
Jane Kaveh@pitt.edu • Webpage to be up soon !

( optimistic)

Approximate list of topics :

- Alg. sets ,
nullstellensatz , Noether normalization

- Affine alg . var.

- proj - alg- var.

- Ringed spaces , abs. van.

- Schemes

- Degree & Hilbert polynomial

- Bernstein- Kushnirenho thin . & toric varieties

- Degree of a variety as volume

- Non- sing. van.

-
E'tale maps & inverse function them

.

- Blow -up

- Curves

-
Divisors , line bundles & RR thm

.



Some text books :

.

J . S . Milne Alg . Geo - (online notes)

.
Hartshorne

-
Mumford Red book of var. & schemes

Complex prog
'

. varieties

. Ravi Vakil Rising Sea

-
Karen Smith et. al . An invitation to alg. geo .

.

Shafarerich Basic alg . geo- ( I & It)

- Cuthoshy Intro . to alg . geo .
(new)

- Harris Alg . geo .

, a first course (lots of

examples)

- Griffith & Harris principles of alg - geo .

- Dammit & Foote chapters



Intro alg .
closed

-

freed)
" k

k = # field

k
- k=D arith . geo- / Diophantine geo .

related to number theory

\ he =p real alg - geo - ' 'II fad problems)
(some Conn- with logic)\
k= p\ non- Arch . geo -

k ring - scheme h= Fg finite field
theory

( applications in Crypto ,
Also , control theory . . - i)
k = Fct) g Fatt) g . . .

-
Affine space At = k

"

k [x, i - - - sxn] X = (x , . - - , xn) shorthand

Vcf , . . . . , fr) = { XE k
" I flexi = . - - = frcx ) =o}

Sc kcx] VCS)
any

HS ckcx]

Thy F finite set f
, .

-- y fr S -t.

VCS) = Tcf, - . - - i fr ) .



I = ideal gem . by S

• VCS ) = VCI )

I - { 9.hit . - - + Ssh . I th ! :{ [×,}
Tim ( Hilbert basis thm) I C hcx] f. g .

i. e. hcx] Noetherian

-

a. Examples : X={fix , y ) =D } C Atf
f-

(affine) plane alg . Curve

Def. X is
" rational " if 3 rat. functions

- f

Q
,
t f- cats , TCH ) =D htt

hot both Const.

p⇒1 Let degf = 2 ⇒ f national
.

Hint :

#
Fermat's lastthm.hnn 7,3 Charlet n

let f = XI y
"

- I then Xf not rational

prooif = Ir , Y= If pntq"- r
"

=D

P, 9 , r rel. prime



p
'

p
" '

t g
'

g

" "

- r
'

r

" '

= o

{ p.pn-ig.gr" -r - r " = o

l ; : :x÷÷H :o) * is . . .

-

⇒ ( pm
- '

, g
" '

, -
rn
"

) proportional to ( gr' - ng
'

, rp
'
- pr

'

, pg
'
-gp)

p ( gr
'
- rg
'

) + qcrp
'
- pr

'

) + r ( pg
'
- qp

'

) ⇒

pqrf-prgftqrpy-gprf.ir/pg-rgp/
p
'

(gr
'

- ra
'

) t g
' ( rp

'
- pr

'

) + r
'

( pg
'
- qp

'

) =s

Pkr ' -pfg
'

+ gyp' -H + Ypg' - rYgp '

p
" - '

/ gr
'
- ng

'

g
" '

I rp
'
- pr

' rn
- '

/ pg
'
- gp

'

dyp = a deyq = b dey r = C a > b ZC

(n -t ) a E b. + c - I b Ea & Cfa & n 33

Contradiction toor is



Milne chap - 2 Alg . Sets

Z-arishitop.IE
J ⇒ VCI ) J VCT)

. Prop .

-

(a) Tco) = k
"

V (k[x) ) = .

(b) ICIJ) =V(In J ) = VCI) U VCT) .

cos VC § Ii ) = ? -VCIi )

proof (a)✓

(b) JJ C InJC Is J ⇒ ICIJ) 3 FLINT) JVCIIUVCJ).

