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Abstract

In this paper we study finite deformations in a pre-stressed, hyperelastic compress-
ible plate. For small-amplitude nonlinear waves, we obtain equations that involve an
amplitude parameter ε. Using an asymptotic perturbation technique, we derive a new
family of two-dimensional nonlinear dispersive equations. This family includes the
KdV, Kadomtsev-Petviashvili and Camassa-Holm equations.

1 Introduction

A fundamental problem in nonlinear elasticity is to understand the relationship between
the three-dimensional theory and the theories for lower-dimensional objects (plates, shells,
rods, ...). There are many such theories (see e.g. [2], [8]). In this paper we consider a thin
compressible hyperelastic plate and derive the two-dimensional nonlinear dispersive wave
equation

{ut − uxxt + 3uux − γ(2uxuxx + uuxxx)}x − αuyy + βuxxyy = 0, (1.1)

where u represents the displacement in the Z−direction relative to a pre-stressed state.
There are four material parameters (denoted by γ, α, β) in the new equation which play an
important role. Equation (1.1) generalizes several well-known equations:

(1) When γ = β = 0, (1.1) becomes the regularized long-wave Kadomtsev-Petviashvili
(RLW-KP) equation (see [5]).

(2) When α = β = 0 and γ = 1, there is no y−dependence in the equation, and it
becomes the Camassa-Holm equation ([7]). So we can think of (1.1) as the Camassa-Holm
equation in two dimensions.

(3) When α = β = γ = 0, (1.1) simply reduces to the regularized long-wave Korteweg-de
Vries (RLW-KdV) equation or BBM equation ([4]).

Furthermore, if we suppose that the plate is sufficiently stiff so that it resists bending,
then we obtain the more general equation

{ut − uxxt + δuxxxxt + 3uux − γ(2uxuxx + uuxxx)}x − αuyy + βuxxyy = 0, (1.2)

where the parameter δ is related to the stiffness.
There are many one-dimensional models of nonlinear axial-radial deformation waves in

hyperelastic rods. To overcome the difficulty of nonlinearity, the assumption that the wave
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amplitude is small but finite (which means small amplitude nonlinear waves are being con-
sidered) is adopted in order to derive simpler model equations for both incompressible and
compressible materials (e.g. [19], [20], [23], [24], [9], [10], [11]). In particular, in [11], Dai
considered thin cylindrical rods and derived the KdV equation

ut + δ1uux + δ2uxxx = 0 (1.3)

as a model equation for waves of large wavelength, and

ut − uxxt + 3uux = γ(2uxuxx + uuxxx) (1.4)

as a model when the wavelength is not too large. In the two last equations, u(x, t) represents
the radial stretch relative to a pre-stressed state.

In this paper we use a similar technique as in the study of rods to study nonlinear small
but finite-amplitude traveling waves in a general compressible hyperelastic plate. To reduce
the three-dimensional field equations to an approximate two-dimensional plate equation, we
assume that the thickness of the plate is small in comparison to the other dimensions. Other
kinematic assumptions will be presented in Section 2.

The deformations we consider in the first part are small perturbations superimposed on
a pre-stressed state as follows:





x̃ = CX + W (X,Y, T ),
ỹ = BY,
z̃ = [A + U(X,Y, T )]Z,

(1.5)

where A,B,C are constants which characterize the unperturbed pre-stressed state, and W,U
are small perturbations. Using Hamilton’s principle, we get two very complicated fully non-
linear governing equations. Scaling the variables in a certain way and using a perturbation
technique, we derive less complicated nonlinear dispersive equations. The coefficients of
these equations depend on the thickness of the plate in an undisturbed configuration, on the
prestress and on material properties. Here are the main results:

(1) If we assume that the wavelength in the X−direction is large and the variation in the
Y−direction is gradual (this is called the unidimensional wave), we obtain the governing
equation

(uτ + κ1uuξ + κ2uξξξ)ξ + κ3uηη = 0, (1.6)

which is the well-known Kadomtsev-Petviashvili (KP) equation that has been developed in
the contexts of shallow-water theory and plasmas ([1], [12], [14], [15], [16]). In (1.6), u rep-
resents the displacement in the Z−direction relative to a pre-stressed state. Furthermore,
τ = ε1t

′, (ε1 ¿ 1 is a small positive parameter) where t′ is the dimensionless time, ξ = x′− t′

and η =
√

ε1y
′ (where x′ and y′ are the dimensionless space variables), and the κi’s are

constants determined by the pre-stress and material parameters.

(2) If we consider the case when the dispersive term in (1.6) vanishes and use a different
scaling, we obtain

{uτ + σ1uξξτ + σ3uuξ + σ4(2uξuξξ + uuξξξ)}ξ + σ5uηη + σ6uξξηη = 0. (1.7)
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Using the conditions σ3 6= 0 and σ1 < 0, we can of course transform (1.7) into (1.1). In
(1.1), the parameters α, β and γ are determined by the pre-stress and material parameters.
Some of the solutions of (1.1) are shock waves with infinitely steep profiles. For instance , it
is well-known in the Camassa-Holm case that there are shock wave solutions ([11]).

