FUNCTIONAL ANALYSIS

PIOTR HAJLASZ

1. BANACH AND HILBERT SPACES

In what follows K will denote R of C.

DEFINITION. A normed space is a pair (X, || - ||), where X is a linear space
over K and

-1+ X —[0,00)
is a function, called a norm, such that

(1) llz + yll < [Jz[| + [[y]| for all 2,y € X;
(2) ||ax| = |a|||z|| for all z € X and « € K;
(3) ||z|| = 0 if and only if x = 0.

Since ||z —y|| < [z — 2| + ||z — y[| for all z,y, 2z € X,

d(z,y) = [l —yll
defines a metric in a normed space. In what follows normed paces will always
be regarded as metric spaces with respect to the metric d. A normed space
is called a Banach space if it is complete with respect to the metric d.

DEFINITION. Let X be a linear space over K (=R or C). The inner product
(scalar product) is a function

(): X xX =K

such that
(1) (z,2) = 0;
(2) (z,z) =0 if and only if z = 0;
(3) {az,y) = alz,y);
(4) (z1+22,9) = (21,y) + (22,9);
(5) {(z,y) = (v, 7),

for all z, 21,22,y € X and all a € K.
As an obvious corollary we obtain
<937y1+3/2> = <.’L’,y1>—|—<.’E,y2>, <x,ay> :a<$ay>’
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for all z,y1,y2 € X and a € K.

For a space with an inner product we define

2]l = v (z,2).

Lemma 1.1 (Schwarz inequality). If X is a space with an inner product
(-,-), then
[z, )| < [zl [yl for all z,y € X

Proof. We can assume that (z,y) # 0. For x,y € X and t € R we have
0 < (z+tyz+ty) = (z,2) +t[{z,y) + {y,2)] + {y,y)

= (z,z) 4 2tre(z,y) +t*(y,y).

We obtained a quadratic function of a variable ¢ which is nonnegative and
hence

0> A =4(re (x,y))? — 4z, )y, y)

(ve(z,y))* < (z,2)(y,y) -
If |a] = 1, then replacing y by ay we obtain

(x,2)(y,y) = (z,2){oy, ay) > (re (z,ay))? = (re (@lz,y)))”.

In particular for o = (z,y)/|(z,y)| we have

D 2
(e 2){y,y) = ( <|§j’z§|<x,y>>> = |{z. )l

This completes the proof. O

Corollary 1.2. If X is a space with an inner product (-,-), then

2] = vz, y)

1S a norm.

Proof. The properties |az|| = |a|||z| and ||z|| = 0 if and only if z = 0 are
obvious. To prove the last property we need to apply the Schwarz inequality.
lz+yl* = (z+y.z+y) = (2,)+2re(z,y) + (y,y)

< l2l? + 20l lyll + llyl* = =zl + lyl)?-

DEFINITION. A space with an inner product (-, ) is called a Hilbert space if
it is a Banach space with respect to the norm

] = vz, z) .

Proposition 1.3 (The Polarization Identity). Let (-,-) be an inner product
n X.
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(1) If K =R, then
(@,y) = 7 (e +yl* = llz — yl*),

forallz,y € X.
(2) If K =C, then

| =

1 1. .
() = 7 (le+yl” = llz = yl?) = i (liw + ylI* = lliz = y[?)
for all xz,y € X.

Proof is left as an easy exercise.

Theorem 1.4. Let (X, | -||) be a normed space over K (=R or C). Then
there is an inner product (-,-) such that

=] = v {z,z)
if and only if the norm satisfies the Parallelogram Law, i.e.

lz +yl* + |z — y|I* = 2l|=[* + 2[lylI*  for all z,y € X .

The Parallelogram Law has a nice geometric interpretation.

Proof. The implication = follows from a direct computation. To prove the
other implication <= we define the inner product using the Polarization Iden-
tities and we check that it has all the required properties. We leave the details
as an exercise. O

1.1. Examples. 1. C" with respect to each of the following norms is a

Banach space
n
2l = |l
i=1

[olloe = _max |zl

=1,4,...,

n 1/p
zllp = (ZI%!’”) , 1<p<oo,
i=1

where = (z1,...,2,) € C". The Banach space (C", || - ||,) is denoted by
o,
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2. C" with the inner product

n
=1

is a Hilbert space. Note that the corresponding norm is

n 1/2
VT, ) = (Z Iw¢2> = [l
i=1

so /2 is a Hilbert space. The metric associated with the norm is

d($7y) =

i.e. it is the Euclidean metric.

3. The spaces /5 were defined over K = C, but we can also do the same
construction for K = R by replacing C™ by R™. The resulting space is also
denoted by /5, but in each situation it will be clear whether we talk about
the real or complex space ¢, so there is no danger of a confusion.

4. Consider £ over K = R. Then the shape of the unit ball {z : ||z|| <1} is

: Ay ank

1 1 1

5. A subset of the Euclidean space R" is called an ellipsoid if it is the image
of the unit ball in R™ under a nondegenerate linear mapping L : R" — R"
(i.e. det L # 0).

For every ellipsoid E in R™ there is an inner product in R™ such that
E is the unit ball in the associated norm. Indeed, if L : R® — R" is an
isomorphism such that £ = L(B"(0,1)), then it suffices to define the inner
product as

(@,y) = (L71x) - (L71y)

where - stands for the standard inner product in R™.

More precisely, if L : R™ — R" is non-degenerate, then according to the
polar decomposition theorem (P. Lax, Linear Algebra, p. 139)

L =RU
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where U is unitary and R is positive self-adjoint. The mapping R can be
computed explicitly

LLT = RUUTRT =R?, R=VLLT.

According to the spectral theorem there is an orthonormal basis vy, ... v, in
R™ (with respect to the standard inner product) such that

A1 0

A2
R:

0 An

in this basis. That means the mapping L has the following structure. First we
rotate (the mapping U) and then we apply R which has a simple geometric
meaning of extending the length of vectors vy, ..., v, by factors A1,..., Ay.
Now if B"(0,1) is the unit ball, then U(B"(0,1)) is also the unit ball, so
L(B™(0,1)) = R(B™(0,1)) is an ellipsoid with semi-axes \jv1,..., \pvp of
the lengths being eigenvalues of R = v LLT. These numbers are called sin-
gular values of L.

Or.H,phownql vec ','WS

Now the ellipsoid E = L(B™(0,1)) is the unit ball for the inner product

n

<Zaiv,~, ;bivi> = Z a)\? .

i=1 =1

We will see later (Corollary 5.12) any real inner product space space H
of dimension n is isometrically isomorphic to £2, i.e. R with the standard

inner product, so if L : £2 — H is this isometric isomorphism, the unit ball
in H is L(B™(0,1)), so it is an ellipsoid. Thus we proved.

Theorem 1.5. A convex set in R™ is a unit ball for a norm associated with
an inner product if and only if it is an ellipsoid.

6. (>, the space of all bounded (complex, real) sequences x = (ay)5>; with
the norm

[Z]loo = sup ||
n

is a Banach space. This is very easy to check.
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7. ¢1, the space of all (complex, real) convergent sequences with the norm
| - |loo is a Banach space.

8. ¢, the space of all (complex, real) sequences that converge to zero with
the norm | - || is a Banach space.

9. Note that ¢y C ¢ C £*° and both ¢y and ¢ are closed linear subspaces of
£>° with respect to the metric generated by the norm.

EXERCISE. Prove that £°°, ¢ and co are Banach spaces.

EXERCISE. Prove that the spaces ¢ and cqg are separable, while £*° is not.

10. /P, 1 < p < oo is the space of all (complex, real) sequences x = (x,)5 4
such that
00 1/p
[l = <Z !l‘n!p> -
n=1
It follows from the Minkowski inequality for sequences that | - ||, is a norm

and that ¢P is a linear space. We will prove now that ¢? is a Banach space,

i.e. that it is complete. Let =, = (a})$°; be a Cauchy sequence in ¢7, i.e. for

every € > 0 there is N such that for all n,m > N

e’} 1/p
[%n = Zmllp = (Z |ai' — ai”lp> <e.
=1

Hence for each ¢ the sequence (a]')>2, is a Cauchy sequence in K (= C or

R). Let a; = lim;, . a}'. Fix an integer k. Then for n,m > N we have

k
Z lai —ai"|P < P
i=1

and passing to the limit as m — oo yields

k
Z|a?—ai]p <eP.
i=1

Now taking the limit as £ — oo we obtain

oo
> laf —ailP <<,
i=1

i.e.
|zn — zmllp < e where z = (a;)2, .
This proves that = € P and x, — x in ¢P. The proof is complete.

In particular the space £2 is a Hilbert space because its norm is associated

with the inner product
(o]
i=1
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EXERCISE. Prove that fP, 1 < p < oo is separable.

11. We will prove that 7 for p # 2 is not an inner product space. Let
x=(1,0,0,...),y =1(0,1,0,0,...). If 1 < p < o0, then

|z +ylly + llz — wlly = 2727, 2)l2ll} + 2[lyll; = 4,

and thence the Parallelogram Law is violated. The same example can also
be used in the case p = co. In the real case this result can also be seen as a
consequence of the fact that the two dimensional section of the unit ball in
P p # 2, along the space generated by the first two coordinates is not an
ellipse.

12. If X is equipped with a positive measure p, then for 1 < p < oo, LP(u)
is a Banach space with respect to the norm

1/p
IIpr:(/lelpdu) .

Also L*(u) is a Banach space with the norm being the essential supremum
of |f|. For the proofs see the notes from Analysis I.

For p = 2 the space L?(p) is a Hilbert space with respect to the inner
product

(f.9) = /ngdu-

13. If X = {1,2,3,...} and pu is the counting measure (i.e. pu(A) = #A),
then LP(u) = ¢P. In particular this gives another proof that (P is a Banach
space. However the proof given above is much more elementary.

14. If X is a compact metric space, then the space of continuous functions
on X with respect to the norm

IfI| = sup |f(2)]
reX

is a Banach space. This space is denoted by C(X). The resulting metric in
C(X) is the metric of uniform convergence.

15. Let H? be the class of all holomorphic functions on the unit disc D =
{z € C: |z] < 1} such that

1 [ . 1/2
1l = ( sup o [ 1f(re)2d0) " < o

0<r<1 2T Jo

This space is called Hardy space H?. We will prove now that it is a Hilbert
space and we will find an explicit formula for the inner product.
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Since every holomorphic function in D can be represented as a Taylor
polynomial f(z) =3 7" an2z", for |z| <1 we have

— |f(re* )‘ dd = — ( a,ret™ ) ( amrmeimO) do
2w 0 2 0 =0 m—0

e 1 2
_ Z anﬂrn—&—m - / ez(n—m)@ do
2 0

1lif n=m, 0if n #m

n,m=0

9]
_ Zr2n|an‘2 _
n=0

Hence
. 9 1/2 > 1/2
1l = (im0 anf?) = (3 lanl?) .
= n=0

This proves that the space H? is isometrically isomorphic with ¢? and that
the norm in H? is associated with the inner product

r—1- 27 0

0 o 1 27 D
(f.9) = anby = lim — [ f(re)g(re?)do,
n=0
where f =Y ja,z", g(z) =Y 7 bnz".
2. LINEAR OPERATORS

If X and Y are normed spaces, then linear functions L : X — Y will be
called (linear) operators of (linear) transforms. Also we will often write Lz
instead of L(x). We say that a linear operator L : X — Y is bounded if there
is a constant C' > 0 such that

|Lz|| < Cllz| for all z € X.

Theorem 2.1. Let L : X — Y be a linear operator between normed spaces.
Then the following conditions are equivalent:

(1) I is continuous;
(2) L is continuous at 0;

(3) L is bounded.

Proof. The implication (1) = (2) is obvious. (2) = (3) For if not
there would exist a sequence x,, € X such that ||Lz,| > nl||z,||. Then
|L(xn/(n]|zn|)|| > 1, but on the other hand ||L(z,/(n|x.|]))|]| — 0, be-
cause xp/(n||z,||) — 0 which is an obvious contradiction. (3) = (1) Let
r, — ¢. Then Lz, — Lx. Indeed,

1Lz = L[| = [|L(z — 2,)|| < Cllz = 2n] — 0.
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This completes the proof. O

For a linear operator L : X — Y we define its norm by

IZ| = sup |[La].
[EES!
Then
|Lz|| < ||L|| ||z|| for all z € X.
Indeed,
Izl = 2ty )| = It 2] < etz

Thus L is bounded if and only if ||L|| < co. Moreover ||L| is the smallest
constant C' for which the inequality

|ILz|| < C|lz|| for all z € X

is satisfied. ||L|| is called the operator norm.

The class of bounded operators L : X — Y is denoted by B(X,Y). We
also write B(X) = B(X, X). Clearly B(X,Y) has a structure of a linear
space.

Lemma 2.2. B(X,Y) equipped with the operator norm is a normed space.

Proof is very easy and left as an exercise.

