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We started with non - sing I sing . pt .

.
Local notion

Today Hartshorne chap I , see. 4
-

Recall : Y C At I = ICY ) = Cfi . -- i ft )
din Y = r

PE Y is nongEh if

rank [ 2 PD = n - r
afree .
row

txn matrix /
Tangent space Tpy = { are At / 13¥, Cps] . -0=0}

tf E I

= {VE EE I [0¥; cps] . v=o}



p
Jae- matrix

P non - sing ←→ rank Jcp) = n - r ⇒
d-Toy = r .

}
rank - nullity

thm
.

Last time : M
Comm - ab - desc

- of non - sing .

Then ( then. 5 - I in Hartshorne I , see- S )
-

C)pit
( Zariski ? ) =

PEY is non- sing .

⇐ Op is a T.GL?g.-
(with m= max ideal)
-

Read R local ring is regular if
res .

dink Tmz = dinR Pym = k field
- Fin

.

v. S. dim.

Rene we will see R regular ←→

M is gen .
as an ideal by exactly

↳R many
elements .

Remlexer.ci# Y
affine van. ,

R = KEY]

PEY , Op = local ring ,
M = max.

ideal of

p in R
= Rm

n = MRM
One shows ( Lemma 1.15 p . 18

Milne
)

⇐ Bm ± Erm & Mma
= Tna - - - - nmh=nn¥,



Prgofof-hm.fi y c LAI= Ca , i - - , an) E LAT WLD G p = (D , - - - ,O) .

Clp = max. ideal of p in kcx, - - - Xn] = ( x, c - - i Xn)

A : Clp- k
"

Acf ) = ( 2¥10) i - - s 3¥10)) -

si : ÷÷÷÷a÷÷÷"÷
f- = Icy ) ch (x, . - - ix.] Jcp) = [ 0%

,
.

CP))
= (f, i - - i ft )

rank ( Jcp) ) = de Ocf ) C k
"

Ta÷c%.Up tap Es k
"

#fo uan

G-Up -

m = max. ideal of Op = (k"' " "%) eep
%=ei%z±aIapI
£¥d +hp =

de arap = n

dnM/mz-nauh-cp)=t



dig M£2 + rank Jcp) = N us always

rmhJcp)=h-#←→ dizMm
p non - sing . Op neg . local ring

-

Ree① One knows that dimumfnz Z dis Ry ,. .ae
( next time) .

ring

It follows from proof of thm .

that

rank Jcp) f n - r .

⑦ From proof one also sees that

③ E. null space
of Jcp ) =: Tp Y .

alg . def . of duel,p*y↳ tangent space

Thin ( Thm .
5.3 in Hartshorne I . See- 5)

Ysig =
set of all sing . pts of y

is a proper closed set .

( or Ynon
- sing

C Y open & non -empty ) .

irrproofWLOG Y affine variety .



Tp E Y r= din Y

rank Jcp) s n - r

Ysig = { PEY I nark Jcp ) f n -r}

= alg . set defined by ideal gem .

by all (n -r)× en
-r) suhdet .minors

of Jcp ) .

( linear alg . : Atm matrix
,

rank A L k ⇒

all hxk minor vanish )
so Ysi
,

closed V

Remains to show Ysig # Y -

we use the following fact : (
to be proven)

The tf vairinety y is birationalhy iso .

bi¥
to a hypersurface H c Att

'

.

I ÷÷÷÷÷÷÷,
Follows from field theory statement

"

primitive,nEn!emat
"

LIK finite ext. ⇒ ( = Kca )
char =D F- 2E L

(or separable)
ext.
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WLOG we can assume Y = H C #

defined by f- ( Xi . - - IX# =D irr . poly .

Tsing = { PE At / Fcp ) ⇒Df ( p) =p }
If Y= Ysig .

⇒ 3¥. E Cf ) = ICY)
ti

But deg 3¥. = degf - I so 3¥.
EO .

•
If char k =D , not possible ( f is not const.)

• If Chowk =p >O 2¥ D= p XP
- '
=D .

§,÷=0 fj=l - - rt, ⇒ f = g. (
X11 - - - i Xp! )

= gcx, . - - ,x¥,
P
→

a

f- not irr. gBy
#

•
We ( = mathematicians) dislike singular points !

because we cannot do diff. geo./
Calculus

.

Y variety → you can partition it
into smooth subvan.

Yo J Y , 3 Yz 3
- - - z Yu k sky

"

Yi (Yi -1) sing .Ynoh- sing



iso .

Review & Completion of material about birat.
-

Hartshorne I. Sec . 4

affine

• Recall X
, Y varieties

of :X- Y F : hey]- hcx]

h-alg .

homo

morphism

( Moreover, Y affine & X any van.

Q : X→ Y F : h → OCX)

morphism
k-alg .

"

homo in )
The ( Th- 4.4 in Hartshorne)

X , y irr. var .

Q : X - - - - y y s F : key )← KX)

dominant rat . map
k - alg .

hanoi

b
Im deme in Y

Next time we finish this & then .

about

VY fi
.

hypersurface .


