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Some Probability RulesSome Probability RulesSome Probability RulesSome Probability Rules
• Rule 1:  Pr(E′) = 1 ‐ Pr(E)      

Proof:  By Axiom 2, P(S)=1.  Then since S=E∪E′ we have Pr(E∪E′) 
= Pr(S)=1.  Furthermore, E and E′ are mutually exclusive, so by 
Axiom 3, Pr(E∪E′) = Pr(E)+Pr(E′).  Thus Pr(E)+Pr(E′) = 1.

• Rule 2:   Pr(φ) = 0 
P f S′ φ Th f R l 1 P (φ) P (S′) 1 P (S) 1 1 (bProof: S′=φ.  Then from Rule 1, Pr(φ)=Pr(S′)=1‐Pr(S) = 1‐1 (by 
Axiom 2) = 0.

• Rule 3:   0≤Pr(E)≤1.  
Proof: 0≤Pr(E) by Axiom 1 Consider Pr(E′): since it is aProof: 0≤Pr(E) by Axiom 1.  Consider Pr(E ): since it is a 
probability, Pr(E′) ≥0 by Axiom 1, i.e., ‐Pr(E′)≤ 0 ⇒ 1‐Pr(E′) ≤ 1.  
But from Rule 1, Pr(E)=1‐Pr(E′).  Therefore Pr(E) ≤ 1. 

• Rule 4:  For any two events E1 and E2, y 1 2,

Pr(E1∪E2) = Pr(E1)+Pr(E2)‐Pr(E1∩E2).  
As a special case, if E1 and E2 are mutually exclusive (so that 
Pr(E1∩E2)=0), then Pr(E1∪E2) = Pr(E1)+Pr(E2).  As an extension, 
Pr(E1∪E2∪E3) =  Pr(E1) + Pr(E2) + Pr(E3) ‐ Pr(E1∩E2) ‐ Pr(E2∩E3) ‐
( ) ( )
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Pr(E1∩E3) + P(E1∩E2∩E3)
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Probability RulesProbability Rules (( t’dt’d))Probability Rules Probability Rules ((cont’dcont’d))

• Rule 5:  Suppose that the compound event E 
consists of a total of k simple events (say 
E1,E2,...,Ek).  Then Pr(E)= Pr(E1)+Pr(E2)+...Pr(Ek).  
Note that each simple event is an outcome.  
– This rule is especially useful when the number of 

possible outcomes is very large so that there are p y g
many compound events,  but it is relatively easy to 
compute the probability of each simple event 
(outcome).

• Rule 6: Suppose the sample space S  has a total 
of N outcomes and each outcome is equally 
likely, i.e., each has a probability equal to 1/N.  
Then if an event E consists of a total of N(E)Then if an event E consists of a total of N(E)
outcomes, it has probability Pr(E) = N(E)/N.  
– This rule is very common in practice ‐ in many 

experiments each of the simple events in S are 
equally likely
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equally likely.
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Counting TechniquesCounting TechniquesCounting TechniquesCounting Techniques

Consider Rule 6: Pr(E)=N(E)/N.  

This situation of equally likely outcomes is very common 
and thus computing probabilities of compound events 
here is just a matter of counting.  There are various 
techniques to simplify this process of counting.

• Define an ordered collection of k elements as a k‐tuple
(so a pair is a 2‐tuple, a triple is a 4‐tuple, a quadruple 
is a 4‐tuple, etc.).  

• PRODUCT RULE:  Consider a set of k‐tuples.  Suppose 
we have n1 options for the first element of a tuple. 
After choosing the first element, we have n2 options 
for the second element.  After choosing the first two 
elements we have n3 options for the third element. 
And so on......after choosing the first k‐1 elements we 
have nk options for the kth element.  Then the total
number of k‐tuples possible is equal to n1n2n3....nk‐1nk.

Department of Industrial Engineering 
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Counting TechniquesCounting Techniques (( t’dt’d))Counting Techniques Counting Techniques ((cont’dcont’d))

• PERMUTATIONS:  Any ordered sequence of k objects 
out of a total of n objects is called a permutation.  The 
total number of such permutations possible is 
denoted by Pk,n = n! ÷ (n‐k)!
NOTE: Factorial of an integer m = m(m‐1)(m‐2)...(2)(1)

• COMBINATION: Any subset (without regard to 
sequence or order) of k objects from a set of n objects 
is called a combination. The total number of such 
combinations possible is denoted by 

Ck,n = n! ÷ {(k)! (n‐k)!}

The notation           is more commonly used for Ck,n.

• Permutations are larger in number than combinations:

( )k
n

• Permutations are larger in number than combinations: 
– e.g., the tuples (1,2,3), (1,3,2), (2,1,3), (2,3,1), (3,1,2) 

and (3,2,1) are all different permutations of the 
numbers 1,2 and 3.  

– However, they all represent the same combination of 
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the numbers 1,2,3.

13



University of Pittsburgh

Conditional ProbabilityConditional ProbabilityConditional ProbabilityConditional Probability
The estimate P(A) of the probability of an event A, may change if 
we are given the fact that some other event B has occurred.  The 
conditional probability of A given that B has occurred is definedconditional probability of A, given that B has occurred is defined 
as  

Note: The above formula assumes that Pr(B)>0

)B(Pr
)BA(Pr)B|A(Pr ∩

=

Note:  The above formula assumes that Pr(B)>0.

THE MULTIPLICATIVE LAW OF PROBABILITY:  Follows directly 
from the conditional probability definition as 

Pr(A∩B) = Pr(A|B) ⋅ Pr(B) = Pr(B|A) ⋅ Pr(A)Pr(A∩B)   Pr(A|B) Pr(B)   Pr(B|A) Pr(A)

THE LAW OF TOTAL PROBABILITY: Suppose we have a finite (or 
countably infinite) set of events E1, E2, ... which are (1) pairwise
disjoint (mutually exclusive), i.e., Ei ∩ Ej=φ for i≠j, and (2) j
exhaustive, i.e., every outcome is contained in one of the events, 
i.e., ∪i Ei = S.  Then for any given event A

Pr(A)  = Pr(A|E1)⋅Pr(E1)  +  Pr(A|E2)⋅P(rE2)  +  Pr(A|E3)⋅Pr(E1)  +... 
∑ ( | ) ( )
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= ∑i Pr(A|Ei)⋅Pr(Ei)
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BayesBayes’ Theorem’ TheoremBayesBayes  Theorem Theorem

First consider a simple version…  

Suppose A and B are two events having positive 
probabilities.  Then we know that since Pr(A∩B) = 
Pr(A|B)⋅Pr(B) = Pr(B|A)⋅Pr(A).
So it follows that the conditional probability of A given B is p y g

M ll E E E tit t t f

)B(Pr
)Pr(A)A|B(Pr)B|A(Pr ⋅

=

More generally, suppose E1, E2, E3, ... constitute a set of 
exhaustive and mutually exclusive events.  Then 

21
)E(Pr)E|A(Pr)AE(Pr

)A|E(Pr =
⋅

=
∩

= jjjj

where the second equation substitutes for Pr(A) from the 
law of  total probability.

,...2,1,
)E(Pr)E|A(Pr)A(Pr

)A|E(Pr =
⋅

==
∑

j
i ii

j
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p y
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IndependenceIndependenceIndependenceIndependence
Two events are said to be independent if knowing that 
one has occurred has no effect on the estimate of the 
probability of the other event happening i eprobability of the other event happening, i.e., 

Pr(A|B) = Pr(A).

Note: Pr(B|A) = Pr(B∩A) ÷ Pr(A)   =  {Pr(A|B)⋅Pr(B)} ÷ P(A)

= {Pr(A) Pr(B)} ÷ Pr(A) = Pr(B)= {Pr(A)⋅Pr(B)} ÷ Pr(A)  =  Pr(B)

Thus independence is “symmetric.”

Also as a corollary, if A and B are independent, then 

Pr(A∩B) = Pr(A|B)⋅Pr(B) = Pr(B|A)⋅Pr(A) = Pr(A)⋅Pr(B)
In fact we say that A and B are independent if, and only if,
Pr(A∩B) = Pr(A)⋅Pr(B).Pr(A∩B)   Pr(A) Pr(B).

