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p
not spanned by

monomials

Aside ( # of Sol . of arbitrary systems )

X any variety n=dinX

k(X) field of rat . functions

Fix L c k CX) finite din k -rec .

Subspace

Then :÷÷:÷÷±÷÷
① FVCX

TUC Lx - - -
XL

(fi , - → fn ) E U (Genghis Ipta)

|{ x EV L f, = - - - =fncxs=o} )
is ind .

of Cf
,
i - -yfn ) .

③ This ¥ of Sol . of a generic system
from#

is equal to n ! uol.CI ) .
Convex + Compact

for s.me#odyD--DLX,L)cBn .



Reme # of Sol . of a generic system

is finite e const. ( ind .
of choice of system)

is an algebraic effect (not true in

- real or complex
analysis )

E± k= JR Sin (x) -11=0 A many
Sol

.

Sin (x) -12=0 no Sol .

k= Q e×= 2 → as many
Sol .

X - X +Zhili

Sol - k EZ
SO I .

-

A notation :
A CZ

"

finite subset
×

[ LA g . - - g Lif] = # of Sol. of a

gem . system

#

f,ex)
= - - =fhcx)=o

we would like to realize [Lite . - 'hit]
N

as deg . of some proj . variety Xtc Tf

htt = Ntl .



X = (x, ' - - , xn ) 1- ( x? - - -
- :
x%)

n

(hero) # IPN
-

Ex . A = { (0,0) , ( 2,1) , ( 3,1) }

(kno)2- D2

(Xy ) 1- ( L : x2y : x' y )§×, a. . of image
of *

.

( Imc Ey) not closed in LDN )
e -g - fo :O :L ) E Xa but ¢ In ( Tfa)

X=y → D ( z : ×2y , ×3y ) Is
din- by ×4

( ¥ : ¥ : 1) → ( o :O :D
+→ o

X⇒→o ( I :O : O )

I think in this ex . Eia is injective &

Xy = 132



closure of

Rey ( General statement about image of
a morphism )

E : X- Y dominant
morphism i. e .

✓ Hopefully I prone next
Ioc X) dense

- ( time if there is time) in Y

Tim & it is a Cor . of Noether normalization

Im -4 Contains a non - empty open

subset of Y .

-

In previous
situation :

N

Ig : Techno )
"

- XA C ft
- -

algebraic proj . Sultan.
tonus of DN

ImcIq) contains an open subset of Xy .

-

tonic variety )

Det Xy is a Proj - tonic variety .

Cass . to the finite of lattice pts A- CZ) .



homog . Gor- ring

we would like to describe k[Xy)

& deg ( XA ) -

keeps tracing:{dig
-1hm J-

k-

( is k[Xy] = shaley .
of kcxi. . . . ,xn± ,

asdgraded = ⑦ leaf.-Ey tm
k- alg -

m> O
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.
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IF
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Ciii deg ( XA ) = [ Lai - - -

, La]
hcxit-xf.LT

proof of Ci )
-

let RCA) = k [1 , XF , . . . , xdnt]
C

considerations is he [Zoe - - - , 2- µ]
Is RCA)

graded k- alg .

di

Ze tht x t t is clearly

µ surjective &
I 1- I preserves grading



let 's show kart is#(XA) .

Then we get iso . k[Xy] .

- =
hCG . - -Any

Ilka)( = RCA ) -

p hpiij? -

in I off = { Cp Z degm
A- (Bi - - IBN ) EB' -m

f is in Kent <⇒ {cpcxdot)
?

. . (x'⇒
A

=D

B =(Boi - -IBN)
{Bj =m

⇒ §q ×
Hot - -- + anew

=D

=0<=7fl Inka Jbz%%If is
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Idea of proof of BKK then
.
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RCA)
m

= span L Xd / x = m - fold

sum of

Gi - - -saw )

↳ Realm =/ At - - - +Al
-

m times

At - - - + 1- = { me . -arm I ti EA}
-
mat

as

•
Lemma : Im #Al X irons) m

D= come (A)
.(

pure combinatorics !

BKK then follows from Hilbert 's
thm .


