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Abstract

In this paper we study finite deformations in a pre-stressed, hyperelastic compress-
ible plate. For small-amplitude nonlinear waves, we obtain equations that involve an
amplitude parameter €. Using an asymptotic perturbation technique, we derive a new
family of two-dimensional nonlinear dispersive equations. This family includes the
KdV, Kadomtsev-Petviashvili and Camassa-Holm equations.

1 Introduction

A fundamental problem in nonlinear elasticity is to understand the relationship between
the three-dimensional theory and the theories for lower-dimensional objects (plates, shells,
rods, ...). There are many such theories (see e.g. [2], [8]). In this paper we consider a thin
compressible hyperelastic plate and derive the two-dimensional nonlinear dispersive wave
equation

{ut — Ugat + 3uu:c - ’Y(QUJ:UJ:QU + uu:c:cx)}x - auyy + ﬁu:cryy = 07 (11)

where u represents the displacement in the Z—direction relative to a pre-stressed state.
There are four material parameters (denoted by =, a, 3) in the new equation which play an
important role. Equation (1.1) generalizes several well-known equations:

(1) When v = § = 0, (1.1) becomes the regularized long-wave Kadomtsev-Petviashvili
(RLW-KP) equation (see [5]).

(2) When « = § = 0 and v = 1, there is no y—dependence in the equation, and it
becomes the Camassa-Holm equation ([7]). So we can think of (1.1) as the Camassa-Holm
equation in two dimensions.

(3) When oo = § = =0, (1.1) simply reduces to the regularized long-wave Korteweg-de
Vries (RLW-KdV) equation or BBM equation ([4]).

Furthermore, if we suppose that the plate is sufficiently stiff so that it resists bending,
then we obtain the more general equation

{ut — Ugat + 5u:mvxzt + Buux - 7(2u:ruxx + uuzx:p)}x - auyy + 6u:r:pyy = 07 (12)

where the parameter 0 is related to the stiffness.
There are many one-dimensional models of nonlinear axial-radial deformation waves in
hyperelastic rods. To overcome the difficulty of nonlinearity, the assumption that the wave



amplitude is small but finite (which means small amplitude nonlinear waves are being con-
sidered) is adopted in order to derive simpler model equations for both incompressible and
compressible materials (e.g. [19], [20], [23], [24], [9], [10], [11]). In particular, in [11], Dai
considered thin cylindrical rods and derived the KdV equation

U + 01UUy + OoUyyy = 0 (1.3)
as a model equation for waves of large wavelength, and
Up — Uzt + Uz = Y (2UpUpz + Uy ) (1.4)

as a model when the wavelength is not too large. In the two last equations, u(z, t) represents
the radial stretch relative to a pre-stressed state.

In this paper we use a similar technique as in the study of rods to study nonlinear small
but finite-amplitude traveling waves in a general compressible hyperelastic plate. To reduce
the three-dimensional field equations to an approximate two-dimensional plate equation, we
assume that the thickness of the plate is small in comparison to the other dimensions. Other
kinematic assumptions will be presented in Section 2.

The deformations we consider in the first part are small perturbations superimposed on
a pre-stressed state as follows:

CX +W(X,Y,T),
Y, (1.5)
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where A, B, C' are constants which characterize the unperturbed pre-stressed state, and W, U
are small perturbations. Using Hamilton’s principle, we get two very complicated fully non-
linear governing equations. Scaling the variables in a certain way and using a perturbation
technique, we derive less complicated nonlinear dispersive equations. The coefficients of
these equations depend on the thickness of the plate in an undisturbed configuration, on the
prestress and on material properties. Here are the main results:

(1) If we assume that the wavelength in the X —direction is large and the variation in the
Y —direction is gradual (this is called the unidimensional wave), we obtain the governing
equation

(uT + Kiuue + Iinggg)g + K3y, = 0, (16)

which is the well-known Kadomtsev-Petviashvili (KP) equation that has been developed in
the contexts of shallow-water theory and plasmas ([1], [12], [14], [15], [16]). In (1.6), u rep-
resents the displacement in the Z—direction relative to a pre-stressed state. Furthermore,
T = ¢e1t’, (e1 < 1is a small positive parameter) where ¢’ is the dimensionless time, £ = 2’ —
and n = /g1y’ (where 2’ and 3 are the dimensionless space variables), and the x;’s are
constants determined by the pre-stress and material parameters.

(2) If we consider the case when the dispersive term in (1.6) vanishes and use a different
scaling, we obtain

{UT + O1Uger + T3UUe + 04(2u5u§§ + Uu§§§)}§ + O5Uyy + OUgeny = 0. (17)



Using the conditions o3 # 0 and o7 < 0, we can of course transform (1.7) into (1.1). In
(1.1), the parameters «, 3 and ~ are determined by the pre-stress and material parameters.
Some of the solutions of (1.1) are shock waves with infinitely steep profiles. For instance , it
is well-known in the Camassa-Holm case that there are shock wave solutions ([11]).