In general, events E1, E2, ..., En are said to be mutually 
independent if the probability of the intersection of any 
number of these events (2 or 3 or 4 or or n) is equal to

Department of Industrial Engineering 

number of these events (2 or 3 or 4 or...or n) is equal to 
the product of the individual probabilities of each event.

16



University of Pittsburgh

Discrete Random Discrete Random 
VariablesVariables

A random variable X is a function (or rule) that 
assigns to each possible outcome s in the g p
sample space S, a real number X(s).  It is a 
numerical outcome from a random process.

• Discrete: if X takes values in some discrete 
(countable) set.

• Continuous: if X can take on any value in 
some given range.

The Probability Distribution for a random 
variable X tells us how the total probability of 1 
for the sample space S is distributed amongfor the sample space S is distributed among 
each of the mutually exclusive simple events (or 
outcomes for X) that describe the sample space.  
The distribution consists of a list of all possible 
l f X l i h h b bili h X

Department of Industrial Engineering 

values for X along with the probability that X
assumes each of these.  
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Discrete DistributionsDiscrete DistributionsDiscrete DistributionsDiscrete Distributions

A distribution can often be described using a functional 
form to describes these probabilities: this function  is 
called the probability mass function (or the pmf) and 
denoted by p(x):

p(x) = Pr(X=x)  =  Pr(all s∈ S | X(s)=x)
The distribution is often visually displayed by a population
histogram (also called a probability histogram).

A parameter in a probability distribution is some constant 
that appears in p(x), (the pmf).  

Diff l f h ld l d diff• Different values for the parameter could lead to different 
functions p(x)

• the set of all functions that may be obtained by varying the 
value of the parameter is called a family of probability 
distributions.  (Note: Some distributions have more than one (
parameter.)

The cumulative distribution function (cdf) for a random 
variable X with p.m.f. p(x), is the probability that X is no 
l th It i d t d b F( ) d i d fi d
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larger than x. It is denoted by F(x) and is defined as 
F(x) = Pr(X≤x) = ∑ y|y≤x Pr(x = y) = ∑ y|y≤x p(x)
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Discrete Distributions: Discrete Distributions: 
An ExampleAn Example

• A and B have Type O+ blood, while C, D and E have some 
other blood type.  

f• Suppose we type randomly chosen individuals one after the 
other.

• Let X = No. of individuals typed before we find one with O+ 
blood type

• Clearly X is a discrete r v with values x contained in {1 2 3 4}• Clearly X is a discrete r.v. with values x contained in {1,2,3,4}

p(1) = Pr(X=1) = 2/5 = 0.4 (A or B picked first)

p(2) = Pr(X=2) 

= Pr(C or D or E picked first AND A or B picked second)= Pr(C or D or E picked first AND A or B picked second) 

= Pr(C or D or E) ⋅ Pr(A or B | C or D or E picked first) 
= (3/5)(2/4)= 0.3

p(3) = Pr(X=3) 

= Pr(C or D or E picked first and second AND then A or B picked= Pr(C or D or E picked first and second  AND then A or B picked 

third) 

= (3/5)(2/4)(2/3)= 0.2

p(4) = Pr(X=4) 

= Pr(C or D or E picked first second and third AND then A or B

Department of Industrial Engineering 

= Pr(C or D or E picked first, second and third AND then A or B 

picked last) 

= (3/5)(2/4)(1/3)(2/2)= 0.1
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Example Example (cont’d)(cont’d)

x 1 2 3 4

p(x) 0.4 0.3 0.2 0.1

Probability Histogram

0 3
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0.45

0
0.05
0.1

0.15
0.2

0.25
0.3

1 2 3 4

Line Graph of p.m.f
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0.45

0
0.05
0.1

0.15
0.2

0.25
0.3

0.35
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Discrete Distributions: Discrete Distributions: 
ExpectationExpectation

Suppose X is a random variable with pmf p(x) and the 
values that it can possibly take on are in the set S.  

The expected value (or mean) of X denoted by E(X) or 
μX (or more commonly, just μ) is defined as μX ( y, j μ)

E(X) = μ = ∑x∈S x⋅Pr(X=x) = ∑ x∈S x⋅p(x)

Similarly, the expected value of some arbitrary 
function g(X) of the random variable X is defined asfunction g(X) of the random variable X is defined as 

E[g(X)] = μg(X)= ∑ x∈S g(x)⋅Pr(X=x) = ∑ x∈S  g(x)⋅p(x) 

Some Rules of Expected Value (assuming a and b are 
)constants)

E(a) = a  and E(b)=b.

E(aX) = aE(X) = aμ
E(aX+b) = E(aX) + E(b) = aE(X) + b = aμ + b

Department of Industrial Engineering 

( ) ( ) ( ) ( ) μ
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Discrete Distributions: Discrete Distributions: 
VarianceVariance

The variance of X is denoted by V(X) or σ2
X

(or just σ2) and is defined as V(X) = E[(X‐μ)2] = ( j ) ( ) [( μ) ]
∑x∈S (x‐μ)2⋅p(x).
The standard deviation of X, denoted by σ is 
equal to  2σ

A shortcut for computing σ2:    

V(X) = σ2 = E(X2) ‐ [E(X)]2 =  ∑x∈S x2⋅p(x)  ‐ μ2

Some Rules of Variance (assuming a and b are 
constants)

V(a) = V(b) = 0V(a) = V(b) = 0

V(aX) = a2⋅V(X) = a2σ2

V(aX+b) = V(aX) + V(b) 

= a2 V(X) + 0 = a2 V(X) = a2σ2

Department of Industrial Engineering 

= a2⋅V(X) + 0 = a2⋅V(X) = a2σ2

(S.D. of aX+b is thus abs(a)⋅σ
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Bernoulli TrialsBernoulli TrialsBernoulli TrialsBernoulli Trials

A Bernoulli trial is a random process that has 
exactly two outcomes possible, e.g.,  y p , g ,

• Heads/Tails
• Yes/No
• Go/No‐Go
• Pass/Fail

• Up/Down
• Black/White
• Male/Female
• Defective/Nondefective

• If we define a random variable Y that assigns 
a value of 0 to one outcome and 1 to the 

• Pass/Fail
• Left/Right  

• Defective/Nondefective
• etc. etc. etc.

other, the r.v. is called a Bernoulli r.v.

• The Bernoulli r.v. has a pmf of the form 
p(1)=q and p(0)=(1‐q) where q∈[0,1] is a 

t i t d ith th B lliparameter associated with the Bernoulli 
distribution.

• E[Y]= 1⋅q + 0⋅(1‐q) = q
• V[Y]= E[Y2] {E[Y]}2 = 12 q + 02 (1 q) q2 = (q q2)

Department of Industrial Engineering 

• V[Y]= E[Y2]‐{E[Y]}2 = 12⋅q + 02⋅(1‐q) ‐ q2 = (q‐q2)
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Binomial DistributionBinomial DistributionBinomial DistributionBinomial Distribution

Consider an experiment where we have 

A i f id ti l i d d t• A succession of n identical, independent 
Bernoulli trials. 

• In each trial one outcome (arbitrarily) is 
( )called a “success” (S), the other a 

“failure” (F).

• The probabilities of each outcome are 
constant at Pr(S)=p, Pr(F)=(1‐p) for each 
trial.

The Binomial random variable X refers to 
the number of Bernoulli trials (out of the n 
trials) that result in the “success” outcome. 