Theorem 2.3. If X is a normed space and Y is a Banach space, then
B(X,Y) is a Banach space.

Proof. Let {Ly} be a Cauchy sequence in B(X,Y’). Then
(2.1) [ Ln® — Lma|| < || Ly = L[ [|2] -

Since the right hand side converges to 0 as n,m — oo, we conclude that
{Lyz} is a Cauchy sequence for every € X and hence {L,z} has a limit in
Y. We denote it by Lz = lim,,_. Lyz. Because {L,} is a Cauchy sequence
||Ly, — Ly, || < € for all sufficiently large n and m and passing to the limit in
(2.1) as n — oo yields

(2.2) |Lx — Lyx|| < el|z|| for all sufficiently large m .
This gives
Lz < |[La — Lz|| + [ L]l < (¢ + | L)) [[=]] -
Hence L € B(X,Y) and L,, — L in B(X,Y) because of (2.2). O
DEFINITION. By a (continuous linear) functional we mean an arbitrary

bounded operator
L: X —-K.

The space X* = B(X,K) is called the dual space of X. Elements of X* will
usually be denoted by z* and we will write (z*, x) instead of z*(x).
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Corollary 2.4. If X is a normed space,then X* is a Banach space.

Proof. Indeed, K is a Banach space and the result follows from Theo-
rem 2.3 O

DErFINITION. We say that the two normed spaces X and Y are isomorphic
if there is an algebraic isomorphism of linear spaces L € B(X,Y) (i.e. it
is one-to-one and surjection) such that L=! € B(Y, X). The mapping L is
called an isomorphism of normed spaces X and Y. If X and Y are Banach
spaces we call it isomorphism of Banach spaces X and Y.

We say that X and Y are isometric if there is an isomorphism L €
B(X,Y) such that ||Lz| = ||z| for all z € X.

The following result immediately follows from the equivalence of continu-
ity and boundedness of an operator.

Proposition 2.5. L € B(X,Y) is an isomorphism if it is an algebraic
isomorphism of linear spaces and there is C' > 0 such that

|Lz|| > C||lz|| forallze X.

The next result is also very easy and left as an exercise.

Proposition 2.6. If normed spaces X and Y are isomorphic and X is a
Banach space, then Y is also a Banach space.

EXERCISE. Find two homeomorphic metric spaces X and 'Y such that X is
complete, while Y 1is not.

Example. We will construct now an example of an algebraic isomorphism of

normed spaces L € B(X,Y) such that L=! ¢ B(Y, X). Let X be the space

of all real sequences x = (aj,asg,...) with only a finite number nonzero

components, equipped with the norm || - ||o. Let L : X — X be defined by
L(al,aQ, .. ) = (al, -

2,2

Clearly, L is a linear isomorphism with the inverse

a2 ag

L_l(al, az,as, .. ) = (al, 2a2, 30,3, .o ) .

It is easy to see that L is continuous (because ||Lz|oo < ||2]00), but L=1 :
X — X is not. Indeed, if z,, = (0,...,0,n=%,0,...) where a, = n~! and all
other a;’s are equal zero, then |z,|/cc — 0, but [|L7(z)|leo = 1.

Theorem 2.7. Let X be a Banach space. Then isomorphisms form an open
subset in B(X).
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Proof. If A € B(X), ||A|| < 1, then I — A is an isomorphism.! Indeed, the
series of operators

(2.3) D AT=T+A+ A+ A3+
n=0

converge absolutely, because

DA <Y A" < oo
n=0 n=0

Hence it easily follows that the sequence of partial sums of (2.3) is a Cauchy
sequence in B(X). Since B(X) is a Banach space, it converges and thus
(2.3) defines a bounded operator in B(X). Now it is easy to check that this
operator is an inverse of I — A, so I — A is an isomorphism.
If L € B(X) is an isomorphism and A € B(X), ||A|| < |[L7Y|7!, then
L-A=L(I-L1'A4)

is an isomorphism as a composition of isomorphisms. We proved that a
certain ball in B(X) centered at L consists of isomorphisms. O

Example. We will prove that the real spaces E% and /5° are isometric. That
is quite surprising because both spaces are R? equipped with two different
norms

1@, )l = |zl +lyl,  [[(@,y)lleo = max{]a], |y[}.
However the mapping

Lf%—)fgoj L(l“ay):(x‘f‘?/,ﬂf—y)

is an isometry, because max{|z + y|, |x — y|} = |z| + |y|. Note that in both
spaces the unit ball is a square and the mapping L maps one square onto
another.

EXERCISE. Find all isometries between E% and £5°.

EXERCISE. Prove that the spaces {3 and (3 are not isometric.

Proposition 2.8. The spaces ¢y and ¢ are isomorphic.

Proof. The mapping T': ¢g — ¢,
L(CLl,CLQ,ag, .. ) = (a1 +ag,a1 +as, a1 +ay,.. )
is an algebraic isomorphism with the inverse
L_l(al, as,as, . . ) = (ao,a1 — ap, a2 — ap, . . ) s

where ag = lim, o0 ap. Since ||Lz|loo < 2|70 for € ¢ and || L7 x||s <
2||7||s for € ¢ we conclude that L and L~! are continuous, so L is an
isomorphism of Banach spaces ¢y and c. O

17 stands for identity.



12 PIOTR HAJLASZ

EXERCISE. Prove that the spaces ¢y and ¢ are not isometric.

DEFINITION. We say that two norms || -||; and || - ||2 on a linear space X are
equivalent if there are constants C7,Co > 0 such that

01||$”1 < ||1‘H2 < 02||$H1 forallz € X.

Proposition 2.9. The two norms || - |1 and || - ||2 on a linear space X are
equivalent if and only if the identity mapping id : (X, |- 1) — (X, - ||2),
id(z) = x is an isomorphism.

Proof. 1t easily follows from the fact that continuity of a linear mapping
is equivalent with its boundedness. O

2.1. Examples of dual spaces.

Theorem 2.10. If s = (s;) € {1, then

(2.4) (x*, ) = Z for x = (x;) € o
i=1
defines a bounded functional x* € cf with ||x*|| = ||s||1. On the other hand

if x* € ¢, then there is unique © € ' such that x* can be represented by
(2.4). This proves that the space cfj is isometrically isomorphic to 28

Proof. Let s € 1. Then z* defined by (2.4) is a bounded linear functional
on cy. Indeed,

[ee]
[, 2)| < sup |as] Y Jsil = [|s]l1 [|2[loo
! i=1
proves that
(2.5) [l < Il -

Now let z* € cf. We will prove that there is s € ¢! such that z* satisfies
(2.4). Tt is clear that two different elements of ¢! define different functionals
on cgp, so uniqueness is obvious. We will also prove that

(2.6) [Isflr < [l

which together with (2.5) will give the equality ||z*|| = ||s|/1. This will com-
plete the proof.

Let ¢; = (0,...,0,1,0,...) € ¢o with 1 on ith coordinate and let s; =
(x*,e;). Define z; = 5;/|s;| if s; # 0 and z; = 0 if s; = 0. Then

k
zk:(21,...,zk,0,0,...):ZzieiECO, szHoogl
=1
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Hence
k k
l2*]| > (2%, 2*) = Zzi (2%, €) = Z |sil -

i=1 T i=1
Letting £ — oo we have

oo

Islls =" lsil < ll2*]
i=1

which proves that s € ¢! along with the estimate (2.6). Now it easily follows
that x* satisfies (2.4). Indeed, if © = (z;) € ¢ and

k
k
r = (:L'l,...,.%'k,o,o,...) :inei,
1=1

then zF¥ — 2 in ¢y and Zle T;S; — Z;’il x;5;, because s € (1. Hence passing

to the limit in the equality

k
(x*, 2F) = Z TiS;
i=1

yields (2.4). The proof is complete. O

EXERCISE. Prove that the dual space c* is isometrically isomorphic to (.

Theorem 2.11. If s = (s;) € £, then

(2.7) (x*, ) = Zsixi for x = (x;) € 1
i=1
defines a bounded functional x* € ((1)* with ||z*|| = ||8]lc- On the other hand

if 2% € (£1)*, then there is unique s € £°° such that x* can be represented by
(2.7). This proves that the space (£1)* is isometrically isomorphic to £>°.

Proof. The proof is pretty similar to the previous one, so we will be short.
If s € £°°, then it is easily seen that x* given by (2.4) defines a functional
on ¢t with ||z*]] < ||s|lc- Now let z* € (£1)*. It remains to prove that
there is s € £>° such that z* satisfied (2.7) and ||s|lec < ||z*|| (uniqueness is
obvious). Let ¢; = (0,...,0,1,0,...) € ¢! and s; = (z*,¢;). Let z; = 5;/]si]
if s; # 0 and z; = 0 if s5;, = 0. Put 2* = ze' € £, so ||2°||; < 1. Then
|z*|| > (z*, 2*) = |s;|. Now taking supremum over all i yields ||s]/oc < ||2*||
and the result easily follows. O

EXERCISE. Prove that for every s = (s;) € (1, (x*,2) = Y2, siz; defines a
bounded functional on £°° with ||z*| = ||s]|1.

Later we will see that not every functional in (£°°)* can be represented by
an element of ¢, and the above exercise proves only that ¢! is isometrically
isomorphic to a closed subspace of (£°°)*.
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Theorem 2.12. Let 1 < p < oco. If s = (s;) € ¢4, where ¢ = p/(p—1), then

(2.8) (x*,x) = Zsixi for x = (x;) € P
i=1
defines a bounded functional z* € (€P)* with ||x*|| = ||s||q. On the other hand

if ©* = (fP)*, then there is unique s € ¢1 such that =* can be represented by
(2.8). This proves that the space (¢P)* is isometrically isomorphic to 9.

Proof. Again, the proof is very similar to those presented above, so we will
explain only the step where a tiny difference in the argument occurs. Let
x* € (¢P)*. The crucial point is to show that for s; = (z*, ;) we have ||s||; <

||z*||p. To prove this we take z; = 5ilsi/772 and k= (z1,.++,25,0,0,...) € (P
Then
k
(2.9) | 1125 > (2%, %) = il
i=1

Since ||2¥[|, = (328, [5:]9)'/P inequality (2.9) yields [|z*]| > (325, [s:]9)'/4
and the claim follows after passing to the limit as £ — oc. O

The last two results are special cases of the following deep result whose
proof based on the Radon-Nikodym theorem is presented in notes from Anal-
ysis I and also will be proved in Section 5.5.

Theorem 2.13. If i is a o-finite measure on X and1 < p < 00,1 < q¢ < o0,
p~t+q ! =1, then for every function g € LI(u),

(2.10) Af= [ Sodu for s € 1)
defines a bounded functional A € (LP(u))* with

A zr gy = lgllzag) -

Moreover for every functional A € (LP(u))* there is unique g € LI(p) such
that A can be represented by (2.10). This proves that the space (LP(u))* is
isometrically isomorphic to L(u).

DEFINITION. Let X be a locally compact metric space and K = R or C. We
define

(1) Cc(X) is the space of all continuous functions u : X — K for which
there is a compact set £ C X such that u vanishes outside FE, i.e.
u(z) =0 forall x € X \ E.

(2) Co(X) is the space of all continuous functions such that for every
e > 0 there is a compact set £ C X so that |u(z)| < ¢ for all
re X \E.
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EXERCISE. Prove that u € Cy(R™) if and only if u is continuous and
hm|w\—>oo u(l‘) =0.

Theorem 2.14. Let X be a locally compact metric space. Then Cy(X) is a
Banach space with the norm

[[ul| = sup |u(z)|.
zeX

Moreover Co(X) forms a dense subset in Cy(X).

We leave the proof as an exercise.
If 14 is a signed measure, then we have unique Hahn decomposition
po=pt—p,

where p* and p~ are positive measures concentrated on disjoint sets. We
define the measure |u| as

ul=p"+p.
The number |u|(X) is called total variation of p.

Example. If u(E) = [, fdp where f € L'(u), then |u|(E) = [, |f|dp.

Theorem 2.15 (Riesz representation theorem). If X is a locally compact
metric space and ® € (Co(X))*, then there is unique Borel signed measure
u of finite total variation such that

@(f):/xfdu-

Moreover ||®|| = |p|(X).

Thus the dual space of Cy(X) is isometrically isomorphic to the space of
signed measures of finite total variation.

3. FINITELY DIMENSIONAL SPACES.

Theorem 3.1. In a finitely dimensional linear space any two morms are
equivalent. In particular every finitely dimensional normed space is a Banach
space.