We point out that in the completely different context of shallow water theory, Johnson
[13] derived another version of two-dimensional Camassa-Holm equation:

(Ur + Kty + 3eutly — €6 Ugpr )e + 52uyy = %6% (2uplpy + Ulgae o (1.8)

2
5
J is the shallowness parameter and 7 is the scaled time. (1.8) appears to be a special case
of (1.1). However, unlike the derivation of (1.8) which makes use of the Hamiltonian, we
derive (1.1) by a consistent perturbation procedure. In (1.8), the right-hand side is of higher
order (since both ¢ and § are small.), while in (1.1) all terms are of the same order. In
(1.1) we have the [uyyy, term which is a higher derivative in  and y while in (1.8) there is
only one term involving the y—derivative. (1.8) was derived in the context of shallow-water
waves by assuming that both u and wu, tend to zero sufficiently fast as |z| tends to infinity.
Such a limitation excludes the possibility of periodic traveling waves. By contrast, for (1.1),
which is derived in the context of nonlinear dispersive waves in hyperelastic plates, the only
requirement is that u and u, are bounded; hence periodic solutions may arise.

Later in the paper we make a modification of the deformation in the Z—direction in
order to include a stiffness effect. Motivated in part by the common use of second-gradient
models to compensate for the loss of dependence on the Z variable and to overcome the lack
of regularity in nonlinear elasticity (see e.g. [17], [3], [21], [22]), we describe the deformations
as

where u is the fluid velocity along the xr—direction, kK = \/g , € is the amplitude parameter,

i=CX+W(X,Y,T),
v (1.9)
—[A+UX,Y,T)+ \Ux(X,Y,T))Z,

where A > 0 is the stiffness parameter. More detailed explanations will be presented in
Section 5. This model will lead to equation (1.2). The advantage of including stiffness is
that the solutions will be more regular. In fact, we expect that there are no shocks if A > 0.
An analysis of the solutions of (1.2) will appear in a forthcoming paper.

The outline of this paper is as follows: In Section 2 we start with (1.5) and use the
variational principle to derive the general governing equations for small but finite-amplitude
waves. The obtained equations are fully nonlinear and contain many terms. In Section 3
we restrict our attention to long waves and obtain the model equation (1.6) which is the
Kadomtsev-Petviashvili equation, and which reduces to the Korteweg-de Vries (KdV) equa-
tion when restricted to one-dimension. Then we turn our attention to the finite-wavelength
and small-amplitude waves in Section 4. We obtain an equation which involves an amplitude
parameter . Using an asymptotic perturbation in e, we derive the two-dimensional nonlin-
ear dispersive equation (1.1). In the last section, we assume the more general deformation
(1.9) and repeat what we did in Section 2, 3 and 4 to get the more regular equation (1.2).
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2 Governing equations

The object we study is a wide but thin plate composed of a compressible hyperelastic mate-
rial, which has thickness 2a in its undistorted state. Material points in the solid are identified
by their position vectors X = (X,Y, Z) in the reference configuration (see Fig.2.1), while
the corresponding current position vector is denoted by x(X) = (Z,7, 2). The second rank
tensor F' = Vx is called the deformation gradient and satisfies det F' > 0 in the solid. The
product G = FTF is called the right Cauchy-Green tensor.

Figure 2.1: Reference configuration

In this paper we shall consider wave motions superimposed on a pre-stressed state. For
simplicity, we begin with a uniformly pre-stressed state described by

i=CX,j=DBY,=AZ, (2.1)

where A, B, C are constants. Then we superimpose small disturbances W (X,Y, Z,T), U(X,Y, Z,T)
along the X, Z—axes on the stretched state (2.1) (see Fig.2.2), where 7T is the time variable.

Figure 2.2: Deformed configuration

To obtain two-dimensional plate equations, we make similar kinematic assumptions as in
the literature of classical theory of elasticity ([23], [24], [9], [11], [18]):



(a) If we expand the incremental X-directional displacement W (X,Y, Z, T) with respect
to Z (assuming that the plate is thin), we get

W(X,Y,Z,T)=W(X,Y,T)+ Wi(X,Y, T)Z +- - (2.2)

Here we only consider small disturbances so that as a first approximation we can retain the
first term in the above expansion. That is,

W =W(X,Y,T) (2.3)

and hence
T=CX+W(X,Y,T). (2.4)

This implies the kinematic assumption that each cross-sectional material plane normal to the
middle surface remains planar and normal to the X —axis. It will be a good approximation
if, along the X —axis, the bending effects in the Z—direction are negligible.