• Note that X can take on any value x

Department of Industrial Engineering 

ote t at ca ta e o a y a ue x
from the set {0,1,...,n}. 
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Binomial DistributionBinomial DistributionBinomial DistributionBinomial Distribution

The pmf of X depends on two parameters: n and 
p. It is denoted by b(x; n,p) and as usual, it is the p y ( ; ,p) ,
probability that X=x, i.e., that we x successes in n
independent identical trials each with an 
associated constant success probability of p:

⎪⎩

⎪
⎨
⎧

=−=
−

otherwise0

,...,2,1,0)1()(),;( nxpp
x
n

pnxb
xnx

Also 

• E(X) = μ = np

⎩ otherwise0

• V(X) = σ2 = np(1‐p),

• S.D. of X = σ =  )1( pnp −

Department of Industrial Engineering 
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Cumulative Binomial Probabilities B(x;n,p)=

p
0 01 0 05 0 10 0 20 0 25 0 30 0 40 0 50 0 60 0 70 0 75 0 80 0 90 0 95 0 99

∑∑
=

−

=

−=
x

y

ynnn
y

x

y

ppCpnyb
00

)1(),;(

x 0.01 0.05 0.10 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.75 0.80 0.90 0.95 0.99
n=5 0 0.951 0.774 0.590 0.328 0.237 0.168 0.078 0.031 0.010 0.002 0.001 0.000 0.000 0.000 0.000

1 0.999 0.977 0.919 0.737 0.633 0.528 0.337 0.188 0.087 0.031 0.016 0.007 0.000 0.000 0.000
2 1.000 0.999 0.991 0.942 0.896 0.837 0.683 0.500 0.317 0.163 0.104 0.058 0.009 0.001 0.000
3 1.000 1.000 1.000 0.993 0.984 0.969 0.913 0.813 0.663 0.472 0.367 0.263 0.081 0.023 0.001
4 1.000 1.000 1.000 1.000 0.999 0.998 0.990 0.969 0.922 0.832 0.763 0.672 0.410 0.226 0.049
5 1 000 1 000 1 000 1 000 1 000 1 000 1 000 1 000 1 000 1 000 1 000 1 000 1 000 1 000 1 0005 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

n=10 0 0.904 0.599 0.349 0.107 0.056 0.028 0.006 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000
1 0.996 0.914 0.736 0.376 0.244 0.149 0.046 0.011 0.002 0.000 0.000 0.000 0.000 0.000 0.000
2 1.000 0.988 0.930 0.678 0.526 0.383 0.167 0.055 0.012 0.002 0.000 0.000 0.000 0.000 0.000
3 1.000 0.999 0.987 0.879 0.776 0.650 0.382 0.172 0.055 0.011 0.004 0.001 0.000 0.000 0.000
4 1.000 1.000 0.998 0.967 0.922 0.850 0.633 0.377 0.166 0.047 0.020 0.006 0.000 0.000 0.0004 1.000 1.000 0.998 0.967 0.922 0.850 0.633 0.377 0.166 0.047 0.020 0.006 0.000 0.000 0.000
5 1.000 1.000 1.000 0.994 0.980 0.953 0.834 0.623 0.367 0.150 0.078 0.033 0.002 0.000 0.000
6 1.000 1.000 1.000 0.999 0.996 0.989 0.945 0.828 0.618 0.350 0.224 0.121 0.013 0.001 0.000
7 1.000 1.000 1.000 1.000 1.000 0.998 0.988 0.945 0.833 0.617 0.474 0.322 0.070 0.012 0.000
8 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.989 0.954 0.851 0.756 0.624 0.264 0.086 0.004
9 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.994 0.972 0.944 0.893 0.651 0.401 0.096
10 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

n=15 0 0.860 0.463 0.206 0.035 0.013 0.005 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
1 0.990 0.829 0.549 0.167 0.080 0.035 0.005 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
2 1.000 0.964 0.816 0.398 0.236 0.127 0.027 0.004 0.000 0.000 0.000 0.000 0.000 0.000 0.000
3 1.000 0.995 0.944 0.648 0.461 0.297 0.091 0.018 0.002 0.000 0.000 0.000 0.000 0.000 0.000
4 1.000 0.999 0.987 0.836 0.686 0.515 0.217 0.059 0.009 0.001 0.000 0.000 0.000 0.000 0.000
5 1.000 1.000 0.998 0.939 0.852 0.722 0.403 0.151 0.034 0.004 0.001 0.000 0.000 0.000 0.000
6 1.000 1.000 1.000 0.982 0.943 0.869 0.610 0.304 0.095 0.015 0.004 0.001 0.000 0.000 0.000
7 1.000 1.000 1.000 0.996 0.983 0.950 0.787 0.500 0.213 0.050 0.017 0.004 0.000 0.000 0.000
8 1.000 1.000 1.000 0.999 0.996 0.985 0.905 0.696 0.390 0.131 0.057 0.018 0.000 0.000 0.000
9 1.000 1.000 1.000 1.000 0.999 0.996 0.966 0.849 0.597 0.278 0.148 0.061 0.002 0.000 0.000
10 1.000 1.000 1.000 1.000 1.000 0.999 0.991 0.941 0.783 0.485 0.314 0.164 0.013 0.001 0.000
11 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.982 0.909 0.703 0.539 0.352 0.056 0.005 0.000
12 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.996 0.973 0.873 0.764 0.602 0.184 0.036 0.000
13 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.995 0.965 0.920 0.833 0.451 0.171 0.010
14 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.995 0.987 0.965 0.794 0.537 0.140
15 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000



Cumulative Binomial Probabilities B(x;n,p)=

p
0 01 0 05 0 10 0 20 0 25 0 30 0 40 0 50 0 60 0 70 0 75 0 80 0 90 0 95 0 99
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x 0.01 0.05 0.10 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.75 0.80 0.90 0.95 0.99
n=20 0 0.818 0.358 0.122 0.012 0.003 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

1 0.983 0.736 0.392 0.069 0.024 0.008 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
2 0.999 0.925 0.677 0.206 0.091 0.035 0.004 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
3 1.000 0.984 0.867 0.411 0.225 0.107 0.016 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000
4 1.000 0.997 0.957 0.630 0.415 0.238 0.051 0.006 0.000 0.000 0.000 0.000 0.000 0.000 0.000
5 1 000 1 000 0 989 0 804 0 617 0 416 0 126 0 021 0 002 0 000 0 000 0 000 0 000 0 000 0 0005 1.000 1.000 0.989 0.804 0.617 0.416 0.126 0.021 0.002 0.000 0.000 0.000 0.000 0.000 0.000
6 1.000 1.000 0.998 0.913 0.786 0.608 0.250 0.058 0.006 0.000 0.000 0.000 0.000 0.000 0.000
7 1.000 1.000 1.000 0.968 0.898 0.772 0.416 0.132 0.021 0.001 0.000 0.000 0.000 0.000 0.000
8 1.000 1.000 1.000 0.990 0.959 0.887 0.596 0.252 0.057 0.005 0.001 0.000 0.000 0.000 0.000
9 1.000 1.000 1.000 0.997 0.986 0.952 0.755 0.412 0.128 0.017 0.004 0.001 0.000 0.000 0.000

10 1.000 1.000 1.000 0.999 0.996 0.983 0.872 0.588 0.245 0.048 0.014 0.003 0.000 0.000 0.000
11 1.000 1.000 1.000 1.000 0.999 0.995 0.943 0.748 0.404 0.113 0.041 0.010 0.000 0.000 0.00011 1.000 1.000 1.000 1.000 0.999 0.995 0.943 0.748 0.404 0.113 0.041 0.010 0.000 0.000 0.000
12 1.000 1.000 1.000 1.000 1.000 0.999 0.979 0.868 0.584 0.228 0.102 0.032 0.000 0.000 0.000
13 1.000 1.000 1.000 1.000 1.000 1.000 0.994 0.942 0.750 0.392 0.214 0.087 0.002 0.000 0.000
14 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.979 0.874 0.584 0.383 0.196 0.011 0.000 0.000
15 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.994 0.949 0.762 0.585 0.370 0.043 0.003 0.000
16 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.984 0.893 0.775 0.589 0.133 0.016 0.000
17 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.996 0.965 0.909 0.794 0.323 0.075 0.001
18 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.992 0.976 0.931 0.608 0.264 0.017
19 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.997 0.988 0.878 0.642 0.182
20 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000



Cumulative Binomial Probabilities B(x;n,p)=

p
0 01 0 05 0 10 0 20 0 25 0 30 0 40 0 50 0 60 0 70 0 75 0 80 0 90 0 95 0 99
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x 0.01 0.05 0.10 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.75 0.80 0.90 0.95 0.99
n=25 0 0.778 0.277 0.072 0.004 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

