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Part 3: The Large-Scale  
Structure of Networks 

2 



Statistics for real networks 
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network size. (For the directed networks in the table it is the size of the largest weakly 
connected component that is quoted. Component sizes in directed networks are discussed further in 
the following section.) As we can see from the table our figure for the actor network is quite 
typical for the networks listed and not unusually large. 

As the table also shows, there are quite a few networks for which the largest component fills the 
entire network so that S = 1, i.e., the network has only a single component and no smaller 
components. In the cases where this happens there is usually a good reason. For instance, the 
Internet is a communication network—its reason for existence is to provide connections between 
its nodes. There must be at least one path from your vertex to your friend’s vertex if the network is 
to serve its purpose of allowing your and your friend to communicate. To put it another way, there 
would be no point in being a part of the Internet if you are not part of its largest component, since 
that would mean that you are disconnected from and unable to communicate with almost everyone 
else. Thus there is a strong pressure on every vertex of the Internet to be part of the largest 
component and thus for the largest component to fill the entire network. In other cases the largest 
component fills the network because of the way the network is measured. The first Web network 
listed in the table, for instance, is derived from a single web crawl, as described in Section 4.1. 
Since a crawler can only find a web page if that page is linked to by another page, it follows 
automatically that all pages found by a single crawl will be connected into a single component. A 
Web network may, however, have more than one component if, like the ɂAlta Vistaɂ network in 
the table, it is assembled using several web crawls starting from different locations. 

Table 8.1: Basic statistics for a number of networks. The properties measured are: type of 
network, directed or undirected; total number of vertices n; total number of edges m; mean degree 
c; fraction of vertices in the largest component S (or the largest weakly connected component in 
the case of a directed network); mean geodesic distance between connected vertex pairs ˜; 
exponent Į of the degree distribution if the distribution follows a power law (or “-ā�if not; in/out-
degree exponents are given for directed graphs); clustering coefficient C from Eq. (7.41); 
clustering coefficient CWS from the alternative definition of Eq. (7.44); and the degree correlation 

 



Components 

l  What are the component sizes in a real-world network? 
§  Typically there is a large component that fills most of the 

network  
ü Even more than 90% of the nodes 

§  Rest of the network is divided in many smaller components 
disconnected from each other 

l  The large components can arise 
either due to the nature of the net- 
work (e.g., Internet), or due to the  
way the network was measured  
(e.g., Web) 
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8.1 COMPONENTS  

We begin our discussion of the structure of real-world networks with a look at component sizes. In 
an undirected network, we typically find that there is a large component that fills most of the 
network—usually more than half and not infrequently over 90%—while the rest of the network is 
divided into a large number of small components disconnected from the rest. This situation is 
sketched in Fig. 8.1. (The large component is often referred to as the “giant component,” although 
this is a slightly sloppy usage. As discussed in Section 12.5, the words “giant component” have a 
specific meaning in network theory and are not precisely synonymous with “largest component.” 
In this book we will be careful to distinguish between “largest” and “giant.”) 

A typical example of this kind of behavior is the network of film actors discussed in Section 3.5. 
In this network the vertices represent actors in movies and there is an edge between two actors if 
they have ever appeared in the same movie. In a version of the network from May 2000 [253], it 
was found that 440 971 out of 449 913 actors were connected together in the largest component, or 
about 98%. Thus just 2% of actors were not part of the largest component. 

 

Figure 8.1: Components in an undirected network. In most undirected networks there is a 
single large component occupying a majority, or at least a significant fraction, of the network, 
along with a number of small components, typically consisting of only a handful of vertices each. 
  

See Section 6.11.1 for the definition of a weakly connected component. 

Table 8.1 summarizes the properties of many of the networks discussed in this chapter, and 
gives, among other things, the size S of the largest component in each case as a fraction of total 

 

 

 

 



Components 

l  Can a network have more than one large components that 
fill a sizable fraction of the entire graph? 
§  Usually the answer is no! 