(b) Taylor expanding U(X,Y, Z,T) in Z at Z = 0, we get

UX,Y,Z,T)=U(X,Y,0,T) +Uy(X,Y,0,T)Z + - - - (2.5)

If we assume the middle surface remains unstrained, the midplane {Z = 0} of the plate
remains fixed and the first term in (2.5) vanishes. Also assuming that the thickness of the
plate is small, we can drop the higher powers of Z so that

U=UX,Y,T)Z. (2.6)
Thus such a motion is described by the equations

F=CX+W(X,Y,T),
g BY, (2.7)
P =[A+U(X,Y,T))Z.

Given such a deformation, we can compute the deformation gradient F' and the right
Cauchy-Green strain tensor G = FTF. The three principal invariants of G are defined as
I = trG, I = tr(cof(G)) and I3 = det G and are given explicitly by

L= (A+U)?+ B?+ 22U + 2°U% + (C + Wx)? + W,

L= (A+U?B>+ W+ (C+Wx)4 + B%(C + Wy)?
+22{B*U% + [WyUx — (C + Wx)Uy]?},

Iy = (A+U)2B2(C + Wx)

Now we suppose that the plate is composed of an isotropic compressible hyperelastic material.
For such a material, the strain energy @ is a function of the three invariants I, I, I3. From
the above three expressions, it can be seen that ® can also be regarded as a function of 6
variables, namely

D = o(q1, 92, 43,94, 5 Qo) (2.8)

where
G =U,qo=W¢ q3=Wx,qu = Z°Us,q5 = Z°U%,q6 = Z*UxUy Wy
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In this paper, we consider small but finite-amplitude waves. For small ¢;’s, we Taylor
expand (2.8) to get the complicated expression:

d=(A)+2>- B)+---, (2.9)
where
(A) = U+ eaWi + ¢psWx + %ganQ + pr2UWY + ¢13UWx + %%W{}
+has Wy Wi + %¢33W)2< + %¢111U3 + %¢112U2W5 + %¢113U2WX
+%¢122UW3% + prosUWiWx + %¢133UW)2( + %¢222W$

1 1 1
+§¢223Wéwx + §¢233W3W)2< + ozt W Wy Ux + 6¢333W)3<7

(B) = ¢uUy + ¢sUx + ¢sUxUy Wy
+¢14UUy + ¢15UU% + ¢16UUx Uy Wy
+ o We Uy + s WUz + oWy Ux Uy
+3aWx Uy + ¢35 Wx U + d3sWx UxUy Wy
(2.10)
Here
0

07¢ij - anaqj

8

_ 99 _ ’
3%3%3% 0

¢i = e
are constant coefficients related to A, B and C'.
We shall use Hamilton’s principle to derive the governing equations for the two unknowns

W,U. The potential energy per unit area of the plate is

Gijk

)
0

q;:/aqu:z(a.(A)Jr%S.(B))+---. (2.11)

The kinetic energy per unit area is
a 1 2
J= / 5p(W% + Z2U2)dZ = pa(W3 + %U%), (2.12)

where p is the material density in the reference configuration.
Then the Lagrangian is given by

L=J—-V=LUUp,Ux,Uy, Wp, Wx, Wy). (2.13)
The Euler-Lagrange equations become
0L 0 0L 9 9L 0 0L .14
ou 0rour 0XoUx 0Y dUy
0L 0 oL 0 OL
OT OWr  OX OWx =~ Y OWy

(2.15)



Hence we obtain

1 1
<¢1 +onU + ¢13WX> + (¢12W§2/ + §¢111U2 + o113UWx + §¢133W)2()
2

a
—l-?{PUTT — 2(psUyy + ¢sUxx) — [614Us + d15U% + 2¢14(UUy )y + 2¢34(Uy W )y

+2¢015UUx x + 2¢35(UxWx)x + ¢6(UxWy )y + ¢6(WYUY)X]}
P _ 0 (2.16)

and
— pWrr + <¢13UX + P33Wix x + 2¢2WYY> + {¢113UUX + P133(UWx ) x + ¢333WXWXX}

T [262(UWy )y + 200 (Wx Wy )y + 2625y Wiy |

&2

+§{2¢35UXUXX + 2¢3.Uy Uxy + ¢6(UXUY)Y} S aRRRREE =0, (2.17)

which are the governing equations for small but finite-amplitude waves. Later on we shall
derive much simplified forms of these equations.

When W = U = 0, we see from (2.16) that ¢; = 0. This is a relation that must be satisfied
by the constants A, B,C'. Throughout this paper, we shall consider waves propagating
principally along one direction (the X —axis) with weak dispersive transverse effects, often
called essentially unidimensional waves.

