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Abstract

LandauerOsprinciple is the loosely formulated notion that the erasure of n bits of
information must alwaysincur a costof kIn n in thermodynamic entropy. It canbeformulated
asa preciseresult in statistical mechanics,but for a restricted classof erasureprocesseghat
use a thermodynamically irreversible phase spaceexpansion, which is the real origin of the
lawdsentropy cost and whose necessityhas not beendemonstrated. General argumentsthat
purport to establishthe unconditional validity of the law (erasuremaps many physical states
to one; erasure compressesthe phase space)fail. They turn out to depend on the illicit
formation of a canonical ensemblefrom memory devicesholding random data. To exorcise
MaxwellOs demon one must show that all candidate devicesNthe ordinary and the
extraordinaryNmust fail to reverse the second law of thermodynamics. The theorizing
surrounding LandauerOsprinciple is too fragile and too tied to a few specibcexamplesto
support such generalexorcism. Charles BennettOsecentextensionof LandauerOgrinciple to
the merging of computational pathsfails for the samereasonsastrouble the original principle.
© 2005ElsevierLtd. All rights reserved.
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1. Introduction

A sizedle literature is basedon the claim that MaxwellOsdemon must fail to
produce violations of the secondlaw of thermodynamics becauseof an inevitable
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entropy cost associatedwith certain types of information processing.In the second
edition of their standard compilation of work on M axwellOslemon, Leff and Rex
(2003, p. xii) note that more referenceshavebeengeneraedin the 13 yearssincethe
volumeOPrst edition than in all yearsprior to it, extending back over the demonQOs
120 years of life. A casual review of the literature givesthe impressio that the
demonstrations of the failure of MaxwellOsdemon depend on the discovay of
indeperdent principles concerning the entropy cost of information processng. It
looks like a nice example of new discoveies explaining old anomalies. Yet closer
inspecion suggess that someting is seriously amiss. There seemsto be no
indeperdent basis for the new principles. In typical analyses, it is assumed at the
outset that the total systemhas canonical thermal properties so that the secondlaw
will be preservel; and the analyds then infers back from that assunption to the
entropy coststhat it assumesmust arise in infor mation processng. In our Earman
and Norton (1998, 1999)* my colleagte John Earman and | encapsulaed this
concean in a dilemma posedfor all proponentsof infor mation theoretic exorcismsof
MaxwellOslemon. Either the combined object systemand demon are assuned to
form a canonical thermal systemor they are not. If not (OOprofour@@orn), then we
ask proponents of information theoretic exorcisms to supply the new physicd
principle neeced to assurefailure of the demon and give independert grounds for it.
Otherwise (OOsou@diorn), it is clear that the demon will fail; but it will fail only
becatseits failure has beenassumned at the outset Then the exorcism merely argues
to a foregone conclusion.

Charles Benndt has beenone of the most inRuential proponents of infor mation
theoretic exorcismsof MaxwellOslemon. The version he supports seemsnow to be
standard. It urgesthat a M axwell demon must at somepoint in its operation erase
infor mation. It then invokes LandauerOsprinciple, which attribut esan entropy cost
of at leastk In n to the erasureof n bits of information in a memory device,to supply
the missing entropy neededto savethe secord law (k is BoltzmannOsonstant). We
are grateful for BennetOg2003, pp. 501, 508D50) candor in respondingdirectly to
our dilemma and acceping its sound horn.? He acknowledgesthat his use of
LandauerOsprinciple is OOim sensg indeed a straightforward consequeme or
restaterrent of the Second Law, [but] it still has considemble pedagogic and
explanaiory powery O@hile some hidden entropy cost can be inferred from the
presumed correctnessof the secondlaw, its location remains open. The power of
LandauerOsprinciple, Bennett assets, residesin locating this cost properly in
infor mation erasure and so correcting an earlier literature that mislocated it in
infor mation acquistion.

My concernin this paper is to look more closelyat LandauerOgrinciple and how
it is usedto exorcise MaxwellOslemon. My conclusion will be that this literature

For another critical approachto this literature, seeShenker(1999,2000)

2In responding to the dilemma, Leff and Rex (2003, p. 34) appearto acceptthe profound horn. They
point out derivations of LandauerOsprinciple that do not explicitly invoke the second law of
thermodynamics. Thesederivations still fall squarely within the sound horn sincethey all assumethat
the systemsexaminedexhibit canonical thermal behaviar entirely compatible with the secondlaw and, at
times, strong enoughto entail it.
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overreaches. Its basic principles are vaguely formulated; and its justibcations are
rudimentary and sometimesdependenton misapplications of statistical mechants.
It is a foundation too weak and fragile to support a result as gereral as
the impossibility of MaxwellOslemon. | will seekto estabish claims belonging to
three groups:

A precise formulation of Landauer’s principle for the cases in which it applies: In
the current literature, the principle appears as a vague slogan assocating an
entropy cost of klnn with the erasure of n bits of information; or as the
demonstation that, in somequite specibexample systemsthis entropy cost does
obtain. | present a version of the principle sufbciatly general to include
the standard examples,and also sufbcientl precise for it to be proved asa resut
in statistical mechancs. It turns out that the result deperds essenally on the
erasure procedure employing a thermodynamically irreversible expansion of
the memory deviceOghase space. This irreversible step is the real origin of
the erasurOsentropy cost. Since there is no demonstration that an erasue
procedure must employ this thermodynamically irreversiblestep, this formulation
of LandauerOsprinciple does not sustdan the general slogan that all erasue
is associated with a thermodynamic entropy cost. The presence of the
thermodynamically irreversible, entropy creating step has been obscured in
the literature by a mischaracerization of reversble proces®s. The term is
applied incorrectly to uncontrolled expansbns. In standard thermodynamics,
reversble proces®s are taken as co-extensie with quasi-static proceses;
that is processeseach of whose stages are in thermal equilibrium or removed
from it to an arbitrarily smal degree.Becuse of this mischaacterization,
thermodynamic entropy as traditionally debned by Clausius, ceasesto be a
state function.

The misuse of canonical distributions and ensembles: In statistical mechants, a
system in thermal equilibrium is repreented by a canonical probability
distribution over the microstates in the portions of the phase spacethat are
accestble to the sysem under its time evolution. These systems possessa
thermodynamic entropy that varies with the logarithm of the accessiblephase
spacevolume. In the LandauerOsgprinciple literature, a memory devicerecording
random data is treated illicitly asif it were a canonicaly distributed sysem. This
treatmentisiillicit sincethe diff erent statespossible for the memory deviceare not
the statesaccesible to the deviceunder its time development. (If they were, the
device could not function as a memory device) So we cannot assocate a
thermodynamic entropy with the logarithm of the phasevolume of possible states
using the standard formulae of statistical mechanics; the assunptions neeced to
deduce theseformulae do not obtain. The outcome is that much of the ensuing
analyss of the thermodynamics of memory devicesis erroneous, including the
general argument offered in support of LandauerOsprinciple. It argues that
erasure maps many statesto one; that is, it compressesthe phase space.This
compression is then spuriously assocated with a change in thermodynamic
entropy. A more carefu analyss showsthat, with natural symmetry assunptions,
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memory devicesrecording random data havethe samethermodynamic entropy as
the reset devices Putting the error in its simplest terms, the probability
distribution of random data is not the sort of probability distribution that can
be assocated with thermodynamic entropy; or, more technically, a collection of
memoty devicesrecording random data cannot be treated asif it werea canonical
ensembé, a standard way of repreenting a canonically distributed sysem in
statistical mechanics.

Failure of exorcisms of Maxwell’s demon: The challenge of exorcising M axwellOs
demonisto show that no device,no matter how extraordinary or how ingeniously
or intricately contrived, can bPnd a way of accumuating Ructuation phenomena
into a macroscopic violation of the secod law of thermodynamics. The
existing analyses of LandauerOprinciple are too weak to support such a strong
resuk. The claimsto the contrary dependon displaying a few suggestiveexamples
in which the failure of a Maxwell demon of some particular designis deduced
from LandauerOsgprinciple. We are then to expect,on the basisof an argument
from analogy, that every other possible design of a Maxwell demon must
fare likewise. | argue that there is no foundation for this expectdion because
of the fragility of the analogy. There are many ways in which the design
of extraordinary MaxwellOglemons might differ from the ordinary examples.
For example, we can readly Pnd candidate demons that cannat be said to
compute or store information or erasea memory, so that LandauerOsrinciple
canna be applied.

In the sectbns to follow, the precise but restricted version of LandauerOs
principle is developedand stated in Sectbn 2, along with some thermodynamic
and statistical mechanical preliminaries, introdu ced for later referene. Secton 3
identibes how canonical ensembes are illicitly assenbled in the LandauerOs
principle literature and shows how this illicit assemly leads to the failure of
the many-to-one mapping argument. Secton 4 reviews the challenge presentd
by MaxwellOslemon and arguesthat the presentliterature on LandauerOgrinciple
is too fragile to support its exorcism. Section 5 reviews BenndtOsextenson of
LandauerOsprinciple to the merging of computational Rows. | argue that the
extengon fails and thereby also fails in its goal of exorcising the no-erasire
demon introduced by John Earman and me in our Earman and Norton (1999,
pp. 16D17)

2. The physics of Landauer’s principle
2.1. Which sense of entropy?

There are severad sensedor the term entropy. We can afbrm quite rapidly that
thermodynamic entropy is the senserelevant to the literature on MaxwellOglemon

and LandauerOgrinciple. By thermodynamic entropy, | meanthe quantity S that is
a function of the state of a thermal sysem in equilibrium at tempeature 7 and is
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debred by the classicalClausius formula
50
! rev. 1
851 =% (1)

3S represents the rate of gain of entropy during a thermodynamically reversble
processby a system at tempeature 7 that gains heat at the rate of 3Q,,: A
thermodynamically reversble processis one that can proceedin either forward or
reverse direction becauseall its components are at equilibrium or removed from it to
an arbitrarily smal degree. Clausius formula (1) dePnesentropy changesduring a
particular process If these changes are to be assocated with a thermodynamic
entropy S that is a property of thermal states, these changes must be path

indeperdent; that is, for any closedpath in system@state spacewe must have
I

dLT“*V o a9

To seethat this is the appropriate serseof entropy, brstnote the effectintended by
MaxwellOsriginal demon (Leff & Rex, 2003,p. 4). It wasto open and closea hole in
awall separaing two compartmentscontaining a kinetic gassothat faster molecules
accumulte on one side and the slower on the other. One sidewould becomehotter
and the other colder without expenditure of work. That would directly contradict the
OO0aigiusOBrm of the secondlaw as given by Thomson in its original form:

It isimpossible for a sdf-acting machine, unaided by any external agency, to convey
heat from one body to another at a higher temperature. (Thomson, 1853, p. 14)

A slight modibcaton of MaxwellOsriginal schemds the addition of a heatengine
that would convey heat from the hotter side back to the colder, while converting a
portion of it into work. The whole device could be operated so that the net effect
would be that heat, drawn from the colder side, is fully converted into work, while
furth er cooling the colder side. This would be a violation of the OO ThosonOdrm of
the secad law of thermodynamics as given by Thomson:

It is impossible, by meansof inanimate material agency,to derive mechanical
effect from any portion of matter by cooling it below the temperature of the
coldestof the surrounding objects. (Thomson, 1853, p. 13)

Another standard implementationof M axwellOgemonis the Szilard one-molecue
gas engine, described more fully in Sectbn 4.2. Its net effect is intended to be the
complete conversion of a quantity of heat extracted from the thermal surroundings
into work.