We point out that in the completely different context of shallow water theory, Johnson
[13] derived another version of two-dimensional Camassa-Holm equation:

(uτ + κux + 3εuux − εδ2uxxτ )x + ε2uyy = ε2δ2(2uxuxx + uuxxx)x (1.8)

where u is the fluid velocity along the x−direction, κ = 2
5

√
3
5
, ε is the amplitude parameter,

δ is the shallowness parameter and τ is the scaled time. (1.8) appears to be a special case
of (1.1). However, unlike the derivation of (1.8) which makes use of the Hamiltonian, we
derive (1.1) by a consistent perturbation procedure. In (1.8), the right-hand side is of higher
order (since both ε and δ are small.), while in (1.1) all terms are of the same order. In
(1.1) we have the βuxxyy term which is a higher derivative in x and y while in (1.8) there is
only one term involving the y−derivative. (1.8) was derived in the context of shallow-water
waves by assuming that both u and ux tend to zero sufficiently fast as |x| tends to infinity.
Such a limitation excludes the possibility of periodic traveling waves. By contrast, for (1.1),
which is derived in the context of nonlinear dispersive waves in hyperelastic plates, the only
requirement is that u and ux are bounded; hence periodic solutions may arise.

Later in the paper we make a modification of the deformation in the Z−direction in
order to include a stiffness effect. Motivated in part by the common use of second-gradient
models to compensate for the loss of dependence on the Z variable and to overcome the lack
of regularity in nonlinear elasticity (see e.g. [17], [3], [21], [22]), we describe the deformations
as 




x̃ = CX + W (X,Y, T ),
ỹ = BY,
z̃ = [A + U(X,Y, T ) + λUX(X,Y, T )]Z,

(1.9)

where λ ≥ 0 is the stiffness parameter. More detailed explanations will be presented in
Section 5. This model will lead to equation (1.2). The advantage of including stiffness is
that the solutions will be more regular. In fact, we expect that there are no shocks if λ > 0.
An analysis of the solutions of (1.2) will appear in a forthcoming paper.

The outline of this paper is as follows: In Section 2 we start with (1.5) and use the
variational principle to derive the general governing equations for small but finite-amplitude
waves. The obtained equations are fully nonlinear and contain many terms. In Section 3
we restrict our attention to long waves and obtain the model equation (1.6) which is the
Kadomtsev-Petviashvili equation, and which reduces to the Korteweg-de Vries (KdV) equa-
tion when restricted to one-dimension. Then we turn our attention to the finite-wavelength
and small-amplitude waves in Section 4. We obtain an equation which involves an amplitude
parameter ε. Using an asymptotic perturbation in ε, we derive the two-dimensional nonlin-
ear dispersive equation (1.1). In the last section, we assume the more general deformation
(1.9) and repeat what we did in Section 2, 3 and 4 to get the more regular equation (1.2).
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2 Governing equations

The object we study is a wide but thin plate composed of a compressible hyperelastic mate-
rial, which has thickness 2a in its undistorted state. Material points in the solid are identified
by their position vectors X = (X,Y, Z) in the reference configuration (see Fig.2.1), while
the corresponding current position vector is denoted by x(X) = (x̃, ỹ, z̃). The second rank
tensor F = ∇x is called the deformation gradient and satisfies det F > 0 in the solid. The
product G = F T F is called the right Cauchy-Green tensor.

Figure 2.1: Reference configuration

In this paper we shall consider wave motions superimposed on a pre-stressed state. For
simplicity, we begin with a uniformly pre-stressed state described by

x̃ = CX, ỹ = BY, z̃ = AZ, (2.1)

where A,B,C are constants. Then we superimpose small disturbances W̃ (X,Y, Z, T ), Ũ(X,Y, Z, T )
along the X,Z−axes on the stretched state (2.1) (see Fig.2.2), where T is the time variable.

x

y
z

Figure 2.2: Deformed configuration

To obtain two-dimensional plate equations, we make similar kinematic assumptions as in
the literature of classical theory of elasticity ([23], [24], [9], [11], [18]):
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(a) If we expand the incremental X-directional displacement W̃ (X,Y, Z, T ) with respect
to Z (assuming that the plate is thin), we get

W̃ (X,Y, Z, T ) = W (X,Y, T ) + W1(X,Y, T )Z + · · · (2.2)

Here we only consider small disturbances so that as a first approximation we can retain the
first term in the above expansion. That is,

W̃ = W (X,Y, T ) (2.3)

and hence
x̃ = CX + W (X,Y, T ). (2.4)

This implies the kinematic assumption that each cross-sectional material plane normal to the
middle surface remains planar and normal to the X−axis. It will be a good approximation
if, along the X−axis, the bending effects in the Z−direction are negligible.

(b) Taylor expanding Ũ(X,Y, Z, T ) in Z at Z = 0, we get

Ũ(X,Y, Z, T ) = Ũ(X,Y, 0, T ) + ŨZ(X,Y, 0, T )Z + · · · (2.5)

If we assume the middle surface remains unstrained, the midplane {Z = 0} of the plate
remains fixed and the first term in (2.5) vanishes. Also assuming that the thickness of the
plate is small, we can drop the higher powers of Z so that

Ũ = U(X,Y, T )Z. (2.6)

Thus such a motion is described by the equations




x̃ = CX + W (X,Y, T ),
ỹ = BY,
z̃ = [A + U(X,Y, T )]Z.

(2.7)

Given such a deformation, we can compute the deformation gradient F and the right
Cauchy-Green strain tensor G = F T F . The three principal invariants of G are defined as
I1 = trG, I2 = tr(cof(G)) and I3 = det G and are given explicitly by

I1 = (A + U)2 + B2 + Z2U2
Y + Z2U2

X + (C + WX)2 + W 2
Y ,

I2 = (A + U)2[B2 + W 2
Y + (C + WX)2] + B2(C + WX)2

+Z2{B2U2
X + [WY UX − (C + WX)UY ]2},

I3 = (A + U)2B2(C + WX)2.