ü If a network of n nodes was divided into two components of size n/
2 each, there would be 0.25n2 vertex pairs such that one vertex 
belongs to the first component and the other one to the second.  
Given that if any of these pairs gets at some point connected 
through an edge, it is highly unlikely that not one such pair would 
be connected à it is very unlikely to have two large components 

l  Are there networks with no large component? 
§  There can be but not of interest  

ü E.g., immediate family ties  
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Components in directed networks 

l  The weakly connected components of directed networks 
behave similar to the components of undirected networks 
§  There is a large weakly connected component and many 

smaller ones 

l  The situation is similar with strongly connected 
components 
§  There is a large strongly connected component and a selection 

of smaller ones 
§  However, the large connected component is typically not “as 

large” as in the case of undirected networks 
ü E.g., For the WWW, the largest connected component fills about a 

quarter of the network* 
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* Broder et al., “Graph structure in the Web”, in Computer Networks, 2000  



Components in directed networks 

l  Associated with a strongly connected component is an 
out- and in-component 

l  Out- and in- components are supersets of the strongly 
connected component and can contain many vertices that 
themselves lie outside the strongly connected component 
§  E.g., in the WWW the portion of in- and out-components that lie 

outside the largest strongly connected component each also 
occupy about a quarter of the network 
ü “Bow tie” structure 

l  Not all directed networks have large  
strongly connected components 

§  E.g., acyclic networks (citation network) 

7 

8.1.1 COMPONENTS IN DIRECTED NETWORKS  

As discussed in Section 6.11, the component structure of directed networks is more complicated 
than for undirected ones. Directed graphs have weakly and strongly connected components. The 
weakly connected components correspond closely to the concept of a component in an undirected 
graph, and the typical situation for weakly connected components is similar to that for undirected 
graphs: there is usually one large weakly connected component plus, optionally, other small ones. 
Figures for the sizes of the largest weakly connected components in several directed network are 
given in Table 8.1. 

A strongly connected component, as described in Section 6.11, is a maximal subset of vertices 
in a network such that each can reach and is reachable from all of the others along a directed path. 
As with weakly connected components, there is typically one large strongly connected component 
in a directed network and a selection of small ones. The largest strongly connected component of 
the World Wide Web, for instance, fills about a quarter of network [56]. 

Associated with each strongly connected component is an out-component (the set of all vertices 
that can be reached from any starting point in the strongly connected component along a directed 
path) and an in-component (the set of vertices from which the strongly connected component can 
be reached). By their definition, in–and out-components are supersets of the strongly connected 
component to which they belong and if there is a large strongly connected component then the 
corresponding in–and out-components will often contain many vertices that lie outside the strongly 
connected component. In the Web, for example, the portion of the in–and out-components that lie 
outside the largest strongly connected component each also occupy about a quarter of the network 
[56]. 

Each of the small strongly connected components will have its own in–and out-components 
also. Often these will themselves be small, but they need not be. It can happen that a small strongly 
connected component C is connected by a directed path to the large strongly connected 
component, in which case the out-component of the large strongly connected component belongs 
to (and probably forms the bulk of) CɁs out-component. Notice that the large out-component can 
be reachable from many small components in this way—the out-components of different strongly 
connected components can overlap in directed networks and any vertex can and usually does 
belong to many out-components. Similar arguments apply, of course, for in-components as well. 

