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• Hilbert 's thm
-

Xc TEN proj . variety with ideal I=ICX)

& homog . Coor . ring k[X) :=
k (Xo ' - - i'NHI .

Let H× ( m) = drink ( X]m
k (Xo ' - - ' Tim mod I .

Then : ① 3 poly - Px (m ) sit- Hy (m ) = Pylon )
m 770 .

③ p×cm ) is a pot - of degree r= de X .

③ If ar = Leading coeff. of PX ( m ) then

D= deg CX) = r! ar .

deg ( X ) := / X n L l L generic plane

in LDN of Codimd .

-

Sketch of proof :-
check Harris 's Alg . geo .

① Lemma : checkexavlesoftlmseb.in?ja.Ji..L
A generic hyperplane ( i - e . Cod,'m -1=1 )
- dis -1 = N- I

in TEN .
defined by { l=o}

Then l notZ in k CX] &

b- ( Xn -1) = din X - I .

x
hyperplane section



School of alg . geo .

• This is conoiitaijmof Bi then .

(famous) Bertinithmi charts =D

X c Tf
" A generic hyperplane

- X irr. ⇒ Xn -1 irr. ( dux > L)

-

X smooth ⇒ X n -1 smooth

(
-
( Xn -A)

sing
C Xang n A

② Let x'= X NA A generic
defined by l=0

kcx ]- KCX ] -
M %

given bym
- '

multi. by image of l in k[X3/Ndeg°¥=l not zero din- HEX]m
. ,
- k CX]m deg X

'

kCX3m/@×ym, I HAIN m
-

Im
X'

One conclude : Hy.cm ) = H×lm ) - Hyun-D
-

first difference

③ Use induction ( on tncx) ) i.e.

of Hx 'm '

apply ind - hyp . to X != Xn -A -

deg (X)

Need the base case of induction : 9

① Suppose X = finite set C PIN 1×1 =D
Exercise aX=O

H× cm) = d
for my> O



Code L = r
L generic

Rey This also proves deg CX) := IXNLI

is well- defined .

-

Ree Hartshorne I- Sec . 7

defines deg X as r! . Leading coeff
.
of Hx .

way of defining degree :)

Rein How big m should be for HX & Px
to coincide , is related to notions of

" "

regularity for ideals . . . & it is tricky .

(Mumford - Castelnau)

-

Ree polynomials.by of Hilbert function

holds in more general situations. . - any
for f.g.am# over a poly-r.mg#

graded KCX]

Look up Hilbert- Serre
them .

( es . that!!;7)
or Atiyah - Mac .

( Also I
related notion of Hilbert - Poincare

series
)



Introduction to abstract varieties & schemes
-

• Affine alg - set Ivar . reg . maplmorphism
proj . i , i, } neg . function

quasi- proj . .,
i ,

on these

' I -
aff.

Cabs .)

•
In analogy with def. of manifold

a
top I ldomplex

real

one defines abs
.

var. ,

diff.
diff

.

( see Milne chap 3 ca) )

Det (X , Ox ) ringed space

( top . Space
→

sheaf of algebra)
is an abs

. pre-war iety if :

① X is quasi - compact
open

③ txex 3¥ CX
ringed space of an( U ' QIU) E affine alg . var.

as ringed ( with structures)
spaces



-

Abs
.
manifold →

2nd -
countable

Rem ( Hausdorff )
/

replacedreplaced with
with

quasi-
" separation " compact

axiom

Lemmy Y & Z affine war.

Q - Qz : Z- Y morphisms

{ZEZI Chez) = Qzlz)} CZ is closed
.

uprootZC At , Y E LAT &

WLOG

Q
,
&

z
given by polynomials .

Then

91=9 is def. by a finite
number of

poly . equalities .

Rey Lemma fails for general

pneuarieties.DE#(X , ) prewar. is an
abs

. var.

if it satifies separation axiom ;
-

Fcf , z : Z-X morphism
V Z affine war .



then { ZEZ I 9, Cz ) = Qzczt} is closed
.

-

Exe (standard exavle of noifesaepnanated)
X , = At X

"

:= X , I Xz
Xz = At

*

~ on X X,rXz ←→ Xi#o &

Xi=Xz
Define X ÷ X%

→ 0 of X ,
•

-o-

•
→ o of Xz

X,nXz=#%}Give X quotient top .

X ,↳X & X,- X EX , . Xz} open
coven

of X

Define f : UCX → k is reg .
open

⇐ flung
,

& flux
,

is reg .

• Easy to see X becomes a pre variety .



Q, : A
'
- X , CX

ch : ¥' -Xzcx
Then {9--9} = Atto} not closed

.

In short : the two origins in X
,
& Xz

cannot be separated by regular functions .

-

is an abs . variety

• Ex ( of abs
. var . ) Any quasi - proj . variety .

Because proj - space can be covered with

affine space .

-

Rey One can produce examples of abs . war.

which are not quasi- proj . (
cannot be
embedded inLi: :iii. itEE.is?roo-spaas

every abs . diff manifold can be embedded

in some RN



Gluing affine varieties to obtain an
-

abs. variety Sec. 3. D
-

( see for example Cox- Little-Schenck Toric varieties)

Suppose we have the following data :

- {
a

finite # of affiance

- Ya E Xa spy
subnet

cta cto
- 9pA : Vpa- Yap iso . of quasi- affine

- varieties

satisfying some compatibility conditions :

- 9ap=9 :b
-

Spa ( tan
-

Va) =
-

Varn
-

Vrs

9yd =9qo Spa on Tpa Nya
tapir

Then we can construct an abs . var .

out of this data : X := #Xa )/~
Xa Evra Xa~9palXa) E Vap



Next time Proj . Construction ( exavle of
-

gluing affine)
e

scheme


