
Virial expansion fails for liquids

Pressure‐volume isotherms of a real fluid.
(from McQuarrie)
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g(r) =  radial  distribution function

If U is pair‐wise additive, all thermodynamic 
quantities can be  calculated in terms of g(r)

g(r)  can be determined from x‐ray or neutron scattering measurements
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4 sin
2

scattering angle

s π θ
λ

θ

⎛ ⎞= ⎜ ⎟
⎝ ⎠

=



( ) ( )

( )

2

,

1

2
2

0

,

2
2

0

3 / 2

   3 / 2
...

   4
2

' 4
6

N

N V

U
N

N

N

N T

nZE NkT kT
T

NkT U
Ue dr drU

Z

N u r g r r dr
V

nZp kT
V

p ru r r dr
kT kT

β

π

ρρ π

−

∞

∞

∂⎛ ⎞= + ⎜ ⎟∂⎝ ⎠

= +

∫
=

=

∂⎛ ⎞= ⎜ ⎟∂⎝ ⎠

= −

∫

∫

3!
N

N N

ZQ
N

=
Λ

prime



( ) ( )
2

2

0
' 4

6
p ru r g r r dr

kT kT
ρρ π

∞
= − ∫

2
0 1 2 ...g g g gρ ρ= + + +

( ) ( )

( )

2
2

0
0

2
2

00

' , 4
6

     ' 4 ...
6

j
j

j

p ru r g r T r dr
kT kT

ru r g r dr
kT

ρρ ρ π

ρρ π

∞

=

∞

= −

= − +

∑ ∫

∫

low density
( )

0 ~ u rg e β−

( ) ( )
13 2

0 0
, 4n u r g r r drd

kT kT
μ ρρ ξ π ξ

∞
= Λ + ∫ ∫

ξ Is a coupling parameter:  ξμ(r)



Kirkwood
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define ( ) ( )nng e βω−=

( )  potential of mean forcenω =

potential between particles 1
and 2 averaging over interactions
of all other atoms/molecules
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g(2) depend on g(3) which depends on g(4), etc.
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jω is the potential that gives the mean force on j

of special interest is  ( ) ( )2 rω ω=
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Although hard sphere potential has no attraction, the corresponding potential of 
mean force does have minima!  Resembles ω(r) of real systems.
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Plug with Kirkwood equation
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non‐linear integral equation

There are several other integral equations, but we will not pursue these here.


