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Abstract In this paper, we show that the Chvatal-Gomory closure of any
compact convex set is a rational polytope. This resolves an open question of
Schrijver [16] for irrational polytopes', and generalizes the same result for
the case of rational polytopes [16], rational ellipsoids [8] and strictly convex
bodies [7].
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1 Introduction

Gomory [12] introduced the Gomory fractional cuts, also known as Chvétal-
Gomory (CG) cuts [5], to design the first finite cutting plane algorithm for
Integer Linear Programming (ILP). Since then, many important classes of
facet-defining inequalities for combinatorial optimization problems have been
identified as CG cuts. For example, the classical Blossom inequalities for gen-
eral Matching [10] - which yield the integer hull - and Comb inequalities for the
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Traveling Salesman problem [13,14] are both CG cuts over the base linear pro-
gramming relaxations. CG cuts have also been effective from a computational
perspective; see for example [2,11]. Although CG cuts have traditionally been
defined with respect to rational polyhedra for ILP, they straightforwardly gen-
eralize to the nonlinear setting and hence can also be used for convex Integer
Nonlinear Programming (INLP), i.e. the class of discrete optimization prob-
lems whose continuous relaxation is a general convex optimization problem.
CG cuts for non-polyhedral sets were considered implicitly in [5,16] and more
explicitly in [4,7,8]. Let K C R™ be a closed convex set and let hx represent
its support function, i.e. hx(a) = sup{(a,z) : © € K}. Given a € Z", we
define the CG cut for K derived from a as the inequality

{a,2) < |hx(a)] . (1)

The CG closure of K is the convex set whose defining inequalities are exactly
all the CG cuts for K. A classical result of Schrijver [16] is that the CG closure
of a rational polyhedron is a rational polyhedron. Recently, we were able to
verify that the CG closure of any strictly convex body? intersected with a
rational polyhedron is a rational polyhedron [8,7]. We remark that the proof
requires techniques significantly different from those described in [16].

While the intersections of strictly convex bodies with rational polyhedra
yield a large and interesting class of bodies, they do not capture many nat-
ural examples that arise in convex INLP. For example, it is not unusual for
the feasible region of a semi-definite or conic-quadratic program [1] to have
infinitely many faces of different dimensions, where additionally a majority of
these faces cannot be isolated by intersecting the feasible region with a ra-
tional supporting hyperplane (as is the case for standard ILP with rational
data). Roughly speaking, the main barrier to progress in the general setting
has been a lack of understanding of how CG cuts act on irrational affine sub-
spaces (affine subspaces whose defining equations cannot be described with
rational data).

As a starting point for this study, perhaps the simplest class of bodies
where current techniques break down are polytopes defined by irrational data.
Schrijver considers these bodies in [16], and in a discussion section at the end
of the paper, he writes 3:

“We do not know whether the analogue of Theorem 1 is true in real
spaces. We were able to show only that if P is a bounded polyhedron
in real space, and P’ has empty intersection with the boundary of P,
then P’ is a (rational) polyhedron.”

In this paper, we prove that the CG closure of any compact convex set* is
a rational polytope, thus also resolving the question raised in [16]. As seen by

2 A full dimensional compact convex set whose only non-trivial faces are vertices. It this
paper, we call zero dimensional faces as vertices.

3 Theorem 1 in [16] is the result that the CG closure is a polyhedron. P’ is the notation
used for CG closure in [16]

4 If the convex hull of integer points in a convex set is not polyhedral, then the CG closure
cannot be expected to be polyhedral. Since we do not have a good understanding of when
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Schrijver [16], most of the “action” in building the CG closure will indeed take
place on the boundary of K. While the proof presented in this paper has some
high level similarities to the one in [7], a substantially more careful approach
was required to handle the general facial structure of a compact convex set
(potentially infinitely many faces of all dimensions) and completely new ideas
were needed to deal with faces having irrational affine hulls (including the
whole body itself).

This paper is organized as follows. In Section 2 we introduce some notation,
formally state our main result and give an overview of the proof. We then
proceed with the full proof which is presented in Sections 3-5.

2 Definitions, Main Result and Proof Idea

Definition 1 (CG Closure) For a convex set K C R™ and S C Z" let
CO(K,S) == Nyesir € R" ¢ (z,9) < |hk(y)]}. The CG closure of K is
defined to be the set CC(K) := CC(K,Z").

The following theorem is the main result of this paper.

Theorem 1 If K C R"™ is a non-empty compact convez set, then CC(K)
is finitely generated. That is, there exists S C Z" such that |S| < oo and
CC(K)=CC(K,S). In particular CC(K) is a rational polyhedron.

We will use the following definitions and notation: For z,y € R™, let [z,y] =
M+ 1-XNy:0<X<1}and (z,y) = [z,y] \ {z,y}. Let B” := {z € R™ :
||| < 1} and S"~! := bd(B"). (bd stands for boundary.) For a convex set K
and v € R", let H,(K) := {x € R" : (v,2) < hg(v)} denote the supporting
halfspace defined by v for K, and let H (K) := {z € R" : (v,z) = hx(v)}
denote the supporting hyperplane. FF C K is a face of K if for every line
segment [z,y] C K, [z,y] N F # 0 = [x,y] C F. A face F of K is proper
if F # K. Let F,(K) := KN H;(K) denote the face of K exposed by v.
If the context is clear, then we drop the K and simply write H,, H, and
F,. For A C R"™, let aff(A) denote the smallest affine subspace containing A.
Furthermore let aff;(A) := aff(aff (A) N Z™), i.e. the largest integer subspace
in aff(A).

We present the outline of the proof for Theorem 1. The proof proceeds by
induction on the dimension of K. The base case (K is a single point) is trivial.
By the induction hypothesis, we can assume that () every proper exposed
face of K has a finitely generated CG closure. We build the CG closure of K
in stages, proceeding as follows:

1. (Section 3) For F,, a proper exposed face, where v € R™, show that 3 5 C
Z™, |S| < oo such that CC(K,S)N H; = CC(F,) and CC(K,S) C H,
using (1) and by proving the following:

this holds for unbounded convex sets, we restrict our attention here to the CG closure of
compact convex sets.
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(a) (Section 3.1) A CG cut for F, can be rotated or “lifted” to a CG cut
for K such that points in F, Naff;(H;) separated by the original CG
cut for F), are separated by the new “lifted” one.

(b) (Section 3.2) A finite number of CG cuts for K separate all points in
F, \ aff;(H;) and all points in R™ \ H,,.