Proof. Let ey, es,. .., e, be a Hamel basis of the linear space X . For every
x € X we define a norm

n
lz|" = _ max |z;| where x = inei.
i=1,2,....n —
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Note that the space X with respect to the norm || -]’ is locally compact and
complete. It suffices to prove that every norm in X is equivalent with || - ||’
Let || - || be an arbitrary norm in X. Then

n n n
Y omiei| < Y Jillleill < el Y lleill = Cll]"-
i=1 =1 i=1

Now it remains to prove the opposite inequality ||z|" < C||z||. By contradic-
tion suppose that for every n we can find x,, € X such that ||z,| > n|z,].
Let yn = an/||zn|’. Then |lyn||" = 1 and [yu|| < 1/n — 0, s0 yp — 0
in the norm || - ||. Since the space (X, | -||’) is locally compact, there is a
subsequence y,, — y convergent with respect to the norm || - ||’. Since the
convergence in the norm || - || implies the convergence in the norm || - ||
(because ||z|]| < C|lz|") we conclude that y = 0 which is a contradiction,
because ||y|" = lim; o0 ||yn;||" = 1. The last part of the theorem is easy,
because the space (X, || - ||') is complete. O

]| =

As an application we will prove

Proposition 3.2. For every polynomial P on R™ there is a constant C > 0
such that on every ball B(xz,r) in R™ we have

(3.1) sup |P| §C|B(x,r)|_1/ |P|.
B(z,r) B(z,r)

Remark. The opposite inequality
|fI < sup [f]
r) r)

Bl [
B(z B(z,

is true for any locally integrable f. It is also clear that for every ball there is
a constant C' such that (3.1) is satisfied, however, we want to find a constant
C that will be good for all the balls at the same time.

)

Proof. Let k be the degree of P. The space P* of polynomials of degree
less than or equal k has finite dimension, so all norms in that space are
equivalent. In particular there is a constant C' > 0 such that

(3.2) sup |Q| < C\B(O,l)]‘l/ Q| for all Q € P*.
B(0,1) B(0,1)
Now it remains to observe that a linear change of variables allows us to
rewrite (3.1) in an equivalent form of (3.2) without changing the constant
C, where @) is obtained from P by a linear change of variables. Since degree
of () equals k£ and the claim follows. O

While Theorem 3.1 proves that any two norms in a finitely dimensional
vector space are comparable the theorem does not give an explicit estimate
for the comparison. However the following result does.
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Theorem 3.3 (F. John). Let (X,|| - ||) be an n-dimensional real normed
space. Then there is a Hilbert norm || -||" in X such that

lzll < llzl" < Vnllz]| - for allz € X.

Proof. The unit ball with respect to the norm || - || is a convex symmetric
body K (symmetric means that x € K = —x € K) and any ellipsoid F
centered at 0 is a unit balls for a Hilbert norm || - || (we choose the inner

product so that the semi-axes are orthonrmal, see Section 1.1, Example 5).
Now it suffices to prove that there is an ellipsoid E such that E C K C /n E.
Indeed, E C K means that ||z < 1 = ||z|| < 1 which easily implies
|lz|| < ||z||’ for any z € X and K C /n E means that ||z| < 1= |jz|' < /n
which easily implies ||z||' < /n||z|| for any x € X. Therefore we are left
with the proof of the following result.

Theorem 3.4 (F. John ellipsoid theorem). If K is a closed conver sym-
metric body in an n-dimensional real vector space X, then there is a closed
ellipsoid E centered at 0 such that

ECK C+/nE.

Proof. Choose any Euclidean coordinate system in X and define F to
be an ellipsoid centered at 0 contained in K that has maximal volume. A
simple compactness argument shows that such an ellipsoid exists. Now we
choose a new Euclidean coordinate system in which F becomes the unit ball
(this system is obtained by rescaling semi-axes). Note that also in this new
system F is an ellipsoid of maximal volume in K. It remains to prove that
K C y/nE,ie. K is contained in the ball of radius /n.

By contradiction suppose that there is an element in K whose distance
to 0 is greater than /n. By rotating the coordinate system we can assume
that

(t,0,...,0) € K, t>+/n.

An elementary geometric argument shows that the tangent cone to E with
the vertex at (t,0,...,0) touches the unit ball E at points where z; = 1/t.

\
fok, ek

Since K is convex and symmetric it follows that the set W consisting of
the ball E and the two tangent cones centered at (£t,0,...,0) is contained
in K.
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o al

The ball E' is described by the equation

/2

P4y <1, y=(224+... +22)
Now consider the family of ellipsoids E. for 0 < e < 1,
(1—e)" ta? + y?/(1—¢) < 1.

Since the x; semi-axis of E. has length (1 — &)=~/ and the length of
each of the semi-axes x,...,z, is (1 — 6)1/2, the ellipsoids F. have the
same volume as F. It suffices to prove that for e sufficiently small E. is
contained in the interior of W. Indeed, it is then contained in the interior
of K and hence even if we enlarge it slightly it is still contained in K which
will contradict maximality of the volume of F.

Since

n—1 2 1 2 2
(I-e)" " =1—-(n—1)e+0(e%), 175:1+5+5 =...=1+e+0(%),
points of the ellipsoid E. satisfy

ol +y’ —e((n—1ai - y*) +O(*) <1

which is equivalent to
(3.3) (22 + 12 —1D)(1+e) <e(nz? — 1)+ 0(?).
We consider the two parts of the ellipsoid E.: |z1| < (1/t +1/y/n)/2 and
|z1| > (1/t+1/4/n)/2 separately. In the first case |z1| < (1/t+1/y/n)/2 we
have

2 1< (1+ ! +1) 1< (1+1+1) 1=0

nri — nl-—+-——=+-—)— nl—+-—+—)—-1=

! 42 2t\/n 4An dn  2n  4dn ’
where in the last inequality we used t > /n. Hence for ¢ sufficiently small
the right hand side of (3.3) is negative and thus

m%+y2<1,

i.e. points of E. satisfying |z1| < (1/t 4+ 1/4/n)/2 belong to the interior of
E and hence interior of W. Regarding the other part of the ellipsoid F.
with |z1] > (1/t + 1/4/n)/2 note that the part of the ball E with || >
(1/t +1/4/n)/2 is a compact set contained in the interior of W, because
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|z1] > (1/t+1/y/n)/2 > (1/t+1/t)/2 = 1/t (see the picture describing W).
Now if ¢ is sufficiently small the ellipsoid E. is a tiny perturbation of £ and
hence also the part of E. with |z1| > (1/t + 1/4/n)/2 is contained in the
interior of W. The proof is complete. O

As an application of Theorem 3.1 we immediately obtain

Corollary 3.5. In every finitely dimensional normed space a set is compact
if and only if it is bounded and closed.

That means finitely dimensional normed spaces are locally compact. We
will prove that this characterizes finitely dimensional normed spaces, i.e no
normed space of infinite dimension is locally compact.

Theorem 3.6 (The Riesz lemma). Let Xy # X be a closed linear subspace
of a normed space X. Then for every e > 0 there is y € X such that

lyl =1 and |y—=z| >1—c¢ forallx e Xy.

Proof. Fix yp € X \ Xo and define p = inf cx, ||z — yo||. Clearly o > 0,
because Xy is closed. Choose 7 > 0 such that n/(o+n) < €, and then choose
xo € Xo such that o < |lyo — zo|| < 0+ n. We will prove that the vector
y = (yo—20)/||lyo — zo|| has the properties that we need. Obviously ||y| = 1.
Moreover for x € X we have

1
ly =2l = ———||so — 20— llvo — w0l
o — ol

w0 — @o + llvo — zollw)|
= . ll% — (Zo Yo — Zo||T
[
cXo
e
o+ o+
The proof is complete. O

Corollary 3.7. In a normed space of infinite dimension no closed ball is
compact.

Proof. It suffices to prove that the closed unit ball centered at 0 is not
compact. To prove the lack of compactness of this ball it suffices to prove
the existence of a sequence {z;} C X such that

1 o,
lzill =1, |lzi — ;]| > 3 for i # j.

We construct the sequence by induction. First we choose x; with ||z1|| =1
arbitrarily. Now suppose that the elements z1,...,z, have already been
defined. Let Xy = span{z,...,x,}. Since X is infinitely dimensional, Xy #
X and hence the Riesz lemma implies that there is z,,+1 € X \ X such that

1
lzntilf =1 and f|zp41 — 2l = 5
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for every z € Xj. O

Note that if in the Riesz lemma dim Xy < oo, by local compactness of X
we can take in the proof z¢p € Xy such that ||yo — zo|| = ¢ and hence the
same proof gives

Corollary 3.8. Let Xo # X be a closed linear subspace of a normed space
X with dim Xg < co. Then there is y € X such that

lyl =1 and |ly—=z| >1 forall zg € Xy .

In general Corollary 3.8 does not hold if dim Xy = oo as the next example
shows, see, however, Theorem 14.11.

Example. Consider the closed linear subspace X of C[0, 1] consisting of
functions vanishing at 0. Let

1
XO:{feX: / f(x)da;:O}.
0
It is easy to see that X is a proper closed linear subspace of X. We will
prove that there is no function f € X such that
(3.4) Ifl=1 and ||f—g||>1 forallge Xy.

Assume that such a function f € X exists. Since f is continuous, f(0) =0
and || f|| = sup,ep ) |f(@)| = 1, we conclude that

1
(3.5) / f(2) dz < 1.
0
For every h € X \ Xy we set

1
o Jo f(z)da
fol h(zx) dx
and note that the denominator in nonzero, because h € Xy. Clearly g € X
and (3.4) yields

g:f_Cha

L<lf =gl =1If = (f = ch)ll = Iel ]l

‘/Olh(x)d:c’ < ‘/Olf(x)dx

Choosing h(z) = /™ € X \ X, gives

i.e.

aup [h(z)].
z€[0,1]

n

1
n+1§‘/(] f(x)da:’ foralln=1,2,3,...

Now passing to the limit as n — co we obtain

[ @i =1

which contradicts (3.5). O
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4. OPERATIONS ON BANACH SPACES

4.1. Subspace. If (X, | -||) is a normed space and Y C X is a linear sub-
space, then (Y, || -||) is a normed space.

Proposition 4.1. A subspace Y of a Banach space X is a Banach space if
and only if it is a closed subspace of X.

This result is obvious.

Every metric space is isometric with a dense subspace of a complete metric
space. The idea of the proof is to add to the space points which are abstract
limits of Cauchy sequences. More precisely, in the space

X'={{zn}p2) € X ¢ {zn}32, is a Cauchy sequence}
we introduce the equivalence relation
{zn} ~{yn} ifand onlyif d(x,,yn) — 0.

Note that if {x,} and {y,} are convergent sequences, then {z,} ~ {y,} if
and only if they have the same limit. Thus the relation ~ identifies those
Cauchy sequences that should have the same limit. We define X=X ] ~
with the metric

d([{zn}], [{yn}]) = nh_{go d(Tn, Yn) -

The space X can be identified with a subset of X through the embedding
onto constant sequences

Xsz—{z,z,z,...}

After this identification X becomes a dense subset of X. It is easy to verify
that X is a complete metric space.

If X is equipped with a structure of a normed space, then also X has a
natural normed space structure and hence it is a Banach space. Thus we
sketched a proof of the following result.

Theorem 4.2. Every normed space is isometrically isomorphic to a dense
linear subspace of a Banach space.

4.2. Quotient space. If X is a linear space and Y C X is a linear subspace,
then the equivalence relation in X

x~y ifandonlyif z—yeY
defines the linear quotient space
XY =X/~.

Elements of the space X/Y can be identified with cosets [x] = {x +y: y €
Y}
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DEFINITION. By a seminorm on a liner space X we mean any function
| -]:X — [0,00) such that

(1) |z +yl < x| +y| for z,y € X;
(2) |az| = |af|z| for all z € X, a € K.

The only difference between the seminorm and the norm is that it can vanish
on nonzero elements. A seminorm vanishes on a linear subspace if X.

If X is a normed space and Y C X is a linear subspace, then we equip
X/Y with a seminorm

= inf ||z|| = inf ||z — y| = dist (2,Y).
Il = in 1) = inf |le — ] = dist (2, )

Theorem 4.3. The quotient space X/Y is a normed space if and only if Y
is a closed subspace of X.

Proof. =. Suppose that || -|| is a norm in X/Y, but Y is not closed. Then
thereis Y >y, — x9 ¢ Y. Since zy € Y, [zo] # 0in X/Y and hence ||[zo]]| >
0 (because || - || is a norm). On the other hand ||[zo]|| < inf, ||zo — yn] = 0
which is a contradiction.

<. If [|[z]|| = O, then there is a sequence y,, € Y such that ||z — y,[ — 0
and hence z € Y =Y which yields [z] = 0. Thus || - || is a norm. O

Lemma 4.4. A normed space X is a Banach space if and only if the absolute
convergence of the series Y o | ||y || < co implies its convergence Y o2 | xy,
n X.

Proof. =. This implication is obvious, because the absolute convergence
implies that {x,} is a Cauchy sequence.