Now we suppose that the plate is composed of an isotropic compressible hyperelastic material.
For such a material, the strain energy Φ is a function of the three invariants I1, I2, I3. From
the above three expressions, it can be seen that Φ can also be regarded as a function of 6
variables, namely

Φ = φ(q1, q2, q3, q4, q5, q6), (2.8)

where
q1 = U, q2 = W 2

Y , q3 = WX , q4 = Z2U2
Y , q5 = Z2U2

X , q6 = Z2UXUY WY .
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In this paper, we consider small but finite-amplitude waves. For small qi’s, we Taylor
expand (2.8) to get the complicated expression:

Φ = (A) + Z2 · (B) + · · · , (2.9)

where

(A) = φ1U + φ2W
2
Y + φ3WX +

1

2
φ11U

2 + φ12UW 2
Y + φ13UWX +

1

2
φ22W

4
Y

+φ23W
2
Y WX +

1

2
φ33W

2
X +

1

6
φ111U

3 +
1

2
φ112U

2W 2
Y +

1

2
φ113U

2WX

+
1

2
φ122UW 4

Y + φ123UW 2
Y WX +

1

2
φ133UW 2

X +
1

6
φ222W

6
Y

+
1

2
φ223W

4
Y WX +

1

2
φ233W

2
Y W 2

X + φ237W
2
Y WXUX +

1

6
φ333W

3
X ,

(B) = φ4U
2
Y + φ5U

2
X + φ6UXUY WY

+φ14UU2
Y + φ15UU2

X + φ16UUXUY WY

+φ24W
2
Y U2

Y + φ25W
2
Y U2

X + φ26W
3
Y UXUY

+φ34WXU2
Y + φ35WXU2

X + φ36WXUXUY WY .

(2.10)

Here

φi =
∂φ

∂qi

∣∣∣
0
, φij =

∂2φ

∂qi∂qj

∣∣∣
0
, φijk =

∂3φ

∂qi∂qj∂qk

∣∣∣
0

are constant coefficients related to A,B and C.
We shall use Hamilton’s principle to derive the governing equations for the two unknowns

W,U . The potential energy per unit area of the plate is

Ψ =

∫ a

−a

ΦdZ = 2
(
a · (A) +

a3

3
· (B)

)
+ · · · . (2.11)

The kinetic energy per unit area is

J =

∫ a

−a

1

2
ρ(W 2

T + Z2U2
T )dZ = ρa(W 2

T +
a2

3
U2

T ), (2.12)

where ρ is the material density in the reference configuration.
Then the Lagrangian is given by

L = J −Ψ = L(U,UT , UX , UY ,WT ,WX ,WY ). (2.13)

The Euler-Lagrange equations become

∂L

∂U
− ∂

∂T

∂L

∂UT

− ∂

∂X

∂L

∂UX

− ∂

∂Y

∂L

∂UY

= 0, (2.14)

∂

∂T

∂L

∂WT

+
∂

∂X

∂L

∂WX

+
∂

∂Y

∂L

∂WY

= 0. (2.15)
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Hence we obtain
(
φ1 + φ11U + φ13WX

)
+

(
φ12W

2
Y +

1

2
φ111U

2 + φ113UWX +
1

2
φ133W

2
X

)

+
a2

3

{
ρUTT − 2(φ4UY Y + φ5UXX)− [φ14U

2
Y + φ15U

2
X + 2φ14(UUY )Y + 2φ34(UY WX)Y

+ 2φ15UUXX + 2φ35(UXWX)X + φ6(UXWY )Y + φ6(WY UY )X ]
}

+ · · · · · · = 0 (2.16)

and

− ρWTT +
(
φ13UX + φ33WXX + 2φ2WY Y

)
+

{
φ113UUX + φ133(UWX)X + φ333WXWXX

}

+
[
2φ12(UWY )Y + 2φ23(WXWY )Y + 2φ23WY WXY

]

+
a2

3

{
2φ35UXUXX + 2φ34UY UXY + φ6(UXUY )Y

}
+ · · · · · · = 0, (2.17)

which are the governing equations for small but finite-amplitude waves. Later on we shall
derive much simplified forms of these equations.

When W = U = 0, we see from (2.16) that φ1 = 0. This is a relation that must be satisfied
by the constants A,B,C. Throughout this paper, we shall consider waves propagating
principally along one direction (the X−axis) with weak dispersive transverse effects, often
called essentially unidimensional waves.

We shall always use the following type of scaling to analyze the governing equations

W = hw, U =
h

l
u, X = lx′, Y = ly′, T =

l

c
t′, (2.18)

where h is a characteristic displacement in the X−direction and l is the characteristic wave-
length. We shall always assume that

h ¿ l. (2.19)

This means that in the Z−direction the wave amplitude is small. The value of the charac-
teristic velocity c is motivated as follows. As a first crude approximation, we consider the
linearized equations of (2.16) and (2.17) and neglect the O(a2) terms. We thus obtain

{
φ11U + φ13WX = 0

− ρWTT + φ13UX + φ33WXX + 2φ2WY Y = 0.
(2.20)

Since we consider only essentially unidimensional waves, we drop the WY Y term. Then the
principal propagation speed c of small disturbances for (2.20) is

c2 =
1

ρ

φ11φ33 − φ2
13

φ11

. (2.21)

This is our choice of c.
The motivation for the scaling (2.18) is based on the assumption that

U = O(WX), (2.22)
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as in [11]. To explain this assumption, we first consider an incompressible material, for which
we know that I3 = 1, i.e.

(A + U)2B2(C + WX)2 = 1. (2.23)

We should have A2B2C2 = 1 (for U = W = 0). Hence for small disturbances, we obtain for
an incompressible material that

U ≈ −A

C
WX . (2.24)

In this paper we are considering a compressible material, and relation (2.24) does not hold.
However, it is reasonable to expect that the magnitude of the disturbances will not change
drastically when compressibility comes into play. Therefore, for the present problem we
assume that (2.22) holds.

