MATH 2810 Algebraic Geometry, Homework 3

Kiumars Kaveh

April 10, 2015

Due: April 20, 2015

In all the problems the ground field k is an algebraically closed field. In
some of the problems the ground field is the field of complex numbers C.

Problem 1: Let k = C. Show that the projective plane P? and P! x P! are
birationally equivalent (very easy). On the other hand, show that they are
not isomorphic varieties (for example you can use algebraic topology, you
are allowed to use statements from topology without proof).

Problem 2: Consider the polynomial algebra S = k[xq, ..., Zn, Y0, - - -, Ym)]-
We say that an ideal I C S is bi-homogeneous if it is generated by polyno-
mials which are homogeneous in the variables z; and also homogeneous in
the variables y; (at the same time). For example the polynomial z3z1y3 +
20Z3yoy1 is homogeneous (of degree 3) in the x; and homogeneous (of degree
2) in the y;.

Consider the Segre embedding of P! x P! in P2. Take the bi-homogeneous
ideal I C kxo,x1, Y0, y1] generated by f = l‘%y% + 22y?. Let X be defined
as follows:

X ={((wo : z1), (yo : v1)) | f(wo,21,90,91) =0} C P! x PL.

That is, X is the zero set of the bi-homogeneous ideal I in the product
P! xP!. Show that the image of X under the Segre map is a closed subvariety
of P3. In other words, show that X is a subvariety of P! x P! in the usual
sense. To do this, you need to show that the image of X in P? under the
Segre map is the zero set of a homogeneous polynomial (homogeneous in
the usual sense). Hint: it is easy! Just checking definitions.

In general, closed subvarieties of P"™ x P" correspond to radical bi-
homogeneous ideals in S.



Problem 3: Let
f(z,y) = c1 + cox® + ey
9(z,y) = di + daz® + dsy,
where ¢, ¢2, c3,d1,ds, d3 € C are "general”.
(a) Find the Newton polytopes of A(f) and A(g). Recall that for a Lau-

rent polynomial f(z) =) yn caz®, the Newton polytope is the con-
vex hull of the exponents «, that is:

A(f) =conv{a | cy #0} CR"
(b) Use the Bernstein-Khovanskii-Kushnirenko theorem to find the num-
ber of solutions (x,%) € (C*)? of the system f(z,y) = g(z,y) = 0.
Problem 4: Let the morphism ® : A2 — P2 be given by

O(x,y) = (23 : 2%y xy : 1),

and let Y be the closure of the image of A? in P3. Let k[Y] denote the
homogeneous coordinate ring of Y as a subvariety of P? and also let k[Y],,
be the m-th homogeneous piece of the graded algebra k[Y].

(a) Show that the vector space k[Y]; is isomorphic to the vector space
of polynomials span(z3, 2%y, xy,1). Find a similar isomorphism for
k[Y]s.

(b) Let Hy(m) = dimyk[Y],, be the Hilbert function of Y. Find Hy (1)
and Hy (2).

(c) (Bonus) Let Py(m) be the Hilbert polynomial of Y. Find degree and
leading coefficient of Py. Find degree of Y as a projective subva-
riety of P3. Hint: (As we did in class) show that Hy(m) is equal
to the number of points in the set A + --- + A (m times) where

A= {(37 O)a (27 1)7 (17 1)7 (070)}'

Problem 5: Let C C A? be the curve defined by the irreducible polynomial
2% + 9% —zy =0.
(a) Find singular point(s) of C.

(b) Let 7 : X — A® be the blow-up of A at the origin O. Let C be the
strict transform of C, i.e. ¢ = 7~1(C\ {O}). Describe the points in
C which lie above O € C.