 

Figure 8.2: The “bow tie” diagram of components in a directed network. The typical directed 

 

 



The small world effect 

l  In many networks the typical network distances between 
vertices are surprisingly small 
§  Small world effect 

l  In math terms the small world effect is a hypothesis that 
the mean distance l is “small” 
§  Typically networks have been found to have mean distance less 

than 20 – or in many cases less than 10 – even though the 
networks themselves have millions of nodes 
ü Implications such as rumor spread in a social networks, response 

time in the Internet etc.  
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The small world effect 

l  The small world effect is not surprising 
§  Mathematical models for networks suggest that the mean path 

length l in a network increases slowly with the number n of 
vertices in the network 
ü l~log(n) 

l  Similarly, the diameter of a network is relatively small as 
well 
§  Scales logarithmically as well with the number of vertices 
§  However, it is not a very useful metric (extreme case) 

l  Funneling 
§  Most of the shortest path of vertex i go through one or two of its 

neighbors 
9 



Degree distributions 

l  We define pk to be the fraction of vertices in a network that 
have degree k 
§  pk is essentially the probability that a randomly selected node of 

the network will have degree k 

l  Degree distribution does not capture the whole structure 
of the network! 
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8.3 DEGREE DISTRIBUTIONS  

In this section, we look at one of the most fundamental of network properties, the frequency 
distribution of vertex degrees. This distribution will come up time and again throughout this book 
as a defining characteristic of network structure. 

As described in Section 6.9, the degree of a vertex is the number of edges attached to it. Let us 
first consider undirected networks. We define pk to be the fraction of vertices in such a network 
that have degree k. For example, consider this network:

 

It has n = 10 vertices, of which 1 has degree 0, 2 have degree 1, 4 have degree 2, 2 have degree 3, 
and 1 has degree 4. Thus the values of pk for k = 0,..., 4 are

 

(8.1) 
  

and pk = 0 for all k > 4. The quantities pk represent the degree distribution of the network.
 

The value pk can also be thought of as a probability: it is the probability that a randomly chosen 
vertex in the network has degree k. This will be a useful viewpoint when we study theoretical 
models of networks in Chapters 12 to 15. 

Sometimes, rather than the fraction of vertices with a given degree, we will want the total 
number of such vertices. This is easily calculated from the degree distribution, being given simply 
by npk, where n is as usual the total number of vertices. 

Another construct containing essentially the same information as the degree distribution is the 
degree sequence, which is the set {k1, k2, k3,...} of degrees for all the vertices. For instance, the 
degree sequence of the small graph above is {0, 1, 1, 2, 2, 2, 2, 3, 3, 4}. (The degree sequence need 
not necessarily be given in ascending order of degrees as here. For instance, in many cases the 
vertices are given numeric labels and their degrees are then listed in the order of the labels.) 

It is probably obvious, but bears saying anyway, that a knowledge of the degree distribution (or 
degree sequence) does not, in most cases, tell us the complete structure of a network. For most 
choices of vertex degrees there is more than one network with those degrees. These two networks, 
for instance, are different but have the same degrees:
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1
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2
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4
10
, p3 =

2
10
, p4 =

1
10
, pk = 0∀k ≥ 5



Degree distribution 
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Figure 8.3: The degree distribution of the Internet. A histogram of the degree distribution of 
the vertices of the Internet graph at the level of autonomous systems. 
  

Thus we cannot tell the complete structure of a network from its degrees alone. The degree 
sequence certainly gives us very important information about a network, but it doesn’t give us 
complete information. 

It is often illuminating to make a plot of the degree distribution of a large network as a function 
of k. Figure 8.3 shows an example of such a plot for the Internet at the level of autonomous 
systems. The figure reveals something interesting: most of the vertices in the network have low 
degree—one or two or three—but there is a significant “tail” to the distribution, corresponding to 
vertices with substantially higher degree.118 The plot cuts off at degree 20, but in fact the tail goes 
much further than this. The highest degree vertex in the network has degree 2407. Since there are, 
for this particular data set, a total of 19 956 vertices in the network, that means that the most highly 
connected vertex is connected to about 12% of all other vertices in the network. We call such a 
well-connected vertex a hub119. Hubs will play an important role in the developments of the 
following chapters. 