3 Long waves

In this section, we further assume that

(a) The wavelength l is large compared to the thickness 2a.

(b) hl and a2 have the same order of magnitude.

Substituting (2.18) into (2.16) and (2.17), we get

(
φ11u + φ13wx′

)
+ ε1

(
φ12w

2
y′ +

1

2
φ111u

2 + φ113uwx′ +
1

2
φ133w

2
x′

)

+
θ

3

{
ρc2ut′t′ − 2(φ4uy′y′ + φ5ux′x′)− ε1[φ14u

2
y′ + φ15u

2
x′ + 2φ14(uuy′)y′

+2φ34(uy′wx′)y′ + 2φ15uux′x′ + 2φ35(ux′wx′)x′ + φ6(ux′wy′)y′ + φ6(wy′uy′)x′ ]
}

+ · · · · · · = 0, (3.1)

and

− ρc2wt′t′ +
(
φ13ux′ + φ33wx′x′ + 2φ2wy′y′

)
+ ε1

[
φ113uux′ + φ133(uwx′)x′ + φ333wx′wx′x′

]

+ ε1

[
2φ12(uwy′)y′ + 2φ23(wx′wy′)y′ + 2φ23wy′wx′y′

]
+

ε1θ

3

(
2φ35ux′ux′x′

)

+ · · · · · · = 0, (3.2)

where ε1 = h/l, θ = a2/l2. By assumption (b), the parameters ε1 and θ have the same order
of magnitude.

In order to derive an essentially unidimensional model equation which is asymptotically
valid in the far-field, we shall scale x′ and y′ differently. Following the approach usually
adopted for the Kadomtsev-Petviashvili equation ([12], [13]), we introduce the transforma-
tions

ξ = x′ − t′, η =
√

ε1y
′, τ = ε1t

′. (3.3)
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Plugging (3.3) into (3.1), (3.2), we obtain

φ11u + φ13wξ +
θ

3
(ρc2 − 2φ5)uξξ + ε1

(1

2
φ111u

2 + φ113uwξ +
1

2
φ133w

2
ξ

)
+ · · · · · · = 0, (3.4)

and

− ρc2wξξ +
(
φ13uξ + φ33wξξ

)
+ ε1

{
2ρc2wξτ + 2φ2wηη + φ113uuξ + φ133(uwξ)ξ + φ333wξwξξ

}

+ · · · · · · = 0, (3.5)

where we have dropped the quadratic terms in (ε1, θ).
Furthermore, we assume that u and w have the following asymptotic expansions in ε1:

u = u0 + ε1u1 + ε2
1u2 + · · · , (3.6)

w = w0 + ε1w1 + ε2
1w2 + · · · (3.7)

and plug them into the above two equations. At the lowest order O(1), we have

M0S0 = 0, (3.8)

where

M0 =

[
φ11 φ13

φ13∂ξ (φ33 − ρc2)∂ξ

]
, S0 =

[
u0

w0ξ

]
. (3.9)

Hence we obtain the relation

w0ξ = su0, where s = −φ11

φ13

. (3.10)

By (2.21) the left nullvector of M0 is

Le =
[

φ13∂ξ −φ11

]
. (3.11)

At the next order O(ε1), we have

M0S1 + T1u0τ + T2w0ηη + R1u0ξξ + Q1u
2
0 = 0, (3.12)

where

S1 =

[
u1

w1ξ

]
, T1 =

[
0

2ρc2s

]
, T2 =

[
0

2φ2

]
,

R1 =

[
(θ/ε1)

1
3
(ρc2 − 2φ5)
0

]
, Q1 =

[
1
2
φ111 + φ113s + 1

2
φ133s

2

(1
2
φ113 + φ133s + 1

2
φ333s

2)∂ξ

]
.

We then multiply the left hand side of (3.12) by the left nullvector Le, use (3.10) and take
an additional derivative in ξ to obtain
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(
u0τ + κ1u0u0ξ + κ2u0ξξξ

)
ξ
+ κ3u0ηη = 0, (3.13)

where

κ1 =
φ111 + 3φ113s + 3φ133s

2 + φ333s
3

2ρc2s2
, κ2 =

(θ/3ε1)(ρc2 − 2φ5)

2ρc2s2
, κ3 =

φ2

ρc2
.

Equation (3.13) the well-known Kadomtsev-Petviashvili (KP) equation, which is the asymp-
totically valid far-field equation which models the essentially unidimensional, long, small but
finite-amplitude waves in a pre-stressed stiff plate composed of a compressible hyperelastic
material.

Furthermore, if we restrict our considerations to the unidirectional waves, the η−dependence
in (3.13) disappears, and we obtain the one-dimensional KdV equation

u0τ + κ1u0u0ξ + κ2u0ξξξ = 0. (3.14)

4 Short waves

In this section, we assume that

(c) The wavelength l is of the same order of magnitude as the thickness of the plate 2a.

(d) The material constants satisfy:

ρc2 = 2φ5. (4.1)

We first explain assumption (d). In the previous section we derived the KP equation as a
model equation. It has been proved that if the KP equation admits solitary-wave solutions,
then the solutions must be smooth (see [6]). Hence the KP model equation does not solve
the question of whether non-smooth solitary wave solutions can arise. It is known that the
nonlinearity could be the source of a discontinuity, and the dispersive terms could help to
smooth out the solution. This suggests consideration of the case that the dispersive term
vanish. For example, our assumption (4.1) is consistent with the vanishing of κ2 in the
long-wave case (3.13).