<. Let {a,} C X be a Cauchy sequence. In order to prove that {a,} is con-
vergent to an element in X it suffices to prove that it contains a convergent
subsequence (if a Cauchy sequence has a convergent subsequence, then the
entire sequence is convergent). Let {a,, } be a subsequence such that

—k
Hank - a”k+1|| <2 .
Then

oo
Y lan, = an, |l < oo
k=1

and by our assumption, the series

o0

Z(ank-H - ank)

k=1
is convergent. That means the sequence whose (k — 1)th element is

(anz - anl) +.o+ (ank - ankfl) = Qny, — Any
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is convergent, and hence the sequence {ay, } is convergence as well. O

Theorem 4.5. IfY is a closed linear subspace of a Banach space X, then
the quotient space X/Y is a Banach space.

Proof. 1t suffices to prove that

0 [e's]
Z |[zn]]| <00 = Z[mn] is convergent .

n=1 n=1
There are elements y,, € Y such that Y 7, ||z, +yn|| < 00, so it follows from
Lemma 4.4 that the series Y 7 | (zn + yn) converges to an element zy € X,
ie.

Kk
“Z(wn+yn)—xo“—>0 as k — o0.
n=1
Hence
k k
H((an)—mo)—&—Zyn —0 ask— o0
n=1 n=1

N——
ey

which yields

k
H;[xn] - [xo]H = H[(an) —xo”’ —0 ask— o0

n=1
and thus
oo
D lan] = [xo].
n=1
The proof is complete. o

EXERCISE. Let = (x1,22,23,...) € °. Prove that in the quotient space
EOO/C()

]l = lim sup |2, .
n— 00

EXERCISE. Let Y be a closed subspace of ¢ consisting of constant sequences.
Prove that the quotient space ¢/Y is isomorphic to cy.

Now we will prove the following quite surprising result.

Theorem 4.6. Every separable Banach space X is isometrically isomorphic
to a quotient space £']Y where Y is a closed subspace of £*.

Proof. Let x1,x2, x3, ... be a countable and dense subset in the unit sphere
{x € X: ||z|| =1}. Let T : £* — X be defined by

T(A, Az, o) =) Aot
n=1
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Then

(4.1) ITA = 11D Annll < A1

n=1
so T' is continuous. We will prove that T is a surjection. For every x € X,
every positive integer k and every € > 0 there is n > k such that

Ha: — Ha:”a:nH <e€.

Indeed, it is obvious for z = 0; if z # 0 the inequality is equivalent to

H X < £
T <=
Izl

and the existence of x,, follows from the density in the unit sphere. Let n;
be such that

€
|z — Apyzn, || < 2 where \,, = ||z|| .
Let no > nq be such that
€ €
H(m - )\nl‘rnl) - )‘n2xn2H < 17 where )‘n2 - Hx - /\nlme < 5

Let ng > no be such that

€ €
”(fE*Anlmnl*Aannz)*)‘nsxTwH <3, where >‘TL3 = ||3L‘*>\n1$n1*)\n2$n2“ < -

8 4
etc. We obtain a sequence Ay, Ap,, ... such that

€

(4.2) Mipsr = |7 = Ay Ty + o+ Az ) || < o -
Let

Aze = (A1, A2, A3, ...)
where we put \; = 0if i & {ny,n2,n3,...}. Clearly A\, . € 01, because
€ € €
Peclh < loll + 5+ 5+ 54 = llall +<.
Now continuity of 7" and (4.2) implies that T'(\;¢) = x. This proves that T
is a surjection onto X. Let
Y =kerT={\e(': T(\)=0}.

Thus T induces an algebraic isomorphism of linear spaces ¢!/Y onto X.
Continuity of 7' implies that Y is a closed subspace of ¢!, so (/Y is a
Banach space. Note that if T(\) = x, then £}/Y > [\] = {7 : T(y) = z}.
We will prove that this algebraic isomorphism is actually an isometry. To
this end we have to prove that if T'(\) = x, then ||[A]|| = ||z||. Let T'(\) = =.
Since T'(Az <) = x we have A\, . € [A] and hence

AN < el < flzfl + €
for every € > 0 and thus
(4.3) AL < ]l -
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On the other hand if T'(A\) = z, then for every v € [\] inequality (4.1) implies
that [[z[| = [T(y)[ < [l7]lx and hence

(4.4) 1031 = it Tl 2 el
V€]

The two inequalities (4.3) and (4.4) imply that ||[A]|| = ||z||. This proves

that T is an isometry of £'/Y onto X. O

DEFINITION. For a closed subspace M C X of a normed space X we define
the annihilator

Mt ={z*eX*: (z*,y)=0forally c M}.

Clearly M~ is a closed subspace of X* and hence it is a Banach space.?

Theorem 4.7. Let X be a normed space and M C X a closed subspace.
Then the dual space (X/M)* to the quotient space is isometrically isomor-
phic to M+.

Proof. Let m: X — X/M, w(z) = [z] be the quotient map. We define the
map T : (X/M)* — X* by

(T'(z%),z) = (2%, [z]) for z* € (X/M)* and x € X.
Since
(T ("), )| < (|7 =]l < [[7]] |l ,
T is bounded and
(4.5) ITEI <127

We actually have equality in (4.5). To see this we need to prove opposite
inequality. Given ¢ > 0 let [x] € X/M be such that

]l =1, (27 [ = (127 —e.
Since
L= [|f]| = inf {ly[|,
ye(a]
there is y € [z] such that |ly|| < 1+ € and obviously [y] = [z]. Hence
125 =& < 15 D] = 17 W] = KT(z7), )
< TEHNA +e)
and letting € — 0 yields ||z*|| < ||T'(z*)|| which together with (4.5) proves
1T = 112"

We proved that 7' is an isometric embedding of (X/M)* onto a closed sub-
space of X*. Actually

T(X/M)*) c M+.

2Even if X is only a normed space.
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Indeed, for z* € (X/M)*, T(z*) € M+, because for y € M
(T"(2"),y) = (", [y]) = (2%, 0) = 0.

It remains to show that 7' is a surjection onto M*. Let 2* € M=*. It is easy
to see that

(4.6) (2% [yl) = (=%,y) foryeX

is a well defined® and bounded* functional z* € (X/M)* such that T'(z*)
x*, so T is surjective.

o

Theorem 4.8. If L € B(X,Y) is a bounded mapping between Banach spaces
such that dim(Y/L(X)) < oo, then L(X) is a closed subspace of Y.

Proof. Let 7 : Y — Y/L(X) be a quotient mapping.® Let {z1,...,2,} be
a Hamel basis of Y/L(X) and let y1,...,y, € Y be such that n(y;) = z;.
The space V = span{yi,...,y,} satisfies

L(X)+V =Y, LX)nV={0}.

Note that V' is a closed subspace as finitely dimensional, so Y/V is a Banach
space and the quotient mapping

n:Y —->Y/V
is bounded. The mapping
L:X/ker L —Y, L(z])= Lz

is bounded, ||L|| < ||L|| and it is a bijection onto L(X) = L(X). Now the
composition

X/ker L 25V LYV
is a bijection, so it is an isomorphism of Banach spaces. Hence
Lo(noL)™:Y/V — L(X)

is an isomorphism® of normed spaces and thus L(X) is a Banach space by
Proposition 2.6. Therefore L(X) is closed in Y. O

31f [y2] = [y2], then y1 —y2 € M and hence (27, y1) = (&%, y2 + (y1 — y2)) = (2", 2)
and hence (4.6) is well defined.

4For § € [y] we have |{z*,[y])] = [{z*, )| < ||=*|||F|| and taking infimum over § € [y]
yields |(z*, [y])] < |l=*]| ||[y]|| which proves boundedness of z*.

We consider it only as an algebraic mapping. Since we do not know yet that L(X) is

closed, so we do not know that Y/L(X) is a normed space.

61t is an isomorphism, because the inverse is 7 restricted to L(X). Indeed, n o Lo (no
L)™' =id on L(X).
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4.3. Direct sum.

DEFINITION. If X and Y are normed spaces with the norms || - ||; and
|| - ||2 respectively, then we define X @Y as X x Y equipped with the norm
|(z,y)|| = ||=]l1 + ||y||2- The following proposition is obvious.

Proposition 4.9. If X and Y are Banach spaces, then X ®Y is a Banach
space as well.

Example. The space C"[a,b] of real functions whose derivatives of order
up to n are continuous on [a, b| is a Banach space with respect to the norm

IFll = sup |f(@)|+ sup [f'(2)|+...+ sup | (2)].

z€la,b] z€a,b] z€la,b]
This space is isomorphic to R" & Cla, b]. Indeed, the mapping
C'a,0] 5 f = (f(a), f'(a),.... f""V(a), f) € R" & Cla 1]
is an isomorphism. This follows from the Taylor formula.
EXERCISE. Provide a detailed proof of the above fact.

In the case of Hilbert spaces we define a direct sum in a slightly different
way than in the case of Banach spaces.

DEFINITION. If (Hy,(-,-)1), (Ha2, (-,-)2) are Hilbert spaces, then their direct
sum is the space Hy & Hy = Hi X Ho with the inner product

((z1,22), (1, ¥2)) = (@1, 1)1 + (T2, Y2)2 -
It is easy to see that (Hy & Ha, (-,-)) is a Hilbert space.

Observe, however, that the corresponding norm is

1/2
@1, 22) = (loall? + |22 ]13)"

which is different, (but equivalent) than the norm defined in the case of a
direct sum of Banach spaces.

We can also define a direct sum of an infinite sequence of Hilbert spaces.

DEFINITION. If (Hj, (-,-)i), ¢ = 1,2,... are Hilbert spaces, then the direct
sum is the space

o o
@Hi:Hl@Hg@...:{(:ri)fil: :JciEHi,izl,Q,...,ZH:U1~H2<OO}
=1

i=1
equipped with the inner product

o0

(@), (i) = Z(xz‘,yi>z‘

i=1
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and hence
© 1/2
Il = (3 llaill?)
i=1
Theorem 4.10. H| ® Ho @ ... is a Hilbert space.

EXERCISE. Prove the above theorem.

Example. R = E% is a one dimensional Hilbert space and it is easy to see
that

ROR®...=/2.

5. HILBERT SPACES

In this section we will develop a basic theory of Hilbert spaces. In partic-
ular we will prove the existence of an orthonormal basis. We will also show
many interesting applications.

DEFINITION. A subset E of a linear space V is convex if

r,yeFE, tel0,] = z=0-tz+tyekFE.

Note that if F is convex, then its translation
E+z={y+z:yckE}
is also convex.

DEFINITION. Let H be a Hilbert space. We say that the vectors z,y € H
are orthogonal if (z,y) = 0. We denote orthogonal vectors by = L y.

It is easy to see that if x L y, then ||z + y|* = ||=|* + ||ly||*. This fact is
known as the Pythagorean theorem.

For x € H we define
et ={ycH:yla}
and for a linear subspace M C H
Mt ={yeH:yLazforallze M}.
It is easy to see that z is a closed subspace of H and hence
M+ = ﬂ zt
xeM

is also a closed subspace of H, even if M is not closed.

Theorem 5.1. FEvery nonempty, convex and closed set E in a Hilbert space
H contains a unique element of smallest norm.
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Proof. Recall the Parallelogram Law:
lz +ylI* + |z =yl = 2[|=[* + 2|ly||* for all z,y € H.

Let § = inf{||z| : = € E}. Applying the Parallelogram Law to z/2 and y/2
we have

=N
5 :
Since E is convex and z,y € E we also have (z 4+ y)/2 € E. Accordingly

1 9 1 9 1 2 H
1z = 9l = Sllall® + Syl

(5.1) lz =yl < 2fjz]* + 2[ly* — 46°.

If ||z|| = ||ly|| = 0, then x = y which implies uniqueness of the element with
the smallest norm. Now let y,, € E, ||yn|| — 0. Then (5.1) yields

1y = ym1 < 2llynll* + 2lym | — 46 — 0 as n,m — oo.

Hence {y,} is a Cauchy sequence in H. Thus y, — z¢o € H. Since E is
closed, zg € E and continuity of the norm yields

[zoll = lm.{lyn|| = 0.
n—oo
The proof is complete. O

The next example shows that the property described in the above theorem
is not true in every Banach space. However, it is true in reflexive spaces, see
Theorem 14.10.

Example. For y = (y1,92,...) € £>° define ¢ : #! — C by
oo
o(x) = anyn where x = (z1,x2,...).
n=1
Since ¢ € (£1)*
W={zect: p)=1}
is convex and closed. If y = (1,1,1,...), then

W={zect: inzl}
n=1

so for x € W, |lz|| = >°,2 |zn| > 1 and hence every vector x € W with
Zyn > 0 for all n has the smallest norm equal 1. Thus we have infinitely many
vectors of smallest norm.

On the other hand if y = (1/2,2/3,3/4,4/5,...), then

W:{xeélz inj_lmnzl}.
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In particular e,(n+1)/n € W, where e, = (0,...,0,1,0,...) with 1 on nth
coordinate and ||e,(n + 1)/n|1 = (n 4+ 1)/n, so dist (0, W) < 1, but also
dist (0, W) > 1 because for x € W

el =3 fonl > 3 T el 2 Y =1
n=1 n=1 n=1
Thus dist (0, W) = 1. This also proves that there are no vectors in W of
smallest norm because ||z||; > 1 for any x € W. O

Another example is provided in the next exercise.

