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Abstract

For a general Carnot group G with homogeneous dimension ) we prove the existence of
a fundamental solution of the @-Laplacian ug and a constant ag > 0 such that exp(—agqug)
is a homogeneous norm on G. This implies a representation formula for smooth functions on
G which is used to prove the sharp Carnot group version of the celebrated Moser-Trudinger

inequality.

1 Introduction

Let G be a Carnot group i.e. a simply connected stratified Lie group with homogeneous dimension
Q. It has been known since the work of Varopoulos 2 [2 and alo Coste[  that the following
ersion of the obole ine uality holds on G




pro ided that Qand - - — where stands for the norm of the
of a function G . y completion of G under the obole norm the
abo e ine uality holds for functions in the obole space G . ereferto ection

2 for a more detailed account on this terminology and background results of analysis on Carnot
groups.

In the case Q@ the obole ine uality . turns into the rudinger ine uality stated as
follows. here e ist constants and such that for any domain G and

the following ine uality holds

2 — ep

where Q @ Q is the dual e ponent of Q.
his statement has been first established by rudinger [22 in the uclidean space . In the
setting of Carnot groups .2 was pro en by alo Coste in [2
It is by now known that appropriate ersions of the obole ine uality . and rudingers
ine uality .2 hold e en in general metric spaces. e refer to [ for a comprehensi e recent
account on this sub ect.
owe er to find the alues of the best constants in . and and in .2 isa much
more delicate matter. or the obole ine ualities . the alue of the best constant in was
found by alentiin[2 . oser| pro ed rudingersine uality .2 in  with sharp e ponent
where is the dimensional measure of the unit sphere in
In the setting of Carnot groups not much is known about sharp constants. he only results
that ha e so far been pro en are in the case of the eisenberg group the simplest non tri ial
Carnot group. or the obole ine uality . in the case 2 the alue of

has been determined by erison and Lee [ . he alue of the best constant in . in the
remaining cases 2 is still open e en for the eisenberg group.

Concerning the oser rudinger ine uality .2 we note the recent paper of Cohn and Lu |
who found the alue of the sharp e ponent in the eisenberg group to be

Q2 2 Q 2 Q2

ere @ 2 2 and as before @ Q @

s main result of this paper we establish the oser rudinger ine uality .2 with a sharp
constant for general Carnot groups. he best e ponent is gi en in terms of an integral
on a unit sphere of the hori ontal gradient of a certain homogeneous norm. In the case of
type groups in the sense of aplan [  the constant has been e plicitely computed by two
di erent methods by Cohn and Lu [ and by two of us in [ by using a special system of polar
coordinates. Inspired by the original proof of Cohn and Lu [ our approach is based on the method
of dams [ . he method uses an estimate of the one dimensional non increasing rearrangement
of the con olution of two functions due to eil [ . his reasoning a oids the di cult problem
of studying the beha ior under symmetri ation of the norm of the hori ontal gradient. ur
starting point is to pro e a representation formula for functions in terms of their hori ontal



gradient and fundamental solution of the () Laplace e uation which has independent interest. he
proof is based on recent results from [2 about the e istence of singular solutions of the @ Laplace
e uation with some additional nice properties.

he paper is organi ed as follows in ection 2 we recall terminology and some background
results. In ection we pro e the e istence of a fundamental solution of the ) Laplacian whose
e ponential defines a homogeneous norm. In ection we gi e the proof of the oser rudinger
ine uality with best constant

It is a pleasure to thank Cohn and Lu for sharing their work at an early

stage with us. In fact this article was moti ated by our e orts to understand their paper [ .