Effectively, by (c) we can take l to be a in (2.18) and hence the scaling becomes

W = hw, U =
h

a
u, X = ax′, Y = ay′, T =

a

c
t′. (4.2)

Let ε = h/a. The governing equations (2.16) and (2.17) now become
(
φ11u + φ13wx′

)
+ ε

(
φ12w

2
y′ +

1

2
φ111u

2 + φ113uwx′ +
1

2
φ133w

2
x′

)

+
1

3

{
ρc2ut′t′ − 2(φ4uy′y′ + φ5ux′x′)− ε[φ14u

2
y′ + φ15u

2
x′ + 2φ14(uuy′)y′

+2φ34(uy′wx′)y′ + 2φ15uux′x′ + 2φ35(ux′wx′)x′ + φ6(ux′wy′)y′ + φ6(wy′uy′)x′ ]
}

+ · · · · · · = 0 (4.3)
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and

− ρc2wt′t′ +
(
φ13ux′ + φ33wx′x′ + 2φ2wy′y′

)
+ ε

[
φ113uux′ + φ133(uwx′)x′ + φ333wx′wx′x′

]

+ ε
[
2φ12(uwy′)y′ + 2φ23(wx′wy′)y′ + 2φ23wy′wx′y′

]
+

ε

3

(
2φ35ux′ux′x′

)

+ · · · · · · = 0. (4.4)

As before, we shall regard ε as a small parameter but retain the nonlinear terms. Hence we
are considering small but finite-amplitude waves. Because the characteristic scale is a, the
waves are of finite length.

To obtain the far-field model equation for an essentially unidimensional wave equation,
we substitute (3.3) (with ε1 replaced by ε) into (4.3) and (4.4) we obtain

φ11u + φ13wξ +
1

3
(ρc2 − 2φ5)uξξ + ε

{
(
1

2
φ111u

2 + φ113uwξ +
1

2
φ133w

2
ξ)−

2

3
ρc2uξτ

− 2

3
φ4uηη − 1

3
[φ15u

2
ξ + 2φ15uuξξ + 2φ35(uξwξ)ξ]

}
+ · · · · · · = 0 (4.5)

and

− ρc2wξξ +
(
φ13uξ + φ33wξξ

)

+ε
{

2ρc2wξτ + 2φ2wηη + φ113uuξ + φ133(uwξ)ξ + φ333wξwξξ +
2

3
φ35uξuξξ

}

+ · · · · · · = 0, (4.6)

where we have dropped the quadratic terms in ε.
At the lowest order O(1), the equations are almost identical to those in Section 3 and we

have

M0S0 = 0, (4.7)

where M0,S0 are the same as in (3.9). Hence we obtain the relation

w0ξ = su0, where s = −φ11

φ13

. (4.8)

The left eigenvector of M0 is the same as in (3.11). At the next order O(ε), we find

M0S1 + T1u0τ + T2u0ξτ + T3w0ηη + T4u0ηη + Q1u
2
0 + Q2u

2
0ξ + Q3u0u0ξξ = 0, (4.9)

where

S1 =

[
u1

w1ξ

]
,T1 =

[
0

2ρc2s

]
,T2 =

[ −2
3
ρc2

0

]
,T3 =

[
0

2φ2

]
,T4 =

[ −2
3
φ4

0

]
,

Q1 =

[
1
2
φ111 + φ113s + 1

2
φ133s

2

(1
2
φ113 + φ133s + 1

2
φ333s

2)∂ξ

]
,

Q2 =

[ −1
3
(φ15 + 2φ35s)

1
3
φ35∂ξ

]
, Q3 =

[ −2
3
(φ15 + φ35s)

0

]
.
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Multiplying the left-hand side of (4.9) by Le, we obtain

u0τ + σ′1u0ξξτ + σ′2u0u0ξ + σ′3(2u0ξu0ξξ + u0u0ξξξ) + σ′4w0ηη + σ′5u0ξηη = 0, (4.10)

where

σ′1 = − 1

3s2
,

σ′2 =
φ111s

−1 + 3φ113 + 3φ133s + φ333s
2

2ρc2s
,

σ′3 = −φ15 + φ35s

3ρc2s
,

σ′4 =
φ2

ρc2s
,

σ′5 = − φ4

3ρc2s2
.

Taking ∂ξ of (4.10), we have

{uτ + σ′1uξξτ + σ′2uuξ + σ′3(2uξuξξ + uuξξξ)}ξ + σ′′4uηη + σ′5uξξηη = 0, (4.11)

where

σ′′4 =
φ2

ρc2
.

Using the assumption that σ′2 6= 0 and the fact that σ′1 < 0, we can introduce the rescaling

τ =
3
√−σ′1
σ′2

t, ξ =
√
−σ′1x, y = η.

Then (4.11) turns into

{ut − uxxt + 3uux − γ(2uxuxx + uuxxx)}x − αuyy + βuxxyy = 0, (4.12)

which is (1.1), where

γ =
3σ′3
σ′1σ

′
2

, α =
3σ′1σ

′
4

σ′2
, β =

3σ′5
σ′2

.

Equation (4.12) is the far-field model equation for unidimensional finite-length small
but finite-amplitude waves in a pre-stressed plate composed of a compressible hyperelastic
material when the material constants and prestress satisfy (4.1).

5 Elastic material with internal variables

With the same setup as in Section 2, we study wave motions superimposed on a uniformly
pre-stressed state which is described by





x̃ = CX + W̃ (X,Y, Z, T ),
ỹ = BY,

z̃ = AZ + Ũ(X,Y, Z, T ).

(5.1)
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Our aim is to study the vertical disturbance Ũ(X,Y, Z, T ). In Section 2 we used (2.6)
as an approximation so that the problem becomes two-dimensional. However, such a dras-
tic simplification may be too crude as it may leave out some physical effects induced by
Z−dependence. In order to compensate for that, we introduce an internal variable P (X,Y, T )
in the deformation. Such a motion is described by the equations





x̃ = CX + W (X,Y, T ),
ỹ = BY,
z̃ = [A + U(X,Y, T ) + P (X,Y, T )]Z.