1 0.974 0.642 0.271 0.027 0.007 0.002 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
2 0.998 0.873 0.537 0.098 0.032 0.009 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
3 1.000 0.966 0.764 0.234 0.096 0.033 0.002 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
4 1.000 0.993 0.902 0.421 0.214 0.090 0.009 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
5 1 000 0 999 0 967 0 617 0 378 0 193 0 029 0 002 0 000 0 000 0 000 0 000 0 000 0 000 0 0005 1.000 0.999 0.967 0.617 0.378 0.193 0.029 0.002 0.000 0.000 0.000 0.000 0.000 0.000 0.000
6 1.000 1.000 0.991 0.780 0.561 0.341 0.074 0.007 0.000 0.000 0.000 0.000 0.000 0.000 0.000
7 1.000 1.000 0.998 0.891 0.727 0.512 0.154 0.022 0.001 0.000 0.000 0.000 0.000 0.000 0.000
8 1.000 1.000 1.000 0.953 0.851 0.677 0.274 0.054 0.004 0.000 0.000 0.000 0.000 0.000 0.000
9 1.000 1.000 1.000 0.983 0.929 0.811 0.425 0.115 0.013 0.000 0.000 0.000 0.000 0.000 0.000

10 1.000 1.000 1.000 0.994 0.970 0.902 0.586 0.212 0.034 0.002 0.000 0.000 0.000 0.000 0.000
11 1.000 1.000 1.000 0.998 0.989 0.956 0.732 0.345 0.078 0.006 0.001 0.000 0.000 0.000 0.00011 1.000 1.000 1.000 0.998 0.989 0.956 0.732 0.345 0.078 0.006 0.001 0.000 0.000 0.000 0.000
12 1.000 1.000 1.000 1.000 0.997 0.983 0.846 0.500 0.154 0.017 0.003 0.000 0.000 0.000 0.000
13 1.000 1.000 1.000 1.000 0.999 0.994 0.922 0.655 0.268 0.044 0.011 0.002 0.000 0.000 0.000
14 1.000 1.000 1.000 1.000 1.000 0.998 0.966 0.788 0.414 0.098 0.030 0.006 0.000 0.000 0.000
15 1.000 1.000 1.000 1.000 1.000 1.000 0.987 0.885 0.575 0.189 0.071 0.017 0.000 0.000 0.000
16 1.000 1.000 1.000 1.000 1.000 1.000 0.996 0.946 0.726 0.323 0.149 0.047 0.000 0.000 0.000
17 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.978 0.846 0.488 0.273 0.109 0.002 0.000 0.000
18 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.993 0.926 0.659 0.439 0.220 0.009 0.000 0.000
19 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.971 0.807 0.622 0.383 0.033 0.001 0.000
20 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.991 0.910 0.786 0.579 0.098 0.007 0.000
21 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.967 0.904 0.766 0.236 0.034 0.000
22 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.991 0.968 0.902 0.463 0.127 0.002
23 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.993 0.973 0.729 0.358 0.026
24 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.996 0.928 0.723 0.222
25 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
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HypergeometricHypergeometric DistributionDistributionHypergeometricHypergeometric DistributionDistribution
• The Binomial distribution looks at n trials 

“with replacement.” The hypergeometric 
distribution is for the case “withoutdistribution is for the case  without 
replacement.” 

• Here p changes from one Bernoulli trial to the 
next.  Specifically, we have a finite population p y, p p
of size N, and
– M out of the Nmembers are “Successes” 

– The remaining (N‐M) are “Failures.”  

• We choose a random sample of n (equivalent 
to taking out nmembers in succession 
without replacement) from this population.

Th th h t i i bl X f t• Then the hypergeometric variable X refers to 
the number of “successes” in the sample of 
size n.  

• Note that the value of X (say x) is at least as

Department of Industrial Engineering 

Note that the value of X (say x) is at least as 
large as Max[0,n‐(N‐M)] and no larger than 
Min(n,M). 
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HypergeometricHypergeometric DistributionDistributionHypergeometricHypergeometric DistributionDistribution

• The pmf of X depends on three parameters: n, 
M and N. It is denoted by h(x; n,M,N) and is y ( ; , , )
the probability that X=x and given by
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• The expected value and variance of X are 
given by 
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• When the ratio n/N is small (typically ≤ 0.05) 
the hypergeometric distribution may be
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the hypergeometric distribution may be 
approximated by the binomial distribution.
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Poisson DistributionPoisson DistributionPoisson DistributionPoisson Distribution

• Typically applies when we are “counting” 
occurrences over time.  

• Widely applied discrete distribution. Some 
examples include 
– counting machine failures over time 

– counting arrivals to a queue over time 

– counting arrivals of jobs to a jobshop over time

– counting arrivals of signal to a receiver 
ti i l f j b t j b h ticounting arrivals of jobs to a jobshop over time

– counting the number of defects over some 
volume or area, etc.

• A random variable X that follows a Poisson a do a ab e t at o o s a o sso
Distribution has a single positive parameter λ
and has a p.m.f. given by 

210e)(
− xλλ

λ
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Poisson DistributionPoisson DistributionPoisson DistributionPoisson Distribution

• The parameter λ is typically defined as a rate, 
i.e., number per unit time or unit volume or , p
unit area.  For examples, λ might refer to 
– the no. of failures per unit time, or 

– number of arrivals per unit time, or 

b f d f i ( l )– number of defects per unit area (or volume), etc.

Note that

p(0)= e‐λ,  p(1)=(e‐λλ1)/1!,

(2) ( λλ2)/2! (3) ( λλ3)/3! tp(2)=(e‐λλ2)/2!,     p(3)=(e‐λλ3)/3! , etc.  
So

p(0)+p(1)+... = e‐λ[1 + (λ1)/1! + (λ2)/2! + ...]
λ λ 1 ( i d f f )= e‐λeλ = 1 (as required for a pmf…)

• The expected value and variance of X are 
given by 

)E( λμ ==X
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Cumulative Poisson Probabilities

λ
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0 0.905 0.819 0.741 0.670 0.607 0.549 0.497 0.449 0.407 0.368
1 0.995 0.982 0.963 0.938 0.910 0.878 0.844 0.809 0.772 0.736

∑
=

−

=
x

y

yy

y
exF

0 !
);( λλ

2 1.000 0.999 0.996 0.992 0.986 0.977 0.966 0.953 0.937 0.920
x 3 1.000 1.000 1.000 0.999 0.998 0.997 0.994 0.991 0.987 0.981

4 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.999 0.998 0.996
5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999
6 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

λ
2 0 3 0 4 0 5 0 6 0 7 0 8 0 9 0 10 0 15 0 20 02.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0 15.0 20.0

0 0.135 0.050 0.018 0.007 0.002 0.001 0.000 0.000 0.000 0.000 0.000
1 0.406 0.199 0.092 0.040 0.017 0.007 0.003 0.001 0.000 0.000 0.000
2 0.677 0.423 0.238 0.125 0.062 0.030 0.014 0.006 0.003 0.000 0.000
3 0.857 0.647 0.433 0.265 0.151 0.082 0.042 0.021 0.010 0.000 0.000
4 0.947 0.815 0.629 0.440 0.285 0.173 0.100 0.055 0.029 0.001 0.000
5 0.983 0.916 0.785 0.616 0.446 0.301 0.191 0.116 0.067 0.003 0.000
6 0.995 0.966 0.889 0.762 0.606 0.450 0.313 0.207 0.130 0.008 0.000
7 0.999 0.988 0.949 0.867 0.744 0.599 0.453 0.324 0.220 0.018 0.001
8 1.000 0.996 0.979 0.932 0.847 0.729 0.593 0.456 0.333 0.037 0.002
9 1.000 0.999 0.992 0.968 0.916 0.830 0.717 0.587 0.458 0.070 0.005
10 1.000 1.000 0.997 0.986 0.957 0.901 0.816 0.706 0.583 0.118 0.011
11 1.000 1.000 0.999 0.995 0.980 0.947 0.888 0.803 0.697 0.185 0.021
12 1.000 1.000 1.000 0.998 0.991 0.973 0.936 0.876 0.792 0.268 0.039
13 1.000 1.000 1.000 0.999 0.996 0.987 0.966 0.926 0.864 0.363 0.066
14 1.000 1.000 1.000 1.000 0.999 0.994 0.983 0.959 0.917 0.466 0.105
15 1.000 1.000 1.000 1.000 0.999 0.998 0.992 0.978 0.951 0.568 0.157
16 1.000 1.000 1.000 1.000 1.000 0.999 0.996 0.989 0.973 0.664 0.221
17 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.995 0.986 0.749 0.297

x 18 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.998 0.993 0.819 0.381
19 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.997 0.875 0.470
20 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.917 0.559
21 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.947 0.644
22 1 000 1 000 1 000 1 000 1 000 1 000 1 000 1 000 1 000 0 967 0 72122 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.967 0.721
23 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.981 0.787
24 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.989 0.843
25 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.994 0.888
26 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.997 0.922
27 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.948
28 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.966
29 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.978
30 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.987
31 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.992
32 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.995
33 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.997
34 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999
35 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999
36 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
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Binomial vs PoissonBinomial vs PoissonBinomial vs. PoissonBinomial vs. Poisson

The two distributions are related as follows:

• Suppose we have Binomial variable with pmf• Suppose we have Binomial variable with pmf 
given by b(x;n,p).  