2. (Section 4) Create an approximation CC(K,S) of CC(K) such that (i)
S| < oo, (i) CCO(K,S) C K naff;(K) (iii) CC(K,S) Nrelbd(K) =
CC(K)Nrelbd(K). This is done in two steps:

(a) (Section 4.1) Using the lifted CG closures of F,, from (1.) and a compact-
ness argument on the sphere, create a first approximation CC(K,S)
satisfying (i) and (ii).

(b) (Section 4.2) Noting that CC(K, S)Nrelbd(K) is contained in the union
of a finite number of proper exposed faces of K, add the lifted CG
closures for each such face to S to satisfy (iii).

3. (Section 5) We establish the final result by showing that there are only a
finite number of CG cuts which separate at least one vertex of the approx-
imation of the CG closure from (2).

3 CC(K,S)N H: = CC(F,) and CC(K, S) C H,

When K is a rational polyhedron, a key property of the CG closure is that
for every face F' of K, we have that (x) CC(F) = F N CC(K). In this set-
ting, a relatively straightforward induction argument coupled with (%) allows
one to construct the approximation of the CG closure described above. In our
setting, where K is compact convex, the approach taken is similar in spirit,
though we will encounter significant difficulties. First, since K can have in-
finitely many faces, we must couple our induction with a careful compactness
argument. Second and more significantly, establishing (x) for compact convex
sets is substantially more involved than for rational polyhedra. As we will see
in the following sections, the standard lifting argument to prove (x) for rational
polyhedra cannot be used directly and must be replaced by a more involved
two stage argument.

3.1 Lifting CG Cuts

To prove CC(F) = FNCC(K) one generally uses a ‘lifting approach’; i.e.,
given a CG cut CC(F,{w}) for ', w € Z"™, we show that there exists a CG
cut CC(K,{w'}) for K, w' € Z™, such that

CO(K, [w'}) Naff(F) C CC(F, {w}) N aff (F). 2)

To prove (2) when K is a rational polyhedron, one proceeds as follows. For
the face F of K, we compute v € Z" such that F,(K) = F and hg(v) € Z.
For w € Z", we return the lifting w’ = w + lv, | € Z~¢, where [ is chosen such
that hx(w’) = hp(w'). For general convex bodies though, neither of these
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steps may be achievable. When K is strictly convex however, in [7] we show
that the above procedure can be generalized. First, every proper face F' of
K is an exposed vertex, hence 3 = € K,v € R” such that ' = F, = {z}.
For w € Z"™, we show that setting w’ = w + v/, where v’ is a fine enough
Dirichlet approximation (see Theorem 2 below) to a scaling of v is sufficient
for (2). In the proof, we critically use that F is simply a vertex. In the general
setting, when K is a compact convex set, we can still meaningfully lift CG
cuts, but not from all faces and not with exact containment. First, we only
guarantee lifting for an exposed face F, of K. Second, when lifting a CG cut
for F), derived from w € Z", we only guarantee the containment on aff;(H),
ie. CO(K,w')Nnaff;(H) C CC(F,w)Naff;(H;). This lifting, Proposition 1
below, uses the same Dirichlet approximation technique as in [7] but with a
more careful analysis. Since we only guarantee the behavior of the lifting w’ on
aff ;(H ), we will have to deal with the points in aff (F) \ aff; (H") separately,
which we discuss in the next section.

Lemmas 1- 3 are technical results that are needed for proving Proposition
1.

Lemma 1 Let K be a compact convex set in R™. Let v € R™, and let (x;)524,
x; € K, be a sequence such that lim;_, o (v, ;) = hx(v). Then

lim d(F,(K),z;) = 0.
71— 00

Proof Let us assume that lim;_, o, d(F,(K), z;) # 0. Then there exists an € > 0
such that for some subsequence (z,, )72, of (z;)52, we have that d(F,(K), za,) >
€. Since (zq,)5°, is an infinite sequence on a compact set K, there exists a con-
vergent subsequence (zg,)2; where lim; ,o, x5, =  and x € K. Now we note
that d(F,(K),z) = lim;_,o d(F,(K),x5,) > €, where the first equality fol-
lows from the continuity of d(F,(K),-). Since d(F,(K),z) > 0 we have that
x ¢ F,(K). On the other hand,

hic(v) = lim (0,2:) = lim (v,25,) = (v,2)

and hence x € F,(K), a contradiction. O

Lemma 2 Let K be a compact convex set in R"™. Let v € R™, and let (v;)2,,
v; € R™, be a sequence such thatlim;_,o, v; = v. Then for any sequence (2;)32,,
x; € Fy,(K), we have that

lim d(F,(K),z;) = 0.

1—00

Proof We claim that lim;_, o (x;,v) = hi(v). Since K is compact, there exists
R > 0 such that K C RB™. Hence we get that
hi(v) = lim hg(v;) = lim (v;, ;)
11— 00 11— 00

= lim (v, ;) + (v; — v, z;) < lim (v, 2;) + |Jv; — v||R = lim (v, x;),
11— 00 11— 00 11— 00
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where the first equality follows by continuity of hx (hg is convex on R™ and fi-
nite valued). Since each z; € K, we get the opposite inequality lim;_, (v, ;) <
hi(v) and hence we get equality throughout. Now by Lemma 1 we get that
lim; o d(Fy(K), ;) = 0 as needed. O

The next lemma describes the central mechanics of the lifting process ex-
plained above. The sequence (w;)2; will eventually denote the sequence of
Dirichlet approximates of the scaling of v added to w, where one of these will
serve as the lifting w’.

Lemma 3 Let K C R” be a compact conver set. Take v,w € R™, v # 0. Let
(wi, t)52, w; € R™,t; € Ry be a sequence such that

a. lim t; = 0o, b. lim w; — t;v = w. (3)
11— 00 71— 00

Then for every € > 0 there exists Ne > 0 such that for all i > N,

hK(wi)—l—eZtihK(v)—i—th(K)(w) Zh[((wi)—é. (4)

Proof By (3) a,b we have that

and that we may pick N7 > 0 such that
|lw; — tiv]| < JJw||+1<C  fori> Nj. (6)

Let (z;)§2; be any sequence such that z; € Fy,(K) = F,, /;,(K). For each
i > 1, let #; = argmin cp (g [|zi — yll. By (5) and Lemma 2, we may pick
N5 > 0 such that

d(Fy(K)x) = lloi = &l < 5 fori = No. (7)

Since hp, (k) is a continuous function, we may pick N3 > 0 such that
€ .
\th(K)(wi — ti’l)) — hFU(K)(w)| S 5 fOl” 1 Z N3 (8)

Let N. = max{Ny, No, N3}. Now since z; € F,,(K) and Z; € F,(K) we
have that
<xi,wi> Z (ii,wi> and <53i,ti’0> Z <.13i,ti’U>. (9)