EXERCISE. Let M C C[0,1] be a subset consisting of all functions f such

that
1/2

F(t)dt — lf(t)dtzl.
0 1/2

Prove that M is a closed convex subset of C[0,1] that has no element of
minimal norm.

Theorem 5.2. Let M be a closed subspace of Hilbert space H. Then

(a) Every x € H has unique decomposition
z=Px+Qxr where Pre M, Qre M+ .
(b) Pz and Qx are nearest points to x in M and M L respectively.
(¢) The mappings P: H — M, Q: H — M~ are linear.
() [lz]? = |P=[* + | Q.

BS

M

Qx

'P'x M

The mappings P and @ are called orthogonal projections of H onto M
and M+,

Corollary 5.3. If M # H is a closed subspace, then there isy € H, y # 0,
y L M.

Corollary 5.4. If M is a closed subspace of a Hilbert space H, then H/M
is isometrically isomorphic to M*. In particular it is a Hilbert space.
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Observe that this is a very different situation than in the case of Theo-
rem 4.6.

Proof of Theorem 5.2. (a) Uniqueness is easy. If
T = x’+y’ _ QUH—FZ/”, l‘l,x” e ]\/[7 y/’y// c MJ‘,
then
Maac’—x":y”—yIEML.
Since M N M+ = {0} (because (z,r) = 0 implies # = 0) we conclude that

2’ = 2" and 3y’ = 4. Thus we are left with the proof of the existence of the
decomposition. The set

r+M={z+y: ye M}

is convex and closed. Let Qx be the element of the smallest norm in x + M
and let Px = x — Qx. Clearly x = Px 4+ Qx. Since Qx € x + M, it follows
that Pz € M. We still need to prove that Qz € M. To this end we have to
prove that (Qx,y) = 0 for all y € M. We can assume that ||y|| = 1. Denote
z = Qz. The minimizing property of Qx shows that

(z,2) = 2] < ||z — ayl* = (z — ay, 2 — ay)
for all @ € K. Hence

(z,2) < (z,2) + | (y,9) —aly, z) —a(z,y)

1
0 < ‘Oé|2 - a(y,z) - a<27y> .
Taking o = (z,y) we have
0< —[(z ),

i.e. (z,y) = 0. This proves that z = Qx € M+,
(b) We know that Pz € M. If y € M, then

lz =yl = 1Qz + (Pz — y)|I* = [|Qz|* + | Pz — y*.

The last equality follows from Qx L Px — y. Thus the minimal value of
|z — y||? is attained when y = Pz, so Pz is the nearest point to x in M.
Similarly one can prove that Qz is the nearest point to x in M.

(c) If we apply (a) to z,y and ax + [y, we obtain
az + By = Plaz + By) + Qaz + By) ,
a(Pr + Qz) + f(Py + Qu) = P(ax + By) + Qax + fy)
aPz + Py — Plax + fy) = Q(ax + By) — aQz — SQy .

~~

eM eMt

Since M N M+ = {0} both sides are equal zero which proves linearity both
of P and Q.

(d) This is a direct consequence of the orthogonality of Px and Q. |
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Example. This will be an illustration for a striking application of Corol-
lary 5.3 in the finitely dimensional case. We will prove that for every integer
m > 0 there is ¢ € C§°(B"(0,1)) such that

/ o(z)dr =1, / p(r)z*dx =0 for 0 < |a] < m.

Indeed, let N be the number of multiindices o = (ay,..., ;) such that
|a] < m. Define a linear map

T:C5(B™0,1)) = RN, T(p) = (&) aj<m
where
Y= .
o= [ pl)tda

It suffices to prove that the mapping T is surjective. For if not the image
imT # RY is a closed subspace of RY and hence there is a nonzero vector
0 ?é (77Q>|a|§m 1 imT, ie.

(5.2) 0= Z Na /Rn o(z)z® dl‘:/Rn o(z) Z Nax® dx

|| <m |ee|<m

for all ¢ € C3°(B™(0,1)). In particular if ¢ € C§°(B™(0, 1)), then
p(@) = (@) D naz® € CF(B"(0,1))

|| <m

and hence (5.2) yields

0= Rn¢(az)‘ Z naxardac

la|<m

for all ¢ € C§°(B"(0,1)). Hence }, <, Maz® = 0 in B"(0,1) and since
it is a polynomial, 7, = 0 for all || < m which is a contradiction with
(na)\a|§m 7& 0. g

Recall that for a function ¢ € C{°(R™) and € > 0 we define ¢.(x) =
e p(z/e).
EXERCISE. Use the above example to prove that for every integer m > 0
there is ¢ € C3°(B™(0,1)) such that for every e >0

e x P =P for all polynomials P of degree < m .

Obviously for every y € H, x +— (x,y) is a bounded linear functional on
H. It turns out that every functional on H can be represented in that form.

Theorem 5.5 (Riesz representation theorem). If L is a continuous linear
functional on H, then there is unique y € H such that

Lz = (z,y) forxzeH.
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Proof. If L = 0, then we take y = 0. Otherwise
M ={x: Lz =0}

is a closed linear subspace with M # H. Thus there is z € M*, ||z|| = 1
(see Corollary 5.3). For any = € H let

u= (Lx)z — (Lz)x.
We have
Lu= (Lz)(Lz) — (Lz)(Lz) =0,
so u € M and hence (u,z) =0, i.e.
(Lz) (2, z) —(Lz){x,z) =0,
——

1

Lz = (Lz){(x,z) = (z,(Lz)z) .
~——
y
The uniqueness is easy. If (z,y) = (z,y') for all z € H, then (z,y —y') =0
for all x € H and in particular for z =y — ¢/

/

ly=y'1?=@w—v.y—y)=0, y=y.
The proof is complete. o

5.1. Orthonormal basis. As set {uq}aca C H is called orthonormal if

1 ifa=0,
<“a’“ﬁ>_{ 0 ifa#p.

If {tuq}aca is orthonormal, then with each « € H we associate Fourier
coefficients defined by

Z(a) = (z,uq) -
Proposition 5.6. Suppose that {ug}aca is an orthonormal set in H and
I is a finite subset of A. Let

MF = Spal {uoc}aEF .

(a) If ¢ is a complex function on A, equal to zero outside F, then the
vector

y=Y_ p(a)u, € Mp
acF

satisfies §(a) = p(a) for a € F and

lyl* = le(a)P?.

aceF
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(b) If x € H, and
sp(x) = Znﬁ(a)ua,

a€el
then

(5.3) 2 = sp()|| < [lz— s
for every s € My with the equality only for s — sp(x). Moreover

(5:4) > lE@) <l

acF

Proof. Part (a) is obvious. To prove (b) denote sp = sp(x) and observe
that sp(a) = #(a) for a € F. That means (x — s+ F') L Mp. In particular
(x — sp,sp —s) = 0 and hence

(55) e =sl> =z = sp) + (sr = )| = llz = sp[|* + [[sp — 5]
which implies (5.3). Now (5.5) with s = 0 gives

l1* = lls = sFlI* + lIsFlI* > llsF
which is (5.4). O

Remark. The part (b) says that sp(z) is the best unique approximation
of z in Mp, i.e. (see Theorem 5.2) sp(z) is the orthogonal projection of x
onto Mp.

If A is any set, then we define £°°(A) to be the Banach space of all bounded
functions on A (no measurability condition), and P(A), 1 < p < oo is the
Banach space of p-integrable functions with respect to the counting measure.
Thus ¢ € P(A), 1 < p < oo if p(ar) # 0 for at most countably many « and

Sle@P = Y fe(a) <.

a€A acA
P (a)#0

Y le(@)P = Sup > el

a€cA a€EF
where the supremum if over all finite subsets F' C A.

Note that

If A =7, then P(A) = (P. Clearly, the functions ¢ that are equal zero
except on a finite subset of A are dense in /P(A), 1 < p < oo. It is also
obvious that ¢2(A) is a Hilbert space with respect to the inner product

(. 0) = 3 pla)ila).

acA
We will need the following elementary result.

Lemma 5.7. Suppose that

(a) X andY are metric spaces and X is complete;



FUNCTIONAL ANALYSIS 35

(b) f: X =Y is continuous;
(¢) X has a dense subset Xy on which f is an isometry;
(d) f(Xo) is dense inY.

Then f is an isometry of X onto Y.

An important part of the lemma is that f is a surjection. Recall that f
is an isometry if it preserves the distances, i.e.

dy (f(z), f(y)) =dx(z,y) foralz,ye X .

Proof. Clearly f is an isometry on X by continuity. To prove that f is a
surjection let y € Y. Since f(Xj) is dense in Y, there is a sequence z,, € X
such that dy (y, f(zn)) — 0 as n — oo. This implies that f(z,) and hence
xy, (by isometry) are Cauchy sequences. Hence z,, is convergent, x,, — xo
(because X is complete) and thus f(zg) = y. O

Theorem 5.8. Let {uq}aca be an orthonormal set in a Hilbert space H,
and let P be the space of all finite linear combinations of the vectors uq, i.e.
P = span {uq}aca. Then the Bessel inequality

> lE@))? < o
a€A

holds for all x € H and x — % is a continuous linear mapping of H onto
(2(A) whose restriction to the closure P is an isometry of P onto (?(A).

Proof. The Bessel inequality follows from the fact that
> @) < el
a€cF
for every finite subset F' C A. Let
FiH - 2(A), f@)=i.
Linearity of f is obvious. Since

1f (@) = FI? = 1f (= = )72y < Nz =yl

f is continuous. Moreover f is an isometry of P onto a dense subset of £2(A)
consisting of functions in ¢?(A) which are equal to zero except on a finite
set. Hence the theorem follows from the lemma. O

Theorem 5.9. Let {uq}aca be an orthonormal set in a Hilbert space H.
Then the following conditions are equivalent.

(a) {uataca is a mazimal orthonormal set in H.
(b) The space P = span {uq}aca is dense in H.
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(c) The Parseval identity

> lE(@)f = ||z

a€A
holds for all x € H.
(d)

Z #()g(a) = (z,y) foralz,ye H .
acA

Proof. (a) = (b). Suppose P is not dense, i.e. P # H. Let u € Fl,
|lu|| = 1. Then the set {u} U {uq}aca is orthonormal which contradicts
maximality of {uq}acA-

(b) = (c). It follows from the previous theorem
P =H — (?(A)
is an isometry, so the Parseval identity follows.

(c) = (d) this implication follows from the Polarization identity, Proposi-
tion 1.3.

(d) = (a). If (a) were false, then there would be 0 # u € H such that
(u,uq) =0 for all & € A. Let z = y = u. We have
0<(z,y) = (o) yla) =0
(x,y) =Y #(a)§(a)

~—
acA 0 0

which is a contradiction. O

DEFINITION. Any maximal orthonormal set in H is called an orthonormal
basis.

Therefore the above theorem provides several equivalent conditions for an
orthonormal set to be a basis.

A direct application of the Hausdorff maximality theorem (equivalent to
the axiom of choice) gives

Theorem 5.10. Fvery orthonormal set is contained in an orthonormal ba-

S81S.

DEFINITION. We say that two Hilbert spaces Hy and Hs are isomorphic if
there is a linear bijection A : H; — Hs such that

(Az,Ay) = (x,y) forallz,y € H .

Corollary 5.11 (Riesz-Fisher). If {uq}aca is an orthonormal basis in H,
then the mapping x — & is an isometry of H onto (*(A).

It is easy to see that orthonormal vectors are linearly independent.
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Corollary 5.12. If a Hilbert space H has finite dimension n, then H is
isomorphic to (2. If a Hilbert space H is separable and infinitely dimensional,
then it is isomorphic to (2.

Proof. If dim H = n, then the maximal orthonormal set consists on n
vectors. If dim H = oo and H is separable, then the maximal orthonormal
set is countable, so it can be indexed by integers. O

Theorem 5.13. If H is a separable Hilbert space and {ey}necz is an or-
thonormal basis, then for every x € H

x = Z z(n)ey

n=—oo
in the sense of convergence in H, i.e.

Ha:— Z i(n)enH -0 ask— o0 .
In|<k

Proof. As we know |[lz — >, <, Z(n)en|| equals to the distance of x to

the space span{ey }|, < (see Theorem 5.6(b)). Since span {e, }nez is a dense
subset of H this distance converges to 0 as k — oc. O

As a variant of Theorems 5.9 and 5.13 we obtain

Theorem 5.14. Let Hy, Ho, ... be closed subspaces of a Hilbert space H such
that H; L Hj for i # j and linear combinations of elements of subspaces
H; are dense in H. Then H 1s isometrically isomorphic to the direct sum
of Hilbert spaces Hy & Ho & .... More precisely, for very x € H there are
unique elements x; € H; such that

]
i=1

in the sense of convergence in H and
oo
2> =D llal®
i=1

Observe that if {ej;}; is an orthonormal basis in each H;, then {ej;}; ; is
an orthonormal basis in H.