 

 

 

l  Many nodes with small degrees, few with extremely high 
§  Largest degree is 2407 à Since there are 19956 nodes in total 

this node is connected to 12% of the whole network in one hop 
ü Such nodes are called hubs 

Right-skewed 

The Internet 



Degree distribution in directed networks 

l  For directed networks we have both in- and out-degree 
distributions 
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Figure 8.4: The degree distributions of the World Wide Web. Histograms of the distributions 
of in–and out-degrees of pages on the World Wide Web. Data are from the study by Broder et al. 
[56]. 
  

In fact, it turns out that almost all real-world networks have degree distributions with a tail of 
high-degree hubs like this. In the language of statistics we say that the degree distribution is right-
skewed. Right-skewed degree distributions are discussed further in Section 8.4, and will reappear 
repeatedly throughout this book. 

One can also calculate degree distributions for directed networks. As discussed in Section 6.9, 
directed networks have two different degrees for each vertex, the in-degree and the out-degree, 
which are, respectively, the number of edges ingoing and outgoing at the vertex of interest. There 
are, correspondingly, two different degree distributions in a directed network, the in-degree and 
out-degree distributions, and one can make a plot of either, or both. Figure 8.4, for example, shows 
the degree distributions for the World Wide Web. 

If we wish to be more sophisticated, we might observe that the true degree distribution of a 
directed network is really a joint distribution of in–and out- degrees. We can define pjk to be the 
fraction of vertices having simultaneously an in-degree j and an out-degree k. This is a two-
dimensional distribution that cannot be plotted as a simple histogram, although it could be plotted 
as a two-dimensional density plot or as a surface plot. By using a joint distribution in this way we 
can allow for the possibility that the in–and out-degrees of vertices might be correlated. For 
instance, if vertices with high in-degree also tended to have high out-degree, then we would see 
this reflected in large values of pjk when both j and k were large. If we only have the separate 
distributions of inand out-degree individually, but not the joint distribution, then there is no way of 
telling whether the network contains such correlations. 

In practice, the joint in/out degree distribution of directed networks has rarely been measured or 
studied, so there is relatively little data on it. This is, in some ways, a pity, since many of our 
theories of directed networks depend on a knowledge of the joint distribution to give accurate 
answers (see Section 13.11), while others make predictions about the joint distribution that we 
would like to test against empirical data. For the moment, however, this is an area awaiting more 
thorough exploration. 

 

 

The Web 



Degree distribution in directed networks 

l  In directed networks we can also define a joint in- and out-
degree distribution pjk 
§  pjk is the fraction of vertices that have simultaneously an in-

degree j and an out-degree k 

l  The joint distribution can allow to identify correlations 
between the in- and out-degrees 
§  This is not possible with the two separate, one-dimension, 

degree distributions  
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Power laws and scale free networks 
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Figure 8.5: The power-law degree distribution of the Internet. Another histogram of the degree 
distribution of the Internet graph, plotted this time on logarithmic scales. The approximate straight-
line form of the histogram indicates that the degree distribution roughly follows a power law of the 
form (8.3). 
  

This is, in fact, a common pattern seen in quite a few different networks. For instance, as shown 
in Fig. 8.8 on page 253, both the in–and out-degrees of the World Wide Web roughly follow 
power-law distributions, as do the indegrees in many citation networks (but not the out-degrees). 

The constant Į is known as the exponent of the power law. Values in the range 2 � Į � 3 are 
typical, although values slightly outside this range are possible and are observed occasionally. 
Table 8.1 gives the measured values of the exponents for a number of networks that have power-
law or approximately power-law degree distributions, and we see that most of them fall in this 
range. The constant C in Eq. (8.3) is mostly uninteresting, being fixed by the requirement of 
normalization, as described in Section 8.4.2. 

