
Macht Zoom_

Last time :
- Every irr. var- birat. to a hypersur.

• Nakayama 's lemma

⇒ Spanning set for Mgmz FS
gen - for me

* Completion of a Noetherian ring

(
Milne Sec. 4. C & non - sing .

Quickening X=V( Fcxiy )) C At
(OD) =p C- X m = ( x , y ) ckcx.TT/m/mz= (x

ME (×3×y,y2,
CFCXITD

( x? xy ,y2 , Fcxiy)) Fco, 07=0

f- x + gy EM → reduce mod (x?xy , y
'

)

CX + dy - If Fe = 1in . part
of F = O xx Oy

cop,-
sins . Fe- o - Mma -- A"

'

a'
'

ii
Po 's tmm

mz
=
tin poly nod

Fl
\ non - sing Fett → MY

£M/m
Completion of a Noetherian ring
-(
many ref . e -g . Chap . 10 of Atiyah- Macdonald
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Z s Cp ) max ideal

Up ( x ) = order of p in X = how many times
X dir. by p

up : 2163- Z>o up :D - ZU{a}

up ( o) : =D up : Z- Zu {a}
ZO

-

zone
variable

ve : lect)
→

Exe lect ] > Ct, max. ideal Zuko}

Vt ( f ) = ord . of t in f = how many times
f

dir
. by t

a =ycf ) f =# +of . . .

= ta + Ott - - -- )(
order of vanishing off at 2=7721,7
-

completion w- rt. ( p)

Z-Zp =p-adic
numbers

X = Ao ta,Pt
- - - + an p

"

(ba×se'
"

p)
formal

Zp = { Ao ta,PtazpI . . - I
all power series

in p
*aicp}



Completion w -ht. (t)

lect] c- hat]]

p
don't care about Conn.

h[[ET] = ring of power series in t

= { a. t.qt-a.tk - - - - I ai Ek }

-

These constructions generalize to
arbitrary Noetherian ring A & ideal I

I - a top - on A called I-adic top .

the > 0 In = an open neighbourhood of o EA

Xt In = - -
- -

-
-
-

- - x EA

X , y E A X&y are
"
close

"
if X- y C- I

"

for " large
"
n .

•
Same way one construct completion of a metric

space , one defines A completion of A
( w - r- t. I )

A := Iim Afn AE → A⇐→¥→ . --



( Atiyah - Mac. Chap to

Cohen structure than
-

A a regina local ring ,
m max .

ideal

↳ A = r .

^

Then A E k CC Xii
- - - i Xr]] .

✓
X, i - - in c-

a set of gem .

h- alg . for me

Quick question : kccx, - - - i XD local ring ? Yes

M = (X, i - - , Xr ) ms If const
- term of f is nonzero

then f unit ( Newton 's method)

-

meaning : P E X A- = Up
local ring

p is non - sing ←→ Cfp E a pfooiienl series
ring

-

E± plane curve X = { y2=x3t I }

p = ( O , I )

Mp = ( x , y- 1) max. ideal in Op
=

, ,)
P

localized✓[
verify that Mp - CX)

ups. E.pal ideal .



Answer :

y! ×3+ , p= ( oil )

( y - 1) (Ytl ) = X
'

Ytl is inv. in Op
3

Y - I = ¥ E Cx ) C Op
th -

agrees
with

Cohen
St .

- -

Cate Op E kccx ]]

y = It - * ×÷ t . - -

y a power series
in X

y2= XII - solve y in terms of X

-

Ex . yZ=X3 - sing .

at p= (0,0)

¥_ If you solve y in terms

cusp
← of X y =Xz

not a

power series !



Aside kcct )) Laurent series in t

hath = { f=oEm+oEmI . .
- }

= hat ]] [ E
'

] .

Exercise : Kcet ) ) is a
field

.

Then ( Newton - Puiseux)
-

Katt = { JF: higher term}
( field of Puiseux series

lscalningofptsofcurnesdef.ru: Kyo)→ z
k field

(D valuation)- gen .
of notion

of ord . of
div.

d or
vanishing

Z is discrete of

a) vcxy ) = vcxltucy ) Hayek

b) we ×+y ) Z
min { UX) , VIT )} Uco) :=D



Ex . of A = Z V = Up
as b

X = pax ' y = Pby' a = min ( a , b)

xty = pal x' + pb
-'

y
' )
-

If a=b still maybe div. by p

up (Xty ) =
min ( Vix) , Uys) if a # b

vplxtTJZmincvcxs.vcysjifa-bdef.vnof V =

Ou = { XEK I
Vex) > o}

It is a
local ring .

Mu = max. ideal = { x C- K ) vix) > o}

X in Ou is a unit ⇐ Vix) =D

Vex
"
) = -VIX

)



K = Frae CA )

Defy let A be a local domain
.

A is a DVR ( discrete
nal

- ring )

if D- v : KK- Z discrete -I .

S -t . A = Ou = { xek I Vex, > o}

me = m~= { XEK I
vcx) >o}

-

Complete description of regular
local

rings in din L ( i - e . local rings of
affine

non- sing . pts on curves )
chap . 9 Prop .9.2

Tim ( see
for example Atiyah- Macdonald)
Noetherian

let A be a
^ local domain of de z .

TFA E m max ideal

① A is angular local rismsdimfn, =/ ,
① A is DVR

⑥ FXEA VACA A= Cx)
"
n >o

ok

① A is integrally closed ( in itsffiaeld of )
④ rn is principal ⑤ VACA ideal

Clem
" In > O



Suppose A is reg . local domain
.

we define a VI.Von A ( & K -- fractal)

let # x c- A [ aflame.sk?ftsf
Take n> o s .t . ×ep④ord - >n

htt
x # m

( This n exists by Krull 's intense. thm)
nm

"
-_ {03

proof : MSMbm
?

> . . .

?>
°

let M=!m
"

⇒ mM = M ⇒ M=fo3)
Then define vcx) := h .

One checks that u is a
valuation .

-
-

let A = Up PEX diX=1

Suppose A is a DVR

If vcx ) =L then M = CX) &

a parameter near PEX
hence x is -