¢c roundr ut

Let us start by introducing some notation and terminology related to analysis on Carnot groups.
is a connected simply connected nilpotent Lie group G of dimension at least

two with graded Lie algebra so that | for 2 and
[ . he integer is called the of G. e denote the neutral element of G by
and we identify elements of with left in ariant ector fields on G in the usual manner.

e i throughout this paper an inner product in with associated orthonormal basis

elati e to this basis we construct the G of the

tangent bundle G with fibers G  span G.  left in ariant ector
field on G is said to be if it is a section of the hori ontal tangent bundle.

s a simply connected nilpotent group G is di eomorphic with dim ia
the e ponential map e p G. e identify an element G with

by the formula

2. ep
where denotes a set of non hori ontal ectors e tending to a basis for all
of

he aar measure on G is induced by the e ponential mapping from the Lebesgue measure on
hroughout this paper statements in ol ing measure theory are always understood to be
with respect to aar measure.
he of a ector field

is gi en by
2.2 di

ote that the wuclidean di ergence of a hori ontal ector field agrees with its hori ontal di er
gence this can be seen by calculating the di ergence relati e to the basis
for . e refer to the appendi in [ for the details of this calculation.



Let bea domainin G. or we say that the hori ontal gradient of
if there e ists a hori ontal ector field so that

di

for all smooth compactly supported hori ontal ector fields . e write for the hori ontal
gradient of .  hen is the uni ue hori ontal ector field in  defined by the
e uation

for all hori ontal ector fields . or we say that is in the
if and e ists in the sense of distributions and . e
denote by the norm defined by the inner product in the hori ontal space.
or we define by setting if and e tending by linearity. Via
con ugation with the e ponential map  induces an automorphism of G onto itself which we also
denote by . he acobian determinant of relati e to aar measure ise erywhere e ual to
where

Q dim

is the so called of G.

y a on G we mean any continuous and positi e function on G
which satisfies the conditions for all and . ny homogeneous
norm can be e tended continuously to all of G by setting

Let us assume that G is a Carnot group of homogeneous dimension ) . his restriction
rules out only the cases G and G in which case our results are classical. Let be a
domain in G and let . function is said to be a

in if

for all test functions . In case standard methods show that 2. ise ui alent
with the partial di erential e uation

2. di

which is the uler Lagrange e uation for the ariational integral

ote that we ha e used the inner product structure on in 2. to identify the hori ontal
cotangent space G G with the hori ontal tangent space G
e call if it satisfies 2. in  the operator is called the
ection of [ 2 and [ contain the basic results on potential theory of Carnot groups.



In the linear case 2 we write . hisis
on G which represents a subelliptic Carnot analog of the classical Laplacian the harmonic analysis
associated with ~ has been a sub ect of considerable in estigation see e.g. [ [ | [ [
[ . ote in particular that by a result of olland | heorem 2. in any Carnot group G there
e ists a uni ue fundamental solution  to the e uation for the 2 Laplace operator which is smooth
away from and homogeneous of degree 2 @) .

In the non linear case 2 there are e istence results but there is no theory to gi e us
smoothness of solutions of the Laplacian e cept for the particular cases of eisenberg or
type groups [ [ 2 [ . In this paper we are primarily interested in the conformal case Q.

e know from roposition . in [ 2 that there e ists a weak solution of the @ Laplace
e uation the so called that is continuous on G has a prescribed singularity
lim at G and asymptotic beha ior lim at . ccording to

a recent result in [2 this singular solution has the additional property that its e ponential is a
homogeneous norm. o be more precise let us recall the e act statement from [2 as

G Q
Q G
ep G
Let us denote by the unit sphere with respect to the homogeneous norm
from heorem 2. . e shall need the following ersion of the integration in polar coordinates from

[

G
2.
he following lemma will be important in the ne t section
Let us first obser e that is a homogeneous function of degree ero. ince it is defined
a.e. in G it must bedefined a.e.in by 2. . rom heorem2. wega e — log —.

ne can easily check that composition of a smooth function with a hori ontal obole function is
again a hori ontal obole function and the chain rule holds almost e erywhere. his gi es

2. — —— for a.e. G

y assumption G and therefore



where .
pplying roposition 2. we see from 2. and 2. that

n the other hand for and a.e. . sing these relations
2. 2 takes the form

- log 2

pro ing the lemma.