One of the most fundamental resuks of thermodynamic analyss is that these
two versions of the secord law of thermodynamics are equivalent and can be re-
expresgd asthe existence of the state property, thermodynamic entropy, defned by
(1) that obeys:

Every physicd or chemical processin nature takes place in such a way as to
increasethe sum of the entropies of all the bodiestaking part in the process In the
limit, i.e. for reversible process, the sum of the entropiesremains unchanged
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This is the most geneal statementof the secondlaw of thermodynamics. (Planck,
1926,p. 103

One readily veribesthat a Maxwell demon, operating as intended, would reduce
the total thermodynamic entropy of a closedsysiem, in violation of this form of the
secondlaw. Thus, the burden of an exorcism of MaxwellOsdemon is to show that
thereis a hidden increasein thermodynamic entropy associatedwith the operation of
the demon that will protect the secondlaw.

The presentorthodoxy is that LandauerOgrinciple sucassfullylocatesthis hidden
increasein the processof memory erasure. According to the principle, erasureof one
bit reducesthe entropy of the memory device by kIn 2. That entropy is cleady
intended to be thermodynamic entropy. It is routinely assumel that a reduction in
entropy of the memory devicemust be accompaned by at leastaslarge an increase
in the entropy of its environment. That in turn requires the assunption that the
relevant sense of entropy is governed by a law like the second law of
thermodynamics that prohibits a net reduction in the entropy of the total sysem.
More directly, LandauerOgrinciple is now often asseted not in terms of entropy but
in terms of heat: erasure of one bit of information in a memory device must be
accomparied by the passig of at leastkTIn 2 of heat to the thermal environment at
tempeature 7.2 This form of LandauerOsprinciple entails that entropy of erasure is
thermodynamic entropy. If the processpasseskT'In 2 of heatto the environment in
the least dissipative manner, then the heating must be a thermodynamically
reversble process.That is, the devicemust also be at temperature T during the time
in which the heat is passedand it must losek7'In 2 of energyasheat. It now foll ows
from demnition (1) that the thermodynamic entropy of the memory device has
decreagd by kIn 2.

2.2. Canonical distributions and thermodynamic entropy

The memory devicesLandauer (1961)and the later literature descrbe are sysems
in thermal equilibrium with a much larger thermal environment (at leastat essenial
moments in their history); and the relevant senseof entropy is thermodynamic
entropy. Statistical mechanicsrepreentssysemsin thermal equilibrium with amuch
larger thermal environment at temperature 7 by canonical probability distributions
over the sysems(hasespaces.If a system®possibk statesform a phase spaceG
with canonical position and momentum coordinates xi;...;x, (hencebrth
abbreviated O@O)hen the canonical probability distribution for the systemis the

3Landauer0$1961,p. 152) early statementof the principle immediatey relatesthe entropy of erasureto
a heating effect: OO[lerasingone bit, tlhe entropy therefore hasbeenreducedby kloge2! 0.6931k per bit.
The entropy of a closedsystem,e.g.a computer with its own batteries,cannot decreasehencethis entropy
must appearelsewheresa heating effect, supplying 0.6931kT per restored bit to the surroundings. This is
of coursea minimum heating effecty OShizume (1995,p. 164) rendersthe principle as OOLandauargued
that the erasureof 1 bit of information stored in a memory devicerequiresa minimal heat generation of
ksTIn2y OGnd Piechocinsla (2000,p. 169)assertsOO0Landardgrinciple statesthat in erasingone bit of
information, on average,at leastkg7In(2) energyis dissipaed into the environmenty OO
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probability density
Pix#l exp'$ E'xtEkTHZ; )

where E"x#is the energyof the systemat x in its phasespaceand k is BoltzmannOs
constant. The regions (of non-zero natural measue) of the phasespae everywhere
accesible to the systemover time must have non-zero probability and so must lie
within regions of Pnite energy E"x# Regions with inPnite energy E"x# have zero
probability and are inaccesible. If the systemvisits accessibleregions densely over
time and we require that the probability of a region coincide with the portio n of time
spentthere, then the accestble regionswill coincidewith those of bnite energy E"x#
The partition function is

z

Z! exp'$ E"x#k THdx: (3)
G

A standard calculation (e.g. Thomson, 1972 Section 3.4) allows us to identify
which quantity corregpondsto the thermodynamic entropy. If sucha function exists
at all, it must satisfy (1) during a thermodynamically reversble transformati on of the
system.The reversibleprocesssufbcent to bx this function is:

S: Specification of a thermodynamically reversible process in which the system
remains in thermal equilibrium with an environment at temperature T.

S1: Thetemperature T of the systemand environment may slowly change, so that
T should bewritte n asfunction T"t#of the parameter that measuesdegreeof
completion of the process.To presere thermodynamic reversibility, the
changesmust be so slow that the sysem remains canonically distributed as
in (2).

S2:  Work may also be performed on the system.To preservethermodynamic
reversbility, the work must be performed so slowly sothat the systemremains
canonically distributed. The work is performed by direct alteration of the
energy E"x#of the systemat phasespacex, so that this energyis now properly
repreented by E"x;| # where the manipulation variable | "#is a function of
the completion parameer ¢.

As an illustration of how work is performed on the system according
to S2, consider a particle of massm and velocity v conbned in a well of a
potential Pdd j in a one-dimensional space.The energy at each point x in the
phase space is given by the familiar E"p;x#! p?=2m %j "x# where p is the
canonical momentum mv and x the position coordinate. The gas formed by
the single molecule can be compressed reversbly by a very slow changein the
potential bdd that restricts the volume of phase spaceaccesible to the particle,
as shown in Fig. 1. Another very slow change in the potential Pdd also
illustrated in Fig. 1 may merely have the effect of relocating the accessibleregion
of phasespacewithout expending any net work or altering the accesible volume of
phasespace.
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Fig. 1. Thermodynamically reversible processesiue to slow changein potential peld.

The meazn energyof the sysem at any stageof such a processis

E! E"x;| #"x; t#dx: 4)
G

So the rate of change of the mean energyis
_ z

E " . # EII . | #
9 e PN g 9B

dr G dt c dr
The secondterm in the sumis the rate at which work W is performed on the system

z

dw dE"x; 1 #

de © ¢ dr P
This follo ws sincethe rate at which work is performed on the sysem, if it is at phase
point x, is

@"x;| #dl  dE"x;| #

@ dr-’ dr
The rate at which work is performed is just the phaseaverageof this quantity, which
is the secondterm in the sum (5). It is essentialfor this conclusion that the system
explore the phasespaceaccesible to it much more rapidly than the rate at which the
processalters the energyfunction E"x;| # For example in the thermodynamically
reversble compression depicted in Fig. 1, the particle must bounce many times
between the walls of the potential well, while the walls move only very slightly.
Otherwise (6) will fail to expressthe rate at which work is performed on the sysem.
The brstlaw of thermodynamics assures us that

pUx; tHdx: (5)

x; t#Hdx: (6)

energychange! heatgained%work performedon sysem:
So, by subtraction, we identify the rate at which heatis gained by the sysem as

dQry , dp"x; t#
—=Y| E'x;| #
dr G i dr

Combining this formula with Clausiusexpression(1) for entropy and expresson (2)

for a canonical distribution, we recover after somemanipulation that

T Z
ds 1do d E
| - rev, e ) 1 -
& T o4 @ TA)kIn Gexp$E k THdx

da: @)
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so that the thermodynamic entropy of a canonicaly distributed systemis just
_ z

E
S ?%k In  exp'$ E=kTH#dx (8)
G

up to an additive constantNor, more cautiously, if any quantity can represent the
thermodynamic entropy of a canonically distributed system,it is this one.

This expression for thermodynamic entropy should be compared with another
more generalgxpresa’zon

S! $k  p"x#in p"x#dx 9)
G

that assignsan entropy to any probability distribution over a spaceG:* If | am as
sureasnot that an errant asterid brought the demise of the dinosaurs, then | might
assignprobability %to the hypotheskit did; and probability %to the hypothesisit did
not. Expresson (9) would assign entropy kIn2 to the resulting probability
distribution. If | subseqeently become convinced of one of the hypothesesand
assignunit probability to it, the entropy assigred to the probability distribution
drops to zero. In general,the entropy of (9) hasnothing to do with thermodynamic
entropy; it is just a property of a probability distribution. The connecton arisesin a
specid case f the probability distribution p"x#is the canonical distribution (2), then,
upon substitution, expres#on (9) reduces to the expression for thermodynamic
entropy (8) for a systemin thermal equilibrium at temperature T.

2.3. Landauer’s principle for the erasure of one bit

What precisely does LandauerOsrinciple asset? And why precisely should we
believe it? These questions prove difbcult to answer. Standard sourcesin the
literature expressLandauerOsprinciple by example,noting that this or that memory
devicewould incur an entropy costwereit to undergo erasute. The familiar sloganis
(e.g. Leff & Rex, 2008, p. 27) that OOerasuoé one bit of infor mation increasesthe
entropy of the environment by at least kIn 20@ne does not so much learn the
generalprinciple, asone getsthe hang of the sorts of casedo which it canbe applied.
Landauer0g1961) original article gave several such illustrations. A helpful and
reveaing oneis (p. 152):

Consider a statistical ensembleof bits in thermal equilibrium. If theseare all reset
to ONE, the number of statescoveredin the ensembé has beencut in half. The
entropy therefore has beenreducedby kloge2! 0.6931k per bit.

This remark also captures the central assertion of justibcations given for the
principle. The erasure operation reducesthe number of states,or it effects a OOmagn
to-one mappingd@Bennett, 1982, p. 305 or a OOcomgssionof the occupied volume
of the [deviceOg)hase spacp. 307).

“The constantk and the useof natural logarithms amount to a convertional choiceof units that allows
compatibility with the corresponding thermodynamic formula.
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Matters haveimproved somewhat with what Leff and Rex (2003,p. 28) describeas
new OOpaisO6F LandauerOsrinciple in Shizume (1995) and Piechocinska (2000)
However,neither givesa gereral statementof the principle beyond the above slogan,
thereby precluding the possibiity of a real proof of a gereral principle. Insteadthey
give carefu and detailed analysis of the entropy cost of erasure in severd
more exampes, once again leaving us to wonder which of the particular
properties assuned for the memory devicesand procedures are essenial to the
elusive generalprinciple.

If LandauerOgprincipleisto supply the basisfor a gereral claim of the failure of all
MaxwellOslemons, we must have a general statement of the principle and of the
grounds that support it. We must know what properties of the memory devicesare
essenial and which incidental; what range of erasure proceduresare coveredby the
principle; which physicd laws are neededfor the demonstration of the principle; and
a demonstration that those laws do entail the principle. While trying to avoid
spurious precision and overgenealization,> my best effort to meet thesedemands
follows. The resuting principle is not universally applicable sinceit requires the use
of an erasure procedure with a thermodynamically irreversible step, while the
necesgy of sucha stephasnot beendemonstrated. It is specializel in lessimportant
ways. It is limited to the caseof erasureof one bit and to the setting of classcal
physics The extengon to the erasure of n bits is obvious. The extenson to quantum
systems appears not to involve any matters of principle, as long as quantum
entanglement is avoided; rather it is mostly the notational nuisance of replacing
integrations by summations

Landauer’s principle for erasure of one bit of information in a memory device:.