We shall always use the following type of scaling to analyze the governing equations

h l
W=hw, Us=Zu, X =l Y=l T="1 (2.18)
C

where h is a characteristic displacement in the X —direction and [ is the characteristic wave-
length. We shall always assume that
h <. (2.19)

This means that in the Z—direction the wave amplitude is small. The value of the charac-
teristic velocity c¢ is motivated as follows. As a first crude approximation, we consider the
linearized equations of (2.16) and (2.17) and neglect the O(a?) terms. We thus obtain

{ o1lU 4+ o13Wx =0

2.20
— pWrr 4+ ¢13Ux + 933Wix x + 20, Wyy = 0. ( )

Since we consider only essentially unidimensional waves, we drop the Wyy term. Then the
principal propagation speed ¢ of small disturbances for (2.20) is

o Loudw — 0%

2.21
P o1 ( )
This is our choice of c.
The motivation for the scaling (2.18) is based on the assumption that
U=0Wx), (2.22)
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as in [11]. To explain this assumption, we first consider an incompressible material, for which
we know that I3 =1, i.e.
(A+U)*B*(C+Wx)* =1. (2.23)

We should have A2B%C? =1 (for U = W = 0). Hence for small disturbances, we obtain for

an incompressible material that

A
U~ ——Wy. 2.24
oWx (2.24)

In this paper we are considering a compressible material, and relation (2.24) does not hold.
However, it is reasonable to expect that the magnitude of the disturbances will not change

drastically when compressibility comes into play. Therefore, for the present problem we
assume that (2.22) holds.

3 Long waves

In this section, we further assume that
(a) The wavelength [ is large compared to the thickness 2a.
(b) hl and a® have the same order of magnitude.

Substituting (2.18) into (2.16) and (2.17), we get

1 1
<¢11U + ¢13wx/) +& (051271112/ + §¢111U2 + Prizuw, + §¢133w§,)
0
+§{PCZUW — 2(Pattyry + P5tigrer) — 51[¢14U§/ + Pr5uls + 2h1a(uny )y
+2¢34(uy/wz’)y’ + 2¢15uum/m/ + 2¢35 (ux’wx’)x’ + (256 (ux’wy/)y’ + (bﬁ (wy’uy/)m/]}
NI =0, (3.1)

and

- pCth’t’ + (¢13u:1:’ + ¢33wz’z’ + 2¢2wy’y’) + &1 |:¢113uuz’ + ¢133<uwx’)z’ + ¢333wx’wx’m’i|

€10
+ &1 [2¢12(uwy/)y/ + 2¢23(w$/wy/)y/ + 2¢23wy/wx1y/} + % (2¢35ux’uac’x’>

R =0, (3.2)

where g1 = h/l, § = a*/1?. By assumption (b), the parameters ¢, and 6 have the same order
of magnitude.

In order to derive an essentially unidimensional model equation which is asymptotically
valid in the far-field, we shall scale 2’/ and 3 differently. Following the approach usually
adopted for the Kadomtsev-Petviashvili equation ([12], [13]), we introduce the transforma-
tions

=2 —t, n=\ay, T=et. (3.3)



Plugging (3.3) into (3.1), (3.2), we obtain

0 1 1
¢11’LL + ¢13’LU5 + g(pc2 — 2¢5)U§§ + &1 <§¢111U2 + ¢113U’LU5 + §¢133’wg> + e - 07 (34)

and

— pwee + <¢13U§ + ¢33wgg> + 51{2002w§r + 2¢2wyy + Prizune + Przs(uwe)e + ¢333w5w§5}
4. =0, (3.5)

where we have dropped the quadratic terms in (g1, 6).
Furthermore, we assume that u and w have the following asymptotic expansions in &;:

2
U:U0+€1U1+€1UQ+"',

2
w:w0+51w1+51w2—|—---

and plug them into the above two equations. At the lowest order O(1), we have

MjySo = 0, (3.8)
where
Mo = Gj);éf (¢33 ibl,ZCQ)ag } » Bo= { ;L([))E } ' (39)
Hence we obtain the relation
Woe = Sup, where s = —%. (3.10)

By (2.21) the left nullvector of My is
Lo = | ¢130: —ou1 |- (3.11)
At the next order O(ey), we have

M()Sl -+ T1'LLO~,- + T2U)07m + R]_UO&‘E + Qlug = O, (312)

_ | wm _ 0 10
Sl_|:w1£:|7 T1_|:2p025:|7 T2_|:2¢2:|7

_ [ (8/e1)5(pc” = 2¢5) } _ [ $0111 + drss + Sd1338
R = l ’ 0 Q= (%??113 + P1338 + %2533352)85 '

where

We then multiply the left hand side of (3.12) by the left nullvector L, use (3.10) and take
an additional derivative in £ to obtain



(UOT + K1ugUpe + ng%g)g + K3Uopy = 0, (313)

where

_ 111 + 301135 + 3d1335” + Pazzs’ K (6/321)(pc* — 2¢5) Ky = P2

e 2pc2s? ’ - 2pc2s? ’ 2

Equation (3.13) the well-known Kadomtsev-Petviashvili (KP) equation, which is the asymp-
totically valid far-field equation which models the essentially unidimensional, long, small but
finite-amplitude waves in a pre-stressed stiff plate composed of a compressible hyperelastic
material.