(5.2)

The next step is to determine the relation between the internal variable P and the function
U . Motivated by the theories of higher order gradient in elasticity (see, e.g., [3], [21], [22]),
we may consider that P is related to derivatives of U . Let us assume that the effects in the
Y−direction are weak. Therefore the simple model that we choose is

P (X,Y, T ) = λUX(X,Y, T ), (5.3)

where λ ≥ 0 is a parameter. Physically, relation (5.3) states that the stress along the vertical
direction also depends on the geometry of the plate, say, the curvature. In other words, the
plate exhibits notable stiffness along the Z−axis, resisting bending. Thus the motion is now
described by 




x̃ = CX + W (X,Y, T ),
ỹ = BY,
z̃ = [A + U(X,Y, T ) + λUX(X,Y, T )]Z,

(5.4)

where λ is the stiffness parameter (possibly zero).

5.1 Governing equations

We shall proceed exactly the same way as in the previous three sections. We compute the
three principal invariants of the new right Cauchy-Green strain tensor as

I1 = (A + U + λUX)2 + B2 + Z2(UY + λUXY )2 + Z2(UX + λUXX)2 + (C + WX)2

+W 2
Y ,

I2 = (A + U + λUX)2[B2 + W 2
Y + (C + WX)2] + B2(C + WX)2

+Z2{B2(UX + λUXX)2 + [WY (UX + λUXX)− (C + WX)(UY + λUXY )]2},
I3 = (A + U + λUX)2B2(C + WX)2.

Hence for an isotropic compressible hyperelastic material, we can write its strain energy
function as

Φ = φ(q1, q2, q3, q4, q5, q6, q7, q8, q9, q10, q11), (5.5)

where
q1 = U, q2 = W 2

Y , q3 = WX , q4 = Z2U2
Y , q5 = Z2U2

X ,

q6 = Z2(UX + λUXX)(UY + λUXY )WY , q7 = λUX , q8 = Z2λUY UXY ,

q9 = Z2λUXUXX , q10 = λ2Z2U2
XY , q11 = λ2Z2U2

XX .
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Taylor expanding (5.5) and then using Hamilton’s principle as we did in Section 2, we
obtain the new, more complicated governing equations

(
φ1 + φ11U + φ13WX − λφ37WXX − λ2φ77UXX

)
+

(
φ12W

2
Y +

1

2
φ111U

2 + φ113UWX +
1

2
φ133W

2
X

)

− λ
(
2φ27WY WY Z + φ137UWXX + φ337WXWXX

)
− λ2

[
φ177(

1

2
U2

X + UUXX) + φ377(UXWX)X

]

+
a2

3

{
ρ(UTT − λ2UXXTT )− 2(φ4UY Y + φ5UXX)− [φ14U

2
Y + φ15U

2
X + 2φ14(UUY )Y

+ 2φ34(UY WX)Y + 2φ15UUXX + 2φ35(UXWX)X + φ6(UXWY )Y + φ6(WY UY )X ]

− λ[φ8UXY Y + φ9UXXX − (3φ19 − 6φ75)UXUXX + 3φ39(UXWXX)X ]

− λ2[2(φ10UY Y + φ11UXX)XX − φ1,10U
2
XX − 2φ1,11(UUXX)XX − 2φ3,11(WXUXX)XX ]

}

+ · · · · · · = 0 (5.6)

and

− ρWTT +
(
φ13UX + φ33WXX + 2φ2WY Y + λφ37UXX

)

+
{

φ113UUX + φ133(UWX)X + φ333WXWXX + λ[φ137(UUX)X + φ337(UXWX)X ] + λ2φ337UXUXX

}

+
[
2φ12(UWY )Y + 2φ23(WXWY )Y + 2φ23WY WXY + 2λφ27(UXWY )Y

]

+
a2

3

{
2φ35UXUXX + λφ39(UXUXX)X + 2λ2φ3,11UXXUXXX + 2φ34UY UXY

+ λφ38(UY UXY )X + φ6[(UX + λUXX)(UY + λUXY )]Y

}
+ · · · · · · = 0.

(5.7)

Plugging in U = W = 0 we also get φ1 = 0.
We shall still use the same scaling (2.18) with the same c as expressed in (2.21). We

make the same assumptions as before and further assume that

(e) λ ¿ l. (5.8)

5.2 Long waves

In the long-wave approach, we shall use assumptions (a) and (b) in Section 3 as well as (e).
We substitute (2.18) into (5.6) and (5.7), use the transformation (3.3) and then plug in the
asymptotic expansions (3.6), (3.7). Because we have introduced a new parameter λ, there is
a new parameter µ = λ/l in the transformed equations. At the lowest order O(1), we have

M′
0S0 = 0, (5.9)

where

M′
0 =

[
φ11 − µ2φ77∂

2
ξ φ13 − µφ37∂ξ

φ13∂ξ + µφ37∂
2
ξ (φ33 − ρc2)∂ξ

]
, S0 =

[
u0

w0ξ

]
(5.10)
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At this point, we further make the material assumption that at the equilibrium (U = W = 0)
the energy function φ in (5.5) depends on q1, q7 through their sum q1 + q7. Consequently, at
the equilibrium we have

φ11 = φ77 and φ13 = φ73, (5.11)

which implies that
detM′

0 = 0. (5.12)

The left nullvector of M′
0 is

L′e =
[

φ13∂ξ −φ11 + µφ11φ37

φ13
∂ξ

]
. (5.13)

and we obtain the relation

w0ξ = su0 + µru0ξ, (5.14)

where

s = −φ11

φ13

, r = −φ11φ37

φ2
13

. (5.15)