In the oser rudinger ine uality the following constant

will play a crucial role.

und nt oution ort cin

In this section we pro e the e istence of the fundamental solution of the @) Laplacian with some
additional properties that are crucial in the proof of the oser rudinger ine uality. he main
result of this section is the following theorem.

G Q
Q
Q

e shall use heorem 2. so we consider ep which is a homogeneous
norm. hen .2 ise ui alent to

di
In fact we shall show that
di

where isgi enin 2.



e ha e to show that for any G

e know that for G

moreo er by a standard density argument . is true for all functions G

or 2 consider the following au iliary function

— log— 2
2
efine . he fact that G follows from the lattice property of
as done for e ample in Chapter of[ . et apply . to and obtain

Let us write the right hand side of the abo e e uality as where
and

e show now that and as . 0 check the first claim we use
integration in polar coordinates

as

where we used that



which follows by Lemma 2. . or the second claim we notice that

B 2
G 2
and so
log 2
log 2 -
sing this calculation we can write
where

sup as

O

he crucial ingredient in the proof of the oser rudinger ine uality is the following represen
tation formula.

G Q
log G G
or formula . is ust formula . from the proof of heorem . . or a general
G . is obtained by group translation. O
ormula . was recently obtained by Cohn and Lu in the case of the eisenberg
group [ by a di erent method using a direct calculation with the e plicit formula of . It is
remarkable that . holds in general Carnot groups and its proof uses ust the properties and

not the e plicit formula of the homogeneous norm



or rudin rin u it it r con t nt

or a domain G we denote by the hori ontal obole space of functions
supported in  such that . e use the notation for the aar measure of a measurable
set G.
G Q Q
Q Q Q
G
2 — ep

he proof uses ideas from | and [ and representation formula

It is enough to pro e heorem . for . epresentation formula . implies
where
and stands for the con olution of two functions on G gi en by

Let us introduce some notation. or a non negati e function defined on G we consider its
non increasing rearrangement

inf

where

hen for any measurable function | [

e also consider the a erage of the rearrangement

o estimate the rearrangement of the con olution we shall apply eil s lemma [  which is
alid in Carnot groups e en in more general setting



In our case

and

o calculate denote by the pro ection of

ith this notation it is easy to see that

G G

y integration in polar coordinates

his implies that

Q ~ and
Ine uality becomes
Q _
— Q
e shall estimate the right side of
sup
Q
ep

o apply Lemma . assume that

obtain

he au iliary function is defined to be

if
if
if

G onto  defined by the condition

by using the following lemma from [

[

etting



which gi es

sup Q

y a direct computation we obtain

Q

ccording to the conclusion of Lemma

ep Q
o pro e the estimate in the first statement of heorem . we start with . and
€ep e p

ep

ep @ Q
ince Q we obtain

— ep @Q
enow make in . the change of ariables and notice that the middle part of
coincides with right side of . . his concludes the proof of the first statement of the theorem.

o pro e the second statement let G

Let us assume that for some

- ep

for all . or denote by G and consider the
function
log log on

on



It follows that

log — on
on
Integrating in polar coordinates yields
log
log
e use again the homogeneity of which implies . e
obtain
log
sing . and the fact that on wehae
—ep — log
ince ep Q@ log we conclude that
Q
ep — log for any

his implies that Q

O
If we ha e more information on the homogeneous norm  the constant  from 2.
and Q can be e plicitely calculated. his is possible for the case of  type groups by
using the from [ . he resulting e plicit formula see Corollary . in
[ is
9 .
GQR Q

where dim is the dimension of the hori ontal space of G dim is the dimension of the
center of G and @) 2. s indicated in the introduction this formula has also been found by

Cohn and Lu [ by a di erent method.

r nc

[ sharp ine uality of . oser for higher order deri ati es.
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