Degree distributions do not usually follow Eq. (8.3) over their entire range. Looking at Fig. 8.3, 
for example, we can see that the degree distribution is not monotonic for small k, even allowing for 
statistical fluctuations in the histogram. A true power-law distribution is monotonically decreasing 
over its entire range and hence the degree distribution must in this case deviate from the true power 
law in the small-k regime. This is typical. A common situation is that the power law is obeyed in 
the tail of the distribution, for large values of k, but not in the small-k regime. When one says that a 
particular network has a power-law degree distribution one normally means only that the tail of the 
distribution has this form. In some cases, the distribution may also deviate from the power-law 
form for high k as well. For instance, there is often a cut-off of some type that limits the maximum 
degree of vertices in the tail. 

Networks with power-law degree distributions are sometimes called scale-free networks, and we 
will use this terminology occasionally. Of course, there are also many networks that are not scale-
free, that have degree distributions with non-power-law forms, but the scale-free ones will be of 
particular interest to us because they have a number of intriguing properties. Telling the scale-free 
ones from the non-scale-free is not always easy however. The simplest strategy is to look at a 
histogram of the degree distribution on a log-log plot, as we did in Fig. 8.5, to see if we have a 
straight line. There are, however, a number of problems with this approach and where possible we 
recommend you use other methods, as we now explain.

 

 

l  If we plot the degree distribution for the Internet in log-log 
scale we get a straight line figure 

l  Distributions of the above form are called power law 
l  α is called the exponent 

§  Typically 2≤α≤3 
ü Values slightly outside this range are  
also possible 

l  The constant C is in general not 
interesting  

§  Used for normalization   

ln pk = −α lnk + c⇒ pk =Ck
−α,α > 0,C = ec



Power laws and scale free networks 

l  Real networks do not follow power law degree distribution 
over the whole range of k  
§  Usually when we say a degree distribution follows a power law 

we refer to its tail 
ü Deviations from power law can appear for high values of k as well 

o  E.g., cut-offs that limit the maximum degree of vertices in the 
tail 

l  Networks that follow power law degree distribution are 
often referred to as scale-free networks 
§  Identifying scale-free from non scale-free networks is not trivial 

ü Simplest – but not very accurate - strategy à log-log plot is a 
straight line 
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Detecting and visualizing power laws 

l  Simply scaling logarithmically the axis of the histogram 
will give poor statistics at the tail of the distribution 
§  In every bin there will be only a few samples à large statistical 

fluctuations in the number of samples from bin to bin 

l  We could use larger bins to reduce the noise at the tail 
§  However, this reduces the detail captured from the histogram 

(especially at the right side) 

l  Try to get the best of both worlds ! different bin sizes in 
different parts of the histogram 
§  Careful at normalizing the bins correctly!  
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Logarithmic binning 

l  In this scheme each bin is made wider than its 
predecessor by a constant factor a 
§  The n-th bin will cover the range: an-1 ≤ k < an 
§  The most common choice for a is 2 

l  When plotted in log-log scale, the bins appear to have 
equal width 

l  We do not plot degree zero 

17 

 

Figure 8.6: Histogram of the degree distribution if the Internet, created using logarithmic 
binning. In this histogram the widths of the bins are constant on a logarithmic scale, meaning that 
on a linear scale each bin is wider by a constant factor than the one to its left. The counts in the 
bins are normalized by dividing by bin width to make counts in different bins comparable. 

  

 

(8.4) 
  

In other words, Pk is the fraction of vertices that have degree k or greater. (Alternatively, it is the 
probability at a randomly chosen vertex has degree k or greater.) 

Suppose the degree distribution pk follows a power law in its tail. To be precise, let us say that pk 
= CkíĮ for k � kmin for some kmin. Then for k � kmin we have

 

(8.5) 
  

where we have approximated the sum by an integral, which is reasonable since the power law is 
a slowly varying function for large k. (We are also assuming that Į > 1 so that the integral 

 

 

 

 

 



Cummulative distribution function 

l  Another way to visualize power laws is through the 
cummulative distribution function (CDF) Pk 

§  Pk is the fraction of vertices that have degree k or greater 

l  Let’s assume that the degree distribution follows power 
law at the tail (i.e., for k≥kmin).  Then: 

§  CDF follows a power law as well!   