If a € VCI) U VCT) ⇒ 3- f E I 3g EJ feasts

g.Casto

⇒ (f-g)Cato ⇒ a E VCIJ) .

(c) V

•⇐ {VCI) / I C kid } closed sets for

a top . ( Zariski top . )



Jan
. 8 Uber die rollers Invaricnten
-

system
Hilbert Nulls tellers Satz ( 1893 )
-

bottom of p . 320

Milne chap 2 d & e

(weak) Nnllstellensatz : I = kcx] es VCI) = .

I- l

P = (ai, - - san) a- 10 : k CX) - k

Kent > I

34 : kcx] II- k .

www..IE?mmax.iaeae ma¥
To complete the proof need to show kcx] Im = k

.

Lemmy kcx] has as many dist. monic inn . poly .

proof Euclid 's proof .

Zariski

Lemmy k CK fields (not nee . alg .
closed )

If K f.g - K- alg .

then K is alg . over k .

( i - e - K f.g . as a ring ⇒ K f.g . as
a
module) .

IntegralityCrevier
A- CB FEB int. over A



Prof f E B int. over A ←→ Acf] is f.g. A- module.

proof Cramer's rule .

Prof Int. elements form a shining of B . ms int.
closure

Prof. A int. domain - f-= Frae CA)
.

A-

f- alg . over F ⇒ Fc EA s-t . Cf int. over A.

Prot lect] int. closed

-

proof of Zariski lemma by induction on #

of gen - of K

-

f strong ) Nallstellensatz
-

IC
-

VLA) ) = To

let f E ICVCCLD .

prosit let q= Lg , ' . - says> . let ⑤ = ,
' - - sods , I -Tf>

C- kcx , y) . Use weak nullstellensatz . . .



c-
KCA' -

-xn]

Problem k infinite field ⇒ f # o then

f- : IAI- k nonzero function .

Jan 13 Milne ch# e. f
, g & Cutkoshy 2.1

-

•o
Corr. between alg . sets & nad . ideals

••
Galois correspondence(connection

. Ma = N m
Acm

* pt Is max ideals

→
irr. variety Ialg . set

* Decomposition into irr. varieties

•
Def . of reg . function
-

PRI D X,cXz ⇒ ICX,) J ICXZ) .

② I ( Xiu Xz) = ICX ,)hI(Xz) .



a -_ (a, i - - yah)
x = ( X, ' - -yXn) Ma
-

Proper MC kcx] max. ←→ m=( x,- a , . - - , xn- an)

p.ro# (⇒ Let a C- TCM) ⇒ Me C Ma ⇒ Me = Ma .

(⇐) let me's Ma ⇒ V(me
'

) C Vimal
rnax .

But - m my ⇒ b =a .

3- b

-

⇐ lot strong NS) ① Cli- VCU)

X- ICX)

give a l - l Corr. between alg . sets in Aft &
rad. ideals in kcx] .

② Xc At any set ⇒ FLICK)) IX Zariski closure .

③ Clc has any
ideal ⇒ I@CA) ) =Ma

↳ restatement of SNS

Prost ① suppose X Ig . set = VCU) .

Then ICVCA)) = TA & VITA) = VCA)=X .

⇒
-

VCICX))=X . I
-

② XCZ - VCU) ⇒ VCICXDCVCICVCA))) = Z .

-
ra

RI aly . sets = affine var. c- rad - ideals

(affine) schemes c- ideals

Cabs .) var . ms covered by affine var .

Scheme runs n i , I , schemes



( antitone Galois Conn . )

Det A. B partially ordered sets .

F : A- B G :B - A order reversing naps

such that : be Fca) ←→ a E Gcb) .

Then : Fca) is largest to sit
. as Gcb) .

Gcb) - . . - - - - - - - a - - - b s Fca) .

GF : A - A & FG :B→ B ass . closure op .

monotone , idempotent , as Gf Ca) Fa EA

b EFG Cb)
Fb C- B

.

• Images of GF & FG are in L - L Corr
.

-

Ex.