Furthermore, if we restrict our considerations to the unidirectional waves, the n—dependence
in (3.13) disappears, and we obtain the one-dimensional KdV equation

Ugr + R1UoUoe + Rologge = 0. (314)

4 Short waves

In this section, we assume that
(c) The wavelength [ is of the same order of magnitude as the thickness of the plate 2a.

(d) The material constants satisfy:

pc? = 2¢s. (4.1)

We first explain assumption (d). In the previous section we derived the KP equation as a
model equation. It has been proved that if the KP equation admits solitary-wave solutions,
then the solutions must be smooth (see [6]). Hence the KP model equation does not solve
the question of whether non-smooth solitary wave solutions can arise. It is known that the
nonlinearity could be the source of a discontinuity, and the dispersive terms could help to
smooth out the solution. This suggests consideration of the case that the dispersive term
vanish. For example, our assumption (4.1) is consistent with the vanishing of ks in the
long-wave case (3.13).
Effectively, by (c) we can take [ to be a in (2.18) and hence the scaling becomes

W =hw, U= gu, X=ar,Y=ay, T= %t’. (4.2)
Let € = h/a. The governing equations (2.16) and (2.17) now become
<¢11U + ¢13wx/) + 5(@512102, + %¢111U2 + Prisuwy + %¢133w§/)
+%{PCQUW — 2(Pattyy + Psgrar) — E[Praty + dr5uds + 214 (uny )y
+2¢34(Uy Wy )y + 215Uty + 2035 (UprWyr ) + P6(Uary )y + ¢6(’wy'uy/)x/]}
I -0 (4.3)
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and

— pCwpy + <¢13uxf + P33Wargr + 2¢2wyfyf> +e |:¢113uux’ + P133(UWy ) o + P333War Wy
19
+e [2¢12(Uwy')y' + 223 (Warwy )y + 2¢23wy/wx/y/i| + 3 <2¢35Ux/um/x/>

4o = 0. (4'4)

As before, we shall regard ¢ as a small parameter but retain the nonlinear terms. Hence we
are considering small but finite-amplitude waves. Because the characteristic scale is a, the
waves are of finite length.

To obtain the far-field model equation for an essentially unidimensional wave equation,
we substitute (3.3) (with e; replaced by ¢) into (4.3) and (4.4) we obtain

1 1 1 2
Pr11u + Qr3we + g(PCQ — 2¢5)uee + 5{(5%11“2 + Priz3uwe + §¢133w§) - 5,002%7
2 1
— 5 Patlyy — §[¢15u§ + 2¢15uuge + 2¢35(U£w§)§]} S AREEEEE =0 (4.5)

and
— pcwee + <¢13u5 + ¢33wg§>

2
+€{2002wgr + 202wy, + r13une + P13z (uwe )¢ + Pazzwewee + §¢35U§U55}
deea =0, (4.6)

where we have dropped the quadratic terms in €.
At the lowest order O(1), the equations are almost identical to those in Section 3 and we
have

M()SO == 0, (47)
where My, Sg are the same as in (3.9). Hence we obtain the relation

woe = Sug, where s = _%u (4.8)

P13
The left eigenvector of My is the same as in (3.11). At the next order O(g), we find

MoS1 + Thuor + Tauger + Tswoy, + Tauon, + Quug + Qzu(z)g + Qauoupee = 0, (4.9)

where
| wm B 0 B —%pc2 10 B —§¢4
Sl_{wlg]’Tl_[Q,oc%}’rIb_{ 0 Ts = 209 Ta = 0 ’
Q: = - %¢111 + 1135 + %¢13352 }
! i (%925113 + P1338 + %¢33382)ag ’

[ _1 _2
Q, — 3<¢§;;@i¢358) } Qs— l 3(¢150—|— $355) } .
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Multiplying the left-hand side of (4.9) by L., we obtain

Uor + 0'/1U0§§T + JéuouOg + 0§(2u05u05§ + uouoggg) + Jﬁlwonn + Uguognn = 0, (410)
where
, 1
oy =——,
! 352
o — P11157" 4 3113 + 3d1335 + P3335>
2 2pc2s ’
/ G15 + P35
03 = ——0—5
3pc?s
J/ _ ¢2
4 pcgsa
0_/ _ ¢4
> 3pcts?’
Taking O of (4.10), we have
{ur + o1uger + o5uue + 05(2ugtiee + utigee) be + 04 Uny + OGUgeny = 0, (4.11)
where
" ¢2
04 -

pet’
Using the assumption that o) # 0 and the fact that o} < 0, we can introduce the rescaling

3/ —0} -
= 7 ta f: V —01%, y=n.