18 

Pk = p
k '
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∞

∑
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k '=k

∞

∑ ≅C k '−α
k

∞

∫ dk ' = C
α −1

k−(α−1),α >1,k ≥ kmin



Cummulative distribution function 

l  Hence, we can visualize the CDF in log-log scales 
§  No need for binning  

ü Hence, we are not throwing any information as we do when we bin 
the normal histogram 

§  Easy to compute from data 
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converges.) Thus we see that if the distribution pk follows a power law, then so does the 
cumulative distribution function Pk, but with an exponent Į í 1 that is 1 less than the original 
exponent. 

 

Figure 8.7: Cumulative distribution function for the degrees of vertices on the Internet. For a 
distribution with a power-law tail, as is approximately the case for the degree distribution of the 
Internet, the cumulative distribution function, Eq. (8.4), also follows a power law, but with a slope 
1 less than that of the original distribution. 
  

This gives us another í way of visualizing a power-law distribution: we plot the cumulative 
distribution function on log-log scales, as we did for the original histogram, and again look for 
straight-line behavior. We have done this in Fig. 8.7 for the case of the Internet, and the 
(approximate) straight-line form is clearly visible. Three more examples are shown in Fig. 8.8, for 
the in–and out-degree distributions of the World Wide Web and for the in-degree distribution of a 
citation network. 

This approach has some advantages. In particular, the calculation of Pk does not require us to bin 
the values of k as we do with a normal histogram. Pk is perfectly well defined for any value of k 
and can be plotted just as a normal function. When bins in a histogram contain more than one 
value of k—i.e., when their width is greater than 1—the binning of data necessarily throws away 
quite a lot of the information contained in the data, eliminating, as it does, the distinction between 
any two values that fall into the same bin. The cumulative distribution function on the other hand 
preserves all of the information contained in the data, because no bins are involved. The most 
obvious manifestation of this difference is that the number of points in a plot like Fig. 8.5 or Fig. 
8.6 is relatively small, whereas in a cumulative distribution plot like Fig. 8.7 there are as many 
points along the k (horizontal) axis as there are distinct values of k.

 

 



CDF disadvantages 

l  Less easy to interpret as compared to normal histograms 

l  Successive points on a CDF plot are correlated  
§  Adjacent values are not independent 
§  Not appropriate to extract the value of the exponent by standard 

techniques (e.g., least squares) that assume independence 
between data points 
ü In general it is not a good practice to fit straight line to either CDF 

or normal histograms 
o  Biased estimations for different reasons 

20 



Power law exponent 

l  The exponent α can be estimated from: 

§  kmin is the minimum degree for which the power law holds 
§  N is the number of vertices with degree greater than or equal to 

kmin 

l  The statistical error on the estimation of  α is: 

21 

α =1+ N[ ln ki
kmin − 1

2i
∑ ]−1

σ = N [ ln ki
kmin − 1

2i
∑ ]−1 = α −1

N



Properties of power-law distributions 

l  Power laws appear in a wide variety of places 
§  Size of city population 
§  Earthquakes 
§  Use of words of a given language 
§  Number of papers scientists write 
§  Number of hits on web pages 
§  Personal names 
§  Sales of books 
§  Income of people 
§  … 

22 



Normalization 

l  Constant C is computed through the requirement that the 
sum of all probabilities for the different degrees must be 1: 

l  In a pure power-law distribution degree of zero is not 
allowed.  Hence, the above sum should start from k=1.  
Then: 

l  If the distribution deviates for small values of k, then the 
above constant is not correct!  
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,k > 0, p0 = 0