IF

LP1. The memory deviceand erasur operation are governedby the physics of
statistical mecharics and thermodynamics as outlined in Section2.2°

LP2. The memory devicehasa phasespaceG on which energyfunctions E"x#are
debnedand, at leastat certain timesin its operation asindicated below, the
systemis in thermal equilibrium with a larger environment at 7, so it is
canonicaly distributed over the accesible portion s of phasespaceaccording
to (2).

LP3. The phase spacecontains two disjoint regions QGD@nd @ROGyith their
union designded OBFROOThere are different energy functions E"x#
available. E;"x# conbnes the systemto L; Eg"x#1to R; and Erg"x# to
L+R. If the device is in thermal equilibrium at 7" and conbnedto L, R or
L+R, weshall sayit isin state Ly, Ry or "L % R#.: Whenthe deviceOstateis
conbnal to L, it regiders a value L; when conbnedto R, it regigers R.

SFor example,one could weakenthe symmetry requirementand try to recover entropy generation of
kIn 2 on average,per erasure.That would greatly complicate the analysisfor little useful gain.

Through this condition, the demorstration of LandauerOsprinciple presumesthat the systemsare
canonically thermal and thus it falls within the OOsoundidéh of the dilemma of Earman and Norton
(1998,1999)
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LP4.  The energyfunctionOswo regions L and R are perfectly symmetric in the
sensdhat thereis a one-one map of canonical coordinatesx; 2 L! xzr2 R
between regions L and R that assures they have equal phase space
volume and such that E;"x;#! Egr"xg# and Erour"xi#! Erwr"xg# and
EL%R"xL#! EL"XL#

LP5. The erasure processhastwo steps.

LP5a. (OOremalof the partitionOOThe devicein state L; or Ry proceedsthrough
athermodynamically irreversible, adiabatic expanson, to the state"L % R#;:

LP5b. (OOcompsion of the phasespaceO)The devicein state "L % R#. proceeds
through a thermodynamically reversible processof any type to the state L,
which we designde conventionally asthe resetstate.

THEN The overall effect of the erasure process LP5 is to increase the
thermodynamic entropy of the environment by kIn2. This represents a
lower bound that will be exceeded if thermodynamically irreversible
proces®sreplace reversibleprocesses.

The proof of the result deperds largely on using relation (8) to compute the
entropies Sy, Sk and Sy of the three statesLz, Ry or "L % R#,: We have
E
St %%k In  exp"$ E;=kT#dx

e z
I “Ropkin  exp'$ Eg=kT#dx! Sg;
T R
where the symmetry E;"x;#! Eg"xg#of LP4 assure equality of the aboveintegrals
and mean energes. We also have from the remaining symmetriesthat
Z
%k In eXp"$ EL%R:kT#dX

1 YR "

E
! %%kln 2 exp'$E =kT#dx ! S, %k In2;
L

Eror

Sror !

where thesesymmetriesalso assureus that £,z ! E; ! Eg: Hence
Sr ! Sg; Srowr! S %kIn2! Sp%kIn 2 (10)

Sincethe expanson LP5a is adiabatic, no heat passesbetweenthe device and the
environment, so the processdoes not directly alter the environmentOgntropy. Since
processLP5b is thermodynamically reversble, but its bnd state entropy S, is lower
than the initial state entropy S;+z by kIn 2, it follows that the processcannat be
adiabatic and must pass heat to the environment, increasing the entropy of the
environment by kIn 2. This completesthe proof.

This version of LandauerOsprinciple is sufbcierlly general to cover the
usual examgdes. Aside from the seletion of the particular erasure procedure
LP5, the principal assunptions are that the memory device statesform a phase
space to which ordinary statistical mechants applies and that there are two
regions L and R in it obeying the indicated symmetries. It is helpful to visualize
the states and processesin terms of particles trapped in chambers as



386 J.D. Norton | Studies in History and Philosophy of Modern Physics 36 (2005) 375-411

@: '\\/\
|
irreversible removal

of the partition .Z_ Z”H’ ?l = ‘
‘ 6’ ,Z/\//j C(;re'r;lr?rrslszli‘(e)n

Fig. 2. The erasureprocess.

Fig. 2 suggests.However that visualization is far more specibcthan the resul
descrbed.

The stepLP5a is called O®moval of the partitionO&inceit is commonly illustrated
as the removing of a partition that blocks the accessof a single moleaule gasto
half the chamber. That the exparsion of LP5a is thermodynamically irreversible
seems unavoidable if the Pnal resut is to be attained. A thermodyna-
mically irreversible (and adiabatic) processincreasesthe entropy of the sysem by
kIn2 in passirg from S; or S; to S;.z. If the processwere thermodynamically
revergble so that the total entropy of the device and environment would remain
constant, then there would have to be a compensaing entropy decreag in the
environment of kIn2. That decreag would negatethe entropy increase of LP5b.
This expansbn is the part of the erasure processthat creates entropy. The second
stepLP5b, the OOcompréss of the phasespaceO@pes not create entropy, sinceit is
thermodynamically reversible It merely movesthe entropy created in the prst step
from the device to the environment. The step is commonly illustrated by such
proces®s as the compressionof a one-molecule gas by a piston. No such specibc
processneedbe assuned. Any reversble processthat takesthe state"L % R#; to Ly
is admissible, sinceall reversble proces®sconservethe total entropy of the device
and environment.

Setting aside unilluminating embelishments, this appearsto capture the most
general sensein which erasure of information held in memory devicesin thermal
equilibrium at a temperature T must increase the thermodynamic entropy of the
environment. The principle doesnot licensean unqualibPed entropy costwhenewer an
erasure occurs. It is limited by the assunption that a particular erasuie procedure
must be used with the real entropy cost arising in the brst step, the
thermodynamically irreversible OOremovalf the partitionOOThat this Prst step is
the essentialentropy generating step has been obscured in the literature by the
erroneous assertion that this prst step may sometimes be a thermodynamically
reversble constant entropy process As | will show in the following section that
assetion deperds upon the illicit assenbly of many L, and R statesinto what is
incorrectly suppasedto be an equivalent canonical ensemble"L % R#:

It may seemthat we can generae LandauerOgrinciple with a much simpler and
more gereral argument that calls directly on expresson (9) for entropy. Prior to
erasure, we are unsureof whether the memory deviceisin state L or in state R. So we
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assignequal probabilities to them:
P'L#! P'R#! 1=2:

According to (9), the entropy of the probability distribution is kIn 2. After erasure,
we know the device is in state L. The probabilities are now

P'L#! 1, P'R# O

According to (9), the entropy of this probability distribution is 0. Erasure has
reducedthe entropy of the memory device by kIn 2. Is this not just what LandauerOs
principle assets?

No, it is not. LandauerOsprinciple assets that the thermodynamic entropy is
reducedby kIn 2. As we sawat the end of Section 2.2, expression(9) does not return
the thermodynamic entropy of a systemin thermal equilibrium unlessthe probability
distributions inserted into it are canonical distributions. The initial probabilities
P'L#! P"R#! 1=2 arenot canonical distributions. They ref3ectour own uncertainty
over the state of the device.While we may not know which, the deviceis assurally in
one of the statesL or R;. Each of the two states has its own canonical distribution,
which represntsthe deviceOdispostion in the region of phasespaceaccesible to it.
As a resut the above argument fails to estabish LandauerOsprinciple for
thermodynamic entropy.

What is dangerousy mideading about the argument is that the distribution P"L#!
P"R#! 1=2 will coincide with the canonical distribution of the device half way through
the process of erasure, after the removal of the partition, when the device is in state
"L % R#,: The argument then returns the correct thermodynamic entropy reduction in
the device during the second step, the compression of the phase space. But it remains
slent on the brst step, the @emoval of the partition@ the essential thermodynamic
entropy generating step of the erasure process, and tempts us to ignore it.

2.4. A compendium

It will be useful for later discussion to collect the principal resuks in
thermodynamics and statistical mechancs of this section

Thermal equilibrium: A sysemin thermal equilibrium is representedby a canonical
distribution (2). Its thermodynamic entropy is given uniquely by expres#on (8),
which is a spedal caseof (9) that ariseswhenthe probability distribution p"x#is the
canonical distribution.

Accessible regions of the phase space: Theseare the regionsof the phasespacethat
a systam in thermal equilibrium canacces®ver time asa part of its thermal motion.
They are demarated by the energyfunction E"x# of the canonical distribution as
those parts of the phasespaceto which Pnite energyis assgned. Sincethe problems
of ergodicity raise issues that are apparently unrelatedto LandauerOgrinciple, | will
assune herethat the thermal sysemsunder examination havethe sorts of properties
that the early literature on ergodic sysemshopedto secure.M ost notably, | assune
that over time a sysiem denselyvisits all porti ons of the accesible phase spaceand
that the probability a canonical distribution assgnsto eachregion in the accesible
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phasecoincideswith the portion of time the systemspends there. That the system
visit theseregionsmore rapidly than the rate of a reversble changeis essenital to the
derivation above that identibes(8) as the thermodynamic entropy of the system.

Compression of the phase space: This compressionariseswhenthe accessibleregion
of the phasespaceis reducedby extemal manipulation of the energy function E"x#
The compressionis assocated with a reduction in thermogynamic entropy of the
system,insofar asthe compression reducesthe integral k In  ;exp'$ E"x#kT#dx of
expresgpon (8) for thermodynamic entropy. As long as suitable symmetry
requiremens are met, a halving of the accessiblephase space will reduce the
thermodynamic entropy by kIn 2.

Creation of thermodynamic entropy in erasure. |n the erasure processdescribed
k In 2 of thermodynamic entropy is createdin the Prst, irreversible step,the OOremal
of the partitionOQWithout the thermodynamically irreversibility of this step, there
would be no thermodynamic entropy cost assocated with erasure.

3. Illicit ensembles and the failure of the many-to-one mapping argument
3.1. The use of ensembles in statistical mechanics

There is a standard procedureusedoften in statistical mechants through which
we can developthe probability distribution of a singlecomponent in its phasespace
by assemling it from the behavior of many like components.” One familiar way of
doing this is to take a single componernt and sampleits state frequently through its
time developnent. The probability distribution of the component at one moment is
then recovered from the occupation times, the fractional times the sysem has spert
in different parts of its phasespaceduring the history sampled. For example, we
might judge that a moleaule, moving freely in somechamber, spend equal time in all
equal sizedparts of the chamber. So we infer that its probability distribution at one
time is unifor mly distributed over the chamber. Another way of doing it is to take a
very large collection of identical components with the same phase spaceNan
OOenserma®ONandeneratea probability distribution in one phase spacefrom the
relative frequency of the positions of the componentsin their own phase spacesat
one moment in time. For example, we may consider very many identical pollen
grains suspendedn water at temperature 7' and judge that the number with thermal
energy E is proportional to exp'2 E=kT# We immediately conclude that the
probability that someparticular pollen grain hasthermal energyE is proportional to
this same factor. At its very simplest, the procedure might just collapse the
probability distributions of many phasespacesdown to one phasespae. We might
take the probability distributions of one component at different times; or we might
take the probability distributions of many componerts from their phase spaces.

"By acomponent,| meana few degreef freedomof a systemwith very many degreesf freedom:such
asanindividual atom in a crystal lattice; or severalatomsforming a molecue in a gas;or a singlespinin a
magnetic spin system;or a pollen grain in water.
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Carried out correctly, this form of the procedure is rather trivial, since all the
distributions are the same.In all casesthe result is a probability distribution in one
phase spaceat one momernt that represnts the thermodynamic properties of one
component. This technique is so common that we freely move from individual
componentsto ensembésand back and someimesevenspeak of ensemblesvhenwe
intend to speakof just one component.