Turfy : Cl 1- ✓( Cl) Galois Conn . :

X- ICH

Z E VCA) # Cl E ICZ) obvious

- M
Galois ext. ?

(from def . )

Ex - LIKt A Infields KEE EL}
(Galois
theory

)
B. = suhgps of Gal (LIK)

El- Gal (LIE)

G ,-
Fix ( G)

-

Exe Covering spaces & suhgps of fundamental
gp .

(alg . top .)



#Ree irr ⇒ Conn .

#closed

Defy Wc At irr. if W t Z, U Zz

Z, i Zz #W

closed

Tin WC At is irr. ⇐ ICW) prime .

⇒
proofs A = ICW) . fg C- A ⇒ WC VCfg) = Vcf) Uvcg) .

⇒ W = ✓ (f) or W= ✓ (g) ⇒ ICW) > I(Vcf)) > Cf)
or

ICW) > ICVCGDSCG)

(E) Suppose ICW) =P prime & W= Z, VZz .

Zz
-

⇒ ICW) = ILZ,)hIlZz) . VCICZLD
Now ILZ,) ¢ IlZz) because otherwise TTICZ,)) J

-

Z,

So 7- FEICZ ,)lIlZz) & FL E ICF) LICZ,) .

=P
⇒ fifz C- ICW ) but f, if # P Contradiction .

- (uniquely)
Thnx W C Ah closed ⇒ union of finite #

of irr.

prost By Noetherian property .

DEI Noetherian top - space : if desc. chain of

closed sets stops .



✓
smallest nad . ideal containing

ICW) & ICW
'

)

-

Example ICW hw
'

) = rad ( ICW) + Icw's)
-

W-_ VC x'- y) W' = VCxky )

Icwnw
'
) = nad (X? y ) q

(x. y) . ¥
assuming
char # 2 .

-

• Milne 2 Cf) :

Prof he Ta ←→ I C- ( A ,
I - yh) .

-
Groibner basis theory
-

Zariski top :

prop : ① pts are
closed set.

Compact )
② open cover has finite subanen (quasi-

③ Not Hausdorff . - Zariski top . on At
'
.

-

Examine A = (f)

- Cf) rad . ⇒ f square free.

- ( f) prime ←→ f irreducible

Ree primary decamp



Rein Some authors

× can only . set ¥¥.
Defy k[X ) = kC×Yz(×) Coor. ring of X

Element of k[X] are regular functions on X
.

• Zariski top . on X → has same properties
as on LAT

f
Cutkoslry

⇒ Y = -V( XZYZ , xz - X) is a union of

3 irr . Comp .

Excrete Y=V(xI5tZ? hey
'-2-2+1 )

decamp . into irr. Components .

Zariski closure of

1€ graph of y=e× .

Proble@Xyqirr.e> X Conn. in Euclidean top .

↳ Not easy

(ref.
Shafarevich)



Jan
.
15
-

• X irr. ⇒ ICX) prime

•
f : X- At'=k reg .

•
f regular at a pt p

•
Zariski top . on X → has similar properties .

• finite & quasi - finite map

.
Q : X- y ⇒ Q

't

.

.
kcy ) - ku]

F : hey] - thx) ⇒ F
't
: X -y

* We have equiv . of categories .

Next time : - ① (x) = KEX] -
finite & dominant is

say: ng going -up
- proof of Noether normalization then .

Jan
. 22 Milne chap - 2 Sec. K & l
-

• Q : X- Y ⇒ F : KEY ] - kcx]

• Proper Q don . ⇐
*

inj .

• Prone finite . dominant ⇒ su; . /
. 9th"'m?

-P

• Proj . of hypersur. →
At

in At"



Ex -

Q don . ←→ amit ) = Const. to .

-

•
Noether normalization

( complete the proof next time.

-

I-I

Ex . max. ideals - pts in X
-

in KEX]

prime
' - I alj? subsets

ideals in KCX] c-

(X inn. alg . set ,
in X

Jan 27
-

• Noether normalization - Milne see. 2.L

P Remark 2.47 in Milne

•
dimension of an alg . set .

