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1(a).[6 points| Give the definition of a planar graph and state Euler’s formula
about the number of vertices, edges and faces of a planar graph.
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2(a).[6 points] Consider the sequence a,, defined recursively by ay = 1, a1 =
0, a, + 3ap41 = Gpyo. Find a formula for the generating function F(x) =
Yoo o anx™. That is, express this function as a rational function (quotient of
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(b)[6 points] Let a,, denote the number of ways n can be written as n =
r1 + X2 + x3 + x4 where the z; are integers and 0 < zy, 1 < 29, 2 < 3
and 0 < z4 < 1. Find an expression for the generating function F'(x) of the

sequence a,,.
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3(a).[5 points] Write the Priifer code for the following tree.
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(b).[5 points] Let G be a (simple) graph. Use Pigeon Hole Principle to show
that there are two vertices in G which have the same degree. Hint: let
|V| = n then the degree of each vertex is at most n — 1.
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4.[8 points] Suppose we have n balls numbered 1,...,n. How many ways
we can color them with three colors blue, white and red such that all the
three colors are used. Equivalently how many surjective functions are there
from the set {1,...,n} to the set {blue, white,red}. (Hint: as we discussed
in class the answer involves using the principle of Inclusion-Exclusion, you

don’t need to simplify your final answer).
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5.[10 points| Consider the following weighted graph. Run the Dijkstra algo-
rithm to find the shortest path from vertex A to vertex E. Write the values

of the lists 0 and o at each step.
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6.[2 points] (Bonus) Draw (cartoon of) a mathematician crying because
he/she found a mistake in his/her proof!