From (6), (7), (9) we get that for ¢ > N,
(T4, wi) — (Zi, wi) < (T, ws) — (Tg, wi) + (Tg, tiv) — (@4, tv) = (@7 — Ty, wi — V)
_ € €

< Jlas = @llllws — tivll < (55) € = 5

2C 2
(10)
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From (10) we see that for i > N,

hic(wi) > hp, ) (wi) > (wi, Zi) > (wi, zi) — 5 = h(w;) — (11)

€
5

DO ™

Since (v, -) is constant on F,(K’), we have that

hpe, k) (wi) = hp, (k) (Wi — tiv +tv) = hp, (k) (w; — tv) + tihp, (k) (V)
= hp, (k) (wi — tv) +tihg(v)  (12)

Combining (8), (11) and (12) we get that for i > N,
hi(wi) + € > tihg (v) + hp, (k) (w) > hi(w;) — €
as needed. O

Theorem 2 (Dirichlet’s Approximation Theorem) Let (a1,...,qq) €
RY. Then for every positive integer N, there exists 1 < n < N such that
maxi<;<i |nai — Lnazﬂ S 1/N1/l.

Proposition 1 Let K C R" be a compact and convex set, v € R™ and w €
Z"™. Then Jw' € Z™ such that CC(K,w") Naff;(H; (K)) C CC(F,(K),w) N
aff [ (H (K)).

Proof First, by possibly multiplying v by a positive scalar we may assume that
hix(v) € Z. Let S = aff ;(H, (K)). We may assume that S # 0, since otherwise
the statement is trivially true.

From Theorem 2 for any v € R™ there exists (s;,%;)52,, s; € Z", t; € N
such that (a.) t; — oo and (b.) ||s; — t;v|| — 0. Now define the sequence
(wi, ;)$2,, where w; = w + s;, ¢ > 1. Note that the sequence (w;, t;) satisfies
(3) and hence by Lemma 3 for any € > 0, there exists N, such that (4)
holds. Let € = %(1 — (hp, () (W) = [hE, (k) (w)J)), and let N; = N,. Note that
|hp, (k) (w) + €] = |hp, k) (w)]. Hence, since hi(v) € Z by assumption, for
all i > Ny we have that [hx(w;)] < [tihk(v) + hp, (k) (W) + €] = tihg (v) +
Lhr, () (W) + €] = tihk (v) + [hp, (k) (w)].

Now pick z1,...,2r € S NZ™ such that aff(z1,...,2;) = S and let R =
max{||z;|| : 1 < j < k}. Choose Ny such that |lw; — t;v — w|| < 55 for i > Na.
Now note that for ¢ > Na, [(z;,w;) — (z;,t;v + w)| = |(zj,w; — t;v —w)| <
lzllllwi — tiv —w|| < Ry =3 Vje{l,...,k}.

Next note that since z;,w; € Z", (zj,w;) € Z. Furthermore, t; € N,
(v,2;) = hi(v) € Z and w € Z" implies that (z;,t;v + w) € Z. Given this, we
must have (z;,w;) = (z;,t;v +w) Vj € {1,...,k}, 7 > 1 and hence we get
(x,w;) = (z,tiv+w) YresS i>1.

Let w' = w; where i = max{Ny, No}. Now examine the set L = {z
(z,w') < [hr(w')|} NS. Here we get that (x,w;) < tihg(v) + [hp, (k)(w)]
and (z,v) = hg(v) for all z € L. Hence, we see that (z,w;—t;v) < [hp, (k) (w)]
for all z € L. Furthermore, since (x,w; — t;v) = (x,w) for all z € L C S, we
have that (z,w) < |hp, (x)(w)] for all x € L, as needed. O
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3.2 Separating All Points in F, \ aff; (H)

Since the guarantees on the lifted CG cuts produced in the previous section
are restricted to aff;(H), we must still deal with the points in F, \ aff;(H).
In this section, we show that points in F, \ aff;(H) can be separated by
using a finite number of CG cuts in Proposition 2. To prove this, we will
need Kronecker’s theorem on simultaneous diophantine approximation which
is stated next. See Niven [15] or Cassels [3] for a proof.

Theorem 3 Let (x1,...,x,) € R™ be such that the numbers x1,...,x,,1 are
linearly independent over Q. Then the set {(nz1 (mod 1),...,nz, (mod 1)):
n € N} is dense in [0,1)".

The following lemmas allow us to normalize the vector v defining F,, and
H7 and simplify the analysis that follows.

Lemma 4 Let K C R"™ be a closed convex set, and let T : R — R" be
an invertible linear transformation. Then hx (v) = hrg(T~'v) and F,(K) =
T~ Fp-,(TK)) for all v € R™. Furthermore, if T is a unimodular transfor-
mation, then CC(K) =T 1(CC(TK)).

Proof Observe that

hri (T ') = sup (T ', z) = sup (T "v,Tz) = sup (v, x) = hx(v).
zeTK zeEK zeK

Now note that
T (Fr-o(TK)) =T7' ({2: 2 € TK, hrr(T ") = (T ", 2)})
={z: Tr € TK, hrg(T ') = (T ", Tz)}
={z: ze€ K, hg(v)=(v,2)} = F,(K).
Finally,
T-HCC(TK))=T"'({z:2 € TK, (v,2) < |hrx(v)] Y v € Z"})
={z: Tz eTK, (v,Tz) < |hrx(v)| Vv eZ"}
={x: Tz e TK, (T 'v,Tx) < |hrr(T "v)] Vv € Z"}
={z:ze K, (v,2) < |hg()] YveZ"} = CC(K).
]

Lemma 5 Take v € R". Then there exists an unimodular transformation
T:R™ = R"™ and A € Qs¢ such that for v' = XTv we get that

V=1 0,...,0, 1 ,a,...,0 |, (13)
N AN
t times § times
where t,r € Z4, s € {0,1}, and {1,a1,...,a,} are linearly independent over

Q. Furthermore, we have that D(v) = inf{dim(W) : v € W,W = {& € R" :
Az =0}, AcQm "} =s+r.
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Proof Choose a permutation matrix P such that the rational entries of Pa form
a contiguous block starting from the first entry of Pa, i.e. let k € {0,...,n}
such that (Pa)y,...,(Pa)r € Q and (Pa)gy1,...,(Pa), € R\ Q. Now we set
our initial transformation T < P, A + 1, and working vector a’ <~ Pa. In
what follows, we will apply successive updates to T,A and a’ such that we
maintain that 7 is unimodular, A € Q¢, and a’ = ATa.

