim IT < C lim lu”|?dz = 0. (4.4)
v—0 v—=0 Jr

2V61
Finally, since

/‘U0’2 /951 uf)1 ‘/ \u()]? / 1&%,@,2
< g 0 o, = DT | [, (ol - )

< 2ljuoll2(r, 4, ) + Clluoll 2@y l[uo = (gl 2 o

< 2lluollzar, 4) +C (HUD = (o1l o oy + lluo = U5\|L2(Quﬁl))
—0 asv—0,

then the strong convergence of u to ug in L? guarantees that

: V|2 27V 12|
tim | [ sl [ ogtithi| = o.

This allows us to deduce that

hm |I| = hm / lug|? — Z / 0&kEm (ug)k (ug)m
<ty | [ Ju? - / O]+ Y lim \ | 66t )| o
st Q 2<k+
where in the last equality we have used
hm ‘/ 0§k§m )m‘ = 07

2<k+m

which comes from (4.3)—(4.4). As a result of (4.1)—(4.2) and (4.4)—(4.5), we obtain the
desired (1.10).

4.2. Convergence to Euler solutions. Under the assumptions in Theorem 1.1 and
Lemma 2.2, there exist some functions (u, P) such that, upon to some subsequence,

w’ = in L3(0,T; BY®(Q¥)) N L0, T; LA(Q)), P — P in L2(0,T;L2(R)). (4.6)
Thanks to (4.6) and (1.4), we have
O’ = vAu’ — VP — div(w” @u”) € L2 (0,T; W2 (Q)),

and moreover,
u” = in L0, T; LX(92Y)) N C ([0, T), Liear(9)) (4.7)

owing to the compactness results. In addition, it follows from (1.4) that, as v — 0,

1

1
T 2
vVu” - ch' < Cv? <y/ HVu”H%g(Q)) — 0. (4.8)
Q 0
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Having (4.6)—(4.8) in hand, we easily check that u solves Euler equations (1.2) in Q2x (0, 7).

5. BOUNDARY LAYERS FOR SMOOTHER SOLUTIONS

The boundary layer I'y, in (1.9) of Theorem 1.1 in fact holds for all @ > . The
emphasis of the previous analysis lies in determining the boundary layer for solutions near
the critical Onsager’s regularity. On the other hand, when the solutions are more regular,
the hypotheses in Theorem 1.1 can be relaxed, and the boundary layer can be even thinner,

as is shown in the following theorem.

Theorem 5.1. Let Q C R3 be a bounded domain with C* boundary. Let {u’},~o be
a sequence of Leray-Hopf weak solutions to (1.1) with initial data ug and suppose that
u¥ — ug in L*(Q) as v — 0. Assume in addition that (1.7) holds, and

u” is uniformly in v bounded in L* (0,T; LP (T'y,)),

o . ) v (5.1)
PV is uniformly in v bounded in L (O, T, L2 (I’4,,)> )
with p > 3;11. Let a > 1 be such that
3 1 ) 5
a<m, when §<a<6; a < 0o, when 6§o¢<1. (5.2)
If
T
lim 1// / |V [2dzdt = 0, (5.3)
v—0 0 F4l,a

then, the global viscous dissipation vanishes, i.e., (1.10) holds true. Moreover, u” converges
locally in L3(0,T; L3(S2)), up to a subsequence, to a weak solution of Euler equations (1.2).

Remark 5.1. As a — %Jr, Theorem 5.1 recovers Theorem 1.1. But as « increases, we
can relax the regularity requirement on the boundary, cf. (5.1), and the thickness of the
boundary layer becomes v* with a > 1. In particular, as &« — 17, the thickness becomes

arbitrarily small.

Proof. The idea of the proof is very similar to the one explained before, and hence we will
only focus on the ingredients different from those in the proof of Theorem 1.1.

First of all, we modify the construction of the increasing and finite sequence {8, }2_;
in Section 2.3 as

0=PB<fr1< - <Byv-1<1<PBn<

and
1 1

In fact, here we consider the case of Sy = a > 1 which satisfies (5.4), in stead of Sy =1
defined in (2.10).
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The “pealed-off” set V41 in (2.16) now becomes

N C
Dy =Vl = (U Vn> . (5.5)
n=1

In addition, the near boundary layer cut-off function € in (3.6) is modified as
0<0(z) <1, O(x)=1if z€Q*, Ox)=0if z¢ Q", |V <2  (56)

With the above preparations, to complete the proof of Theorem 5.1, we only need to
check the following;:

(a) Inequality (3.16) in Lemma 3.1.

In Theorem 5.1, it can be treated as

T
> v [ veasavar,
0 Q

|k—m|<1

T

[ VOV,

0 JQ2v*NIya

T 72% T 20—2 2 2
(v [ [I0a&E) " (v [ oo D o, + 190 e

0 Q 0

O
§C’<1/1+"“(2a_3)—|—1// / ]Vu]”\,|2) — 0,
0 F4Va

provided
)

(b) Inequality (3.22) in Lemma 3.2.

(5.7)

=

IN

which is valid owing to (5.4).

In Theorem 5.1, we estimate (3.22) as the following:

T
> [ [ (@ewm-wew.)  Veasar
lk—m|<1”0 7€

T CoNE /T ) T )\ 2
c([ [ ) ([ [ vowr)
0 JIyanQ2v® 0 0 JTya
1 1
T 2 T T 2
a(l1—24 v a(2a—2 v v
c(u< v /0 [ ||‘zp<rw>) (/0 v o) || e oo ey + /0 /F Vu |2>
4pa

1 4 5 1 4 T %
< (T2 =pt2em3) 4 opalel=3)=h <u/ / |w”|2> 0,
0 Jrya

IN

IN

(5.8)
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4 5 4
a<1—+2a—>>0 and a<1—>—120,
p 3 p

which holds true due to (5.2) and (5.4).

provided

(c) Inequality (3.28) in Lemma 3.2.

This can be achieved from a similar argument to that in deriving (5.8). O
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