EXERCISE. Prove Theorem 5.14.

Theorem 5.15. Let p and v be positive o-finite measures on X and Y
respectively. If {©;}32, is an orthonormal basis in L*(u) and {;}32, an
orthonormal basis in 1*(v), then hij(z,y) = i(x)Y;(y), i,j =1,2,... is an
orthonormal basis in L?(u x v).



38 PIOTR HAJLASZ

Proof. 1t easily follows from the Fubini theorem that the functions h;;
form an orthonormal family in L?(y x v) and it remains to prove that

£l 22 (uxr) = Z [(f, hij)|* forall feL*(uxv),
ij=1
see Theorem 5.9(c). If f € L?(u x v), then for v-a.e. y € Y, 2 — fy(z) =
f(x,y) € L?(u) by the Fubini theorem. Denoting

~

B0) = (920 = /X £ () i) dplz)

we have

/\fxyIQdu r) = erym\

for v-a.e. y € Y. Note that fort =1,2,...
y— Jy(i) € L*(v)

because

L IB@R ) = [ 16020 o)
< [ Wil Lo vt )= [ [ 1P duto) dvty) <

Hence
1B = [ ([ 15 aut)) avt
_ /nyy ()% dv(y) Z/\fy @) dv(y)
= ZZ’fy % L2(v |
i=1 j=1
2
= pa 1/(/]“&73/% ) dp(x )> i (y) dv(y)
= Z’<f7hz'j>|2
ij=1
the proof is complete. O

5.2. Gramm-Schmidt orthogonalization. If H is a separable Hilbert
space, then an orthonormal basis can be constructed through the Gramm-
Schmidt orthogonalization that we describe next. Let {f1, fo,...} be a dense
subset of H. We remove (by induction) the function f, if it is a linear
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combination of fi,..., fn—1. Denote the remaining functions by g1, go, .. ..
Now the orthonormal basis can be defined as follows
-1
g1 gn — 2221 <gm ek>€k
€1 €n

ol - 19n — k=1 (9ns ex)ex|

This construction has a clear geometric interpretation that we lave to the
reader.

Example. The Legendre polynomials L,, n =0,1,2,... are defined by
1 d*,, 5

Laft) = g g (8 = 1").

Observe that Lo = 1 and L, is a polynomial of degree n. We will prove that

the functions
Von+1
V2

form an orthonormal basis in L?[—1,1] obtained from the functions
1,t,t2,t3, ... through the Gramm-Schmidt orthogonalization. To this end
it suffices to show that

L,(t) n=0,1,2,...

(1) (Ly, L) = 0 for n # m,

(2) (Lp,Lp) =2/2n+1) forn=0,1,2,...,

(3) (P, L,) = 0 for all polynomials P of degree less than n,
(4) (t", L) >0forn=0,1,2,...

If n > 1 and P is a polynomial of degree less than n, then

(P,Ly,) = (;éln / 11 dnd]; n<t) (2 —1)"dt =0

which proves (3)7. Since L, is a polynomial of degree n it also proves (1).

Recall that (2n)!! = 2-4-6-...-(2n) = n!2" and 2n—1)!! = 1-3-5-...-(2n—1).

Since (#2 —1)" = 2" + ... we have
dr 1 d*
—L,(t) = —— —— ((* = 1)) = =(©2n—-1N
a1 = Gy g (=17 amn ~ 2=

and hence
1 ! v, 5
<LnaLn> = (2n)” /_1 Ln(t)w((t _1) )dt
_1\n 1 . — 1\ 1
- ((2;;” / (2n — ) (£ — 1)" dt = 2((222)”1)/ (12" dt
.. —1 .. 0
2@ M L2
T /0 cosTudu =5 7

"We have no boundary terms resulting from the integration by parts, because deriva-
tives of (t* — 1)™ of order < n — 1 vanish at £1.
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which proves (2). Finally

1 n n! 1
<t",Ln>=(271)”/_1tn§tyb((t2—1)")dt '.!/ (1= 2" dt >0

which proves (4). The proof is complete. O

5.3. Distance to a subspace. We will show now how to compute the
distance of an element of a Hilbert spaces to a finitely dimensional subspace.

DEFINITION. The Gramm determinant of vectors x1,xo,...,Z, in an inner
product space is

G(l’l,-’EQ; ceey 1371) = det{<xh$j>}’zn;]:1 .

Lemma 5.16. Let x1,x9,...,x, be vectors in an inner product space H and
let H,—1 = span{z1,29,...,2n_1}. Then

G(z1,...,xn) = G(x1,...,2p_1) - dist (x,, Hn—1)2 .

Proof. Consider the Gramm matrix

(x1,21) ... (T1,Tp-1) (1, Zn)
(Tn—1,71) oo (Tn-1,Tn-1) (Tn-1,Tn)
(Tpyx1) o Xy Tp—1) (T, )
whose determinant equals G(z1,...,x,). Let w = Ax; + doze = ... +

An—1Zn—1 be the orthogonal projection of x, onto H,_1. Subtract from the
last row the first (n — 1) rows multiplied by Aj, ..., A,—1 respectively. This
operation does not change the determinant and in the last row we have

[z —w,x1), . (X — W, Tp—1), Ty — W, )] = [0,...,0,(z, — w, )]

because x, — w L H,_1, see Theorem 5.2. Now we subtract from the last

column the first (n — 1) columns multiplied by Ay, ..., A\,_1 respectively. We
obtain the matrix

<x17x1> oo <x1,xn_1> 0
<xn—17$1> cee <$n_1,l'n_1> 0
0 0 (Tn — w,2n)
Hence
G(x1,...xp—1,2n) = G(x1, ..., xp_1) - (Tp — w,zp),

so the result follows because

(Tn —w,2n) = (Ty — W, 2y — W) + (2, — w,w) = dist (2, H,_1)>.
0

The proof is complete. O
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Corollary 5.17. For any vectors x1,...,T, in an inner product space
G(x1,...,2n) > 0 and G(z1,...,2,) = 0 if and only if the vectors are
linearly dependent.

Theorem 5.18. Let x1,...,x, be linearly independent vectors in an inner
product space H and let

H, =span{zy,...,zn}.
Then for any x € H

o1 =[Gzl

As another corollary we obtain that if z1, ...z, are linearly independent
vectors in an inner product space, then the volume of the parallelpiped
spanned by the vectors x1,...,x, equals

V(zt,...,2n) = VG(21,...,240) .
Example. We will prove that if By, Bs,..., By is a family of balls in R™
and B; # Bj for ¢ # j, then

Indeed, let f; = xp, € L*(R") for i = 1,2,... The functions f1, f2, ... fx are
linearly independent in L?(R™) and hence

G(f1,..., fu) = det{|B; N Bj[}¥,_; > 0.

Observe that the corresponding result is not true is we replace balls by cubes.
Why?

We close the section on Hilbert spaces with two elegant applications.

5.4. Mintz theorem. As a profound application of the formula for the
distance to a subspace we will we will prove

Theorem 5.19 (Miintz). Let 0 < p;1 < p2 < ..., lim;_,oop; = 00. Then
every continuous function in C[0,1] can be uniformly approzimated by func-
tions of the form

(5.6) Ao + MtP L AP
if and only if
(5.7) > L.

i=1 Pi

Proof. A crucial step in the proof is the following lemma.
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Lemma 5.20. Let W = span {t",... tP»} C L?[0,1], where —1/2 < p; <
. < ppn. Then for any ¢ >0

lq — pil
dist t W
z2( \/2q+1 Hq—i—pz—i-l

Before we prove the lemma we will show how to complete the proof of the
Miintz theorem. First we will prove an L? version of the Miintz theorem.

Theorem 5.21. Let —1/2 < p; < pa < p3 < ..., lim;_,oo p; = c0. Then the
functions tPr P2 tP3 ... are linearly dense in L?[0,1], i.e

(5.8) span {tP1 tP2 trs .} = L2[0,1]
if and only if

1
(5.9) Y. =
=1 P
where in the sum Y. we omit the term with p; = 0.

Proof. Since polynomials are dense in L2[0, 1] a necessary and sufficient
condition for (5.8) is that for any integer ¢ > 0 and any € > 0 there are
coefficients A1, Aa, ..., A\, such that

1 n
/ 19— 3" 2t
0 i=1

If ¢ = p; for some i it is obvious, so we can assume that g # p; for any 1.
According to Lemma 5.20 the condition is equivalent to

[e.9]
II la—pil
T atpitl

or

(5.10) I 1—q/pi

M om

Indeed, since p; — oo we neglect in the second product only a finite number
of nonzero factors which does not affect divergence to 0.

We will also need the following elementary lemma from Advanced Calcu-
lus.

Lemma 5.22. Ifb; > 0, then the product [[;2 | (1+by) converges to a finite
positive limit if and only if the series > ., b, converges. If 0 < by, < 1, then
the product T[22, (1 — by) converges to a finite positive limit if and only if
the series y - b, converges.
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Proof. Since €* > 1+ x we have
T4bi+...+by <A 40b1)...(1+b,) < elrttbn
which easily implies the first part of the lemma. If 0 < b,, < 1, then
1
5.11 1—561)...(1=-0,) =
(5:11) (1=b1).. (1 =) (1+a1)...(1+an)

where a; = b; /(1 — b;). Now the expression on the right hand side of (5.11)
converges to a positive limit if and only if [[>2 (1 + a,) converges and
due to the first part of the lemma it remains to observe that > ", a, =
Yoo 1 bn/(1 — by) converges if and only if Y ° | b, converges. O

It remains to prove that (5.10) is equivalent to (5.9). Assume first that
g > 0. If (5.9) is satisfied, then

[Ta—am)=0, J[0+0+a)/p)=00

Pi>q pP1>4q

by Lemma 5.22 and hence (5.10) follows. On the other hand if the sum at
(5.9) is finite, then both products

[Ta—am). J]Q+0+a)/p)
pPi>q pP1>9
have finite and positive limits, so (5.10) is not satisfied.

If g =0, (5.10) reads as

[e.9]

1
H1+Pi:0

=1

which according to Lemma 5.22 is equivalent to (5.9). The proof of the L2
version of the Miintz theorem is complete. O

We are ready now to complete the proof of the Miintz theorem in the
continuous case. First observe that the condition (5.7) is necessary. Indeed,
density of the functions (5.6) in C[0,1] imply density in L?[0,1] and hence
necessity of (5.7) follows from Theorem 5.21. It remains to prove that the
condition (5.7) is sufficient.

Since (5.6) contains all constant functions, it remains to prove that for
any integer m > 1, t”* can be uniformly approximated by functions of the
form (5.6). Let g be such that p; > 1 for i > 4. Then for any ¢ € [0,1] we
have

n
=3y | = m

1=10

/t (Tmfl — Zn:mTp"1> dr
0

=10

1 n 9
m / ‘Tmﬂ — E ,uﬂpi*l‘ dr .
0

=10

(5.12)

IN
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Since E;’ilo 1/(pi — 1) = oo we conclude from Theorem 5.21 that for any
e > 0 there are numbers p;, ..., i, such that the right hand side of (5.12)

is less than ¢ and hence for \g = A\ = ... = X\jy—1 = 0, \; = uimpi_l,
i =1g,...,n we have

sup ‘tm — (/\0 + NPT+ )\ntp”) <e.

te(0,1]
The proof is complete. O

Proof of Lemma 5.20. According to Theorem 5.18
o Gt9,t, . tPn)

: q
(5.13) dist 72(t4, W) G o)
Since

8 b ass 1

e T L —

< ) /0 a+pB+1
we have

1 " 1 "
G(tpl,tm,...,tpn):det{} :det{ } ,
pi+pj+1 ij=1 ai +bj ij=1

where a; = p;, b; = p; + 1 and similarly

1 n+1
G, ) = det{ } ,
a; + B

1,j=1

where a1 = ¢, a; = pi—1, 0 =2,3,....n+1, f1 = q+1, 3 =pj_1+1,
j=2.3,. . n+1.

Thus a crucial step is to compute the Cauchy determinant

D,, = det L
a; + bj

i.j=1

Observe that computing the determinant using the algebraic definition that
involves permutations and then taking the common denominator gives
Pm(al, e ,am,bl, - .,bm)

[I7=1 (ai + b))

where P, is a polynomial of degree m? — m.

Dy, =

EXERCISE. Prove that if P(z,y) is a polynomial of two variables that van-
ishes when x =y, then P(xz,y) = (v — y)Q(x,y), where Q is another poly-
nomial. Generalize this result to polynomials of higher number of variables.

The polynomial P, vanishes when a; = a; for some ¢ # i (because the
matrix has identical two rows, so its determinant equals 0) or when b; = b;
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for some ¢ # j. Therefore

Pn= [ (—a) J[ —b)Qar,-.. ambi, ... bm).

