
Chapter 3. Angular Momentum

Htotal = Htrans(rcm) + Hvib(qinternal) + Hrot(θ, φ)

Etotal = Etrans + Evib + Erot

ψtot = ψtrans ψvib ψrot
separation of variables
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Nuclear Hamiltonian 
for a diatomic molecule



Rotation in 2 dimensions
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V(x,y) = 0 everywhere

Switch to polar coordinates:     (x,y)   → (r, φ) cos
sin
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This corresponds to the hamiltonian for a 
rigid rotor or for a particle on a ring.

Note that the original hamiltonian could 
correspond to a particle in a cylinder
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quantization due to boundary condition

Note:  there is no zero-point energy.  Why?

Classically

(0) (2 )πΦ = Φ

2

21
2 2

E I
I

ω= =

= angular momentum
All energies
possible

angular momentum in z direction: ˆ
z i φ

∂
=

∂

1ˆ
2

im
z

d e m
i d

φ

φπ
Φ = = Φ

all φ values equally probable
angular momentum in z direction
precisely defined

ˆ ˆ,  z φ do not commute

( ) ,
2
dP d φφ φ
π

=



On to 3 dimensions:     (x, y, z)   → (r, θ, φ)
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motion of particle on
the surface of a sphere

≡ Rigid rotor

0   < r   < ∞

0   < θ < π

0   < φ < 2π

volume element r2 sin θ dr dθ d φ
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x = r sinθ cosφ
y = r sinθ sinφ
z = r cosθ
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spherical harmonics

depends only on θ depends only on φ

Y(θ, φ) = wave function

separation of variables

⇒ this must be equal to a constant
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two boundary conditions  → two quantum #s
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components of the angular momentum operator
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Can simultaneously know the magnitude of the angular momentum and
one of its components
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Spherical harmonics
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If the vector were parallel to the z axis, then ℓx and ℓy = 0. 
But not possible
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Consider a sphere of radius ( )1+

For ℓ=2, the allowed solutions can be represented as 4 cones and 1 disk. 
Although the z component of the angular momentum is specified for each 
cone, the x and y components can take on any value. 