The tr deg = dim .

•
dim

. of a hypersurface & Krull Hauptidealsatz
( where in Milne ?



Join
Hartshorne

Proj-varietr.es - mime
chap -

b

'

.

÷::p . spa.
-1*0

- Proj . Nnllstellen satz
/ (\

n
Corr. between homog . nad - ideals &

¥5 (Feb . 3 canceled)
Proj - alg .

sets

① Homog .
Coon. ring . & homog . ideal

① Affine var. c-
F-g- Alg .

day y

① proj . var. c- graded f.g . alg . gem . in

① Closure of an affine var- & homogenization
of an ideal .

① Quasi - affine e quasi - prog
'

- war . ① Visualizing
B
"

by a

-

dim -
of a hypersurface & simplex &

Krull Haupt,-deal Satz moment map

Example of national normal curve . C?)
Excnnle of pt at a on an elliptic

curve
.



Robie If I homog . ⇒ FI
horn- g .

• Proof that I homog . ⇐ (tf fi

then f EI Effi C- I) .

-

Plan of next several lectures :

→
Sheaf of neg . functions

-
Cat . of quasi - prog

'

.

var
.

- 3 basis of affine neighh .

- Equiv . of cat . of affine
von - &

f.g . alg .

- Abs. only . var. ms sheaf , ringed space ,
-

Spec of a ring£eil for Riemann proj of a graded
Hyp . ring

for function fields



Proud m%f" ' from ' to
""h " s fiber't" °'m

the ""tT
D= { (xD,-231 xtytz⇒}

#'Prop.6.7imcp3*Show rational normal curve
(or twisted cubic ?) is not a

intersection .Complete

• Example that X- QCX ]h is not l - l

X with 2 different embeddings can have 2

non - iso. Coor. rings .

•
Veronese embedding



Feb.to

• Def- of complete intenser. ICX) can be gen .

by Code X many

elements
.

• chap 6 Milne

- Morphisms of prog
'

. var .

⇒ Aut E
"

= PGLC htt ) - few2 Aut (D)
The cross ratio

* Veronese embedding ms Image closed sultan

- Segre embedhis
prob'megegYfn
✓
putter
-

r. Segre embedding . → This Image closed Shuar.

' "¥n7÷÷.÷i÷÷÷÷÷÷
Karen Smith et. at .

Probing
• Category of quasi - affine & quasi- proj . var-

-
sheaf of reg. functions us structure sheaf manifolds.

↳( U) unlike
- Morphisms

Ot have
aig .

para
- ( charts€ta important :
alg . set.

X does n

Ree An open subset can be iso . to an affine

( problems ** In is an alg . gp .

(htt)
" is an affine alg .

var .



•
If time permits :

The X affine ⇒ ↳(X) =
rest. of poly .

The X proj - ⇒ ↳ CX) = K .

Tim Equiv. of cat. of
f.g . he - chg . . .

•
Goal : Developer cat. of Labs) alg . var- / Schemes
of

these def.

& extend thus from complex manifolds
to them .

Prominent example : Riemann - Roch then
.

Hirzebruch

• After def. of abs. var. introduce Proj Construction .

-

Feb. 12
- Pliicker rel.

. Segre embedding for Grc2,4)

.
Grassmannian Gr (kin ) {

. Plucker embedding & Pliicker relations

.

Defined quasi- affine & quasi - prg
: var. )

Next time , reg . functions etc. Pliicken
embedding

span ( v, ' - -sun> 1-
~, n

- - - run



Hw3
-

• (high affine var- & alg . gp .