1<i<j<m 1<i<j<m
~
Am Bm

The degree of each of the polynomials A,, and B,, equals m(m — 1)/2, so
the degree of the polynomial A,,B,, is the same as the degree of P, and
hence @ is a constant

P = YmAmBm .
We will prove that 7, = 1. A direct computation shows that v; = 1. Mul-

tiplying the last row of the matrix in the determinant D,, by a,,, letting
a.;, — 00 and then letting b,, — co we obtain

1 1 1
a1+b1 Tt a1+bm—1 a1+bm
amDm — . . . .
am am am
am+b1 T am~+bm—1 am~+bm
1 1 0
a1+b1 e a1+bm—1
. T, . —
1 1 Drm-1
am—1+b1 "7 am—1+bm—1
1 .. 1 1

On the other hand the same limiting process gives

1 _ Om H1§i<j§m(aj —a;)(bj — b;)
AV Dm = m
I1:=1(ai + b))
. a; — a; b; — bl
H1§z<]§m—1( J )( J ) _ "}/_1 1Dm—1 ’

H;Z‘_:ll(ai + b;) "
SO Ym = Ym-1 and by induction 7, = 1. We proved that

H1§i<j§m(aj - ai)(bj —b;)
D,, = e .
Hi,j:l(ai +bj)

Taking a; = p;, bj = p; + 1 we have

P P H1§i<j§n(pj —Pi)Q
G, ... 1) = ==&
II5 =1 (pi +pj +1)
7.7

and similarly

H:‘L:l(q - Pi)2 H1§i<j§n(pi - Pj)2
2¢+ DTy (g +pi + D2 I1E oy (pi +pj + 1)

The two above formulas together with (5.13) give the result. O

G, Py .. ) =
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5.5. Radon-Nikodym-Lebesgue theorem. As an elegant application of
the Riesz representation theorem (Theorem 5.5) we will prove the Radon-
Nikodym-Lebesgue theorem.

Recall that if ;1 and v are two positive measures on 9, then v is called
absolutely continuous with respect to v if

EeMm u(E)=0 = v(E)=0

and we write v < pu. If there are disjoint sets A, B € 9t such that pu is
concentrated on A and v is concentrated on B we say that the measures are
mutually singular and we write p 1 v.

Theorem 5.23 (Radon-Nikodym-Lebesgue). Let p be a o-finite measure
on M and v a finite measure on M. Then

(a) There is unique pair of measures vq, vs on MM such that
V=V + Vs, Vo<, Vslp.
(b) There is a nonnegative function h € L'(u) such that

ve(E) = /Ehdu for all E € 9.

Proof. Uniqueness of v, and v is easy and left as an exercise, so we need
to prove the existence v,, vs and h. We will prove all this at the same time.
We need

Lemma 5.24. If i is a positive o-finite measure on a o-algebra 9 in X,
then there is a function w € L*(u) such that 0 < w(z) < 1 for every z € X.

Proof. Since p is o-finite it is the union of countably many sets of finite
measure F, € 9. We may also assume that the sets are pairwise disjoint.
Now the function w(z) = 27"(1 4+ u(E,)) if © € E, satisfies the claim. O

Define a new measure dy = dv+w dp. It is a finite measure and for every
measurable nonnegative function f

/decp:/xfdu—l—/xfwdu.

The Schwarz inequality for f € L?(¢) yields

‘/dey

SAWWSWM@ﬂDW-

Accordingly
fo [ sav
X
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is a bounded functional on L?(¢) and hence the Riesz representation theorem
gives the existence of g € L?(¢p) such that

(5.14) /dey = /ngdcp for all f € L%(y).
For f = xg, ¢(E) > 0 we obtain
v(E) = /Egdw
Hence (B)
1 v(E
— dp = .
0= S Jp01 = i <!

Since E can be chosen arbitrarily we conclude that g(z) € [0,1], ¢-a.e.
Therefore we may alternate g on a set of p-measure zero so that g(z) € [0, 1]
for all X without affecting (5.14). We can rewrite (5.14) as

(5.15) /X (1—g)fdv = /X fowdy.

Let
A={z:0<g(x) <1} B={x:g(x)=1}
and define the measures v, and vs by
vo(E) =v(ENA), vs(E)=v(ENB)
for E € M. If we take f = xp, (5.15) gives

Oz/wdu.
B

Since w(x) > 0 for all 2, we conclude that p(B) = 0 and hence v, L u.®
Applying (5.15) to
f=Q+g+...+9")xE
we obtain
/(1—g"+1)dyz/ gl+g+...+g"wdu.
E E
If x € B, then g(x) = 1 and if x € A, then ¢g""'(z) decreases monotonically
to zero. Hence letting n — oo the left hand side converges to v(A N E) =
Va(E). On the right hand side the function that we integrate increases to a
measurable function h and the monotone convergence theorem gives

va(E) :/Ehdu.

Hence v, < . Finally if we take E' = X we obtain that h € L'(u), because
va(X) < o0. O

8Indeed, p(B) = 0 implies that p is concentrated on X \ B. Since v, is concentrated
on B and BN (X \ B) = () we obtain that u L vs.
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6. FOURIER SERIES

In this section we will present a basic theory of Fourier series. It is one of
the most important applications of the theory of Hilbert spaces.

We denote the space of continuous, L?,...etc functions on R with the
period 1 by C(S'), LP(S!)...etc. This notation comes from the fact that
functions with period 1 can be identified with functions on the unit circle
through the mapping z — e>™. The space L?(S') is a Hilbert space with
respect to the inner product

1 JE—
(6.1) (f.g) = /0 f(@)g(@) de

The C(S') and LP(S') norms will be denoted by |||/« and ||-||, respectively,
but the L?(S1) norm will be simply denoted by || - ||. As a direct application
of Theorem 5.13 we have.

Theorem 6.1. The functions e,(x) = €*™"* n € Z form an orthonormal
basis in L*(SY). Hence any f € L*(S') can be represented as a series

F=> fn)en

n=—oo

where
1
¢ _ — —2minx
Fo) = (fren) = [ fa)e e da,

in the sense that the series converges to f in the L? norm, i.e.

|7=> Fmyen

In|<k

—0 ask — oco.

Moreover the Plancherel identity
o

Iflz=>_ [fm)?

n=—oo

is satisfied for all f € L?(S') and the mapping f {f(n)}nez is an isometry
of Hilbert spaces
N L2(SY — 2z .

Proof. We only need to prove that the family {e,},cz is an orthonormal
basis in L?(S1). It is easy to see that the functions e, are orthonormal, so
we are left with the proof that linear combinations of the e,’s are dense in
L?(SY) (see Theorem 5.9(b)). Since linear combinations of the functions e,
are exactly trigonometric polynomials of period 1, they are dense in C(S')
by the Weierstrass theorem, and the claim follows from the density of C(S!)
in L2(S1h). |
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Another orthonormal basis in L2(S') is given by the functions 1,
V2 cos(2mnzx), 2sin(2rnz), n = 1,2,3... and Theorem 6.1 has an ob-
vious counterpart in this case as well. However, it is more convenient to
work with the basis e, and we will always use it in what follows.

As a first step we will derive a useful integral representation for the partial
sum of the Fourier series. Note that the partial sums of the Fourier series
are well defined for f € L*(S'). We have

sn(frz) =

where

Z f(k)e27rikx _ Z 627rz'kz /1 f(y)6—27riky dy
0

lk|<n lkl<n
1
| o) 3 e ay,
0 Ik|<n
Dy (z—y)

D, (z) = Z er(x) = Z eZmike

[k|<n k|<n

To evaluate the sum D, (z) note that

D, (x

and hence

n
Dn(m)ewiw _ Z em’(2k+1)x’

k=—n

n—1

)efm'z _ zn: eﬂi(2k71)x _ Z eﬂi(2k+1)x

k=—n k=—n—1

Dn(.%') (eﬂ'ia: N e—Trix) _ eTri(Qn-l-l):L‘ _ e—m(2n+1)x 7

SO

D, (x)

eﬂi(2n+l)x — e~ mi(2n+1)z B sin7r(2n + 1)1’

emiT — g—miw sin 7z

We have D,,(0) =2n + 1 and

/Oan(:U)d:L‘: 3 /Olek(x)dle.

[k|<n



50 PIOTR HAJLASZ

Now
1
5u(f, ) = / F(5) D — ) dy
(y—z=t) e
= / f(z+t)Dy(—t)dt
_ 1—x
(D=t = Pot) / f(x+1t)Dy(t) dt
t>—>f(ac+t).Dn(t) 1/2
has period 1 F(z+t)Dy(t) dt .
—1/2
We proved

Proposition 6.2. If f € LY(S1), then

1/2

sa(fer)= [ fa+9)Duw)dy.
—1/2

where the Dirichlet kernel

sinm(2n + 1)z

Dn(x) - sinrx

has the properties

1
D,(0) =2n+1, / Dy(x)dy=1.
0

As a first application we will prove

Theorem 6.3. For any 1 <m < co and f € C™(S*) the partial sum

Sp = Sn(f) = Z f(k>ek

[k|<n
converges uniformly to f as n — oo. In fact

1f = sn(H)lloo < Clm)n= "2 ]|
Proof. For f € C™(S') we have
(m)y b ()2
m n _ m e~ 2miny g
(£ (m) | ey

1
W riny [ ey,

l.e.

(6.2) (f")N(n) = (2min)™ f(n).
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Hence for n < n’ < oo we can estimate

lsn = swlle < > |f(R)]

|k|>n
= TN k) 2rk)
|k|>n
(SCh%VarZ) ( Z ‘(f(m))/\(k)}z) 1/2< Z (27rk)—2m) 1/2 '
|k|>n |k|>n

Bessel’s inequality gives
1/2
(3 Iy @) <y
|k|>n

and we also have

(3 @mky2m) < cmpn—ir2,

|k|>n
because
v L /“’dﬂf _nm
Nt k2m = [ g?mo 9m 17
Accordingly
(6.3) lsn = swrlloe < Clm)n=™ 12| f0)].

This implies the uniform convergence of the sequence of partial sums s,.
Since s, — f in L? and f is continuous, s, = f uniformly. Now letting
n’ — oo in (6.3) yields

50 — Fllso < C(m)n™ ™12 fm)]]
The proof is complete. o

The above result allows us to characterize smooth functions on S! in
terms of a rapid decay of the Fourier coefficients.

Theorem 6.4. Let f € L?>(S'). Then f € C>®(S') if and only if for every
positive integer m, |n|™f(n) — 0 as |n| — 00.”

Proof. If f € C*°(S), then according to (6.2)
™ f ()] = C(m)n| (SN n)| < Cm)ln| =M F DL — 0

9More precisely, if f € L*(S') and |n|™f(n) — 0 as |n| — oo for any m, then there is
f € C>=(S') such that f = f a.e.
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as |n| — oo. To prove the opposite implication observe that for any integer
m >0, |n|"*2f(n) — 0 as |n| — 0 and hence [n™f(n)| < C(m)|n|=2 for all
n. Thus the series of term by term derivatives

o0

n=—oo n=—oo

converges uniformly by the M-test. That, however, implies that the Fourier
series of f defines a C*° function

(6.4) f= Z f(n)en

with
Fo = Y fmge

for any m. Since the Fourier series at (6.4) converges to f in L3(SY), we
conclude that f = f a.e. O

The following result is surprisingly difficult and we will not prove it.

Theorem 6.5 (Carleson). If f € L?(S1), then s,(f) — f a.e.

In particular if f € C(S'), then s,(f) — f a.e. and it is natural to
expect the everywhere convergence. Unfortunately it is not always true, see
Section 9.4.

Theorem 6.6 (Fejer). If f € C(SY), then
Sg+ 81+ ...+ 8Sp—1

= f
n
uniformly on S'.
Proof. We have
S 1/2 D oo+ Dy
o+ s1+ .t sno1 _ faty) 2@t Doay)
n —1/2 n _
Fn(y)

The function F;, is called Fejer kernel. Clearly
1/2 1 n—1 .1/2
/ F,=— Dp=1
—1/2 na—yJ/-1/2
and hence

S0 S1+ ..+ Snt f_/1/2
n -1/2
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It suffices to prove that

1/2
I@)i= [ lf@sy) = S@IF)ldy =0 asn -0,
—1/2

Note that

n—1 . .
1 2k +1 1 2
Fn(x):7zs1n7r( + 1)z :7<smnmc> 0.

sinTx n\ sinmwx
k=0

Indeed, by the formula for the sum of the geometric sequence

n—1 n—1 TTni Txni
S enlakt i _ gmai § ki _ (1 —e™)( +e™™)
P prt —2isinmx

and hence

n—1 n—1 S 2
E sin7(2k + 1)z = im E e (Zk+D)zi _ m .
— — sin Tz

For a small 0 < 0 < 1/2 we split the integral

I(z) = /|y<6+/y|26 =1 (x) + L(x).
We have

1)
L(z) = / 1o ) = F@)| (o) dy

< max max|f(x+vy)— f(x F,(y)d
\x|s1/2\y|sa‘f( y) — f(=)| s (y) dy

< ma —
> \y|§)§ny flloo

where fy(z) = f(x +y). For every ¢ > 0 we can find 0 < § < 1/2 such that
I(z) < /2 for all by uniform continuity of f. Now

4 1/2 sinnmy\ 2
I = < —|Ifllo d
2(2) /|y|>5 - anH /5 ( sin Ty ) Y

2 . 72
= (sin76) 2 e

and to given d we can find ng so large that Iy(z) < €/2 for n > ng and all
x € [0, 1]. The proof is complete O

IN

Fourier coefficients can be defined for f € L'(S') by the same integral
formula. Clearly
N LNSY) — (z)
because

A 1 .
fol =] [ e el <51
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The following result is a variant of the Fejer theorem.