Let us now consider how this processwould proceedfor forming a canonical
distribution (2), p"x#! exp"2 E"x#=kT#Z: First recall how this distribution
can be derived. When we have many components in thermal equilibrium, the
canonical distribution is gererated uniquely from the demand that thermal
equilibrium correspond to the most probable distribution of energy; and it is
essental to that derivation that that energy function E"x# represents the
energy the component would have, were it at phase spa® position x, with x a
position accesile to the component. Thus, in gererating the canonical distribution
for one component from an ensembé, one constraint is essenial: the phase spaces
sampled, either through time or by visiting different components, must have the same
energy function E"x# It is an obvious but absolutely fundamental point that one
cannat assenble a canonical distribution properly representative of an individual
component by sampling from a single component at timeswhen the energyfunction
E"x# is different; and that one cannot form such a canonical distribution by
collapsing the phase space position frequencies or probability distributions from
componentswith diff erent energyfunction E"x#in their phasespacesFor then the
energy function E"x# would not repreent the energes at phase space points
accestble to the component; or it would not represnt the correct energy for the
component at accesible points in phasespace.Whateve might result from suchan
illicit procedurewould not correctly repreent the thermodynamic properties of just
one ensemble member It would not be licit, for example, to apply the
thermodynamic entropy formula (8) to it to recover the thermodynamic entropy
of a component.

Consider samping from the succeswe states of the compression process
illustrated in Fig. 1. The sampling must take place during a sufpciently short time
period so that the energyfunction is, for all intents and purposes,unchanged. Or
consider what happens if we try to combine the initial and Pnal states of the
relocation processalso illustrated in Fig. 1. Sincethey have disjoint phase spaces,
neither state will be properly repreented by the resulting distribution that spans
both regions of the phase space.Fig. 3 illustrates the mathematical process of
collapsing a canonical ensemblento a singlecanonical distribution that canproperly
repreent eachindividual memberof the ensemble;and the processof collapsing an
illicit canonical ensembé to produce a distribution that properly repreents no
individual member.

Finally, evenif one has an ensemble of canonically distributed systems,they
canna be treated asmultiple clonesof a single canonically distributed sysem unless
the energy functions E"x# is the samein each member of the ensembé. To do
otherwisewould be an error. Unfortunately, this error seemgo be quite pervasivein
the LandauerOsprinciple literature.
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Fig. 3. Licit and illicit canonical ensemblesand the distributions they produce.

3.2. Illicit ensembles

We must be grateful to Leff and Rex (2003)for giving us an uncommonly clear
survey of this literature in the introductory chapter of their collection. While | will
guote their text as clealy expressingthe error, | want to emphaske that they are
merely reporting more cleafly than elsevwhere what appearsto be standard currency
in the literature. In discussing the erasure procedure of LandauerOgrinciple for
the casein which the memory device is a partitioned box containing a single
moleaule, they note:

The diffusion processin the erasure step (i) [removal of the partition] eradicates
the initial memory state. Despite the fact that this processis logically irreversible,
it is thermodynamically reversiblefor the specid casewhere the ensembé has half
its membess in state L. and half in state R. This is evident from the fact that
partition replacement leads to the initial thermodynamical state (assuming
Ructuations are negligibly small).®

How has the ensembé entropy of the memory changed during the erasure
proces® Under our assunptions, the initial ensemble entropy per memory
assocated with the equally likely left and right statesis S, z(initial) ! kIn 2. After
erasure and reseting, each ensembé memberis in state L, and Sy g(Pnal)! O.
Therefore AS; g ! BkIn2! BAS,es In this sensethe processis thermodynamically
reversible; i.e. the entropy change of the universe is zero. This counterintuitive
resut is a direct consequere of the assumed uniform initial distribution of
ensembé members among L and R states(Leff & Rex, 2003,p. 21).

8JDN) The apparent presumption is that the insertion of the partiton does not alter the
thermodynamic entropy of the memory devices.This directly contradicts the central assumptian of the
Szilard one-moleculegasengine(describedin Section4), in which the replacementof the partition reduces
the thermodynamic entropy of the one-moleculegasby & In 2. This reduction in thermodynamic entropy is
what MaxwellOsdlemon seeksto exploit in the standard examples.
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In the following paragraph, Leff and Rex consider the revere process They
considerthe memory cellswithout their partiti ons so the moleaule hasaccesgo both
L and R regions They continue;

Subsegient placement of the partition has zero entropic effect, because
(approximately) half the ensembé members are likely to end up in eachof the
two states.(Leff & Rex, 2003,p. 21)

Fig. 4 helps us visualize the point.

The claim is that the thermodynamic entropy per cell in the set of cells with
random dataNas many L as RNis the sameas the thermodynamic entropy of the
cells in which the partition has been removed; and it is kIn2 greater than the
thermodynamic entropy of an identical cell in the setof resetcells.

This is incorrect. The correct thermodynamic entropies are recovered by applying
expresgon (8) to the canonical distributions of moleaules in each cell, exactly as
shownin Sectian 2.3.1 wentto somepainsin Secton 2.2to showthat this expression
(or onesequivalent to it) is the only admissible expressionfor the thermodynamic
entropy of a canonically distributed system.The calculation is straightforw ard and
the resuls, given as (10), are unequivocal. When each of the cells with the random
data hasits partition removed, its accesible phasespacedoubled. That unavoidably
increasesits entropy by kIn 2. A cell showing L hasthe sameentropy whetherit is a
memberof the cells carrying random data or a memberof the cellsthat haveall been
resetto L. Thermodynamic entropy is a property of the cell and its physicd state; it
is not affected by how we might imagine the cell to be grouped with other cells.

How could we come to think otherwise?Whateve may have beentheir intention,
the appearanceis simply that the collection of cells carrying random data is being
treated illicitly asa canonical ensembé, as suggested by the naming of the collection
an OOensemali@hus, all the resuls of Sectbn 2 could be taken to apply. Each of the
cells from the colledion carrying random data occupy twice the volume of phase
space;the cells are resetto a state that occupies half the volume of phase space;
therefore, their entropy is reduced by kIn2 per cell. Yet the collection of cells
carrying random data is clearly not a canonical ensembé. We cannot take the
probability distributions for eachindividual cell and collapsethem down to the one

mmeomceali=] | [ = [ = =]
L R L R L R L R
o’ [ [ [ =
remove L R L R L R L R
Reset cells 'Zl i ‘g i .gl ‘ 'Z\ ‘
L R L R L R L R

Fig. 4. Collections of memory cells.
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phasespaceto producea distribution that capturesthe propertiesof all. The collapse
is illicit insofar as cells showing L and cells showing R have different energy
functions E"x# The energy function of the cells showing L is Pnite (and presunably
small) in the L region of the phasespaceit is inPnite outside that region. Conversely,
the energyfunctions of the cells showing R are Pnite in the R region; and inPnite
outside® The resuting illicitly formed distribution extends over both L and R
regions of the phase space.So we might take it to be equivalent to the canonical
distribution of a cell with the partition removed. To do so would be to conclude
incorrectly that eachof the random data cells and eachof the cellswith the partitions
removed have the sameentropy.

If the collection is not being treated as a canonical ensembg, it is hard to
understand how the results pertaining to thermodynamic entropy and heat
generaton could be recovered. It has been suggestd to me that Leff and RexOs
argument dependson intr oducing a secondprobability distribution that is intended
to simulate the entropic properties of a canonical distribution. If a cell carries
random data, its uncertainty would be represated by a probability distribution F"u#
where u! L or R. Entropy formula (9) assignswhat we will cal an infor mation
theoretic entropy to the distribution

X

Sinfo ! $k F'u#tIn F'utt (11)
u' LR

The overall effect of erasur isto reducethe uncertainty of the data. That is, erasure
might take equidistributed L and R data with F"L#! F"R#! 1=2to resetdata with
F'L#! 1 and F"R#! 0: The associatechangein Sj¢, according to (11) would be a
reduction by kIn 2, just the number that LandauerOsrinciple requires. Since the
thermodynamic entropy of cells carrying random data and resetdata is the same,
may we not locate the entropy change of LandauerOsrinciple in this infor mation
theoretic entropy change?

Promising asthis possibiity may seem,there is an immediate and, | believe, fatal
difbculty (as already indicated in Secton 2.3). It is the wrong sense of entropy. |
showad in Section 2.1 that the sense of entropy at issue in exorcisms is
thermodynamic entropy. Sino Of Eq. (11) is not thermodynamic entropy; insertion
of a probability distribution into formula (9) does not yield thermodynamic entropy
unlessthe probability distribution is a canonical distribution. Thus, while it may
appea that the erasureprocess

F'L#! F'R#! 1=2! F"L#! 1, F'R#! O

is a kind of compresion of the phase space,it is not the type of compression
reviewedin Section 2.4 that would be associatedwith a reduction of thermodynamic

%0f coursein practice, the moleculein the cellsshowing L is conbnedto the L portion of phasespaceby
an impenetrable barrier, so the actual energyof the molecule,wereit to getthrough might be quite small.
What concernsus here is the form of the energy function neededto maintain the expressionfor the
canonical distribution p"x#! exp'2 E"x#=kT#Z: Since p"x# must be zero for the R portions of phase
space,E"x#must be inbnite there. For further discussion,seeAppendix A.
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entropy, for it is not the reduction in the accesile volume of phase spaceof a
canonically distributed sysem. Finally, we cannat assocate a quantity of heat
with the changeof information theoretic entropy. For we have no rule to assocate
its change with the exchange of heat with the surroundings. The rule (1) that
assocates heat transfer with entropy holds only for thermodynamic entropy and,
indeed, dees it. No other entropy can satisfy it without at once also being
thermodynamic entropy.°

The entropy Leff and Rex track through the erasure processis apparenty the sum
of the thermodynamic entropy (hencebrth Of}ermoO@nd this information theoretic
entropy Sin. Using the resuking augmented entropy,** Saug! Sthermot Sinfo, the
thermodynamically irreversible processof the O®moval of the partitio nOfrns out to
be a constant augmented entropy process.In it, for cellscarrying random data, the
increase of kIn2 of thermodynamic entropy Sihermo IN €ach cell is exactly
compersated by a decreag of kIn2 of information theoretic entropy Sino. IN
traditi onal thermodynamics, a thermodynamically reversble processhas constant
thermodynamic entropy.

Presumaby this aids in motivatin g the labeling of the processof OOremovaf the
partiti onO@&s OOthermodgmically reversbleOBy Leff and Rex above. Further, there
is a sensein which the process of OOremovaif the partitionOds reversed by
replacementof the partiti on. The replacement reconbnesthe moleaule to one half of
the box. But it is only a partial senseof reversbility. If we associatea state with a
canonical distribution, then the processwill only succeedin restoring the original

1%ve may seeka rule somehowanalogous to (1) that would connectinformation theoretic information
with transfersof heatin somesort of extendedtheory of thermodynamics. The difpculty is that the new
notion isincompatible with virtually everystandard property of thermodynamic entropy, sothat the entire
theory would haveto berebuilt from scratch.To begin, the augmentedentropy Sa,gis no longer a function
of the state of a thermal system,asis thermodynamic entropy. One memory devicein one Pxedphysical
state, displaying an L, say, can have different entropies according to how we conceivethe data. Is it
carrying resetdata?Or is it carrying random data?Nin which casethe Sin;, term increasests augmented
entropy by kIn 2. Also constant augmerted entropy processewill no longer be the least dissipative and
will no longer be thermodynamically reversiblein the senseof being sequence®f equilibrium statesas
indicated in the text. Then we would needa surrogatefor the secondlaw of thermodynamics. We cannot
simply assumethat summed augmerted entropy will be non-decreasig for isolated systems,as is
thermodynamic entropy. We must bnd the law that appliesand we must bnd someappropriately secure
basisfor it, soit is a law and not a speculation. That basisshould not be LandauerOgrinciple itself, lest
our justibcaion of LandauerOgrinciple becomescircular.