.
T2
Then (4.11) turns into
{ur — Ugar + 3utty — Y(2UpUpy + Wty bo — QUyy + Blggyy = 0, (4.12)
which is (1.1), where
_ 305 _ 3010} 5= 3o,
0105’ oy <5

Equation (4.12) is the far-field model equation for unidimensional finite-length small
but finite-amplitude waves in a pre-stressed plate composed of a compressible hyperelastic
material when the material constants and prestress satisfy (4.1).

5 Elastic material with internal variables

With the same setup as in Section 2, we study wave motions superimposed on a uniformly
pre-stressed state which is described by

CX +W(X,Y,Z,T),

(5.1)

AZ +U(X,Y, Z,T).

<
I
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Our aim is to study the vertical disturbance U(X,Y,Z,T). In Section 2 we used (2.6)
as an approximation so that the problem becomes two-dimensional. However, such a dras-
tic simplification may be too crude as it may leave out some physical effects induced by
Z—dependence. In order to compensate for that, we introduce an internal variable P(X, Y, T)
in the deformation. Such a motion is described by the equations

CX +W(X,Y,T),
BY, (5.2)
=[A+U(X,Y,T)+ P(X,Y,T)]Z.

i=
z]

The next step is to determine the relation between the internal variable P and the function
U. Motivated by the theories of higher order gradient in elasticity (see, e.g., [3], [21], [22]),
we may consider that P is related to derivatives of U. Let us assume that the effects in the
Y —direction are weak. Therefore the simple model that we choose is

P(X,Y,T) = \Ux(X,Y,T), (5.3)

where A > 0 is a parameter. Physically, relation (5.3) states that the stress along the vertical
direction also depends on the geometry of the plate, say, the curvature. In other words, the
plate exhibits notable stiffness along the Z—axis, resisting bending. Thus the motion is now

described by

= COX + W(X,Y,T),
BY, (5.4)

where A is the stiffness parameter (possibly zero).

IS AN
I

5.1 Governing equations

We shall proceed exactly the same way as in the previous three sections. We compute the
three principal invariants of the new right Cauchy-Green strain tensor as

L= (A+U+\Ux)?+ B>+ Z?(Uy + \Uxy)*> + Z?(Ux + \Uxx)* + (C + Wx)?
+WE,
Iy= (A+ U+ \Ux)?*B*+ W2+ (C + Wx)? + B>(C + Wx)?
+Z{B*(Ux + \Uxx)* + Wy (Ux + N\Uxx) — (C + Wx)(Uy + AUxy))?},
L= (A+U+ \Ux)?B*(C + Wx)2

Hence for an isotropic compressible hyperelastic material, we can write its strain energy
function as

¢ = ¢(917 42,43, 44, 45, 46, 47, 48, 49, 410, qll)a (55)

where

U qo = W%QS WX7q4 Z UY7q5 Z2UXa
= ZQ(UX + ANxx)(Uy + AUxy)Wy, ¢z = \Ux, s = Z* XUy Uxy,
= Z2)\UXUXX7Q1O = )\QZ2U)2(Y,C]11 = A ZQUXX-
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Taylor expanding (5.5) and then using Hamilton’s principle as we did in Section 2, we
obtain the new, more complicated governing equations

1 1
<¢1 + 01U + ¢13Wx — ApsrWxx — /\2¢77UXX> + <¢12W3 + §§Z5111U2 + o113UWx + §¢133W)2(>

1
— /\(2¢27WYWYZ + o137 UWxx + ¢337WXWXX) -\ [¢177(§U)2< +UUxx) + ¢377(UXWX)X]

2

+%{p(UTT — NUxxrr) — 2(04Uyy + ¢5Uxx) — [014Us + ¢15Ux + 2¢14(UUy )y

+ 2034 (Uy Wx )y + 2015UUx x + 2¢35(UxWx ) x + ¢6(UxWy )y + ¢6(Wy Uy ) x|
— ANésUxyy + 0oUxxx — (319 — 6075) UxUx x + 3¢39(Ux Wx x) x|

- )\2[2(¢10UYY + ¢11UXX)XX - ¢1,10U)2(X - 2¢1,11(UUXX)XX - 2¢3,11(WXUXX)XX]}
4o =0 (5.6)

and

— pWrr + <¢13UX + 033Wixx + 202 Wyy + >\¢37UXX>
+ {¢113UUX + d133(UWx ) x + ¢33sWxWixx + ANo137(UUx ) x + ¢337(UxWx ) x] + )\2¢337UXUXX}
+ [2¢12(UWY)Y + 2003 (Wx Wy )y + 2093 Wy Wy + 2/\¢27(UXWY>Y}

2

a
+§{2¢35UXUXX + Ao (UxUxx)x + 2700311 UxxUxxx + 2¢3.Uy Uxy (5.7
+ Apss(UyUxy) x + ¢6[(Ux + AUxx)(Uy + )\UXY)}Y} doee =0.