• Suppose we increase n while simultaneously 
decreasing p so that the product np remains 
constant at some positive value λ.  

• Then as n approaches ∞ and p approaches 0, 
the Binomial pmf  b(x;n,p) approaches the 
P i f ( λ)Poisson pmf p(x; λ):
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xnx λλ
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• That is, if n is “large” while p is “small” the 
value of the Pr(X=x) computed by the Binomial 
distribution, may be approximated by the

Department of Industrial Engineering 

distribution, may be approximated by the 
value of Pr(X=x) via the Poisson distribution.
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Counting ProcessCounting ProcessCounting ProcessCounting Process
A counting process  {N(t), t≥0) is one where we count 
some “event” or “occurrence” over time, with  N(t) 
representing the total number of these that have occurredrepresenting the total number of these that have occurred 
up to time t. 

Note that N(t)≥0, integer, if s<t then N(s)≤N(t), and for s<t, 
N(t)‐N(s)=no. of events in the interval (s,t).

A counting process is said to be a Poisson Process with 
rate α (>0), if
• N(0)= 0

h b f “ ” h d• The number of “events” that occur in disjoint time 
intervals are independent of each other, i.e., the 
number of events in a time interval of length Δt is 
independent of the number of events in any other 
interval of timeinterval of time.

• The number of “events” in any time interval of length t
has a Poisson distribution with mean αt.  Thus 
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Note that the RHS is the Poisson formula with λ≈αt
!
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Continuous Random VariablesContinuous Random VariablesContinuous Random VariablesContinuous Random Variables

• A continuous random variable X is one which can take 
on any real value in some range of (or anywhere 
along) the real line (‐∞,+∞).  

• Unlike with discrete r.v.’s, the measurement scale for 
a continuous r.v. can be subdivided to any extent 
desired and its value could lie within any of these 
bdi i i i h i fi i l ibl lsubdivisions; so it has infinitely many possible values.

• Since a continuous r.v. can take on infinitely many 
different values, it is impossible to associate a 
probability with each value (unlike with discrete 

’ ) S f t b d fi d f tir.v.’s).  So a pmf cannot be defined for a continuous 
random variable

• Instead we define a probability density function (or 
pdf) for X as a function f(x) such that give two real 
numbers a and b with a≤bnumbers a and b with a≤b,

∫=≤≤
b

xxfbXa )d()(Pr
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Continuous Random VariablesContinuous Random VariablesContinuous Random VariablesContinuous Random Variables

Note that if we plot f(x) as a function of x, then the 
previous probability is the area between a and b under 
the curve representing this function:

f(x) ∫=≤≤
b

a

xxfbXa )d()(Pr

A valid pdfmust satisfy:

a b x

1. f(x) ≥ 0 for all x

2 ∫ =
+∞

1)d( xxf
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2. ∫ =
−∞

1)d( xxf
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Continuous Random VariablesContinuous Random VariablesContinuous Random VariablesContinuous Random Variables

• For a continuous r.v. X, we only talk of the probability 
that X lies in some interval and not that X takes on a 
specific value y.  This is because P(X=y) = 0 for a 
continuous r.v.: 

0)d()(Pr)(Pr ==≤≤== ∫
y

y

xxfyXyyX

• It follows that Pr(X≤ x) = Pr(X<x) and Pr(X≥x) = Pr(X>x) 
and Pr(a<X<b) = Pr(a≤X≤b) = Pr(a≤X<b) = Pr(a<X≤b).  The 
preceding is in general untrue for a discrete random 
variable.

• The cumulative distribution function (cdf) for X is given 
by 

∫=≤=
a

d)()(Pr)( xxfaXaF

• Note that F(a) is non‐decreasing and approaches 1 as 
a→∞.

• It follows that given two numbers a and b with a<b

∫
∞−

=≤= d)()(Pr)( xxfaXaF
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• It follows that given two numbers a and b with a<b,

Pr(a≤X≤b) = F(b) ‐ F(a)
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Percentiles of a Continuous Percentiles of a Continuous 
Random VariableRandom Variable

• The 100nth percentile of the distribution of X 
(where 0≤n≤1) is that value on the x‐axis for ( )
which 

– 100n% of the area under the graph of f(x) 
lies to the left of the value, and 

– 100(1‐n)% of the area under the graph lies 
to the right of the value.  

• The value is denoted by η(n).  Note that 
P[X≤ ( )]P[X≤η(n)] = n.

( ) ∫
(

∞−

==
)η

)d(
n

xxfnFn

• The median of X (denoted by    ) is the 50th

percentile, i.e., 

~μ

Department of Industrial Engineering 

• =η(0.5) and P(X≤ )= F(   )=0.5~μ ~μ ~μ
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Continuous Distributions: ExpectationContinuous Distributions: ExpectationContinuous Distributions: ExpectationContinuous Distributions: Expectation

Suppose X is a continuous random variable with pdf f(x).  

The expected value (ormean) of X denoted by E(X) or μThe expected value (or mean) of X denoted by E(X) or μX
(or more commonly, just μ) is defined as 

∫
+∞

∞−

⋅== xxfxX )d()E( μ

Similarly, the expected value of some arbitrary function
g(X) of the random variable X (note that g(X) is also a 
random variable!) is defined as 

( ) ∫
+∞

∞−
)( ⋅== xxfxhXh Xh )d()()(E μ

As with discrete r.v.’s we have (assuming a and b are 
constants):

E(aX) = aE(X) = aμ
E(aX+b) = E(aX) + E(b) = aE(X) + b = aμ + b

Department of Industrial Engineering 

( ) ( ) ( ) ( ) μ
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Continuous Distributions: VarianceContinuous Distributions: VarianceContinuous Distributions: VarianceContinuous Distributions: Variance

The variance of X is denoted by V(X) or σ2
X

(or just σ2) and is defined :( j )

The standard deviation of X, denoted by σ is

∫
+∞

∞−

⋅=== xxfxxX )d()-(])-([E)V( 222 μμσ

The standard deviation of X, denoted by σ is 
equal to 

As with discrete variables, a shortcut for σ2 is

2σ

22222 -)d(])E([])E[()V( μσ
⎭
⎬
⎫

⎩
⎨
⎧

⋅=−== ∫
+∞

∞−

xxfxXXX

Also, V(aX+b) = a2⋅V(X) = a2σ2

Department of Industrial Engineering 
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UNIFORM DistributionUNIFORM DistributionUNIFORM DistributionUNIFORM Distribution

A continuous random variable X that follows a uniform 
distribution in the interval [A,B] has a pdf given by 

⎪⎩

⎪
⎨
⎧ ≤≤

−=
otherwise0

BAfor
)AB(

1
)BA,;( xxf

Pr(a≤X≤b)
)AB(

1
−

A Bba
Note that Pr(a≤X≤b) = 

)AB(
)()(

)AB(
1

)AB(
1

)AB(
1)(

−
−

=⋅
−

∫ =
−

∫ =
−

∫ =
abb

axdxdxdxxf
b

a

b

a

b

a
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Normal DistributionNormal DistributionNormal DistributionNormal Distribution
This is probably the most useful and widely used 
continuous probability distribution.  The pdf is 
the familiar “bell curve” and is given bythe familiar  bell‐curve  and is given by

∞∞
πσ

=σ
⎟
⎠
⎞

⎜
⎝
⎛ −

−
<<-for 

2
1),;(

2

2
1

xexf
x
σ

μ

μ

The pdf has two parameters: μ (which is the 
mean of the distribution and specifies its 
location) and σ (which is the SD and describeslocation) and σ (which is the SD and describes 
the spread).  It may be shown that using the 
above pdf and the general formulas for mean 
and variance results in  E[X]=μ and V(X)=σ2.