Normalization 

l  When we are interested in the tail of the distribution, we 
can discard the rest of the data 
§  We normalize over only the tail, starting from the minimum value 

kmin for which the power-law holds: 

l  If we approximate the sum over k at the tail of the 
distribution with an integral we have:  
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pk =
k−α

k−α
k=kmin

∞

∑
=

k−α

ζ (α,kmin ) Incomplete  
zeta function 

C ≅ 1
k−α dk

kmin

∞

∫
= (α −1)kmin

α−1⇒ pk ≅
α −1
kmin

( k
kmin

)−α



Moments 

l  The m-th moment of the degree distribution is given by:  

l  If a power-law is followed by the degree distribution at the 
tail we have: 

§  Approximating the sum at the tail of the distribution with an 
integral we have: 

§  If m-α+1≥0 then the m-th moment is not well defined (i.e., 
diverges) 
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∞



Moments 

l  Given that real networks exhibit exponent 2≤α≤3, for these 
the second moment is not defined 
§  This is true even if the power-law holds only for the tail of the 

distribution 

l  What does this mean for network datasets?  
§  In any real network all the moments of the degree distribution 

will actually be finite and calculated by: 
ü Since ki is finite, the sum is finite too 
ü Also since we have finite, simple networks, the maximum value that 

the degree can get is k=n à 
§  What does the divergence mean then?  
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< km >= 1
n

ki
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i=1

n

∑

< km >~ [km−α+1]kmin
n ~ nm−α+1



Distributions of other centrality measures 

l  Eigenvector and betweeness centrality often have a highly 
right-skewed distribution 
§  Not necessarily power law though 
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8.5 DISTRIBUTIONS OF OTHER CENTRALITY MEASURES  

Vertex degree is just one of a variety of centrality measures for vertices in networks, as discussed in Chapter 
7. Other centrality measures include eigenvector centrality and its variations (Sections 7.2 to 7.5), closeness 
centrality (Section 7.6), and betweenness centrality (Section 7.7). The distributions of these other measures, 
while of lesser importance in the study of networks than the degree distribution, are nonetheless of some 
interest. 

Eigenvector centrality can be thought of as an extended form of degree centrality, in which we take into 
account not only how many neighbors a vertex has but also how central those neighbors themselves are 
(Section 7.2). Given its similarity to degree centrality, it is perhaps not surprising to learn that eigenvector 
centrality often has a highly right-skewed distribution. The left panel of Fig. 8.10 shows the cumulative 
distribution of eigenvector centralities for the vertices of the Internet, using again the autonomous-system-
level data that we used in Section 8.3. As the figure shows, the tail of the distribution approximately follows 
a power law but the distribution rolls off for vertices with low centrality. Similar roughly power-law 
behavior is also seen in eigenvector centralities for other scale-free networks, such as the World Wide Web 
and citation networks, while other networks show right-skewed but non-power-law distributions. 

Betweenness centrality (Section 7.7) also tends to have right-skewed distributions on most networks. The 
right panel of Fig. 8.10 shows the cumulative distribution of betweenness for the vertices of the Internet and, 
as we can see, this distribution is again roughly power-law in form. Again there are some other networks that 
also have power-law betweenness distributions and others still that have skewed but non-power-law 
distributions. 

An exception to this pattern is the closeness centrality (Section 7.6), which is the mean geodesic distance 
from a vertex to all other reachable vertices. As discussed in Section 7.6 the values of the closeness 
centrality are typically limited to a rather small range from a lower bound of 1 to an upper bound of order log 
n, and this means that their distribution cannot have a long tail. In Fig. 8.11, for instance, we show the 
distributions of closeness centralities for our snapshot of the Internet, and the distribution spans well under 
an order of magnitude from a minimum of 2.30 to a maximum of 7.32. There is no long tail to the 
distribution, and the distribution is not even roughly monotonically decreasing (as our others have been) but 
shows clear peaks and dips. 