Plugging in U = W = 0 we also get ¢, = 0.
We shall still use the same scaling (2.18) with the same ¢ as expressed in (2.21). We
make the same assumptions as before and further assume that

(e) A< L. (5.8)

5.2 Long waves

In the long-wave approach, we shall use assumptions (a) and (b) in Section 3 as well as (e).
We substitute (2.18) into (5.6) and (5.7), use the transformation (3.3) and then plug in the
asymptotic expansions (3.6), (3.7). Because we have introduced a new parameter \, there is
a new parameter © = A/l in the transformed equations. At the lowest order O(1), we have

M;,So = 0, (5.9)
where
— 120?13 — 370 u
M. — o1 Mﬁb??g 13 M37§] S:{ 0] 510
0= | G130 + pbsd? (633 — pA)0e | 0 | weg (5.10)
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At this point, we further make the material assumption that at the equilibrium (U = W = 0)
the energy function ¢ in (5.5) depends on ¢y, gz through their sum ¢; + ¢7. Consequently, at
the equilibrium we have

o1 = ¢rr and P13 = Pr3, (5-11)
which implies that
det M = 0. (5.12)
The left nullvector of My, is
L, = | ¢130: —¢u + M—d)ziwag - (5.13)
and we obtain the relation
Woe = SUg + [T Uog, (5.14)
where
__fu r= —¢11f37. (5.15)
®13 13

At the next order O(g1), we have

MoS; + Tyugr + Tz’wonn + MT3U0§T + le)gg + ,uRz’lLo&:g + M2R3U0§§§§
+ Qlug + MQ2U0U0§ + M2P1U35 + M2P2UOU0££ = O, (516)

where S1, T, T2, R; and Qq are given as before in Section 3, and

_ O ] R [ ~(6/e) e ] R { ~(8/en)Fpe? + 26m) } |

Qs = [ dr137 + Pu3zsT — (G1375 + azrs?) }
2 (1337 + 33357 + D137 + P3375)0e |’

P, = | (%@337’2 — 033757 — Q3778 — %¢177) - M(%¢3377’2 + ¢a777) O }
(30377 + (3377 + 3¢3337%) }O% 7

P, — [ — (1377 + P3375T + G177 + P337S) }
2 = 0 )

Then we multiply the left hand side of (5.16) by the left eigenvector L., and take an additional
derivative on £ to obtain

{Uof + Kitigtiog + Katlogee — I Katloger — JUR5Uogees — M KeUoggeee — MAir (Ug )ee

+ P [rguostioee + Ko(uotoee e + M3ﬁ10(u8§)§§}£ + KaUony — K2 K1Uogeqm = 0, (5.17)
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where

0300 (0/32)(p + 200)
EPCRE 2pc2s? 2pc2s?

. 7“(¢113 + 2¢1335 + ¢33382) _ §Z5:’,3387“2 + <Z51337“2 — P3378 — Q177

R7 = 2.9 , kg = 2.9 )
4pc?s 2pc?s

Q177+ 03378 + Q1377 + GszrsT 337 + 333772 + Pazsr®

K9 = 2.2 » K10 = 5.2 )
2pc*s 4dpcts
¢27"2

K11 = .

In (5.17), the parameter p (related to the stiffness of the plate) is treated as an O(1)
quantity. Now we impose the smallness assumption on g to simplify the equation. Let’s
assume that y is o(1) and p? = O(}), where 1 < b < 2 such that the p2- and p’-terms can
be omitted in (5.17). Thus we obtain the equation

{UOT + R1UoUog + RolUpgee — MR5Upgeee — M/‘i7<ug)£§}£ + R3Uonn = 0. (518)

It is easy to see that when A\ = 0, the long-wave equation (5.18) reduces to the KP
equation (3.13).

5.3 Short waves

As we explained in Section 4, we now assume that (c) holds (I ~ a) and that the dispersive
terms in (5.17) vanish (k2 = kg = 0); that is,

(d) pc® = 2¢s, (5.19)
(f) Apc® +2¢11) = 0. (5.20)

Hence similarly as in Section 4, we use the scaling (2.18) with [ replaced by a.
Let € = h/a as before, v = \/a. Plugging in the scaling and (3.6), (3.7), we obtain

Pr1u + P13we — V3rwee — U rrtige + %(PC2 — 2¢5)uee — %Vﬁbguggg - %VQ(PCQ + 2011 ) Uggee
+5{(%¢111U2 + Qrizuwe + %¢133w§) - ngQ(Ugr - V2U§§§r) - §¢4unn

- %[%uﬁ + 2¢15utiee + 235 (Uewe )]

— V[¢rsruwee + gszrwewee + %(%U@m + 3o gucuuge — OPrsucutice — 3s.9(ugwee)e)]