First consider a vector a’ € R™ such that af,...,a) are rational and
(1,a}4,...,a;,) are linearly independent over Q. If & = 0, i.e. (1,a},...,ay,)
are linearly independent over Q, then we are done. We may therefore assume
that k > 1. Similarly, if (af,...,a}) = 0%, then again we are done. Now let
ap = (al,...,a;) and a} = (aj4,...,a;,). By our assumptions, we note that
a’p # 0. Via an appropriate scaling \' € Qso, we may achieve X'a’y € Z* and
ged(Naj,...,Nag) = 1. Since X' € Q, note that (1,a;_,...,a;,) are linearly
independent over Q iff (1, Naj,..., Na;,) are. Set A <= M\ and o’ < X'
Next, applying the Euclidean algorithm on the vector a/;, we get a unimodular
transformation F such that

Edly = (0"71, ged(al, ..., a})) = (071, 1).
Now define the unimodular transformation 7”, where
T'(z) = (E(T1, .-, Tk), Thils-- -5 Tn)-

By construction, note that ((Ta’)1,...,(Ta’),) = Ed’z = (0*71,1). Next note
that (Ta')k+1,--.,(Ta’),) are linearly independent over Q. Letting T < T'T
and a’ < T"a’, we have that o’ = \Ta satisfies the required form.

Given the above case analysis, we are left with the case where af, =
(a},...,a,) € Q% a} = (a}yq,---,a),) € (R\Q)""* and where (1,a}, ,,...,a},)
have a linear dependency over Q. Now after an appropriate scaling of this de-
pendency, we get numbers ¢y € Q, ¢ € Z" %\ {0}, ged(cy, ..., cnk) = 1, and
where

(af, c) = co
Applying the Euclidean algorithm on ¢, we get a unimodular matrix £ such
that
Ec=(ged(cy, ..., cn_p), 0" 1) = (1,0n7F1)

Let a = E~'a}. Note that F is unimodular iff E~" is unimodular. We get that
{a},¢) =cog= (B "a},Ec) =co = a1 = ¢

Hence we see that 4; = ¢y € Q. Let T be the unimodular transformation
defined by

T (x) = (21,..., %6, B (@ps1,. .. Tn))
Here T is the identity on the first k coordinates, and acts like £~* on the last
n — k coordinates. Note that ((T7a’)1,...,(T'a')i) = (a,...,a,) € QF. Next
(T"a k415 -, (T'd")n) = E7ta}; = a, and a1 € Q. Hence T"a’ has at least one
more rational coefficient than /. By repeating the above operation suitable
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number of times, we obtain a vector a’ € R™ such that af, ..., a}, are rational
and (1,ay_y,...,ay,) are linearly independent over Q. By the previous analysis,
there exists unimodular transformation 7", A" € Q such that N'T"T"a’ satisfies
the required form. Letting T < T"T'T, A < X'\, and o/ < NT"T'd’, we get
the desired result.

For proving the second part of the result, we first claim that D(a’) = D(a).
To see this, note that

Ad' =04 A(M\Ta) =0 ATa =0

and )
Aa=0< A (ATla’> =0 AT %' =0

since T is invertible and \ # 0. Since both AT, AT~! are rational, this gives

that D(a’) = D(a) as needed. Hence we need only show that D(a’) = s + t.
Take y € Q" such that (y,a’) = 0. Note that o’ = (0%, 1%, o, ..., ) where

(1,04,...,q,) are linearly independent over Q. If s = 0, then Y, _, ;4405 = 0.

Since y € Q", this gives a linear dependence of (a1, ..., a,) over Q, and hence
by assumption we must have that y;4; = 0 for 1 <+ < r. Otherwise if s = 1, we
get Yrp1+Y iy Yeti+10y = 0, which gives a linear dependence of (1, oy, ..., o)

over Q. Therefore y;1; = 0 for 1 <14 <t 4 1. Hence in both cases, we get that
yiri = 0 for 1 < i < 7+ s. Next note that for y € Q! x 0"~¢, we have that
(y,a’) = 0 since af,...,a. = 0 by assumption. By the previous observations,
we obtain that

L:={ycQ":(y,d)=0}=Q" x 0" " =Q" x 0°"".

Now let W C R™ denote the linear subspace W = {x e R" : z; = 0,1 < i <
t}. Note that ' € W, and hence D(a’) < dim(W) = s + r. Now take any
M = {x € R" : Az = 0}, such that «’ € M and A € Q™*™. We claim that
W C M. Let ay,...,a,n, € Q" denote the rows of A. Since a’ € M, we have
(a;,a’y =0V i€ {l,...,m}. Hence we must have that a; € L = Q' x 0. Since
W = 0! x R**" we have that for all z € W, {(a;,z) = 0, and hence W C L.
Hence
dim(L) > dim(W) = s+,

from which conclude that D(a’) = s + r as needed. O

We now show that the points in F), \ aff;(H;) can be separated using a
finite number of CG cuts. We first give a rough sketch of the proof. We restrict
to the case where aff;(H;) # (. From here one can verify that any rational
affine subspace contained in aff(H;’) must also lie in aff;(H ). Next we use
Kronecker’s theorem to build a finite set C' C Z™, where each vector in C'is at
distance at most € from some scaling of v, and where v can be expressed as a
non-negative combination of the vectors in C'. By choosing € and the scalings of
v appropriately, we can ensure that the CG cuts derived from C' dominate the
inequality (v, x) < hg(v),ie. CC(K,C) C H,.If CC(K,C) lies in the interior
of H,(K), we have separated all of H; (including F, \ aff;(H;)) and hence



On the Chvatal-Gomory Closure of a Compact Convex Set 11

are done. Otherwise, T := CC(K,C) N H is a face of a rational polyhedron,
and therefore aff(T) is a rational affine subspace. Since aff (T") C aff (H ), as
discussed above we obtain T C aff (T') C aff;(H) as required.

Proposition 2 Let K CR"™ be a compact convez set and v € R™. Then there
exists C CZ™, |C| < D(v) + 1, such that

CC(K,C) C Hy(K) and CC(K,C)nH(K) C aff;(H (K)).

Proof By scaling v by a positive scalar if necessary, we may assume that
hi(v) € {0,1,—1}. Let T and A denote the transformation and scaling promised
for v in Lemma 5. Note that T "{z € R™ : (v,z) = hx(v)} = {& € R" :
(v,T'z) = hg(v)} = {z € R" : (\Tv,x) = hp—i1x(NT0)}.

Now let v/ = ATv and & = hp-+x(ATv). By Lemma 4, it suffices to
prove the statement for v' and K’ = T7'K. Now v’ has the form (13) where
t,r € Zy, s € {0,1}, and (1,4, ..., a,) are linearly independent over Q. For
convenience, let k = s +t, where we note that vj_,..., v, = (a1,...,a;).

