Chapter 20 Brownian Motion

Brownian motion discovered in 1827
Basic Idea:
Split force on the particle into two parts
(a) frictional due to drag
(b) fluctuating force A'(t)
frictional force given by Stokes law
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A'(t) changes rapidly compared to U

Langevin equation
du
m——=
dt

du -
= U+ A
" U+ ()

—y'U+ A’(t) Stochastic diff. eq.




W (U,t : UO): Prob. of u(t) givenu=u,att=0
W —>5(ux—ux0)5(uy—uyo)5(uZ —U,,) ast—0

as t — oo, the particle will be at equil. " L . Tz [ m‘u_ﬁoe—ar ]
= exp

a2t a2t

And W evolves into a Maxwellian distrib. 27kT (1 € ) 2KT (1 € )

3/2
W _>( m J e—muzlkT
27KT The Langevin eq. is a first-order

U = U(t)—UOe‘ﬁ _ e‘ﬁj‘tegg,&(é)dg differential equation for which the
0 formal solution can be written (see
derivation below)

first-order linear diff. eq. where

Fep(t)y=a(t)

dt
[s(t)a(t)dt+C
s(t)




for our case s(t):ejgdt:e‘ﬁ
Je'Atr)dt+C
u=
¢!
c [eA(t)dt’
et et

u—Ce*'= e‘ﬂjeﬁ'A(t )dt’

u

t=0 u->u,=C=u,

U=u-ue*'= e‘ftjse‘f"A(t')dt'

now take ensemble average

(u) =uge™" since (A(t))=0

U?)=(u’)-ule™ =g [ acrst)
0J0

for vectors has been
dropped

(A(t')A(t"))dt dt"

correlation
function

At this point, the symbols

square and then
ensemble average



assume <A(t')' A(t )>

function of ‘t '—t"‘ only
and is 0 except when t’ close to t"

<A(t ')- A(t ")> = ¢(|’[ '—1 "|) I [\ strongly peaked

<U>2:%e2§tJ'02te§deJ'_O:O¢(y)dy X=t"+t"
y=t-t"

'f_i¢( y)dy=7 assumed

- equipartition
<U 2> =£(l—e‘2§t) holds as t — o
m
<U2> :E-F(Ug _Ejezﬁ
m m

—> Probability distribution W is Gaussian — Maxwellian distribution ast — o
The above focused on the velocity of the

particle. Analogous results can be derived

for the displacement
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at long time
okT
<|r—r0|2> =——t=6Dt
m¢

kT
where D is the diffusion constant [m—gj



and

2

r—1|
W = ﬁe 4Dt I solution to diffusion eq.
47Dt
oW
PV DVM I Diffusion eq.
ot
8W é’kT
'[ — é’dIV ( ) VZ\N Fokker-Planck eq