1
—V2[¢177(§U§ + uuge) + Parr(ugwe)e

1

- 5(—2¢1ougsnn + dr 10 + 2201 11 (wuge )ge + 2¢3,11(w5u££)££)]}

T =0 (5.21)
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and
( — pCwee + Pr3ue + Pazwee + V¢37U55)
+€{2p62w57 + 2090wy, + Gr13ute + Pr33(UWe )¢ + Pa33Wewee + §¢35U§U55
+ v[prsr(utte)e + ¢asr(uewe)e + %%9(“5“&5)5] + 12| darrucue + §¢3,11u§w§5§]}
PR —0, (5.22)

where we have dropped the quadratic terms in €. We make the additional simplifying
assumption that

Ao = 0, (5.23)
which is obviously satisfied in the non-stiff case (A = 0).
At the lowest order O(1), we have
M!S, = 0, (5.24)

where My, Sg are similar as in (5.10) with p replaced by v. The left nullvector of L of My
is similar to (5.13) with p replaced by v. Hence we obtain the relation

Woe = SUg + VTog, (5.25)
where s and 7 are given in (5.15). At the next order O(g), we find

MSSl + TIUOT + T/zuOgT + T3w07m + T4U077,7 + T5U0§§§7— + T6U0££n + T7u0§5m7
+ Quuf + Qhue + Quotioee + vQauouos + K = 0, (5.26)

where Sy, Ty, T3, T4 and Q; are the same as given in Section 4, and

T/2: |: 35 7T5: 3p0 7T6: 3O¢8 7T7: 30¢10 )

B 1(¢15 +20355) + v (¢133 ? — PaarsrT — d3rrS — M)

2 2
A | .
Q + §V2¢197“35§ - V3(§¢3377"2 + p3777) 0 + §V3¢3,11?"3§§g

{%%5 + VZ(%¢377 + @337 + %¢3337’2)}3§

P19
g 2

Q! [ —§(¢15 + P358) — V{1377 + Ps375T + 177 + P3zrs + §(¢1,11 + ¢3.115)0¢e } ]
3 0 )

Q4 = [ Grisr + GrsssT — (1375 + P3375°) } K — [ —V2¢1 10“0«5& + V ¢3 117“(U0§)g§g }
| (Qu337 + B3335T + D137 + P3375)0; 6(/539(%5) 133 + V 23, 11(%55)5
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Multiplying the left-hand side of (5.26) by L, we obtain

Uor + 01 Uoger + Oytiotios + 05 (2uogtioge + toliogee) + 04 Wony + T5logyy + Oglogecer + O7ton
o8 5 Par® P10 F0308 + P75 — 5P19 + D195 — P33T

2_ 70 2

o (V6p6282 pc2s2 Jogeqn — v 3pc2s? Uoggenn +V 2252 (uog)&
+v? [—¢1’11 + ¢3’118(u N Pr377 + G3375T + P1337% + P3zzT (uotioe)

3pc2s? 070/ 2pc2s? 0Uog )eg

G177 + 3775 + Q1377 + P337ST G100 + 311, G391 2

6151337“2 — (3775 — Q177 + P333ST 2 P197 2

+ 4p2s? (ute)e — 4,%—232(%5)554
G317 3¢s7rr + Pazrr? + P3sar®

+ V3{6p0252 [(ngé)éﬁéf - (Uggg)ﬁé] - 1pcs? (Ugg)gg} =0, (5.27)

where 09, 0}, 0 and of are same as in Section 4, and

~ 1 r?
01 = _(g + V2§)7
352
o = —V¢—22T.
pcs

In the non-stiff case, (5.27) becomes exactly (4.10). When A > 0 hence v > 0, we take J¢ of
(5.27), use (5.25), and perform the transformation

g=vie, T=vin y=n
We thus get

{ur + ovuger + gsugeees + oguug + 03(2uguge + utgee ) e + oatlyy + Tsgery,
+OWs)=0 (5.28)

where
1 2 1 5
01 = ——V 4, O0g= —5V?2 02:O-,V4
352 ’ 3s2 7 2
o R .5
03 = O3V, Oy = 04V2, 05 = OgV4.

Using the assumption that o9 # 0 and the fact that o; < 0, we introduce the scaling

T = t, & =+ox.

With the higher-order term omitted, (5.28) turns into

{ur — Ut + Uzt + Uty — V(2Uplyy + Ullyay) b — Uy + Bllggyy =0 (5.29)

18



where

30'3 30’10‘4 30’5
§=—= =352 = , Q= , [B=—1.
01 0109 09 09

One can easily see that the parameters v, «, 5 in (5.29) are exactly the same as those in
(4.12). Furthermore, § is positive.

We want to remark that this approach by use of the internal variables results in a higher-
order derivative term in the final equation, which makes the PDE more regular.This problem
will be considerably easier to analyze.
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