Now suppose we want to find P(a≤X≤b).  Clearly, 
it is not desirable to try and compute the value 
of ∫

b

f )d(
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1
Various Normal Distributions

μ=2 σ=0 41
X∼N(μ,σ)

μ=2,σ=0.4

1 2

μ= -2,σ=1

μ= -3,σ=0.8

μ= -1,σ=1.5

0
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

μ=1,σ=2

6 5 4 3 2 1 0 1 2 3 4 5 6
x

≈68% within ±1σ of the mean μ
≈95% within ± 2σ of the mean μ
99 7% ithi 3  f h≈99.7% within ± 3σ of the mean μ
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The Standard (or Unit) Normal The Standard (or Unit) Normal 
DistributionDistribution

Suppose we make a transformation by defining

σ
μ)( −

=
XZ

It turns out that by doing so, Z (which clearly, is also a 
random variable) also follows a Normal distribution, but
with mean μ=0 and SD σ=1.  The pdf of Z is thus given by  

σ

⎟⎞⎜⎛1 2z

The r.v. Z with the above pdf is called the standard normal 
random variable (or sometimes, the unit normal random 

i bl ) I i ifi i l di ib i h l

∞∞=10
⎟
⎠
⎞⎜

⎝
⎛−

∫ <<-for 
2

1),;( 2 zez
z

φ

variable).  It is an artificial distribution that rarely occurs 
by itself in practice but it is very useful in dealing with an 
arbitrary normal distribution.

The cdf of Z, i.e., Pr(Z≤z) =  is denoted by Φ(z).

zα Notation:  The value zα represents that 100*(1‐α)th
percentile of the standard normal distribution, i.e., 

P(Z≤ zα) = Φ(zα) = (1‐α), or equivalently, P(Z≥ zα) = α.  

Department of Industrial Engineering 

Thus zα is the point on the axis for which the area under 
the pdf curve to the right of it is equal to α.

45



University of Pittsburgh

1

Arbitrary Normal Distribution

1

X∼N(μ,σ)

0
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

x

U it N l Di t ib ti

X~N(μ,σ)  is transformed to Z~N(0,1) via Z=(X-μ)/σ

1
φ(z)

Unit Normal Distribution

Z∼N(μ=0,σ=1)

0
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TheThe ZZ‐‐TransformationTransformationThe The ZZ‐‐TransformationTransformation
What does it accomplish?

1) It takes a Normal random variable with any
d d l hmean and any SD and rescales it to the same 

location (≡0) and gives it the same “spread” 
(≡1).

2) It rescales the pdf curve “correctly.”  
Suppose X∼N(μ,σ2). 

Then  Z = (X‐μ)/σ ⇒ X = Zσ + μ
So Pr(X≤x) = Pr{(Zσ +μ) ≤ x)}
= Pr[Z≤(x‐μ)/σ] = Φ[(x‐μ)/σ] 
That is, given x we define z=(x‐μ)/σ, and 
Pr(X≤x) = F(x) = Φ(z) = Pr(Z≤ z) 

3) Values of Φ(z) have been accurately 
computed and tabulated for a wide range of

Department of Industrial Engineering 

computed and tabulated for a wide range of 
values for z.
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TheThe ZZ‐‐TransformationTransformation (cont’d)(cont’d)The The ZZ‐‐Transformation Transformation (cont’d)(cont’d)

4) To find Pr(X≤x) = F(x) for X∼N(μ,σ2), 
we use 2) and 3) above:
• first compute z=(x‐μ)/σ
• look up the value of Φ(z) from tables; this 

is the desired probability

5) Conversely, suppose we are given
Pr(X≤ x) = F(x) for X∼N(μ,σ2) and we 
wish to find x.
• since Pr(X≤x)= Pr(Z≤ z) = Φ(z) find the 

value of z corresponding to Φ(z) from the 
Normal tables

h 2)• then use 2) to compute x = μ + zσ

6) Pr(a≤X≤b) = F(b)‐F(a) 
= Φ[(b‐μ)/σ] ‐ Φ[(a‐μ)/σ]

Department of Industrial Engineering 

7) The (100α)th percentile of  X∼N(μ,σ2) 
= μ+σZ1‐α
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z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
-3.4 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0002
-3.3 0.0005 0.0005 0.0005 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0003
-3.2 0.0007 0.0007 0.0006 0.0006 0.0006 0.0006 0.0006 0.0005 0.0005 0.0005
-3.1 0.0010 0.0009 0.0009 0.0009 0.0008 0.0008 0.0008 0.0008 0.0007 0.0007
-3.0 0.0013 0.0013 0.0013 0.0012 0.0012 0.0011 0.0011 0.0011 0.0010 0.0010

-2.9 0.0019 0.0018 0.0018 0.0017 0.0016 0.0016 0.0015 0.0015 0.0014 0.0014
-2.8 0.0026 0.0025 0.0024 0.0023 0.0023 0.0022 0.0021 0.0021 0.0020 0.0019
-2.7 0.0035 0.0034 0.0033 0.0032 0.0031 0.0030 0.0029 0.0028 0.0027 0.0026
-2.6 0.0047 0.0045 0.0044 0.0043 0.0041 0.0040 0.0039 0.0038 0.0037 0.0036
-2.5 0.0062 0.0060 0.0059 0.0057 0.0055 0.0054 0.0052 0.0051 0.0049 0.0048

-2.4 0.0082 0.0080 0.0078 0.0075 0.0073 0.0071 0.0069 0.0068 0.0066 0.0064
-2.3 0.0107 0.0104 0.0102 0.0099 0.0096 0.0094 0.0091 0.0089 0.0087 0.0084
-2.2 0.0139 0.0136 0.0132 0.0129 0.0125 0.0122 0.0119 0.0116 0.0113 0.0110
-2.1 0.0179 0.0174 0.0170 0.0166 0.0162 0.0158 0.0154 0.0150 0.0146 0.0143
-2 0 0 0228 0 0222 0 0217 0 0212 0 0207 0 0202 0 0197 0 0192 0 0188 0 0183-2.0 0.0228 0.0222 0.0217 0.0212 0.0207 0.0202 0.0197 0.0192 0.0188 0.0183

-1.9 0.0287 0.0281 0.0274 0.0268 0.0262 0.0256 0.0250 0.0244 0.0239 0.0233
-1.8 0.0359 0.0351 0.0344 0.0336 0.0329 0.0322 0.0314 0.0307 0.0301 0.0294
-1.7 0.0446 0.0436 0.0427 0.0418 0.0409 0.0401 0.0392 0.0384 0.0375 0.0367
-1.6 0.0548 0.0537 0.0526 0.0516 0.0505 0.0495 0.0485 0.0475 0.0465 0.0455
-1.5 0.0668 0.0655 0.0643 0.0630 0.0618 0.0606 0.0594 0.0582 0.0571 0.0559

-1.4 0.0808 0.0793 0.0778 0.0764 0.0749 0.0735 0.0721 0.0708 0.0694 0.0681
-1.3 0.0968 0.0951 0.0934 0.0918 0.0901 0.0885 0.0869 0.0853 0.0838 0.0823
-1.2 0.1151 0.1131 0.1112 0.1093 0.1075 0.1056 0.1038 0.1020 0.1003 0.0985
-1.1 0.1357 0.1335 0.1314 0.1292 0.1271 0.1251 0.1230 0.1210 0.1190 0.1170
-1.0 0.1587 0.1562 0.1539 0.1515 0.1492 0.1469 0.1446 0.1423 0.1401 0.1379

-0.9 0.1841 0.1814 0.1788 0.1762 0.1736 0.1711 0.1685 0.1660 0.1635 0.1611
-0.8 0.2119 0.2090 0.2061 0.2033 0.2005 0.1977 0.1949 0.1922 0.1894 0.1867
-0.7 0.2420 0.2389 0.2358 0.2327 0.2296 0.2266 0.2236 0.2206 0.2177 0.2148
-0.6 0.2743 0.2709 0.2676 0.2643 0.2611 0.2578 0.2546 0.2514 0.2483 0.2451
-0.5 0.3085 0.3050 0.3015 0.2981 0.2946 0.2912 0.2877 0.2843 0.2810 0.2776