GL( n ) 1 , I ' 11 11 11

• Pliicker rel . for Grc 214)

-

•
Def. of quasi- affine & quasi- proj.ms, obviously have

quasi- affine
basis of

• Def. of reg. function ( on quasi- Prot
'

' )
neighborhoods

•
Def. of ↳ (V) -

will see have

basis of affine

• Def. of morphism (of g- proj . ) & iso neighborhoods
varieties

•
Def of sheaf- in general
\ of k- alg . ( from Milne)

. stgaermof a sheaf

.co#.n.f-etiomNEx. & non - ex -

-

• Diff. / holo .
• Const. functions

•
Bounded

a Reg . functions
Ex. Conn

Costin -
functions

power series

• Ringed space



Feb.tt Milne chap 3 Sec - a - C

•
Def. of reg . function

•
Sheaf of reg . functions

• The KCX] ,
① ( Deh) )
x

. Thy k (X]mp=- Ox , p
-

Feb 19
-

functor

→
usually

some

kind of
function

• X top. Space U- FLU)
u

on

eat.EE! :p; :
- s - ' "' ' a 's . .¥gIsIE¥

VCU 1- reseau : FCU) - FCV)

① nesu , u
= id - on Fw) } presheaf

⑦ WE VE U ⇒ resw.ro resv, u
= resw

, o

- s,t C- FCU) agree
③ (↳codify) (Ui) open cover of V

on the U,
'

⇒ set
④ (gluing) Si E f-(Vi ) & Si - Sj on

y.nu; ⇒ as
EFW)

-

EX ' ④ fails - bounded functions on D2 .

Stu ;=Si

but easy

Thm (non-trivial) f- presheaf mrs ft sheaf
-

with universal property



Rene (X. F ) mo Hic X.F) Eech ooh.

• Morphism of sheaves : Natural transformation

Q : Cy - I Tcu ) : Cycu) - FLU) .

tu

#778%91%+2 Avion
• U it 0×1 U) sheaf of X

Ree X proj . then ↳ (X) = k so need

reg . functions on smaller open sets
.

-

Defy f : X- Y Costin . map F sheaf on X

f*f direct image
sheaf on Y

(f*F) (V) : = F ( ITV)) TVC Y open.

f-
'

Cry inv . image sheaf
on×
by sheaf on Y

U 1- lim byTV) - Take sheaf ass .

→
to this presheaffu) CV

-

• Det Ringed space top . space e sheaf of alg .

• Defy Morphism of ringed spaces .

Iso



Max

A- spec CA) or Spm CA) A any ring

n

• X C At affine var.

(X , Ox ) can be purely described using=k[X]
canonical!?o .

PEX a- max. ideals mpc A 9
Ek.

Dcf) = { rn I f- Efm}
f- C- An i m E Deh) ,

fam) := image
of f in Ahlman

osmosexirr-mox-kcxs.JO
'

Qu) = phew Op Op = { f- C- At him to}§t.com.ni#IA::iguirr-anpomt-Ex . U = Atyo -

OCU) = kcx.TT .

-

Reg Gelfand - Kolmogorov : A = ring of
real valued

functions on Xcompact
Max. ideals of A ¥s pts in X .

-



then X- kk]
( domain)

equiv. of cat. between f.g .
reduced only. 1k
-

& affine only . van .

affine k- alg .

( irr . )

Ams Spm ( A) (contravariant) equiv.

(X. Ox ) ms kcx] = ↳ (x) is a quasi- inverse

Defy Affine alg . var. - X quasi - proj . = ay
set

in At

Prof Dcf) C AT affine alg .

Ex.

Gun) & (big
"

affine

cone Every quasi - proj . var - has basis of open sets
.

[ for all locale problems can assume X affine
.

-
(S)

Next lecture :

so Reg . functions on prog
'

- var. my proof from CLS toric

var. ?

-
Abs . var. obtained by gluing -

Def. of

I Proj . Construction (as ales . var. )
scheme



*
Smoothness ← tangent space ( from Milne & Hartshorne)

• Hilbert poly . (from Hartshorne & Harris)

- Deg . of a var. (from Harris)

-
Toric var. & BKK then.

Feb
. 24

Coming up :
.

. Tangent space & smoothness
Abs . only - var .

-

.
Separatedmen axiom

• Rat. map . Abs . alg - var. by patching
.
Scheme

• Bi rat. map - Proj . & Spec

• Birat. iso . , res . of sing .
,

birat. geo - , blowup ,XIV
⇒ of 41×4×+1 )) normalization

¥ is int - over k CX]

• field of rot. functions LCX) for in. g- proj - X

P⇒ X affine in. ⇒ hlX)=fi¥g§
Probl① All quadrics in Ho

"

are isomorphic .