Claim 1: Let S ={x € Z™ : (v',x) = b'}. Then S satisfies one of the following:
(1) S=Zxb x0:s=1,0 €Z, (2) S =Z x 0": s = 0,8/ =0, (3) S = 0:
s=0,#00rs=1V ¢ Z.

Note that b’ = hp-tx (ATv) = Mg (v) € {0,£A} C Q. We first see that

(s=1): bV =@ 2)=a + Zxk+iai, (s=0): b =@ )= kaﬂai.
i=1

i=1

Now if x € S, then

(s=1): (zp V) + Zxkﬂ-ai =0, (s=0):(=b)+ Zkariai =0.
i=1 i=1

Since V' € Q, and = € Z"™, in both cases the above equations give us a linear
dependence of (1,a1,...,a,) over Q. Since by assumption (1,ayq,...,q,) are
linearly independent over QQ, we have that

(s=0,1): 2, =0,1<i<r (s=1): zp=0b (s=0): b =0.

If s = 1, then we must have that V' € Z, since xx = b and = € Z". From
this we immediately recover case (1). If s = 0, then the conditions ¥ = 0 and
Trp+i = 0, 1 <4 <r, verify case (2). If we are neither in case (1) or (2), then
by the above analysis S must be empty, and so we are done.

Claim 2: Let I = {nv' (mod 1) : n € N}. Then Theorem 3 implies that I is
dense in 0% x [0,1)".

We first note that vf,...,v) € Z and hence v},...,v;, =0 (mod 1). Next
note that (1, aq,...,a;) are linearly independent over Q, and hence by Theo-
rem 3 we have that {n(ay,...,a,) : n € N} is dense over [0,1)". Putting the
last two statements together immediately yields the claim.
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Claim 3: There exists aj,...,a,41 C Z™ and A1,...,A\.41 > 0 such that
S Nai =o' and Y0 N | Wy (ai) | < B, where the inequality can be made
strict if S = 0.

Since K’ is compact, there exists R > 0 such that K’ C RB™. Take the
subspace W = 0F x R". Let wy,..., w1 € W N S ! be any vectors such
that for some 0 < e < 1 we have sup;<;<, 1 {w;,d) > e for all d € S""' NW
(e.g. wy, ..., w.11 are the vertices of a scaled isotropic r-dimensional simplex).

Case 1: S # .

Let a = £ min{%, e}, and b = Lea. Now, for 1 <i < r+1 define E; = {z :
r € aw;+b(B"NW) (mod 1)}. Since W = 0% x R", note that E; C 0% x[0,1)".
By Claim 2 the set I is dense in 0% x [0, 1)". Furthermore each set F; has non-
empty interior with respect to the subspace topology on 0% x [0,1)". Hence for
all i, 1 <i <r+1, we can find n; € N such that n;v’ (mod 1) € E;.

Now n;v’ (mod 1) € F;, implies that for some §; € FE;, n;v' — 8, € Z".
Furthermore §; € F; implies that there exists d; € aw; + b(B™ N W) such that
d; — 8; € Z". Hence (n;v' — 0}) + (6 — 6;) = nyv' —6; € Z™. Let a; = niv’ — §;.
Note that [ja; — nv'|| = || = ] < a+b < 2a < 1/(4R). We claim that
|hir(a;)] < hg(n;v'). First note that hg (n;v") = n;b’. Since we assume that
S # (), we must have that b’ € Z and hence n;’ € Z. Now note that

hyr (ai) = hK/((ai — niv') 4+ niv’) < hgr (niv’) + hg (ai — ’I’Lﬂ}/)
= nib’ + hKI(—(Si)
1 1
< ’flib/ + hRBn(—(Si) < ’I’Lib/ + RH61H < ’fl,‘b/ +R|— )= nib' + -
4R 4
Therefore we have that |hx(a;)] < [mb + 7] = nib' = hg/(nv'), since
mb’ S Z.

We claim that 4FB™ N W C conv{dy,...,d,41}. First note that by con-
struction, conv{dy,...,d-41} € W. Hence if the conclusion is false, then by
the separator theorem there exists d € W N .S™"~! such that h%Ban(d) =
9 > supj<i<py1(d; 6i). For each 4, 1 < i < 7+ 1, we write §; = aw; + bz;

4 <
where ||z;]] < 1. Now note that

sup (d,d;) = sup (d,aw; +bz;) = sup a{d,w;)+b{d,z)

1<i<r+1 1<i<r+1 1<i<r+1
ae  ae
> sup a{d,w;) —b||d||||z|| = ae—b=— > —,
1<i<r+1 2 4
. . 1
a contradiction. Hence there exists Aq,..., A,41 > 0 and 221 A;n; = 1 such

Now we see that

r+1 r+1 r+1 r+1 r+1 r+1
Z )\iai = Z )\iTLi’U/‘FZ )\1 (ai—niv’) = (Z )\znz> ’U/—Z )\7,61 = (Z )\an> 'U/.
i=1 i=1 i=1 i=1 i=1 i=1

(14)
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Next note that

r+1 r+1 r41
> Nilhke(ai)] <Y Nihger (niv') = hier ((Zm) > (15)

i=1 i=1

Case 2: S = (). The proof here shall proceed very similarly to the one above,
with the exception that we need to do some extra work to guarantee a strict
inequality.

If s = 0, then since S = () we must have that b # 0. Let v* = " and
b* = sign(t'), and v/ = 2|b,‘v and b/ = Lsign(b’). Note that hK/( =b €
{£1} and hg (v/) = b/ € {£1/2}. Furthermore, since b’ € Q, we see that

1 1
(17U]§+17"‘7Uz+'r‘) = (1,ﬁ0{1,...,mar)
are still linearly independent over Q, and that v{,...,vi =v{,...,v, =0 € Z.

Next if s = 1, then ¥/ € Q \ Z. Let ¢; € Z denote the least positive
integer such that c1b’ € Z and let co € Z denote the least positive integer such
that 3 < cob’ (mod 1) < 2 (always exists since b’ # 0). Let v* = ¢1v" and
b* = clb' and let vf = 6211 and b/ = o0/, Again we have that hi(v?) =
b* € Z, and hy:(v/) = b/ (since ci,co > 0). Lastly, since c¢1,co € Z, we

note that vf,...,vi_; = v{,...,v};_l =0€Z, v = cl,v,]: = ¢y € Z, and
(L,vi g, vi,) = (1,c1a1,. .., c1a) are still linearly independent over Q.

Now let I’ = {nv* (mod 1) : n € N}. Using the proof of Claim 2, we see
that I’ is dense in 0F x [0,1)". Furthermore since v/ mod 1 € 0% x [0,1)",
we have that I’ + v/ (mod 1) is also dense in 0¥ x [0,1)". Note that I' + v/
(mod 1) = {(ncy + c2)v’ (mod 1) : n € N}.