0 4 0 3446 0 3409 0 3372 0 3336 0 3300 0 3264 0 3228 0 3192 0 3156 0 3121-0.4 0.3446 0.3409 0.3372 0.3336 0.3300 0.3264 0.3228 0.3192 0.3156 0.3121
-0.3 0.3821 0.3783 0.3745 0.3707 0.3669 0.3632 0.3594 0.3557 0.3520 0.3483
-0.2 0.4207 0.4168 0.4129 0.4090 0.4052 0.4013 0.3974 0.3936 0.3897 0.3859
-0.1 0.4602 0.4562 0.4522 0.4483 0.4443 0.4404 0.4364 0.4325 0.4286 0.4247
0.0 0.5000 0.4960 0.4920 0.4880 0.4840 0.4801 0.4761 0.4721 0.4681 0.4641



z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359
0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141
0 3 0 6179 0 6217 0 6255 0 6293 0 6331 0 6368 0 6406 0 6443 0 6480 0 65170.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517
0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879

0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224
0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549
0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852
0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389

1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621
1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830
1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015
1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177
1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319

1.5 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441
1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545
1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633
1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706
1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767

2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817
2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857
2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890
2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916
2.4 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936

2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952
2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964
2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974
2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981
2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986

3.0 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990
3.1 0.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993
3.2 0.9993 0.9993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995
3.3 0.9995 0.9995 0.9995 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9997
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Normal Distribution as an Normal Distribution as an 
ApproximationApproximation

Approximating Discrete Distributions:  Sometimes the r.v. 
is discrete and takes on values from some countable setis discrete and takes on values from some countable set, 
but we can often approximate this with a (continuous) 
Normal distribution.  

• Most useful when the number of values possible is 
relatively large and the probability histogram for therelatively large and the probability histogram for the 
discrete r.v. has a “bell‐shaped” structure to it. This has 
to be done carefully...

Recall that each rectangle in the probability histogram 
represents a single value around which we “center” the p g
rectangle.  This necessitates a so‐called continuity 
correction when we look up standard Normal tables.  For 
example, assuming an x‐axis scale of 1 unit for each 
rectangle (its width)
• to find P(X≤23), we look up Φ[(23.5‐μ)/σ]; not Φ[(23‐μ)/σ] 
• to find P(X≥23), we look up 1‐Φ[(22.5‐μ)/σ]; not 1‐Φ[(23‐μ)/σ] 
• to find P(X=23), we look up Φ[(23.5‐μ)/σ] ‐ Φ[(22.5‐μ)/σ]

Department of Industrial Engineering 
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Approximating the Binomial Approximating the Binomial 
DistributionDistribution

• If X is a binomial r.v. with parameters n and p, we may 
approximate it with a Normal r v with mean μ=np andapproximate it with a Normal r.v. with mean μ np and 
variance σ2=np(1‐p), so that
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• The approximation works best when the probability 
histogram is not too skewed: usually when np as well as 
n(1‐p) are both ≥ 5.

⎠⎝ )( pp

( p)
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Normal Approximation to the Normal Approximation to the 
Binomial Distribution: An ExampleBinomial Distribution: An ExampleBinomial Distribution: An ExampleBinomial Distribution: An Example

X∼Binomial(n=20, p=0.4) X≈Normal(μ=8, σ2=4.8)
Pr(X=x) = P(X≤x) =

x Cx,npx(1-p)(n-x) Σj=1:x Cj,npj(1-p)(n-j)

n=20 0 0.000 0.000n 20 0 0.000 0.000
p=0.4 1 0.001 0.001

2 0.003 0.004
np=8 3 0.012 0.016
n(1-p)=12 4 0.035 0.051
np(1-p)=4.8 5 0.075 0.126

6 0.124 0.250
7 0.166 0.416
8 0.180 0.596
9 0.159 0.755
10 0.117 0.872
11 0.071 0.943
12 0.036 0.979
13 0.015 0.994
14 0.004 0.998
15 0.002 1.000
16 0.000 1.000
17 0.000 1.000
18 0.000 1.000
19 0.000 1.000
20 0.000 1.000

Pr(X≤10)= 0 872Pr(X≤10)= 0.872
Using the Normal Approximation:

Pr(X≤10)= 0.8731

Pr(X≤ 6)= 0.250
Using the Normal Approximation:

( )10 0.5 (20*0.4) 10 0.5 8 1.141
20*0.4*0.6 4.8

+ − + −⎛ ⎞ ⎛ ⎞Φ = Φ = Φ =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
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0.2468

Pr(X≤ 6) =

53

( )6 0.5 (20*0.4) 6 0.5 8 0.6846
20*0.4*0.6 4.8

+ − + −⎛ ⎞ ⎛ ⎞Φ = Φ = Φ − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
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Binomial Probabilities (n=20; p=0.4)

0.140
0.160
0.180
0.200

)

0 060
0.080
0.100
0.120

Pr
(X

=x
)

0.000
0.020
0.040
0.060

0 2 3 4 5 6 7 8 9 0 2 3 4 5 6 7 8 9 00 1 2 3 4 5 6 7 8 9 10 11 1 2 13 14 15 16 17 18 19 20

x

Department of Industrial Engineering 



University of Pittsburgh

Other Continuous DistributionsOther Continuous DistributionsOther Continuous DistributionsOther Continuous Distributions

Gamma Distribution: This family has two parameters α (the shape
parameter) and β (the scale parameter), and leads to a wide variety of 
skewed shapes for the pdf curve depending on the values of α and β. Has 
numerous applications.

Chi‐Squared Distribution: A special case of the gamma distribution with 
β=2.  It thus has one parameter. This is used widely in statistical inference.

Erlang Distribution: A special case of the gamma distribution with α being 
a positive integer.  Has applications in queueing models.

Weibull Distribution: This family again has two parameters α and β with 
applications in several areas (e.g., reliability modeling).

Lognormal Distribution: Related to the Normal distribution ‐ X is lognormal 
if ln(X) is Normal.  

Beta Distribution: This distribution has four parameters: α and β (both 
positive) and A and B.  Like the Uniform distribution the curve is zero at 
points outside the range A to B.  Commonly used in PERT (project planning) 
to estimate the durations of project activities.

Student’s t‐Distribution: This is an artificial distribution derived from the 
Normal distribution and also has lots of applications in statistical inference.

Exponential Distribution: This is a special case of both the gamma 
as well as the Weibull distribution.  It is also related to the 
(discrete) Poisson distribution.  Has lots of applications in 
engineering/ business

Department of Industrial Engineering 

engineering/ business...
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Exponential DistributionExponential Distribution

Widely used in science / engineering, this family has a single 
parameter λ>0 with the following pdf:

⎪
⎨
⎧ ≥− 0for

)(
xxe

f
λλ

λ

For any positive λ, the pdf has a value of λ at x=0 and as x
becomes larger the pdf quickly starts to become asymptotic with 
the x axis and approaches a value of 0 as x approaches ∞

⎪⎩
⎨=

otherwise0
);(xf λ

the x‐axis and approaches a value of 0 as x approaches ∞.  
The expected value and variance of X are given by 

E(X)

V(X) so that S D

= =

= = = =

μ

σ

1

1 12
2

λ
σ λ( )

The cumulative distribution function is easily computed as:

V(X) so that S.D.= = = =σ 2λ σ λ( )

ae
axedxxedxxfa

aa
λλλλλ −−−

∞

−=−==∫∫ 1
0

)()(=);(F
0-

Thus

Pr(a≤X≤b) = 

N t th t thi i th F(b) F( )

( )− = −− − −e
a

b
e a e bλ λ λx
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Note that this is the same as F(b)‐F(a)...
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Exponential and Poisson Exponential and Poisson 
Distributions…Distributions…

• The Poisson distribution was concerned with counting 
the number of arrivals that take place in some interval 
of time (where the term “arrival” refers to some event 
that we count).  

Th i l di ib i i d i h l ki• The exponential distribution is concerned with looking 
at the time between successive arrivals.  Both use the 
same parameter λ which represents a rate.

• More specifically, suppose X is a Poisson r.v. with 
t λ th t th t d b f i lparameter λ, so that the expected number of arrivals 

per unit time is equal to λ.  Then the random variable T 
representing the time between successive arrivals 
follows an exponential distribution with parameter λ.