( smooth)



Feb . 26
-

•
Comics & quadrics

• Deg . 3 curves mrs elliptic curves

in plane sp- law

The Every proj is commutative
.

abelian variety

• 5pm = max Spectrum A fig . k - only . & domain

•
structure sheaf on Spm CA )

• The cat. of h- domains equiv- to cat
.
of in . affine
varieties

.(
Tim X var. , Y affine war. then : 9×0×3

-

Hom (X. y ) t's Monthly] , (x))

Next time : X proj . then T ( X , 0×7 = k .

-



(positively)
s graded ring

March 2 pcs homos. prime ideal
-

Hast
.

home I. 3) IT? ;! .de??
X C Tf

"

prog
'

- var- S w - r 't. p .

K [X] homog . Coor. rig =
k [Xo ' - - '×n%c×y .-

(a) @ (X) = TC X , Ox) = k -

let
(b) Fp EX , Mp E k(X] ideal gem- by fekcx]

St. fcp) =D . Then Up
,×
= KEX]

Cmp)
'

X ) KC X) = Field of rat. functions on X =
kCX]

cog
.

Prost Ui C B
"

x; # o , X ; == X n U; affine var.

Qi : Ui - Ai

Qi
't

: KEY, ' -- - iYn7€kCxo. . - - an]c× , , Yj 1- N'ki

k (Xi] k[X ]c×i ,
Icxi)→ ICX) hcxo. --Mex ;,

(b) PE Xi ⇒ Op
, ×

= Op
,×;

= he [Xi] nip nip max. ideal
of k[X;) Corr.

to p .

9.
*

(Mip) = Mp - KCX ]
ca,

-

(C) KCX) = KC Xi ) = quotient field of k (Xi ]

of.
't
.
. KCX ; ) KCX] co, .

(a) Let f- ETC X . Ox) .

ti f neg . on X ; ⇒ f- E k ( Xi] -= KCX ] cxi,



⇒ f can be written as 9,-↳Ni , g ; E KCX]

horn og .
of dog - Ni

OCX) , KCX) & HCX] C L = quotient field of kCX).

x.Nif E KCXJN
,
.

.
Hi

NZ E Ni ⇒ k (X ]n spanned as h- vee- space by

monomials of deep N in Xo i - - - - Xn -

⇒ k[XIN f E KCXJN ⇒ k[X3µf9CkCX]~ th> o

⇒ ×oNf9 E k (X] Vg > o ⇒ k[X) Cf] C XIN hcx) .
kx¥

Hence f.g . KLXT - mod- ⇒ f int. over KCX) .

⇒ F m > o ay . - - same k CX) f} am, f
" -"
t - - - t Go to

the

f has degree I ⇒ replace a; by their homey . co-p - of dye.

⇒ still valid egu. . But
KLX]

,
= k =3 9- Eh

⇒ f Ig . over h ⇒ f Eh since k=tT .

-

Probl@LetxEkCXTbehomog-deg.L .

Show that ( (Def) , Q) = k#If, →

degree I part of localization . . .



March 4
-

•
Started with tangent space tone last time.

• Intuitive def - of tangent space .

• I , l l l l l , Come .

• M manifold - TM tangent bundle .

•
Recall : Rank then . from

*Tf (f, , . - - , f ) is a submanifold of B
"

t

of din d

rank (2%; ) is n- d at the X .

Jaccf, ' . -aft)

. Det (Tangent space) - depends only on a

- Det (sing - Thon- sing . pt ,
generating set of ideal .

. Defy (Regular local ring ) → Prop .

digamma >
diff

^ EX . of curves us from Milne .



( Milne)

• len-a-m.fm, MAY
mean

-
Later : Mgm, v- s - basis gen - me an ideal

( Nakayama 's lemma )

- completion & Cohen St
.
thm

.

Next time -

- • F X von . X bi-at. to a hypersur.

•
↳ myna Z ↳ A ( Atiyah -

McDonald)