That thesetwo entropies can be added to yield augmentedentropy follows if augmerted entropy
conformsto expression(9). Considerjust one memory device.lts stateis represened by a dual probability
distribution that combinesthe new distribution F"u#and the canonical distributions p; "x#and pg"x# of
devicesin statesLy and Ry; respectively. The combined distribution is p"u; x#! F'u#p,"x# Substituting
this distribution into expressia (9), we bnd

! z X
Saug ! F'uit $k  p,"x#in p,"x#dx $ k F'u#In F'u#!  Sthermo % Sinfo
u LR u u LR
wherethe separationinto two addedterms dependsessentiallyon the probabilistic independenceof F"u#
from p; "x#and p;"x# The Prstterm, Siermo, IS @ thermodynamic entropy term insofar asit is the weighted
averageof the thermodynamic entropiesof the devicein statesLy and R7.
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state half the time, for, in only half the trials, will the moleaule be reconbnedto the
side from which it started.

If we adopt this partial senseof reversibility asthe notion of reversbility to be
employed in thermodynamic analysis, we adopt a ruinous redebprition of the notion
that compromises the cogency of thermodynamics. To see this, recall that,
traditi onally, a thermodynamically reversible processis one that can proceed in
either direction and a reversedprocessfully restoresthe original state. A basicresut
of thermodynamics, due originally to Carnot, is that theseprocesgs are the least
dissipative. They are closely related to quasi-staic procesgs;that is, sequencesof
equilibrium statesor onesremoved from equilibrium to arbitrarily small degree.The
two are standardly taken to be co-extensive,in brief, for the followi ng reasons Any
guasi-static processis reversiblesincethe slighteg disturbanceto the equilibrium in
either direction will enablethe processto proceedin that direction. And only such
proces®s are reversible since disequiibrium processesdriven by large departures
from equilibrium , are more dissipative than quasi-static processes?

A paradigm of a processthat is neither thermodynamically reversble nor quasi-
static is the uncontrolled expansbn that follows the OOremovaf the partitionO0n
which a gasexpandswithout performing work. It is a disequiibrium process If we
adopt a redebrtion of thermodynamic revershilit y so that this processis now to be
counted as a thermodynamically reversble process then such processesare no
longer co-extersive with quasi-static proces®s.

Onemight betemptedto allow the two be decowled. That would be a graveerror.
It is not a benign changethat can be absorbedwith minor adjustmentsinto standard
thermodynamics. It requires the complete reconstuction of thermodynamics. It
entails that thermodynamic entropy, asdeed by Clausiusformula (1), is not a state
function. To seethis, take a memory cell holding random data; that is, one that is
either in state Ly or in state Ry. Once the side of the cell holding the moleculeis
determined, that side undergoes a quasi-staic, iso-thermal expanson in which it
is expardedto Pll the chamber,resuting in state"L % R#,: Duri ng the expansionthe
cellabsorbskT'In 2 of heat. The expansbn is reversedby reinserting the partition, so
the cellrevertsto state L or Ry. If we count this reinsertion asa thermodynamically
revergble step, we have for the complete cyclic process(illustrated in Fig. 5) that

|

erev,
T kIn2

in contradiction with (19. It immediately follows that entropy, as debPnedby the
Clausiusformula (1), is not a state function; thermal systemscan no longer possess
this entropy as a property. We must now try to build thermodynamics anew.

This new and risky notion of reversibility obscures the real reason that the
standard erasur procesd_P5 passesa net amount of heat to the environment. While
the brst step (OOremmal of the partitio nOGhay be a constant augmened entropy
process it is still a thermodynamically irreversible processin the sensethat it is a

125eePlanck (1926, Sections 126012} and for much detail on the complications of accommodatirg
reversibleprocessewith quasi-static processesseeUfbnk (2001, Sections7.1D7.2)
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Fig. 5. Thermodynamic entropy no longer a state function with redebPnednotion of thermodynamic
reversibility.

disequiibrium processthat createsthermodynamic entropy. The thermodynamic
entropy created appearsas the net heat passedto the ervironment in the erasue
process

That Benndt is alsoin some way working with an illicit simulation of a canonical
ensembé is the only way | can make senseof claims in his Benndt (1982,
pp. 311B312)H e considers the processof erasure of a bistable ferromagnet in which
the ferromagnet starts in one of the two statesand is resetby a changing external
Peldinto one of them. If the initial stateis OOtlyiunknown, and properly describable
by a probability equidistribu ted betweenthe two minima [that would corregpond to
L and R above]O,then he regards the processof erasufe as thermodynamically
reversble.®® If on the other hand the initial state is OOknaw(e.qg. by virtue of its
having beenset during someintermediate stageof computation with known initial
data)O@hen the erasue is logically and thermodynamically irreversible. Thus, he
cleally maintains that two ferromagnetsin identical physical stateshave entropies
that differ by kIn 2 according to whether we know what the state is or not.

Indeed, the OOprability [distribution] equidistributed between the two minimaOO
mentioned would seemto be the singleprobability distribution in the phasespaceof
one memoty device,intended to representthe thermodynamic properties of eachof
the memory devicescarrying random data. While sucha distribution can be debned
in one phase space, it is not the canonical distribution that represerts the
thermodynamic properties of the collection of memory devices.It will employ an
energyfunction E"x#that allows all parts of the phase spaceto be accesible; each
memory device(when recording data) will only have accesdo a portion of its phase
space,sothat it is repreentedby a diff erent canonical probability distribution. This
OO0equstribut edOdistribution cannot be used to ascertain the thermodynamic
entropy of eachmemory deviceby meansof the results of Section 2.

We seein analogous remarks that Benndt has also adopted the redened notion
of thermodynamic reversbility:

If a logically irreversible operation like erasure is applied to random data, the
operation still may be thermodynamically reversble becauseit repreents a

3Bennettalso regardsthis brstprocessaslogically reversible.An anonymous refereehasstressedo me
that this is incompatible with BennettOanalyseselsewhereand seemso be a temporary aberration in his
writings.
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reverdgble transfer of entropy from the data to the environment, rather like the
reversble transfer of entropy to the environment when a gas is compresed
isothermally. But if, asis more usual in computing, the logically irreversible
operation is applied to known data, the operation is thermodynamically
irreversible, becausethe environmental entropy increaseis not compensaed by
any decreag of entropy of the data. (Bennett, 2003, p. 502

What makes the difference in deciding whethe an erasure process is
thermodynamically reversible is whether the data are random. Apparently this
refersto an analysissuchasgiven above. The processof OOremovaf the partitionOO
doesincreasethermodynamic entropy; but, only in casethe data are random, is there
a compersating reduction of infor mation theoretic entropy, so that the augmentd
entropy of the processis constant, which is the new debnition of a thermo-
dynamically reversble process

These approaches seem to be driven by the idea that randomnes and
thermalization can be equaed. So a collection of devicescarrying random data is
supposed to be like a canonical ensembé. What is at stake, if we treat such
collections of memory devicesas canonical ensembles,is the additivity of entropy.
To seethis, we will draw on the statesdePnedin Section 2.3. Consider a collection of
NI2 memory devicesL, eachwith thermodynamic entropy S;, and N/2 memory
device R, each with equal thermodynamic entropy Sg! Sp ! S: If we collapsethe
distributions of all the memory devicesdown to one phasespacein the obvious way,
we recovera singleprobability distribution that is spreadover both L and R regions
of phasespacethat is actually the canonical distribution assocated with the state
"L % R#;: So, recaling (10), if we insett this distribution into the entropy formula
(9), we end up concluding that the thermodynamic entropy of each component is
S %k In 2: Thus, the thermodynamic entropy of the entire collection would be NS %
NklIn2: That contradicts the additivity of thermodynamic entropy that assuresus
that a colledion of N systemseachin thermal equilibrium at temperature T and with
entropy S hastotal entropy NS.

Or is the thought that the additivity of thermodynamic entropy is to be given up?
Is the thought that each memory device might have the thermodynamic entropy
Sg! Sy ! Sindividually; but the totality of N of them with random data, taken
together, has a thermodynamic entropy greater than the sum NS of the individu al
entropies?That thought contradicts the standard formalism. Imagine, for example,
that the N memory devicesrecord somerandom sequencel, R, L, y It doesnot
matter which it is or whether we know which it is. It is just some demnite sequerte.
That thermal state is represented by a canonical distribution over the joint phase
spaceof the N components:

p'x;yizy. # exp"$ E'x;y;z; . HEKTHEZ
I exp"$" EL"x#% ER"yv#% E 1 "z#% &8k THZ "124
where the canorical phase space coordinates for the components are x;y;z;...;

E|"x# assgns bnite enagies to the L portion of phase space(and so on for the
remainder); and Z is computed from (3). This is the unique canonical distribution
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that representsthe thermal property of the N devices.Applying the entropy formula
(8) to this distribution, we recoverthat the entropy of the total collection is NS. That
we might not know which particular sequenceof data is recordedis irrelevant to the
outcome of the computation. In every case,we recover the samethermodynamic
entropy, NS.

To imagine otherwiseNto imagine that the randomness of the data somerow
defeas additivityNhas the followi ng odd outcome. Imagine that you know which
particular sequenceof L, R,y isrecordedin the N memory devices so for you the
data are not random; but | do not know which is recorded, so the data are random
for me. Then the supposition must be that the thermodynamic entropy of the N
memory devicesis NklIn 2 lessfor you than for me. And when you tell me which
particular data sequenceis registered, the thermodynamic entropy of the N devices
for me will drop by NkIn2to NS, no matter which sequencd learn from you is the
one recorded. We have the same outcome if we imagine that the thermodynamic
entropy of a cell carrying data L, say,is increasedby kIn 2 if we happennot to know
whether the cell carriesdata L or R. In these cases,thermodynamic entropy has
ceasedo be a function of the sysemOstate.

3.3. Failure of the many-to-one mapping argument

The version of LandauerOprinciple of Secton 2.3 has limited scope.It doesnot
licensea generaton of kIn 2 of thermodynamic entropy in the environment whene\er
a bit of information is erased.lt licensesthat generaton only when a specibcerasure
procedure is followed. The common view in the literature is that the principle has
broader scope.The argument advancedin support is basedon the ideathat erasure
must map many physical statesto one and this mapping is the source of the
generaton of thermodynamic entropy. The argument appearedin LandauerO$1961)
early work. Remarking on the possibility that an erasure process might not
immediately return the memory devicefully to its resetstate, he noted:

Hencethe physical OOmarigto oneOfapping, which is the sourceof the entropy
change,neednot happenin full detail during the machine cyclewhich performed
the logical function. But it must eventualy take place, and this is all that is
relevant for the heat gereration argument. (Landauer, 1961, p. 153

Here is a recentversion of this many-to-one mapping argument:

While a computer as a whole (including its power supply and other parts of its
environment), may be viewedasa closedsysiemobeyingreversiblelaws of motion
(Hamiltonian or, more properly, for a quantum system, unitary dynamics),
Landauer noted that the logical state often evolvesirreversibly, with two or more
distinct logical states having a single logical successr. Therefore, because
Hamilt onian/unitary dynamics conserves (Pne-grained) entropy, the entropy
decreag of the [information bearing degreesof freedom] during a logically
irreversible operation must be compensated by an equal or greater entropy
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increasein the [non-information bearing degreesof freedom] and environment.
This is LandauerOgrinciple. (Benndt, 2003,p. 502**

That is, a single logical state is repreented by a single physical state. A single
physicd state is represented by a volume of phase space. Hamiltonian dynamics
conservedotal phasespacevolume, so the reduction in phasespacevolume in one
part of phasespacemust be compersated by an expansion elsewhere And since
entropy may be (cautiously!) assocated with volumesof phasespace,thesechanges
in phase spacevolume may be translated into entropy changes.

