
A closer look at the fluctuation – dissipation theorem
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Now suppose at t = 0 system is not at equil.
assume system prepared by a field, f, that
couples to a variable, A

H fAΔ = −

from                                and then shut off the interaction to 0,t = −∞

I.e., initial state is an equilibrium state with the field on.
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as time evolves changes as( )A t

( ) ( ) ( ) ( )

( ) ( ) ( ){ } ( )

( ) ( ) ( )( )
( ) ( ) ( )

( ) ( )

2

2

/

1 ... / 1 ...

0

0

H H H H

H H

A t Tr e A t Tr e

A t Tr e H A T Tre H

A t A HA t A H H

A t f A A t

A f A

β β

β ββ β

β ϑ β

β δ δ

β δ

− +Δ − +Δ

− −

⎡ ⎤ ⎡ ⎤= ⎣ ⎦ ⎣ ⎦

= − Δ + − Δ +

⎡ ⎤= − Δ − Δ + Δ⎣ ⎦

Δ =

Δ =

Response functions (generalized susceptibility)
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External perturbation f(t) couples to a variable A



χ is a property of equil. system
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pass to continuous limit

( ), 't tχ rate of change of               when system is perturbed at ( )A tΔ 't

( ) ( )
( )

, ' '

' 0   ' 0

t t t t

t t t t

χ χ

χ

= −

− = − ≤ causality

Write A(t) as a Taylor series in f(t') 

This is an example of a functional 
derivative



Consider
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system prepared at equil. with  H ‐ fA

we have shown
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this implies that
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Can show
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suppose A(t) obeyed harmonic oscillator dynamics
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fourier transfer → δ functions at ± ω0

There is no mechanism of damping the correlations at 
large time in this example



More on the Langevin eq.
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Consider an oscillator coupled to a bath

force i if c y=∑
i.e., xf is the coupling term
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assume Hb is a collection of harmonic oscillators

response of isolated bath characterized by
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diagonal in normal modes

yi are variables associated with 
the bath

Conserves energy



Harmonic bath has only linear response

χ(t) changes f(t) from that of the isolated bath
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fb(t) is Gaussian with mean                       and variance( ) ( )0bC t xβ ( )'bC t t−

= potential mean force

( )bf t evolves into               a Gaussian fluctuating force( )f tδ

friction is the result of the fluctuating force
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When we first considered Brownian motion, we had 
no average force due to the fast relaxation of fluctuating force
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memory effects vanish
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