At the next order O(ε1), we have

M0S1 + T1u0τ + T2w0ηη + µT3u0ξτ + R1u0ξξ + µR2u0ξξξ + µ2R3u0ξξξξ

+ Q1u
2
0 + µQ2u0u0ξ + µ2P1u

2
0ξ + µ2P2u0u0ξξ = 0, (5.16)

where S1,T1,T2,R1 and Q1 are given as before in Section 3, and

T3 =

[
0

2ρc2r

]
, R2 =

[ −(θ/ε1)
1
3
φ9

0

]
, R3 =

[ −(θ/ε1)
1
3
(ρc2 + 2φ11)
0

]
,

Q2 =

[
φ113r + φ133sr − (φ137s + φ337s

2)
(φ133r + φ333sr + φ137 + φ337s)∂ξ

]
,

P1 =

[
(1

2
φ133r

2 − φ337sr − φ377s− 1
2
φ177)− µ(1

2
φ337r

2 + φ377r)∂ξ

(1
2
φ377 + φ337r + 1

2
φ333r

2)}∂ξ

]
,

P2 =

[ −(φ137r + φ337sr + φ177 + φ337s)
0

]
.

Then we multiply the left hand side of (5.16) by the left eigenvector L′e and take an additional
derivative on ξ to obtain

{
u0τ + κ1u0u0ξ + κ2u0ξξξ − µ2κ4u0ξξτ − µκ5u0ξξξξ − µ2κ6u0ξξξξξ − µκ7(u

2
0)ξξ

+ µ2[κ8u0ξu0ξξ + κ9(u0u0ξξ)ξ] + µ3κ10(u
2
0ξ)ξξ

}
ξ
+ κ3u0ηη − µ2κ11u0ξξηη = 0, (5.17)
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where

κ4 =
r2

s2
, κ5 =

(θ/3ε1)φ9

2ρc2s2
, κ6 =

(θ/3ε1)(ρc2 + 2φ11)

2ρc2s2
,

κ7 =
r(φ113 + 2φ133s + φ333s

2)

4ρc2s2
, κ8 =

φ333sr
2 + φ133r

2 − φ337s− φ177

2ρc2s2
,

κ9 =
φ177 + φ337s + φ137r + φ337sr

2ρc2s2
, κ10 =

3φ377r + 3φ337r
2 + φ333r

3

4ρc2s2
,

κ11 =
φ2r

2

ρc2s2
.

In (5.17), the parameter µ (related to the stiffness of the plate) is treated as an O(1)
quantity. Now we impose the smallness assumption on µ to simplify the equation. Let’s
assume that µ is o(1) and µ2 = O(εb

1), where 1 < b < 2 such that the µ2- and µ3-terms can
be omitted in (5.17). Thus we obtain the equation

{
u0τ + κ1u0u0ξ + κ2u0ξξξ − µκ5u0ξξξξ − µκ7(u

2
0)ξξ

}
ξ
+ κ3u0ηη = 0. (5.18)

It is easy to see that when λ = 0, the long-wave equation (5.18) reduces to the KP
equation (3.13).

5.3 Short waves

As we explained in Section 4, we now assume that (c) holds (l ≈ a) and that the dispersive
terms in (5.17) vanish (κ2 = κ6 = 0); that is,

(d) ρc2 = 2φ5, (5.19)

(f) λ(ρc2 + 2φ11) = 0. (5.20)

Hence similarly as in Section 4, we use the scaling (2.18) with l replaced by a.
Let ε = h/a as before, ν = λ/a. Plugging in the scaling and (3.6), (3.7), we obtain

φ11u + φ13wξ − νφ37wξξ − ν2φ77uξξ +
1

3
(ρc2 − 2φ5)uξξ − 1

3
νφ9uξξξ − 1

3
ν2(ρc2 + 2φ11)uξξξξ

+ε
{

(
1

2
φ111u

2 + φ113uwξ +
1

2
φ133w

2
ξ)−

2

3
ρc2(uξτ − ν2uξξξτ )− 2

3
φ4uηη

− 1

3
[φ15u

2
ξ + 2φ15uuξξ + 2φ35(uξwξ)ξ]

− ν[φ137uwξξ + φ337wξwξξ +
1

3
(φ8uξηη + 3φ1,9uξuuξξ − 6φ75uξuuξξ − 3φ3,9(uξwξξ)ξ)]

−ν2[φ177(
1

2
u2

ξ + uuξξ) + φ377(uξwξ)ξ

− 1

3
(−2φ10uξξηη + φ1,10u

2
ξξ + 22φ1,11(uuξξ)ξξ + 2φ3,11(wξuξξ)ξξ)]

}

+ · · · · · · = 0 (5.21)
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and
(
− ρc2wξξ + φ13uξ + φ33wξξ + νφ37uξξ

)

+ε
{

2ρc2wξτ + 2φ2wηη + φ113uuξ + φ133(uwξ)ξ + φ333wξwξξ +
2

3
φ35uξuξξ

+ ν[φ137(uuξ)ξ + φ337(uξwξ)ξ +
1

3
φ3,9(uξuξξ)ξ] + ν2[φ377uξuξξ +

2

3
φ3,11uξξuξξξ]

}

+ · · · · · · = 0, (5.22)

where we have dropped the quadratic terms in ε. We make the additional simplifying
assumption that

λφ9 = 0, (5.23)

which is obviously satisfied in the non-stiff case (λ = 0).
At the lowest order O(1), we have

M′′
0S0 = 0, (5.24)

where M′′
0,S0 are similar as in (5.10) with µ replaced by ν. The left nullvector of L′′e of M′′