The certral assunption of this argument is that memory cellsprior to erasure (the
OOmgHGtate) occupy more phase spacethan the memory cells after erasure (the
OOone&éip. It should now be very clearthat this assunption is incorrect. Or at least
it is incorrectif by OOcomgssionof the phasespaceOve meanthe reduction of the
accestble region of the phasespaceof a canonical ensembé as descrbed in Setion
2.4. And we must mean this if we intend the compressionto be assocated with a
change of thermodynamic entropy for a sysem in thermal equilibrium at
tempeature 7. To seethe problem, take the memory cells descrbed in Secton
2.3. Prior to erasur, the memory device is in state L or it is in state Ry (but not
both!). After the erasur it isin state L. Sincethe states L and Ry have the same
volume in phase space,there is no changein phase spacevolume as a result of the
erasute procedure. 4 process of erasure that resets a memory device in state Lt or in
state Ry back to the default state Lt does not reduce phase space volume in the sense
relevant to the generation of thermodynamic entropy!

How could sucha simple fact be overlooked?Clearly part of the problem is that
an intermediate stage of the common erasure procedure LP5 is an expanded
state"L % R#, that occupiesmore volume in phasespace.But that stateis arrived at
by expandng the phase spacein the brst step by exactly as much as it will be
compressed in the secad. RelRection on that fact should have revealedthat the
erasure processoverall does not compres phasespace.

What obscuredsuchrefRecton is the real reasonfor the persistenceof the many-to-
one mapping argument. It was obscured by the assemblyof many memory devices
with random data into an ensemblethat is taken to be or to simulate a canonical
ensembé. As a result, the erasureof random data is incorrectly assocated with a
reduction in volume of the accessiblgegion of a phasespaceof a canonicalensemble
and a reduction of thermodynamic entropy is incorrectly assgnedto the process

The many-to-one mapping argument fails.

1%The text identibesthe principal problem with the many-to-one mapping argument There are others.
For example,the argumert employs fine-grained entropy. Sincefine-grained entropy can neither increase
nor decreasen isolated systemsjt doesnot correspand to thermodynamic entropy, which canincreasein
isolated systems.If we are to debneentropy in terms of volumesof phasespace,the more natural choice
for this application is coarse-grained entropy, sincecoarse-graired entropy may increaseover time. Its use,
however, will greatly complicate the many-to-one argument. While it is extremelyunlikely, Hamilto nian
dynamics does allow the reduction of the coarse-grainé entropy of isolated systems.lIt is just this
possibility that was the original inspiration for the proposa of MaxwellOslemons.Could they somehow
convert OOextremalylikelyOdito OO0likelydO?
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3.4. Must erasure always be thermodynamically irreversible?

When werenounceillici t canonicalensembésand abandonthe failed many-to-one
mapping argument, we are left without any gereral reason to believe an
unconditional LandauerOsprinciple. We are able, howeve, to reformulate the
question of the range of applicability of LandauerOgprinciple, since we can now
recognize that memory deviceswith random data have the samethermodynamic
entropy as memory deviceswith default data. The assocation of an unavoidable
thermodynamic entropy costwith an erasure processs equivalert to the necessityof
the erasureprocessbeing thermodynamically irreversible.*®> So we ask: must erasute
always be thermodynamically irreversible?®

It is the case that the erasure procesgs of the familiar examples are
thermodynamically irreversible. For example, erasure proces®s actually used in
real memory devices, of the type refered to by Landauer and others, employ
thermodynamically irreversible proceses. We also use thermodynamically irrever-
sible processedn our standard implemenftions of erasure in thought experiments
suchasmemaory cellsthat employ one-moleculegases.The standard processof this
type, a thermodynamically irreversible expanson followed by a thermodynamically
revershle compression, is the one incorporated into the restricted version of
LandauerOgprinciple stated in Sectian 2.3.

What we lack is a principled demonstation that all erasureproces®&s must be
thermodynamically irreversible. Our experiencewith familiar examples does count
for somehingNbut it is not enough. That we bnd thermodynamic irreversibility in
real examples and the smal stock of pditious examdes used and re-used in our
thought experiments falls short of the general assurarce needed.We needto be
assurel that all erasure proceses must be thermodynamically irreversible, no
matter how wildly they may differ from the familiar examges. For the claim to be
examined is that LandauerOsprinciple is sufbcently powerful to preclude all
MaxwellOs demons, which must include extraordinary devices that employ
extraordinary processes.

Perhapsthere are someunrecogrized principlesthat govern the real or commonly
imagined examplesand if we could Pnd them then we could give a really universal
basisto LandauerOgprinciple. But we are far from identifying them and, therefore,
evenfurther from knowing if those principlesref3e¢ somedeeperfact of nature or
merely a limitation on our imagination.

In this context, we should consider a demand sometimesexplicitly placed on an
erasure process(e.g.Bub, 2001,p. 573: that it must be indif ferent in its operation to
whether the state erasedis L or R. First, it remainsto be shown that this demand
would force all possible erasure processesto be thermodynamically irreversible.

19f a thermodynamically reversible processtakes an unerasedmemory deviceto an erasedmemory
deviceat the sameentropy, then there will be no net changein the entropy of the environment, sincea
thermodynamically reversible processesconservesthermodynamic entropy. An irreversible process
increasestotal thermodynamic entropy; and that increase must appear in the environment as a
thermodynamic entropy cost sincethe entropy of the memory deviceis unchanged.

1%And if so, must it always comewith a costof kIn 2 of thermodynamic entropy for eachbit erased?
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Rather, all we know is that the thermodynamically irreversible step of the ordinary
erasure procesessometow seemsassocated with this indif ference: the one removal

of the partition allows an L stateor an R stateto expandirreversibly to bll the full

phase space.But how are we to bridge the gap betweenour limited repertoire of
standard examplesand all possibke erasureprocedures?How do we know that this
indifference cannat be implemented in some extraordinary, thermodynamically
reversble process?Secad, we seemto have no good reasonto demard that the
erasure procedure must be indifferent to the state erased.It certainly makes the
erasure processeasy in ordinary examplkes: we remove the partition and then
compress. But that is no reasonto believe that no other way is admissible. Leff and
Rex (2003, p. 21) statethe reasonthat may well be tacitly behind other assertionsof
the demand: OO[dualocedured would necesgate brst determining the state of each
memory. After erasure, the knowledgefrom that determination would remain; i.e.
erasure would not really have been accomplished®OThe reason is plausible as
long as we continue to think of ordinary devicesand the eraseras, for example, a
little computer with its own memory. But what assures usthat, in all casesthe eraser
must be a device of this type? Might it not function without recording statesin a
memory device of the type governedby LandauerOsrinciple? Or if it doesrecord
states,why canit not usethe very stateunder erasure to keeptrack of the procedure
being followed?

How might such an erasure procedurelook? | am loath to pursue the question
sinceany concrete proposal invites a debateover the cogercy of a particular examge
that once again obscuresthe real issud\that the burden of proving LandauerOs
principle remains unmet. As it turns out, howeve, sucha procedureis descrbed, in
effect, in Section 4.2. We needto reconceiveof the Salard one-moleculegasengine
as itself a memory device that records an L or an R according to the side of the
partition on which the moleaule is trapped. The OOnerasure demonO@escrbed a
little later in the sectbn erasesthat record using different proces®s according
to whether the record is an L or an R and does it in a thermodynamically
reversble manner.

4. Why Landauer’s principle fails to exorcise Maxwell’s demon
4.1. The challenge of Maxwell’s demon

Our present literature on MaxwellOsdemon derives from the early twentieth
century when it was pbnally establidied that thermal procesgs were statistical
proces®s. It becameclear that the secondlaw of thermodynamics could not be
unconditionally true. There were admissible mechanical processesthat violated it.
Small-scale violations arose in observaldle Bucuation phenomena, such as the
Brownian motion of a pollen grain visible under a microscape. The obvious question
was whether these microscopic violations of the secondlaw could somelow be
accumuhted to produce macroscopic violations. Numerous mechansmsfor doing
just this were proposed.As we describein our short surveyin Earman and Nort on
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Fig. 6. Smoluchowski trapdoor.

(1998, Sectons 4D§, a consensusrapidly developed.All the mechanismsimagined
would fail sincetheir intended operation would be disrupted by Ructuations within
their own machinery. One of the best-known examples is the Smduchowski
trapdoor of Fig. 6.

A spring loaded trapdoor is installed in a wall separatng gasesinitially at equal
temperature and pressue. It is setup so that gas moleculesstriking the door from
one sidewill pop the door open, allowing the moleculeto pass.But it doesnot allow
moleaulesto passin the other direction sincethe impact of thesemoleculesslamsthe
trapdoor shut. The expectel outcome is that the pressure of gas on one side
spontaneausly diminishes,while it increaseson the other, a clear violation of the
secondlaw of thermodynamics. What was neglectedin this expectaion is that the
spring restraining the trapdoor must be weak and the trapdoor very light weight if
moleaular collisions are to be able to openit. But under just theseconditions, the
trapdoors own thermal energy of k7/2 per degreeof freedom will lead to wild
Rapping that will defeatits intended operation. The Smoluchowski trapdoor wasjust
one of the many mechansmsproposed. They included mecharical deviceswith one-
way ratchets and pawls and electical systemsin which charged colloids are
spontaneausly cooled by extemal absorption of the electromagnetic radiation they
emit. All these devices were deemed to fail becawse of disruption by further
overlooked Buctuation phenomena.

However, a nagging worry remained. What if thesedeviceswere operated by an
intelligent agentwho could somehowcleverly evade the disruptions of Ruduations?
As we describein Earman and Norton (1998, Sectins 8D9)this was the problem
tackled by Szilard in his 1929 paper that drew attention to the entropy costs of
infor mation processing.lt is of course standard to naturalize the demon as a very
complicated physical system, perhaps even as intricate as a human being, but still
governedby ordinary physicd laws. In this context, we can now pose:

Problem of Maxwell’s demon.

Is there any device,possibly of extremelycomplicatedconstruction and of devious
operation, that is able to accumulte Buctuations into a macroscopic violation of
the secord law of thermodynamics?

Clearly what will not sufbceas a solution is to notice that simple devicesNsgring
loaded trapdoors, ratchets and pawlsNfail. The concern is that somehing vastly
more complicated might circumvent the weaknessesof the simple devices Clearly
what will not sufbceis to notice that most ordinary sysemsadhereto the secondlaw.
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Fig. 7. MaxwellOslemon operatesSzilardO®ne-moleculegasengine.

The concernis that there might be some extraordinary devicethat does not. Purely
mechantal consideraions do not predude it.

4.2. Landauer’s principle fails to exorcise all demons

Let us review the standard way LandauerOsrinciple is usedto exorciseMaxwellOs
demon. It isin the context of the one-moleculegasengineintrod ucedby Szilard. As
shownin Fig. 7, a chambercontains a single moleaule maintained at temperature T
by contact with a heat sink.