Let wy,...,wit1, F1,...,Ej11 be defined identically as in Case 1. Via
the same density argument as in case 1, we may pick n; € N, such that
(njc1 + co)v’ € E;. Again we define aq,...,a,41 in exactly the same way
as in Case 1. To conclude the proof of the claim, we need only show that
lhir(ai)] < [nb/ + 5] = nib' = hg(n;v’) holds with a strict inequality in
this case. The exact same argument gives us now that

1
hir(a;) < (nicr + co)b’ + 1 (16)

Now n;cib = n;b* € Z and % < ¢ob’ (mod 1) < 2. Therefore
3 3
LhK/(ai)J < (Tlicl + Cg)b/, (17)

as needed.
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Claim 4: Let C = {a;};*} for the a;’s from Claim 3. Then CC(K,C) N {z :
(v, x) =V} Caff(S).
If S = ), note that by the Claim 3, we have that

sup{(v',x) : x € R" (a;,x) < |hg'(a;)],1 <i<r+1} <V,

and hence CC(K,C)N{x: (v/,z) =b'} = 0 as needed.

If S # 0, examine the set examine the set P = {z : (v/,z) =¥, (a;,2) <
lhi(a;)],1 < 4 < 1+ 1}. From the proof of Claim 3, we know that for
each i, 1 < i < r+ 1, we have |hg/(a;)] < hg/(n;v") = n;b' and hence
(nyv" — a;, x) = (0;,x) > 0, is a valid inequality for P. Now, from the proof of
Claim 3, we have

%B" AW C conv{dy,...,004+1}- (18)

We claim that for all H C {1,...,r+1}, |H| = r, the set {d; : i € H} is linearly
independent. Assume not, then WLOG we may assume that d,...,d, are not
linearly independent. Hence there exists d € S"~! N W, such that (d, ;) = 0
for all 1 <4 < n. Now by possibly switching d to —d, we may assume that
(d,0r+1) < 0. Hence we get that sup; <;<,.;1(d, d;) < 0 in contradiction to (18).
Now let A1,...,A\.41 > 0, Z:;l Ain; = 1 be a combination such that
Z:ill Ai9; = 0. Note that Ay, ..., \.41 forms a linear dependency on 4y, ..., 541,
and hence by the previous claim we must have that \; > 0 forall 1 < <r+1.
We claim for P C W+. To see this, note that 0 = (z,0) = (, Z::ll Aidi) =
Z:;l Ai{x, d;) for every x € P. Now since span(dy, ..., 0,+1) = W, we see that
(x,0;) =0 forall 1 <i <r+1iff x € Wt. Hence if z ¢ W=, then by the
above equation and the fact that A; > 0 for all i € {1,...,r 4+ 1}, there exists
i,j € {1,...,r 4+ 1} such that (z,0;) > 0 and (z,0;) < 0. But then z ¢ P,
since (z,8;) < 0, a contradiction. Now W = 0% x R", hence W+ = R x 0". To
complete the proof we see that P C {z :x € RF x 0", (v/,z) = V'} = aff(S). O

3.3 Lifting the CG Closure of an Exposed Face of K

Proposition 3 Let K C R" be a compact convez set. Take v € R™. Assume
that CC(F,(K)) is finitely generated. Then 3 S C Z™, |S| < oo, such that
CC(K,S) is a polytope and

CC(K,S)NH; (K)=CC(F,(K)) (19)
CC(K,S) C H,. (20)

Proof The right to left containment in (19) is direct from CC(F,(K)) C
CC(K,S) as every CG cut for K is a CG cut for F,(K). For the reverse
containment and for (20) we proceed as follows.

Using Proposition 2 there exists S; C Z" such that CC(K,S1)NH; (K) C
aff;(H; (K)) and CC(K,S1) C {x € R": (v,z) < hg(v)}. Next let G C Z"
be such that CC(F,(K),G) = CC(F,(K)). For each w € G, by Proposition 1
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there exists w’ € Z™ such that CC(K,w') Naft;(H; (K)) C CC(F,(K),w) N
aff;(H; (K)). For each w € G, add w’ above to Sz. Now note that

CC(K, S, U Sy) N H=(K) = CC(K, S1) N CC(K, S5) N H=(K)
C CCO(K, 5z) Naffr(Hy (K))
= CC(Fy(K),G) Naff(H; (K)) € CC(F,(K)).

Now let S3 = {£e; : 1 < i < n}. Note that since K is compact CC(K, Ss)
is a cuboid with bounded side lengths, and hence is a polytope. Letting S =
S1 U Sy U S3, yields the desired result. O

We now obtain a generalization of the classical result known for rational
polyhedra.

Corollary 1 Let K be a compact convex set and let F' be an exposed face of
K, then we have that CC(F) =CC(K)NF.

4 Approximation of the CG Closure
4.1 Approximation 1 of the CG Closure

In this section, we construct a first approximation of the CG closure of K.
Under the assumption that the CG closure of every proper exposed face is
finitely generated, we use a compactness argument to construct a finite set of
CG cuts S C Z" such that CC(K,S) C K naff;(K). We use the following
lemma to simplify the analysis of integral affine subspaces.

Lemma 6 Take A € R™*™ and b € R™. Then there exists A € R™ such that
fora’ = XA, b = X\b, we have that {x € Z" : Az =b} = {x € Z" : 'z =V'}.

Proof If {x € R™ : Az = b} = (), then by Farka’s Lemma there exists A € R™
such that AA = 0 and Ab = 1. Hence {z e R" : Az =b} = {z € R" : Oz =
1} = 0 as needed. We may therefore assume that {x € R™ : Az = b} # 0.
Therefore we may also assume that the rows of the augmented matrix [A |b]
are linearly independent.

Let T = span(aq,...,an,), where ay,...,a,, are the rows of A. Define
r: T — R where for w € T we let r(w) = Ab for A € R™ where \A = w.
Since the rows of A are linearly independent we obtain that r is well defined
and is a linear operator. Let S = {& € Z™ : Az = b}. For z € Z", examine
T, ={w € T : (w,z) = r(w)}. By linearity of r, we see that T, is a linear
subspace of T'. Note that for z € Z", T, = T iff z € S. Therefore V z € Z™\ S,
we must have that T, # T, and hence dim(7}) < dim(T") — 1. Let m¢ denote
the Lebesgue measure on T Since dim(7%) < dim(T"), we see that m¢(7T,) = 0.
Let 7" =, ezms Te- Since Z™\ S is countable, by the countable subadditivity
of mp we have that my (") < 3°,czu\ g mr(T:) = 0. Since m¢(T) = oo, we
must have that T\ T” # (). Hence we may pick a’ € T'\ T". Letting b’ = r(a’),
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we note that by construction there 3 A € R™ such that AA = a’ and \b = ¥'.
Hence for all z € S, Az = X\b = d’x = b'. Now take z € Z™ \ S. Now since
a’ € T\ T, we have that a’ ¢ T,. Hence a’z # b'. Therefore we see that
{reZ™:dz=V}={x€Z": Ax = b} as needed. O

Proposition 4 Let ) # K C R™ be a compact convex set. If CC(F,(K)) is
finitely generated for any proper exposed face F,(K) then 3 S CZ", |S| < oo,
such that CC(K,S) C KNaff;(K) and CC(K,S) is a polytope.