0

is similar to (5.13) with µ replaced by ν. Hence we obtain the relation

w0ξ = su0 + νru0ξ, (5.25)

where s and r are given in (5.15). At the next order O(ε), we find

M′′
0S1 + T1u0τ + T′

2u0ξτ + T3w0ηη + T4u0ηη + T5u0ξξξτ + T6u0ξξη + T7u0ξξηη

+ Q1u
2
0 + Q′

2u
2
0ξ + Q′

3u0u0ξξ + νQ4u0u0ξ + K = 0, (5.26)

where S1,T1,T3,T4 and Q1 are the same as given in Section 4, and

T′
2 =

[ −2
3
ρc2

2ρc2νr

]
,T5 =

[
2
3
ρc2ν2

0

]
,T6 =

[ −1
3
νφ8

0

]
,T7 =

[ −2
3
ν2φ10

0

]
,

Q′
2 =




− 1

3
(φ15 + 2φ35s) + ν2(

φ133

2
r2 − φ337sr − φ377s− φ177

2
) + ν(φ75 − φ19

2
+ φ19s− 2

3
φ35r)∂ξ

+
1

2
ν2φ19r∂ξξ − ν3(

1

2
φ337r

2 + φ377r)∂ξ +
1

3
ν3φ3,11r∂ξξξ

{1
3
φ35 + ν2(1

2
φ377 + φ337r + 1

2
φ333r

2)}∂ξ


 ,

Q′
3 =

[ −2
3
(φ15 + φ35s)− ν2{φ137r + φ337sr + φ177 + φ337s + 2

3
(φ1,11 + φ3,11s)∂ξξ}

0

]
,

Q4 =

[
φ113r + φ133sr − (φ137s + φ337s

2)
(φ133r + φ333sr + φ137 + φ337s)∂ξ

]
, K =

[
1
3
ν2φ1,10u

2
0ξξ + 1

3
ν3φ3,11r(u

2
0ξ)ξξξ

1
6
φ39(u

2
0ξ)ξξ + 1

3
ν2φ3,11(u

2
0ξξ)ξ

]
.
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Multiplying the left-hand side of (5.26) by L′′e, we obtain

u0τ + σ̃′1u0ξξτ + σ′2u0u0ξ + σ′3(2u0ξu0ξξ + u0u0ξξξ) + σ′4w0ηη + σ′5u0ξηη + σ′6u0ξξξξτ + σ′7u0ηη

− (ν
φ8

6ρc2s2
+ ν2 φ2r

2

ρc2s2
)u0ξξηη − ν2 φ10

3ρc2s2
u0ξξξηη + ν

1
6
φ39s + φ75 − 1

2
φ19 + φ19s− φ35r

2ρc2s2
(u2

0ξ)ξξ

+ν2
[φ1,11 + φ3,11s

3ρc2s2
(u0u0ξξ)ξξ − φ137r + φ337sr + φ133r

2 + φ333sr
2

2ρc2s2
(u0u0ξ)ξξ

− φ177 + φ377s + φ137r + φ337sr

2ρc2s2
(u0u0ξξ)ξ +

φ1,10 + φ3,11

6ρc2s2
(u2

0ξξ)ξ − φ39r

12ρc2s2
(u2

0ξ)ξξξ

+
φ133r

2 − φ377s− φ177 + φ333sr

4ρc2s2
(u2

0ξ)ξ − φ19r

4ρc2s2
(u2

0ξ)ξξξ

]

+ ν3
{ φ3,11r

6ρc2s2
[(2u2

0ξ)ξξξξ − (u2
0ξξ)ξξ]− 3φ377r + φ337r

2 + φ333r
3

4ρc2s2
(u2

0ξ)ξξ

}
= 0, (5.27)

where σ′2, σ
′
3, σ

′
4 and σ′5 are same as in Section 4, and

σ̃′1 = −(
1

3s2
+ ν2 r2

s2
),

σ′6 = ν2 1

3s2
,

σ′7 = −ν
φ2r

ρc2s
.

In the non-stiff case, (5.27) becomes exactly (4.10). When λ > 0 hence ν > 0, we take ∂ξ of
(5.27), use (5.25), and perform the transformation

ξ′ = ν−
1
8 ξ, τ ′ = ν−

11
8 τ, y = η.

We thus get

{uτ ′ + σ1uξ′ξ′τ ′ + σ6uξ′ξ′ξ′ξ′τ ′ + σ2uuξ′ + σ3(2uξ′uξ′ξ′ + uuξ′ξ′ξ′)}ξ′ + σ4uyy + σ5uξ′ξ′yy

+ O(ν
15
8 ) = 0 (5.28)

where

σ1 = − 1

3s2
ν−

1
4 , σ6 =

1

3s2
ν

3
2 , σ2 = σ′2ν

5
4 ,

σ3 = σ′3ν, σ4 = σ′4ν
3
2 , σ5 = σ′5ν

5
4 .

Using the assumption that σ2 6= 0 and the fact that σ1 < 0, we introduce the scaling

τ ′ =
3
√−σ1

σ2

t, ξ′ =
√−σ1x.

With the higher-order term omitted, (5.28) turns into

{ut − uxxt + δuxxxxt + 3uux − γ(2uxuxx + uuxxx)}x − αuyy + βuxxyy = 0 (5.29)
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where

δ =
σ6

σ2
1

= 3s2ν2, γ =
3σ3

σ1σ2

, α =
3σ1σ4

σ2

, β =
3σ5

σ2

.

One can easily see that the parameters γ, α, β in (5.29) are exactly the same as those in
(4.12). Furthermore, δ is positive.

We want to remark that this approach by use of the internal variables results in a higher-
order derivative term in the final equation, which makes the PDE more regular.This problem
will be considerably easier to analyze.
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