Department of Industrial Engineering 
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MemorylessMemoryless Property of the Property of the 
Exponential DistributionExponential Distribution

For an exponential r.v. T, this states that:

Pr(T≥t+t | T≥t ) = Pr(T≥t) = e‐λtPr(T≥t+t0 | T≥t0) = Pr(T≥t) = e λt.
WHY?

By the multiplicative law of probability

Pr(T≥t+t0 | T≥t0) ⋅ Pr(T≥t0) = Pr(T≥t+t0 AND T≥t0) 
= Pr(T≥t+t0)
⇒
Pr(T≥t+t0 | T≥t0) ⋅ exp(‐λt0) = exp[‐λ(t+t0)] 

= exp(‐λt0)⋅exp(‐λt)= exp( λt0) exp( λt)

Therefore

Pr(T≥t+t0 | T≥t0) = exp(‐λt) = Pr(T≥t).

This property states the following: given that t0 units have 
elapsed since the last arrival, the probability that an 
additional t units will elapse before the next arrival is the 

Department of Industrial Engineering 

same as the original probability that t units will elapse until 
the next arrival.  
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Probability PlotsProbability Plots

Used to determine if a random sample comes from a 
specific distribution (e.g., Normal or Exponential).

Basis:We compare the (100*p)th percentile of the sampleBasis:We compare the (100*p)th percentile of the sample 
data set with the (100*p)th percentile of the distribution we 
think it came from, and see how close they are to each 
other.

Example: Consider the following sample data set of n=5Example: Consider the following sample data set of n=5 
observations (arranged in ascending order): y1= 3.01, 
y2=3.35, y3=4.79, y4=5.96, y5=7.89.  Could these have come 
from a Normal distribution with μ=5 and σ=2, i.e., N(5,2)?

Question: Why (i‐0.5)/n?

We will take the ith smallest observation as the 
[100*(i‐0.5)/n]th percentile of the sample data set

Answer: Exact percentiles are impossible to compute for a 
data set of  arbitrary sample size n! This is a compromise: 
for each i there are (i‐1) values that are smaller and i values 
that are equal or larger, so we take the average of the 
numbers i and (i 1) which is (i 0 5)

Department of Industrial Engineering 

numbers i and (i‐1), which is (i‐0.5)...
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Probability PlotsProbability Plots
So for our example we obtain the following table:

i (i-0.5)/n yi zi xi=5+2*zi

1 0.1 (10th sample percentile)= 3.01 -1.28 2.44 = ( p p )
(10th N(5,2) percentile)

2 0.3 (30th sample percentile)= 3.35 -0.525 3.95 = 
(30th N(5,2) percentile)

3 0.5 (50th sample percentile)= 4.79 0 5.00 = 
(50th N(5 2) percentile)(50 N(5,2) percentile)

4 0.7 (70th sample percentile)= 5.96 0.525 6.05 = 
(70th N(5,2) percentile)

5 0.9 (90th sample percentile)= 7.89 1.28 7.56 = 
(90th N(5,2) percentile)

A plot of xi vs. yi should thus yield a straight line with 
slope=1 (i.e., 45°) if the values are close to each other.

Probability Plot
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Normal Probability PlotsNormal Probability Plots

Used to determine if a random sample comes from a 
Normal distribution (with some unknown μ and σ). Based 
on the fact that x = μ + z σon the fact that xα = μ + zασ.

So, if the sample did indeed come from a Normal 
distribution, and every sample percentile was exactly equal 
to its theoretical Normal percentile (x ) then a plot of theto its theoretical Normal percentile (xα), then a plot of the 
data against its corresponding z‐percentile would yield a 
straight line with slope σ and intercept μ!
Our example yields:

Normal Probability Plot

1.28, 7.89
8

10

Va
lu

e

-1.28, 3.01 -0.525, 3.35

0, 4.79
0.525, 5.96

0

2

4

6

1 5 1 0 5 0 0 5 1 1 5

O
bs

er
ve

d 
V

Department of Industrial Engineering 
61

-1.5 -1 -0.5 0 0.5 1 1.5

Theoretical z percentile



University of Pittsburgh

Probability Plots: ExampleProbability Plots: Example

Obs. (j) Value 
(xj)

100*(i-0.5)/n z-percentile

1 152.7

2 172.0

3 172 53 172.5

4 173.3

5 193.0

6 204.7

7 216.5

8 234 98 234.9

9 262.6

10 422.6

Department of Industrial Engineering 
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Probability Plots: ExampleProbability Plots: Example

Normal Probability Plot  (n=10)
Normal Probability Plot
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Joint Probability DistributionsJoint Probability DistributionsJoint Probability istributionsJoint Probability istributions
In many instances we may be interested in how 
several random variables behave jointly.  In such 
cases we use a joint probability mass function or 
probability density function.

For the discrete case: The joint pmf = p(x,y) 
= Pr(X=x and Y=y)   

For the continuous case f( ) is a joint pdf and isFor the continuous case:  f(x,y) is a joint pdf and is 
defined so that P[X∈(a,b) and Y∈(c,d)]  =

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

∫ ∫=∫ ∫ dx
b

a

d

c
dyyxfdxdyyxf

b

a

d

c

)),((),(

Just as we defined independent events, we can 
define independent random variables: X and Y are 
independent if for any two values x,y
Discrete ( ) ( ) ( ) h d

⎠⎝ a c

Discrete: p(x,y) = pX(x)⋅pY(y) where pX and pY are 
marginal pmf’s of X and Y

Continuous: f(x,y) = fX(x)⋅fY(y) where fX and fY are 
marginal pdf’s of X and Y

Department of Industrial Engineering 

If the above do not hold, then X and Y are said to be 
dependent.
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Joint Probability Distributions Joint Probability Distributions yy
(cont’d)(cont’d)

Note that the marginal pmf/pdf are defined as 
follows:follows:

yxpypyxpxp
x

Y
y

X ∑∑

∞∞

== ),()();,()(

The expected value of a function h(X Y) is given

dxyxfyfdyyxfxf YX ∫∫
∞−∞−

== ),()(),()(

The expected value of a function h(X,Y) is given 
by

⎪⎪
⎧ ⋅∑∑ )discr.(),(),(

x y

yxpyxh

All of these concepts can be readily extended to

⎪
⎪
⎩

⎪⎪
⎨

⋅
==

∫ ∫
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∞−

∞
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YXh YXhμ
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All of these concepts can be readily extended to 
more than 2 variables...
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CovarianceCovariance

The covariance between X and Y
measures how “strongly related” X and Ymeasures how  strongly related  X and Y
are (in a linear sense…) and is given by 
Cov(X,Y) =E[(X‐μX)(Y‐μY)].  Thus

⎧∑∑ )discr()())((

Cov(X,Y)= 
⎪
⎪
⎩

⎪⎪
⎨

⎧

∫ ∫

∑∑
∞

∞−

∞

∞−

(contin.)),()-)(-(

)discr.(),()-)(-(
x y

dydxyxfyx

yxpyx

yX

yX

μμ

μμ

A simpler formula for covariance is

Cov(X,Y) = E[X⋅Y] ‐ μX⋅μY

If Cov(X Y)>0 X tends to be large if Y isIf Cov(X,Y)>0, X tends to be large if Y is 
large & small if Y is small.

If Cov(X,Y)<0, X tends to be small if Y is 
large & large if Y is small
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large & large if Y is small.
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Covariance  Covariance  (cont’d)(cont’d)

Covariance depends on the units used 
to measure X and Y. A better indicator 
of the relationship between X and Y is p
the correlation coefficient of X and Y
which is given by ρX,Y (or more 
commonly, ρ)

C (X Y)
y, ρ)

Corr(X,Y) = 

The value of ρ is always between ‐1 and 

ρ
σ σ

= Cov(X,Y)
y y⋅

ρ y
+1.

Note: If X and Y are independent, then 
E[XY]=E[X]⋅E[Y] = μXμY so that Cov(X,Y)E[XY] E[X] E[Y]   μXμY so that Cov(X,Y) 
and Corr(X,Y) =ρX,Y = 0 (i.e., X and Y are 
uncorrelated).  

HOWEVER if ρ =0 it DOES NOTmean
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HOWEVER, if ρX,Y=0 it DOES NOTmean 
that X and Y are independent!
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