The demon inserts a partition-piston to trap the molecule on one side. It then
allows the trapped moleaule to expand reversibly and isothermaly against the
partiti on-piston. In this process k7T'In 2 of heat is drawn from the heat sink and
conveted to work. This conversbn is the net effect of the completed cycle and it
amounts to a reduction in the entropy of the heat sink by kIn 2, in violation of the
secondlaw. If wethink of the motion of the moleculefrom left to right and back asa
rather extremeform of pressue Buctuation that violatesthe secord law, the repeaed
operation of this cycle would appearto accumulate the violations without limit.

To savethe secondlaw, we must bnd a hidden sourceof entropy. It is supplied by
noticing that a succestl demon must learn where the molecaule is after the insettion
of the partitionNo n the left OEDOr on the right OBDH. In order to complete the
cycle, the demonOmemory must be resetto its initial state. That is, the demon must
eraseone bit of information. By LandauerOsrinciple that erasure will increasethe
entropy of the thermal environment by & In 2, thereby restoring the secondlaw.

1’Bennetthasurged that the older tradition erredin attributing an entropy costto the acquiring of this
information and that it can be acquired by thermodynamically reversibleprocessesHowever, aswe noted
in Earman and Norton (1999, pp. 13D14) the successflioperation of the thermodynamically reversible
processeproposedwould be disrupted by RBuctuationsin exactly the sameway as Ructuationsdisrupt the
operation of simple, mechanicalMaxwellOsiemons.
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No one candoubt the elegane of this analyss. However, we should not allow that
elegane to hide its shortcomings. They all comedown to one problem. We faceone
particular attempt to reverse the secondlaw that is dependet upon a particular, if
natural, setof presunmptions about the engineeing designof the demon. We are to
believe that the designs of all demons admissible under physicd law will be
sufpcintly similar for them to be prone to the sameexorcism. This might well be
reasonabek as long aswe deal with ordinary devicesthat are not too different in their
essental designsfrom the one just descrbed. But that is not the problem to be
solved. The challenge of exorcising Maxwell@ demonis to demonstrate the failure of
all demons, including extraordinary devicesof potentially greatcomplication devised
by the most ingenious designes.

If this challenge is to be succeessfully overcome we must assune that the
engineeig of these demons manifests all the essential elenents of the standard
examples: each demon must processinfor mation computationally; it must store
infor mation in a memory device;it must eraseaspart of its operation; and it must do
it according to the two-step erasure procedure (OOreal of the partitionO@nd
OOcomgssion of the phase spaceO@gscribedin Secton 2.3. This presunption is
unrealistic for the analogy can fail on any or all of the above points. Yet if
LandauerOsrinciple is to be the agentthat exorcisesall MaxwellOslemons, then the
analogy must always succeedLet us review someof the waysit can fail:

Demons that do not process information: We can readily conceive demonic devices
in which information is neither acquired nor acted upon. In 1907 Svederg (see
Earman & Norton, 1998, pp. 4438144 proposeal a simple devicethat wasintended
to revere the seond law. In brief, charged particlesin a colloid emit their thermal
enely as electromagnetic radiation that is excted by their thermal motions. A
precisely shaped and located lead casng surrounds the colloid and absabs the
radiation. The colloid cools and the casihg heds in direct violation of the seond
law of thermodynamics. The device acquires and procesgsno information in any
obvious serse.lIt just sits there, supposedly warming and cooling. While you may
Pnd this device too simple to merit the name OOdkwellOslemonQ®n what basis
are we to preclude more complicated demonic devices that do not process
information?If thereis no information proces®d, there is no information erasure
and LandauaOgprinciple is irr elevant to the exorcism. There is no evident sersein
which LandaueOsrinciple explains the failure of SvedergOsievicel®
Non-computational demons: There are MaxwellOsdemons that manipulate the
systemthey act upon without being represntableascomputing devices A simple
exampk isthe Smoluchowski trapdoor. Perhapswe might contrive to imagine the
trapdoor asa sort of computer with its momentary position and motion a sort of
memory of past processesHowever, LandauerOsprinciple is still not relevant to
the exorcism sinceits two-step erasule processis clealy not present

18svedbergOdevice fails for familiar reasons.Thermal Buctuations in the lead casingwould generate
heat radiation that would passback from the casingto the colloid and a thermal equilibrium would be
established.
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Non-standard computational demons: While someM axwellOslemons may be well
represented as computational devices our natural presunption is that they have
standard architecture: a certral processingunit that does the thinking and a
memory device that must be erased. How can we be sure that no other
architecture is possible in which there is no distinct memory device requiring
erasure as a distinct stepin the deviceOsperation? Recall that the deviceneed not
have the power of a universal Turing machine that is able to run any program.
The demonis a specid purposedevicethat performs onefunction only. A suitable
model would be a thermostat, which is ableto respord differently to high and low
temperatures without needing distinct memory devices Or if we contrive to
imagine someportion of its control circuitry asa memory device,is it a memory
device of the right type that must be erased by the two-step procedure of
LandauerOgprinciple?

Different erasure protocols: In the casein which the demon doesharbor a memory
devicethat undergoeserasure, what assurance do we havethat the erasureprocess
must follow the two stepsOOremovaf the partitionO@nd OOcqressian of the
phase spaceQof LandauerOsprinciple? | raised the possibility in Section 3 of
alternative proceduresthat replaced the thermodynamically irreversible OOrenaal
of the partitionO®y a thermodynamically reversiblestep. What assurance do we
have of the absolute impossibility of this or someother erasute procedurethat is
incompatible with LandauerOgprinciple?

Must entropy costs match entropy gains? What is striking about the Szilard one-
moleaule gas engine (and its gereralizations to n-fold compression) is that
entropy reduction arising in the operation of engineis exactly balanced by the
entropy cost of erasingthe demonOsemory. But this is just one example. What
assurance do we have that the two will balanceso perfedly no matter what the
systemis that the demon operates on and now matter how ingeniously the demon
is designel?*°

No erasure computational demons: Finally, evenif one presumesthat M axwellOs
demonis a computational device with the standard architectureand that it erases
using the proceduresof LandauerOgrinciple, it remains to be shown that sucha
demon must actually perform erasures. Consider for exampk a no-erasire
Maxwell demon that operates on a Szilard one-moleculegasengineas descrbed
in greate detail in Earman and Norto n (1999, pp. 16D17) The demon functions
by combining operations that are acceped as admissible individually in the
LandauerOsprincipleDMaxwellOsdemon literature. It uses two subprograms,
program-L and program-R, which are invoked according to whether the demon
Pndsthe moleaule on the left- or on the right-hand side of the chamber. (Recall
that the present orthodoxy holds that this detection can be carried out in a
thermodynamically reversble process,contrary to the orthodoxy of the 1950s)
Which subprogram is to be run is recordedin a single memory devicewith two
states L and R that also records the location of the moleaule. The initial and

1%Earman and Norton (1999,p. 19) describesa demonthat is programmed sufbcientlyeconomicallyfor
the entropy cost of erasureto be lessthan the entropy reduction achievedin the operation of the engine.
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default state of the device is L and, upon measuement of the position of the
moleaule, the Prst steps of the program leave the device in the L state if
the moleculeis on the left; or they switch it to the R stateif it is on the right. The
demon then runs program-L or program-R according to the content of the
memory device. Program-L leavesthe memory device unaltered. Program-R
concludeswith its last stepby switching the memory devicefrom R to L. This last
stepis a switching and not an erasure; Program-R takesa memory device known
to it to bein the R stateto the L state.At no point in this cycleis there an erasure
operation, so LandauerOprinciple is never invoked.

The principal assunption of the no-erasue demonis that a memory devicecan be
switched from L to R or conversely without thermodynamic entropy cost?® The
process that effects this switching is illustrated in Fig. 1. The process is
thermodynamically reversble and requires no net expenditure of work; the work
needel to advanceone wall is recovered from the recesion of the other.*

What thesequestions and examplessuggestis that LandauerOsgrinciple is far from
the vehicle that exorcisesall of MaxwellOslemons. Rather the range of demonsto
which it appliesis smal and with ill-debned borders. The only demons that are
assurally covered are those that can be repreented as computers that have
distinct memory devices; and that have been programmed unimaginatively so
that erasure is needed;and that usethe specibcmemory erasute procedure LP5 of

20f this assumptian is denied, then all computation will becomethermodynamically enormousdy costly,
in contradiction with the LandauerEBennett tradition that ascribesan unavoidable entropy cost only to
erasure.Or one might be tempted to allow that each switching or other program step is admissble if
considered in isolation; but to insist that there is some sort of global constraint that precludes us
combining them freely into any program we choose Such a global constraint would incapacitate the
presentliterature in the LandauerEBennett tradition, in which individual program stepsare routinely
combined without recourseto global consideratins.

2IA refereehasdrawn my attention to an objection to the no-erasuie demonby Maroney (2002, Section
8.3.3)that in turn draws on Shenker(1999) The objection is that branching of control to program-L or
program-R requires that there be two global time evolutions for the systemand that the systempicks
betweenthem on the basison its own state, a kind of OOfregill©OCynd that this in someway leadsto a
many-to-one mapping of statesin time evolution that is incompatible with a Hamiltonian Row or, in the
guantum mechanicd case,with unitary time evolution. The scopeof the objection is far greaterthan just
the no-erasuredemon. It also appliesto the Szilard one-moleculegasengine,for that devicealso branches
control dependirg on the location discoveral for the molecule.|t appliesto any computational devicein
which the Bow of control branches,thereby precluding most interesting computation tasks from being
implemented on a devicegovernedby Hamiltonia n dynamics. | havebeenunableto seethe cogeng of the
objection. The branching of the Row of control can be given a quite benign description with no needfor
OOfraeillOGr an obvious incompatibility with Hamiltonian dynamics: the systemis governedby a single
Hamiltonian and the sequencedf statesit generateds different accordingto whetherthe initial stateis in
one part of the phasespaceor in another. The concernwith many-to-one mappings seemshasty. While a
Hamiltonian RBow mapstotal statesone to one under time evolution, there needbe no such one-to-one
mapping for only a few degreesf freedomof the total system.That a computerOmemory deviceis in state
L or R specibe®nly a few degreesf freedom of the total system,for thesememory devicesare presumed
to be in thermal equilibrium with a much larger environment. A great deal more would be neededto
establishan incompatibility betweenthe Hamilto nian dynamics of the total systemand a many-to-one
mapping of thesedegreesof freedom.
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Secton 2.3 (and not even all of these are exorcisedNrecall the economially
programmed demon mentioned above).

5. Bennett’s extension of Landauer’s principle

The no-erasure demon descrbed immediately above is immune to exorcism by
LandauerOsprinciple simply becaise it performs no erasures. Benndt (2003) has
proposedin response,howeve, that it does succumb to a more gereral version of
LandauerOgrinciple. That extended version assignsan entropy cost not just to
erasute but to the sort of merging of computational paths asarisesat the end of the
no-erasure demonO®peration, when program-R switches the memory device back
from R to L. The new principle reads(p. 501):

LandauerOsprinciple holdsy that any logically irreversibe manipulation of
infor mation, such as the erasure of a bit or the merging of two computational
paths, must be accampanied by a correponding entropy increase in non-
infor mation-bearing degreesof freedom of the infor mation-processing apparatus
or its environment.

The principle is supported by the many-to-one mapping argument as quoted in
Secton 3.3. The argument is taken to apply equally to the erasure of memory devices
asto the merging of computational paths.

