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Last time : irr.

PEC curve Op local ring

( dinOp = hi C =L )

• p
non - sing . F- Op is a DVR

Up (f)
= order of vanishing of f

at p .

Is
rational function
on C

• We stated a Comm- Ig .
then . giving

( ITTF. beef
"" ↳ 'd domainof
-

Rein Suppose X is an in- var. &

b-X > L . Op local ring of p EX .

Subvariety ycx PEY give
ideals in
O
p
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Icy ) cop .

Subvariety defined by M or its powers men

are { p) - Ucm
"
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If de X > 1 we have salwar
.

P EY CX so 3- many
ideals

{p) #Y that are Not power
of

maximal ideal .

-

Ree Clc Op - VCU)
lines in a

neigh .
of p EX .

( germ of Shuar . )
-

Rein If deX =L ( curve )

but PEX is a singular pt . i. e
.

Op NOT a reg .
local ring / DVR .

Then one may
have ideals that

are

not power
of max -

ideal
.

cusp

4
Exercise In X=V( y

'
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) c. At

P = (0,0) ,
find an

ideal in Op
that is not power of

max. ideal
.
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② Same question for X=V( 77×2×+1) &
\ n n



m-ecx.gs#ixicY'%aDw.eized
at p

show CX) or Cy) are not powers of

max- ideal
.
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Aside ( local rig of a
salwar
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Y CX subvariety ( suppose
X is irr.)

Oy ,× =
local ring of Y in X

=
Subring ) subring of k (X) field

of national functions

= { ( f , U ) I
f- C- OCU) . UCX }Un Y FO k

((fu )- (giv ) ⇐s f=g on Unt)



One can show :

affine

YC X P = Ily ) im. subvariety

- Oy
, ×
= http

^ de Oy
, ×
=

de X - d- Y

-

Ex - Y = X - Oy
, ×
= k ( X) = field of

not .

functions
- de kCX) =D .

↳ Krull de (only
proper

prine ideal
is {03)

normalization
- (domain)

irr.

X affine A=k[X) = Coor. ring

K= he (X) = field of rat. functions

field

Fc K int
.

closure of A in K DA

A'= { f E K I f
satisfies an int . egu .

over A

f? an.FI . . - t
ai ⇐ A

90=0 }



Excnvle from number theory
t

k =
number field

( i - e .

finite ext . of D)

e.g . K = DCF ) or CTE )

- - - -

Z C Q - Ok =
int . closure of

Z in K
-
algebraic integersp famous than

. of Noether
The ( finiteness of int . closure)

f.g . K- alg .

Let A domain
, K = Fac ( A )

LIK finite ext .

Then int . closure of A in L is

a
finite module over A ( in part .

is a
f.g .

k - alg .

itself ) .

( Unfortunately I skip the proof )

ref . Atiyah - Macdonald , Samuel
- Zariski . . .



Construct

•
It is used to a resolution of sing .

of

curves .

•
In higher din . it is used to construct

normalization of varieties .

-

Recall res . of sing .

- ~

X given variety , we want X

( a res . of sing . of X) e te : I- X
morphism

set . ① I non - sing .

② Tl gives a birat. iso .
i.e .

3- OCI & UCX open

( ti : J - u is iso

Big thm ( Hironaka , fields medal )
-

char k =D then tf variety has a res . of

sing ,

• char k =p > o open problem .



irr.

X affine A- = k[X]
K=kCX )

let I = int. closure of A in K

( it is a f. g . k- alg . )

a.
A C At & At is a

finite A - module .

( Noether 's
finitem of

int -
clave )

•
Remember f-g . K - domains inr.uaan.fi'reAkcx3-×XNT

A 1- SpecCA)

A-=k[f, . - - ifn) SpecCA ) a.= VCI) C LAI
I = ideal

of the

rel . between gem . fi

kcx , - - - Xn) - A AE ha
--Mf

Xi 1- fi

I -_Ker

Det
• Normalization of X ¥= Spec ( FT ) .

Rein If X not affine ,
cover X with finite

number of affine neigh . & do normalization for

each neigh .
then gluethese

normalization together.
=



Rein A At cFracCA)=FracCAT=KT
Hr

X = Spec CA )
* i' : KCI] - tell] I = spec CF)

finite map

i inj . ⇒ Tl is
dominant .

dominant e finite ⇒ Sung
'

.

: a. sina.ei.is/
( became KCX) = KCI ) )
Ex.

~tical

A-t.tt/--VCy2-x2x+n
)

f "

← Xo#



Suppose
• X is an in . affine Curve

.

One shows thatlocalizationcommuthwithtaking int. closure
.

-

Prep . A EB rings & B integral over A .

If S is a multiplicative set in A ( e -g . 5-Atp

where p is a prime ideal ) then 5-
'

B is integral

over 5A .

( proof of prop. Can be found in Prop . 5 - b -

Atiyah - Macdonald)
conclusion : If A is int . chased

( A- = A ) then all local rings Op are

also int . cloned .

But ↳ X =/ then Op int. cloned

non - sing . pt . (
then .

from
means p last time)

core Normalization of an affine curve

is non - sing .
Century point ) .


