
April

Zooms
me the main goals of intense . theory

is the following : Given variety X
( proj . or complete)

construct a ring structure
on subvariety

=

of X ( similar to cohomology ring in
topology )

1- - formal addition

alg . cycle = §aiZi
finite formal sum of salwar . Zi CX

& a ; from some Coeff ring .

Such as Z or D -

X - Intersection of suhvanieties

For an intro ) review see appendix in
Hartshorne .

-. Main theorem :
this is doable when

X is non - sing . ( called Chow×gof)
-



Degree of a prog
'

- var . X c
N

I -_ k

Assumption : char h =D ( if you like k = Cl)
Deftly let r= dim X

proj .

Consider space of all (N-r) - dim planes

in PIN ( image of all (Ntl -r) - dim .

planes in AN" )
This is Grassmann ion Gr ( N-r , N ) .

(one shows Gr ( N-r , N ) is itself farriery
:

)
L = -V( Ll , . - - , Lr> ) bin - ind .

Li lin . poly .

LE Gr ( N- r , N ) in Xo , - - i XN

Zariski

je open kN'T
'

. - -
×hN+ ' of all (bis . -er)

c-
r "

Mata ( k)
that are 1in . ind .

I→ Gr ( N-n , N)



P depending on X

3- U C Ttc Matrix ,

Zariski open
non- empty

(or equiv . you can
take a Zariski open

in Gr ( N-r , N ) ) . proj .

Code r plane

such that /
If Ll , . - - slr ) E U & L=VKh . - -Ir)
-

G L is "

generic
"
or E PIN

in
"general position"

then IX n LI is finite &

£ ind .
of choice of L.

Cardinality -
of this set D= deg (X)

we call this number dgeeof_X .

-

Rene V some variety , any xEV

is called "

generic
"
or
"
in general position "

if X EUCV .

open

non - empty



Exe XC LPN did =D

X finite set

1×1 =D

day ( X ) = ? did = code L =D

G- ( N , N ) = {EN }
di L = N

- (only possible
only one element L

dy X = IX n DNI = 1×1 =D .

N

E X c P X r- din proj - plane

L N -r - de prog
'

- plane

IX n Ll =
↳ generic

as of
AN
"

I can
'

~

def = htt
dis L = Ntl - r

↳ In E = / Xn L ={Pt)

L IXNLI = I -

line throughs



Exe X = Vcf ) C D2
f- ( x , y , z ) homos . poly . of deg d.

deg ( X ) = d ↳ X =L
L L = I

€=d ↳ proj . line

( = { ( x -

- y iz ) / l , X + lay + lzz=o}

skin#
Z = -⇐ ×

- egg
f- ( x , y , Z ) =D

we get poly .
in x. yofdegd.co

If l , . lzilz generic it
has

exactly d solutions Atc D2

by assumption that he only . closed

& char . h =D .



• Same works for hypersurf .

X = Vcf ) c IPN
f- = homog - poly . of degree d .

-

Ree you can define degree of
N

an affine variety X c #
z n N

Ic B

-

Reg Lots of problems in geo - lalg !
Comb .

are about finding degree of a
variety .

-

BKK theorem - Bernstein -

-

( 1970 's)
Kushninenko -

Khouanslcii
-



.
It is about number of Sol . of

a system of poly . equ .

with fixed exponents .

a = Cali
- - san ) E Zn

X = (X, i - - i Xn )
the Xi

Xd a. = Xia ! - - Xna
"

a
monomial in

n

Fix a finite
set# {do , - -

- saw}

Consider the rec. space

L ={fek[XF. - -→
xnt ] / f- =L x

= span { ×? . . . , my
!o"

( Lcucxi . . . ..xE ,
• Any f- E k Eti. - Xi] can be

evaluated at Cmo)?



alg . tonus

Exercise Chao)
"

c At
open
Zariski

( quasi - affine by def .)

is itself affine war. ( i - e . iso . to

an affine van.)
"'

Ino c At
{x#03 = { Xy - 1=0} C EAT

k E kcxi. -→ xi ] .

↳ ring of neg - functions
on T

-

For Lingyu :

Exercise LAIRD) is quasi- affine

but not affine war.

OC #Vos) = OCEI)
=hk - - xD .



BKK than
-

Fix A = {do i - - - 14N} C Zn

L = Ly = span { xd? - - ,
IN} c

keef . . . . , Eh]

dimL = Ntl = IAI -

→
coeff.ci

in Ecix
"

are roindom
Take Cf, . - - , fn) "generic " E LL

n

Then I {⇐ (z, . . - , E KID
" I

f
,
CZ)= - - - = fncz)=D} )

is a
. ① ind .

of (f , i - - ifn ) E Ix - - XL

③ This number is equal g.

n ! voln ( convert )) .

-

usual d
Euclidean not .

(Lebesgue
measure)



TI n -_ I A- = { 0 , - . . ,
d}

I = All poly .
of degree d .

BKK : If Coeff . 'of f- (x ) = cotqxt . . .

Cdxd
are

"

generic
"
( f gen . poly . of deg d)

then # of roots of f =
l ! d

convert) =D
-

-
o d

length of corn (A) =D

A

-47¥
'FF ' this

• triangleExi n=2 ¥
d

L = All poly . of deg . d in X. y

f. g E L generic



X. y to

f- (X. y ) = gcxiy ) =D

# of Sol . = 2 ! Area of

-

2-d2

= d2- agrees
with Bezant
thin

.

-

Proof uses the important notion of

Hilbert function / polynomial of
a pry

'
- van-I graded module .

X C TEN proj . van .
I=ICX)

h ( X ] = homog .
Coo-- my hamog .

= = k (Zoe . . . ,zwµ
ideal

.

I



LEXI = ⑦ him
m Zo

k [X ]m =
h# ' - - ' Zim mod I

[ ↳ KC
m
< a

Def . H : IN→ IN
-

X N
Hilbert function of Xcs If

is : Hy ( m ) := dig kCX]m .

TicHilbert) let r=£X

• F poly . p× em , s -t .

H× (m ) =P× (m ) for my> o .

• degree of poly . P× cm) = dim X

• degree of X = n! . leading coeff.
of P
x