To make a cogentassesmentof the extension we should ask the samequestions
of it asaskedin Section 2.3 of the original principle. What precisely doesit asset?
And why precisely should we believe it? Most urgently, just what constitutes a
OOcommtional pathOQfR the absenceof precise answers,we might note that the
many-to-one mapping argument failed to force a thermodynamic cost for
infor mation erasure in memory devices Why should we expect it to fare better
whenit comesto the merging of computational paths?Indeed, we should expectit to
fare worse. In ordinary erasute proces®s, such as descrited in Sectin 2.3, the
memory devicespassthrough an intermediate state in which their phasespacesare
exparded, so that a compression of the phase spaceensues.When computational
pathsmergein computers, howeve, there seemgo be no corresponding intermediate
state. This merging is quite distant from a compresion of the phase space as
descrbed in Secton 2.4,

Let us take the specibcexample of the no-erasure demon that is the extended
principleOsarget. We shall seequite quickly that no considemtion advanced so far
givesany expectdion that an entropy cost must be assocated with the merging of its
computational paths. In particular, the merging of its computational paths is not
assocated with a compression of the phasespacesuchas arises in LP5b.

Our no-erasure demon execuestwo programstracked by a singlememory device.
If, for convenience,we imagine the memory deviceto be a moleaule trapped in
disjoint regions L and R of a chamber by two pistons, we can track at least this
portion of the computational paths. When program-L is run, the moleaule staysin
the L region throughout. When program-R is run, the memory deviceis switched to
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read R. To do this, the molecule is slowly moved over to the R region in a
thermodynamically reversble, constant volume process(as shown in Fig. 1). The
same thermodynamically reversble, constant volume processis used to switch
the settingback to L at the end of the cycleby program-R. In all theseproces®s,the
entropy of the memory cell and the volume of phasespaceaccesile to it, remain
constant Sucacessivestagesof this switching are shown in Fig. 8.

There is no thermodynamic entropy cost createdby theseproces®s.Indeed,there
is not even a thermodynamically reversble transfer of entropy betweenthe device
and its environment. Theseproces®sare quite distinct from another process labeled
OOeapsion®and OOcgressinO@n Fig. 8, in which the volume of phase space
accesible to the memory device expands and contracts.

Benndt presumably intends the operation of our no-erasuredemon to be of this
latter type of process for it is through a two-fol d reversiblecompression of the phase
space that the kIn2 of thermodynamic entropy comes to be passedto the
environment. How might we come to conceive the operation of the no-erasure
demon in this way? We would needto sampk its procesgs at different temporal
stages and then illicitly collapse them into one process of expanson and
compression. That is, the distribution s assocated with the two states at time 1
andtime 2in Fig. 8 would be combined to form a distribution that coversdoublethe
phasespacevolume. Justasbefore, the combination isiillicit if it is intended to form
a canonical ensembé. The energyfunctions E"x#of the phasespacesat time 1 and
time 2 are different. The brst is Pnite only in the L region of the phasespace;the
secondis Pnite only in the R region. Whateve is produced by the assenbly is not a
canonical ensembeé that properly represnts the thermodynamic properties of the
two states.Its compression is not the compression of the volume of the accesible
region of phase spaceof canonical ensembé as descrbed in Sectbn 2.4. So we
cannat apply formulae like (8) for the entropy of a canonical distribution and infer
that its thermodynamic entropy is k In 2 greater than the default L state.

———program-R Ul program-L ——

[ —n— = . .
L =" .
r = . —|| || || || |
R = . =
L ——
time 1 time 2

—— expansion—; — compression—;

l:_‘FI ° l:_‘FI
I;,:I l:F
=

[t ¥ |l B

Fig. 8. Time developmer of the no-erasue demonOsmemory deviceand a different devicethat expands
and contracts the phasespace.
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Finally, it should also be noted that, evenif the processwereequivalentto suchan
exparsion and compression of the phase space, we would still have not have
estabishedthat the merging of computational Rows has generatd thermodynamic
entropy of kIn2 in the environment. If both exparsion and compresion were
effected as thermodynamically reversble proces®s, any thermodynamic entropy
passedo the environment by the compression would be balancedexactly by entropy
drawn from the environment in the expanson phase.

This analyss yields no cogert grounds for associatng an assural thermodynamic
entropy cost with the merging of computational paths of our no-erasure demon.
Thus, we have found no cogent grounds for believing the extended version of
LandauerOprinciple when applied to this caseand thus no grounds for believing it
as a generalprinciple.

6. Conclusion

It is hard to be optimistic about the literature on LandauerOgrinciple and its use
in exorcising MaxwellOslemon. The fundamental weaknesseof the literature are at
the methodological level While thereis talk of a generalprincipleNth e entropy cost
necessaly incurred by erasure and the merging of computational pathsNno gereral
principle is stated precisely.Instead we are given illustr ations and are somehowto
intuit the generalty from them. Thereis talk of reasonsand justibcation. But we are
only given imprecise hints as to what they might be. Erasure is a many-to-one
mapping of physicd statesthat somehow correpponds to a compresion of the
phase spacethat in turn somehow incurs an entropy cost. Yet the attempt to
make precise the assocation of the many-to-one mapping with a compression of
a phase spacefounders at least upon the illicit assemlly of a canonical ensembé.
This literature is too fragile and too tied to a few specibPcexamplesto sustan claims
of the power and gererality of the failure of all M axwell demons.

Must the erasure of a bit of information be accompanied inevitably by a
generaton of kIn2 of thermodynamic entropy in the environment? As far as
I know, the question remains open. While there may be cogent thermodynamic or
statistical mecharical grounds for an inevitable entropy cost, the literature on
LandauerOsrinciple has yet to presen them. Must all MaxwellOsiemons fail in
their efforts to reverse the secord law of thermodynamics?As far as| know, the
guestion remains open. It does appear to me, howeve, that the successof
any particular demon would probably be precluded if we were to accumulate
enough realistic constraints on its particular operationNa Ithough the experimental
successsof OOBrowniaratchetsOmust cast somedoubt into the minds of eventhe
most ardent opponents of the demon. What is lesssure is whether the particular
realistic constraints that end up defeating particular demons could be assenbled into
a compactly expressible,generalargument that would assureus in advance of the
failure of all demons. This much is sure. If evera succeskul exorcism of MaxwellOs
demonemerges,it will require an analyss more sophisticated and precisethan those
presenty at hand.
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Appendix A. The telescoped distribution

Assumethat we havebefore us one of the memory devicesdescrbedin Section2.3.
It is either in state L+ or in state R7. But sincethe devicecarriesrandom data, we do
not know which. We decide that there is probability % of each The statesLrand Ry
may be describedindividually by the two canonical distributions

px#l exp"$ E;"xt#EKTHZ, and pp'x#! exp"$ Ex"x#kTHZg;

where the subscripts L and R on the partiti on function Z (3) indicate that they are
evaluated using energy functions E "x# and Eg"x# What of the canonical
distribution assocated with the state "L % R#, that arises when we remove the
partition separaing L and R?It is

Pro X! eXp'$ E Lor" XK THZ [yor

Might this not also represen the memory devicecarrying random data as descrbed
above? It is produced by simply telescging down the two distributions p, "x#and
pr'x#into one phasespacein a processthat is characteaized in Sectin 3.1 as the
illicit formation of a canonical ensembé. Nonetheless,it will correctly represent the
probability that the device would be found to bein the state x werewe to be able to
checkits state. Is that not good enough?

The difbculty is that the formula for p,qz"x#is not a complete presentaton of the
probabilistic propertiesof the devicerelevant to its thermodynamic properties.What
is missing is correlation information. If the systemis "L % R#, and we could
somehowknow that it happenel to be some state x in L at a particular time, then
(allowing some time to elapsé the distribution p;qz"x# would still tell us the
probability of the systembeingin either region L or R of the phasespac. If, on the
other hand, the device is storing random data, this would no longer be so. If, at one
time, we know the devicehappenedto be in somestate x in L, then we know it will
remain in L for all time (assuming no disturbance) This correlation information is
not repreentedin the expresson for pjeg"x#

The effect of this differenceis that expresson (8) for the thermodynamic entropy
of a canonicaly distributed systemcan be properly applied to the device in state
"L % R#;; but it cannct be properly applied to the deviceif it is carrying random
data. To seewhy it fails in the latter case,let us reconstruct the derivation of (8) as
given in Section 2.2, now applied specibclly to the devicewith random data. We
shall seethat properly accommodaing the probabilistic dependenciesof the device
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with random data leadsto the conclusion that it carries the smaler quantity of
thermodynamic entropy, S; ! Sk:

To begin, note that the mean energyof the memory devicewith random data, in
the context of the thermodynamically reversble processof Secton 2.2, can be
expresgd as

A
EL%R ! Eror"x; 1 #pL%R"x; tHdx: (A 1)
L%R
We might proceedasin Section 2.2 to write down the rate of changeof the mean
energyas
VA

z
dp "X 1 dE [or"x: | #
PR X Ty g DELWR NI &

dE
! Eror"x; | # Proer X; tHAX:

dr dz L%R de
However, because of the probabilistic dependeries, the secord term no longer

repreentsthe rate at which work is done on the system:
z
aw dEror"x; | #
a5 " L%R% Prosr; X (A.2)
At this point the standard derivation of (8) is blocked.

The difbculty in applying (A.2) is that if the memory deviceactually happensto be
in state Ly, then the portion of the integration over region R is not relevant; and
convesely for state R;. For exampk, if the device is in state L and the process
parameerized by | alters the energy function in region R only, then the processwill
supply no work to the system,whereasthe integral in (A.2) indicatesthat the process
will supply work. Conversely, if the device werein state Ry, the integral of (A.2)
would underestimate the rate at which the work is supplied by a factor of 2 (since
Prower X#! pgr"x#2 in region R).

If the classcal Clausius formula (1) is to be usedto assign a thermodynamic
entropy to the memory device, we must bPnd some way to represent a
thermodynamically reversble processthat the sysem may undergo. Such a process
wasrepresntedin Section2.2 by the operator d/d¢, wherethis operator gavethe rate
of change of quantities when the tempeature 7 and parameer | were changed
sufpcently slowly for the system to remain canonically distributed. The above
discussion showsthat two distinct operators must be usedaccording to whether the
device state is L or Rz. In the brst case,the operator d/d¢; would represent
procesesin which work is performed on the state L. by manipulation of the energy
function E."x#and heatis passedto a devicein state L;. The operator d/d¢z would
repreent the corresponding processif the statewere Ry. In eachcase,the derivation
would proceedasin Sectbn 2.3to concludethat the thermodynamic entropy of the
deviceis S; if it isin state Ly, and Sy if it is in state R, where

- Z z

S S %%k In  exp'$ E; =kT#dx ! E—;%k In  exp'$ Ex=kT#dx
L R
I Skr:
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The device is assurally either in state 7 or in state Tg; in either casethe entropy is
S Sl Sg:

Insofar as the memory devicecarrying random data can be said to be in a single
thermodynamic state (as opposed to being in one of the two, we know not which),
then its thermodynamic entropy isjust S! Sy ! Sk. While a common wisdom may
bethat we haveto add & In 2 to the entropy to accomnodate our uncertainty over the
states, the above analyss reveak no grounds for characterizing such a term as
thermodynamic entropy conforming to the Clausius formula (1). The additional
term does ariseif we substitute the probability distribution p;..z"x#into expression
(8) for thermodynamic entropy. Yet we havejust shownabovethat the derivation of
this expres#on fails if the probability distribution p;q.z"x# pertains to a memory
devicewith random data.
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