 

Figure 8.10: Cumulative distribution functions for centralities of vertices on the Internet. Left panel: 
eigenvector centrality. Right panel: betweenness centrality. 
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Distributions of other centrality measures 

l  Closeness centrality does not exhibit skewed distribution 
§  Closeness centrality takes values in a small range (1 to logn) 

and hence there cannot be long tail 
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Figure 8.11: Histogram of closeness centralities of vertices on the Internet. Unlike Fig. 8.10 
this is a normal non-cumulative histogram showing the actual distribution of closeness centralities. 
This distribution does not follow a power law. 
  

Presumably this large difference is indicative of real social effects at work. There are a number 
of reasons why a real collaboration network might contain more triangles than one would expect 
by chance, but for example it might be that people introduce pairs of their collaborators to one 
another and those pairs then go on to collaborate themselves. This is an example of the process that 
social network analysts call triadic closure: an “open” triad of vertices (i.e., a triad in which one 
vertex is linked to the other two, but the third possible edge is absent) is “closed” by the addition 
of the last edge, forming a triangle. 

One can study triadic closure processes directly if one has time-resolved data on the formation 
of a network. The network of physics collaborators discussed here was studied in this way in Ref. 
[233], where it was shown that pairs of individuals who have not previously collaborated, but who 
have another mutual collaborator, are enormously more likely to collaborate in future than pairs 
who do not—a factor of 45 times as likely in that particular study. Furthermore, the probability of 
future collaboration also goes up sharply as the number of mutual collaborators increases, with 
pairs having two mutual collaborators being more than twice as likely to collaborate in future as 
those having just one. 

However, it is not always the case that the measured clustering coefficient greatly exceeds the 
expected value given by Eq. (8.24). Take the example of the Internet again. For the data set we 
examined earlier the measured clustering coefficient is just 0.012. The expected value, if 
connections were made at random, is 0.84. (The large value arises because, as discussed in Section 
8.4, the Internet has a highly right-skewed degree distribution, which makes �k2� large.) Clearly 
in this case the clustering is far less than one would expect on the basis of chance, suggesting that 
in the Internet there are forces at work that shy away from the creation of triangles.125 

In some other networks, such as food webs or the World Wide Web, clustering is neither higher 
nor lower than expected, taking values roughly comparable with those given by Eq. (8.24). It is not 
yet well understood why clustering coefficients take such different values in different types of 
network, although one theory is that it may be connected with the formation of groups or 
communities in networks [252]. 

The clustering coefficient measures the density of triangles in a network. There is no reason, 
however, for us to limit ourselves to studying only triangles. We can also look at the densities of 
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Clustering coefficients 

l  Given a network with a specific degree distribution the 
expected clustering coefficient is given by:  

§  In general when the two first moments of the degree distribution 
are finite, then as we increase n, the clustering coefficient takes 
very small values 

l  However, in many real networks the clustering coefficient 
takes much different values (lower or larger) from the 
expected one 
§  The exact reason for this phenomenon is not well understood, 

but it may be connected with the formation of groups or 
communities 
ü E.g., in social networks à triadic closure 
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Local clustering coefficient 

l  If we calculate the clustering coefficient of all vertices of a 
network an interesting pattern occurs 
§  On average vertices of higher degree exhibit lower local 

clustering 
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Figure 8.12: Local clustering as a function of degree on the Internet. A plot of the measured 
mean local clustering coefficient of vertices on the Internet (at the level of autonomous systems) 
averaged over all vertices with the given degree. 
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Assortative mixing by degree 

l  In general the absolute values of the assortativity 
coefficient r are not large 

l  Technological networks tend to have negative r, while 
social networks tend to have positive r 

l  In general, for simple networks, due to the limited number 
of possible edges between high degree nodes, one should 
expect (in the absence of other biases) disassortative 
mixing 
§  Social networks? 

ü There might be other biases in place that cause a slight assortative 
mixing 
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