Proof Let us express aff(K) as {x € R® : Ax = b}. Note that aff(K) # 0
since K # (). By Lemma 6 there exists A\, ¢ = AA and d = \b, and such that
aff(K)NZ" = {x € Z" : {c,x) = b}. Since hx(c) = b and hx(—c) = —b, using
Proposition 2 on ¢ and —¢, we can find S4 C Z" such that CC(K,S4) C
aff({x € Z" : (c,x) = b}) = aff /(K.

Express aff(K) as W + a, where W C R is a linear subspace and a € R™.
Now take v € W N S"~L1. Note that F,(K) is a proper exposed face and
hence, by assumption, CC(F,(K)) is finitely generated. Hence by Proposition
3 there exists S, C Z" such that CC(K,S,) is a polytope, CC(K,S,) N
H7(K) = CC(Fy(K)) and CC(K,S,) C {x € R" : (z,v) < hg(v)}. Let
K, =CC(K,S,), then we have the following claim.

Claim: 3 open neighborhood N, of v in W N S§”~! such that v € N, =
hic, (v/) < hic (v).

Since K, is a polytope, there exists C C R", |C| < oo, such that K, =
conv(C'). Then note that hg, (w) = sup.cc(c, w). Now let H = {c: hx(v) =
(v,¢),c € C}. By construction, we have that conv(H) = CC(F,(K)).

First assume that CC(F,(K)) = 0. Then H = 0, and hence hg, (v) <
hxk(v). Since K,, K are compact convex sets, we have that hg, , hx are both
continuous functions on R™ and hence hx — h, is continuous. Therefore there
exists € > 0 such that hg, (v') < hg(v') for |jv — ¢'|| < € as needed.

Now assume that CC(F,(K)) # 0. Let R = max.ec ||c||, and let

0 = hg(v) —sup{(v,c) : c€ C'\ H}.

Now let € = 5. Now take any v’ such that [v' — v|| < e. Now for all ¢ € H,
we have that

(e v') = (e,0) + (e, 0" = v) = he(v) + (e v/ — 0) = () = el [/ — o]
0 0

> hK(U)_Rﬁ :hK(’U)—g,

and that for all ¢ € C'\ H, we have that

(e, v) = {e,0) + (e, v —v) < hi(v) =0+ (e, v" —v) < hge(v) =0+ lell[|[v” —v]|

5 )
< hK(v)—5+§ _hK(U)_§'
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Therefore we have that (c,v') > (¢/,v’) for all ¢ € H, ¢ € C'\ H and hence

hi, (v) = sup(c,v') = sup(c,v') = hec(r, () (V) < hi (), (21)
ceC ceEH
since CC(F,(K)) C F,(K) C K. The statement thus holds by letting N, =
{ eS| —v| <€}

Note that {N, : v € W N S" "1} forms an open cover of W N S"~! and
since W N S™~! is compact, there exists a finite subcover N,,, ..., N,, such
that (JF_, N,, = W N S" ! Now let $ = S4 U U, S,,. We claim that
CC(K,S) C K. Assume not, then there exists z € CC(K,S) \ K. Since
CC(K,S) CCC(K,S4) CW +aand K C W + a, by the separator theorem
there exists w € W N S™"! such that hx(w) = sup,cx(y,w) < (z,w) <
heok,s)(w). Since w € WnNS"~1, there exists i, 1 < i < k, such that w € N,,.
Note then we obtain that hcco(k,s)(w) < hcc(KS%_)(w) = hr,, (w) < hg(w),
a contradiction. Hence CC(K,S) C K as claimed. CC(K,S) is a polytope
because it is the intersection of polyhedra of which at least one is a polytope.
O

4.2 Approximation 2 of the CG Closure

In this section, we augment the first approximation of the CC(K) with a finite
number of extra CG cuts so that this second approximation matches CC(K)
on the relative boundary of K.

To achieve this, we observe that our first approximation of CC(K) is poly-
hedral and contained in K, and hence its intersection with the relative bound-
ary of K is contained in the union of a finite number of proper exposed faces
of K. Therefore, by applying Proposition 3 to each such face (i.e. adding their
lifted CG closure), we can match CC'(K) on the relative boundary as required.
The following lemma makes precise the previous statements.

Lemma 7 Let K C R™ be a convex set and P C K be a polytope. Then
there exists Fy,,...,F,, C K, proper exposed faces of K, such that P N
relbd(K) € UY, R,

Proof Let F = {F : F C P, F a face of P ,relint(F) Nrelbd(K) # 0}. Since
P is polytope, note that the total number of faces of P is finite, and hence
|F|] < co. We claim that

Pnrelbd(K) C |J F. (22)
FeF

Take x € PNrelbd(K). Let Fy denote the minimal face of P containing z (note
that P is a face of itself). By minimality of F,, we have that x € relint(F},).
Since z € relbd(K), we have that F, € F, as needed.

Take F' € F. We claim that there exists Hr C K, Hp a proper exposed face
of K, such that FF C Hp. Take z € relint(F') Nrelbd(K). Let aff(K) = W +a,
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where W is a linear subspace and a € R™. Since x ¢ relint(K), by the separator
theorem, there exists v € WNS™ ! such that hi (v) = (z,v). Let Hr = F,(K).
Note that since v € WNS" 1, F,(K) is a proper exposed face of K. We claim
that F' C Hp. Since F' is a polytope, we have that F' = conv(ext(F')). Write
ext(F) = {e1,...,ck}. Now since z € relint(F), there exists A1,..., Ay > 0,
SF A = 1, such that 32 | \ie; = x. Now since ¢; € K, we have that
(ci,v) < hg(v). Therefore, we note that

k

k k
<x71}> = <Z )\iciav> = Z)\l(ci,v} S Z/\zh[((’l}) = hK(U) (23)

i=1

Since (x,v) = hx (v), we must have equality throughout. To maintain equality,
since \; > 0, 1 < i < k, we must have that (¢;,v) = hg(v), 1 < i < k.
Therefore ¢; € Hp, 1 < i < k, and hence F' = conv(ey,...,cx) C Hp, as
needed.

To conclude the proof, we note that the set {Hp : F € F} satisfies the
conditions of the lemma. |

Proposition 5 Let K C R™ be a compact convex set. If CC(F,) is finitely
generated for any proper exposed face F, then 3 S CZ™, |S| < oo, such that

CC(K,S) C Knaff;(K) (24)
CC(K,S) Nrelbd(K) = CC(K) Nrelbd(K) (25)

Proof By Proposition 4, there exists S; C Z", |St| < oo, such that CC(K, S1) C
Knaff;(K) and CC(K, Sy) is a polytope. Since CC(K, S7) C K is a polytope,
let Fy,, ..., F,, bethe proper exposed faces of K given by Lemma 7. By Propo-
sition 3, there exists S; C Z™, |S;| < oo, such that CC(K, S;)NH,, = CC(F,,).
Let S = S;UUr_; S;. We claim that CC(K, S)Nrelbd(K) C CC(K)Nrelbd(K).
For this note that x € CC(K, S)Nrelbd(K) implies z € CC(K, Sr)Nrelbd(K),
and hence there exists ¢, 1 <4 < k, such that z € F,,. Then x € CC(K,S)N
H, C CC(K,S;)nH,, = CC(F,,) C CC(K)Nrelbd(K). The reverse inclusion

i

is direct. U

5 Proof of Theorem

Finally, we have all the ingredients to prove the main result of this paper.
The proof is by induction on the dimension of K. Trivially, the result holds
for zero dimensional convex bodies. Now using the induction hypothesis, we
can construct the second approximation of CC(K) using Proposition 5 (since
it assumes that the CG closure of every exposed face is finitely generated).
Lastly, we observe that any CG cut for K not dominated by those already
considered in the second approximation of CC(K) must separate a vertex of
this approximation lying in the relative interior of K. From here, it is not
difficult to show that only a finite number of such cuts exists, thereby proving
the polyhedrality of CC(K). The proof here is similar to the one used for
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strictly convex sets, with the additional technicality that here aff(K) may be
irrational.

Theorem 4 Let K C R™ be a non-empty compact convez set. Then CC(K)
is finitely generated.

Proof We proceed by induction on the affine dimension of K. For the base
case, dim(aff(K)) = 0, i.e. K = {a} is a single point. Here it is easy to see
that setting S = {+e; : i € {1,...,n}}, we get that CC(K, S) = CC(K). The
base case thus holds.

Now for the inductive step let 0 < k£ < n let K be a compact convex
set where dim(aff(K)) = k + 1 and assume the result holds for sets of lower
dimension. By the induction hypothesis, we know that CC(F,) is finitely gen-
erated for every proper exposed face F, of K, since dim(F,) < k. By Propo-
sition 5, there exists a set S C Z", |S| < oo, such that (24) and (25) hold.
If CC(K,S) = 0, then we are done. So assume that CC(K,S) # 0. Let
A = affj(K). Since CC(K, S) # 0, we have that A # () (by (24)), and so we
may pick t € ANZ". Note that A —t = W, where W is a linear subspace of
R™ satisfying W = span(WNZ"). Let L = WNZ™. Since t € Z™, we easily see
that CC(K —t,T) = CC(K,T)—t for all T C Z". Therefore CC(K) is finitely
generated iff CC'(K —t) is. Hence replacing K by K — ¢, we may assume that
aﬁ} (K) = W

Let my denote the orthogonal projection onto W. Note that for all x € W,
and z € Z", we have that (z,z) = (mw(z),x). Now since CC(K,S) C KNW,
we see that for all z € 2", CC(K,SU{z}) = CC(K,S)N{z : (z,z) <
lhix(z)]} = CC(K,S)N{z: (mw(z),z) < |hx(z)]}. Let L* = mw (Z™). Since
W is a rational subspace, we have that L* is full dimensional lattice in W. Now
fix an element of w € L* and examine V,, := {|hx(2)] : mw(2) = w,z € Z"}.
Note that V,, C Z. We claim that inf(V,,) > —oo. To see this, note that

inf{|hx(2)| : 7w (z) = w,z € Z"} > inf{|hxnw (2)] : 7w (2) = w,z € Z"}
= inf{|hxnw (7w (2))] : 7w (2) = w,z € Z"}
= Lthw(w)J > —00.

Now since V,, is a lower bounded set of integers, there exists z,, € 771;,1 (w) N
Z"™ such that inf(V,,) = |hx(zw)]. From the above reasoning, we see that
CC(K,SUny' (2) NZ") = CO(K, S U{z,}). Now examine the set C = {w :
we L* CC(K,SU{z,}) € CC(K,S)}. Here we get that

CCO(K) = CC(K, SUZ™) = CCO(K, SU{zy 1 w € L*}) = CC(K, SU{zy : w € C}).

From the above equation, if we show that |C| < oo, then CC(K) is finitely
generated. To do this, we will show that there exists R > 0, such that C' C
RB™, and hence C C L* N RB". Since L* is a lattice, |L* N RB"| < oo for any
fixed R, and so we are done.

Now let P = CC(K, S). Since P is a polytope, we have that P = conv(ext(P)).
Let I = ext(P) Nrelint(K), and let B = ext(P) Nrelbd(K). Hence ext(P) =
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IU B. By assumption on CC(K, S), we know that for all v € B, we have that
v € CC(K). Hence for all z € Z™, we must have that (z,v) < |hg(z)] for all
v € B. Now assume that for some z € Z", CC(K,SU{z}) C CC(K,S) = P.
We claim that (z,v) > |hx(z)]| for some v € I. If not, then (v,z) < |hg(z)]
for all v € ext(P), and hence CC(K,S U {z}) = CC(K,S), a contradiction.
Hence such a v € I must exist.

For z € Z", note that hx(z) > hxnw (2) = hxaw (Tw (2)). Hence (z,v) >
|hk(2)] for v € T only if (mw(2),v) = (z,v) > |hxaw (mw(z))]. Let C' :=
{we L*: Fvel (v,w)> |hgkaw](w)}. From the previous discussion, we see
that C' C C".

Since I C relint(K) N W = relint(K N W) we have §, = sup{r > 0 :
rB"NW +vC KNW} >0 forall vel. Let 6 = infy,esd,. Since |I| < oo,
we see that § > 0. Now let R = 4. Take w € L*, ||lw|| > R. Note that Vv € I,

Lhxnw ()] > hgaw (W) =1 > htsprynw (w)—1 = (v, w)+6||w| -1 > (v, w).

Hence w ¢ C’. Therefore C C C' C RB™ and CC(K) is finitely generated. O
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