Theorem 6.7. If f € L'(S'), then
(6.5) H80+81 + .o+ St

n
In particular the map " : LY(S') — (°°(Z) is one-to-one.

—fH —0 asn— oo.
1

Proof. As in the proof of the Fejer theorem we have

S0+ 81+ ...+ Sp_1 _f_/1/2
n —1/2

(flz+y) = f(x)Fu(y) dy.

Thus

So+s1+ ...+ 5p-1
n

1

_fH S/11//22”fy_JtHan(y)dy =1.

Recall that by a well known fact from Analysis I, ||f, — f|1 — 0 as |y — 0
for any f € L'(S'). We write

I = / ‘l‘/ =L+ 1.
ly|<é ly|>d

For ¢ > 0 we choose § > 0 such that [|f, — f|[i < /2 whenever |y| < .
Hence for |y| < § we can estimate I; by

g g
hg/ Fn(y)dy<§.
ly|<d

For the second integral note that || f, — f|l1 < 2|/ f||1 and hence

I < 2||flh Fn(y) dy
ly|=>6
1/2 1 sinnmy\ 2
=l [ (R
s m\sinmy

2 . 72
< Z
< 2| flli(sinmo)

which is less than /2 provided n is sufficiently large. Now it is easy to see
that the convergence (6.5) implies that the mapping " : LY(S!) — (°°(Z) is
one-to-one. The proof is complete. O

Recall that ¢ is a closed subspace of £°°(Z) consisting of sequences con-
vergent to 0 at Foo.

Theorem 6.8 (The Riemann-Lebesgue lemma).
N LNSY) = e,

i.e. |f(n)] = 0 as |n| — oc.
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First proof. Since e™ = —1 we have

fo) = / f(@)e™2mm dy = — / f(w)e2mineem do

= /f e~ 2min(z— )d:c_—/o f(az—f— n> e 2minT qy. |

Hence .
fo =5 [ (#@) = 1(e+ 5)) e da,
SO
) < SIF =Tl =0
as |n| — oo. O

Second proof. If f € C'(S), then
(f)" = 2minf(n)

and hence
f(n) = (2rin) = (/)" (n).
Since ||(f")" oo < 00 it follows that |f(n)| — 0 as |n| — oo, i.e.
Noel(sY) = .
Since || flloo < |If]l1 the claim follows from the density of C*(S1) in L!(S1).
d
As mentioned above (cf. Section 9.4), in general, for f € C(S') the Fourier

series need not converge to f, however, the following results provides suffi-
cient conditions for the convergence.

Theorem 6.9 (Dini’s criterion). If f € L*(S') and for some z with |z| <
1/2

dy < o0,

/1/2 ’f(w+y) — f(x)
-1/2 Y
then

lim s,(f,z) = f(x).

n—oo

Theorem 6.10 (Jordan’s criterion). If f is a function of bounded variation
in a neighborhood of x, then

lim s,(f,z) = =(f(z) + f(z7))

n—oo 2

where f(xT) denote the right and left hand side limits of f at .

10|+ || is the norm in the Banach space co.
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We will not prove these theorems.

The following result tells us that the rate of convergence of s, (f) near
xo € S depends only on properties of f in a neighborhood of .

Theorem 6.11 (Riemann’s localization principle). If f € L'(S!) vanishes
in a neighborhood of zo, then s,(f) = 0 uniformly in a (perhaps smaller)
neighborhood of xg.

Remark. If f = g in a neighborhood of xg, then

Sn(f) - Sn(g) = Sn(f - g) =0

near o and hence s, (f) is uniformly close to s,(g) in a neighborhood of
xo. In particular if s,(g) = ¢ near xg, then also s,(f) = f near 2y and
as an application we obtain the following result: if f € L'(S!) is C! in a
neighborhood of z, then s,(f) = f in a neighborhood of x.

Proof. We can assume that xo = 0. Suppose that f(z) = 0 for |z| < 4.
Then f(z +y) =0 for x| < 0/2 and |y| < §/2. Note that if |z| < §/2, the
function

flz+y)

sin Ty

vanishes for |y| < §/2 and hence has no singularity at y = 0. Therefore the
function is integrable on S! and for |z| < §/2 we have

1/2 sin(2n + 1)y
sulfir) = [ flaty RREEUTY
,1/2 s 7wy
1/2 f(d? + y) 67riyeQ’rz7riy _ e—ﬂiye—Q’mriy
= / . . dy
~1/2 sinmy 21

= (@) ()~ (@ )\(m),
where

Qi(w—mei Y.

Now it follows from the Riemann-Lebesgue lemma that s,(f,z) — 0 as

n — o0o. We still need to prove that the convergence is uniform with respect
tox €[—0/2,0/2].
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For x1,z9 € [-0/2,6/2] we have

1/2 .
ol =sa(el < [ )~ S o) s DT,
/2<|y\<1 sin Ty

g(smf) fol fxg”l
:(smf) Hfz f||17

where z = x9 — 7. This implies that the family {s,(f)}>2; is equicontinuous
on the interval [—3/2,6/2]. Since it converges at every point of the interval
equicontinuity implies uniform convergence. O

6.1. Convolution. L(S!) is an algebra with respect to the convolution

fxglx / fx —y)g(y)dy, for f,g € L*(SY).

Although the function y — f(z — y)g(y) need not be integrable for every x
and hence f * g(z) is not defined for every z, we will prove!® that f x g €
LY(SY) and

1 gllx < (£l llgllx-
Obviously, if

(6.6) /Ifx— ()] dy < oo,

then f * g(z) is finite for such z. Fubini’s theorem yields

/ /Ifrc (4| dy daz—/ -y |dx/ 9l dy = £l

Hence (6.6) holds for a.e. . Moreover

ireat = [ | [ 16 - wowasfar < [ [ 15 -l aas
= [ fllllgll -
Note that with the convolution notation we have
1
- /O () Dulz — y) dy = Do+ ()

and similarly

So+ 81+ ...85,—
0 1n nl:Fn*f(x).

Theorem 6.12. For f,g € L'(S") we have

Hyust like in Analysis 1.
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(a) fxg(x) =g [f(z)
(b) (f xg) xh(z) = [+ (gh)(x)

We leave the proof as an easy exercise.

Theorem 6.13. For f,g € L'(S)
(f *9)"(n) = f(n)g(n)

Proof. We have

deoron = [
1
(

1
| =gt ay) e i
0

1
| @ = e dy) gy ay

I
~»
—~

3
~—
Na )y
—~
S
~—

The proof is complete.

Now we will show several applications of the Furier series.

6.2. Riemann zeta funciton.
Theorem 6.14.

@)=Y ="

n=1
Proof. Let f(z) =z for z € [0,1). Then f € L?(S') and

R 1 ‘ % for n =0,
f(n) = / ze 2T dy =
0 —1 forn #0.

2min

Hence the Plancherel identity yields
1 ! 1 1y2 1 1 1
= [ Fa =1 1+ Y () ~ it

n#0 n=1
and the claim easily follows.

6.3. Writinger’s inequality.
Theorem 6.15 (Writinger’s inequality). If f € C1([a,b]), f(a) = f(b) =

then , -
b—
[ < O [

and the constant (b — a)?/m% cannot be replaced by any smaller number.
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Proof. 1t is enough to prove the theorem for a = 0, b = 1/2 as the general
case follows from a linear change of variables, i.e. it suffices to prove the

inequality s s
1
1P<— [ IfP
/0 dr? Jo

The function f can be extended from [0,1/2] to [—1/2,1/2] as an odd func-
tion in C''(S1). By the oddness of f we have

A 1/2
jo=[" r=0
—1/2
and hence the Planchelel identity yields
1/2 00 00 .
/ WP = e = 3 prinfe
B . i 1/2
> 4x2 Y f(n)? = an? / 2.
n#0 —-1/2

The equality is achieved for the function f(x) = 2isin 2rx = e2™% — ¢ =27z,
O

6.4. The isoperimetric problem.

Theorem 6.16 (Isoperimetric theorem). Among all Jordan curves of fized
length, the one that encloses the largest area is the circle. All other curves
enclose smaller area.

Proof. We can assume that the fixed length of the Jordan curve is 1.
Denoting the enclosed area by A we can write the theorem in the form of
the inequality

1
(6.7) A< I
with the equality if and only if the curve is a circle. We will assume that the
Jordan curve (t) = (x(t),y(t)) is of class C*(S), i.e. v is

closed:
x(0) = z(1), y(0) =y(1);
smooth:
z,y € CH(SY), ~(t) # 0 for all ¢;
Jordan:

’Y(tl) 7£ "Y(tQ) for 131 7& g, 1,12 € [07 1)7
unit length:

1
0



60 PIOTR HAJLASZ

Since every rectifiable curve (i.e. of finite length) admits an arc-length
parametrization (i.e. of speed 1) we can assume that

&) +g(t)> =1 for all t.
As a consequence of the Plancherel theorem we have

1 %}
1 = /Olsb(t)l2+lz)(t)l2dt= > lEm) + lg(n)®

n=—oo

= 4 " n?(jE0)P +1§(n)?)

and hence -
> ()] + [§n)P) = (4n*) 1.

It easily follow from the Green theorem that

o o ! . yER IZE 7~
A = Lxdy—/o z(t)y(t)dt "= /0 (t)y(t)dt

= Y imin) £ e Y @(m)in)
=7 Z n-2rex(n)ig(n)
Hence -
Z n-2red(n)ig(n) = Ax 1
Therefore T
@r*) ™ = Art = Y (@) + [9()) = D n-2red(n)ig(n)
= > (" =) + [5(n)]?)
+ ) Inl(jE(n)]? = sgn (n)2red(n)ig(n) + [5(n)]?)
6.8) = Y (@ =)&) +1gm)P) + Y [n|l2(n) - sgn (n)ig(n)|*
because

la £ 0> = |a* £ 2reab + |b%.
Since the right hand side of (6.8) is nonnegative we conclude that
1

(At —Ar 1 >0, so A< —
4
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which is the isoperimetric inequality (6.7). The equality in the isoperimetric
inequality holds if and only if the right hand side of (6.8) equals 0, so

(6.9) Z(n) =y(n) =0 for|n| >2
and
(6.10) |Z(n) — sgn (n)ig(n)|* =0 for |n| = 1.
Now (6.9) yields
£(t) = #(~1)e ™+ £(0) + #(1)™,
(1) = (1) 4 §(0) + 1)
Hence
(a(t) = (0) + (y(0) ~ §(0))? = |
(#(=1)% + 9(=1)%)e™ ™ 4 22(=1)2(1) + 25(=1)g(1) + (2(1)* + §(1)*)e'™ .
—_—————
0 by (6.10) 0 by (6.10)
Therefore
(x(t) = 2(0))* + (y(t) — 5(0))* = const.
The proof is complete. o

6.5. Equidistribution of arithmetic sequences. For a number 0 < v <
1 and x € [0,1) define'?

Tn =z +ny—[z+ny] €0,1).
If we identify [0,1) with S' via the exponential mapping
[0,1) 5t — ™ e S,

27i(

then x,, is identified with a point e2 /= +77) on the circle and hence z —

is a rotation of S! by the angle 27wn-y.
Theorem 6.17 (Weyl). If 0 < v < 1 is irrational'® and f € C(S"), then

1 n—1 1
(6.11) lim —» f(zx) = [ f(z)dx.

Proof. First we will prove the theorem in the case in which
f(z) = em(x) = ™™ for some m € Z.

If m = 0, then both sides of (6.11) are equal 1. If m # 0, then

/Olem(x)dz::()

12[2] stands for the largest integer < .
13The result is not true if ~ is rational (exercise).
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and
1 n—1 1 n—1
= _ - 2mim(x+ky)
e = 15
k=0 k=0
(seom-y e27rimx (1 _ e27rim'yn)

sum

—0 asn— 0.

n 1 — e2mimy
(Note that sice v is irrational the denominator is nonzero.) Thus (6.11) is

satisfied. Next (6.11) is satisfied by trigonometric polynomials which are
finite sums of the form

(6.12) f@)= > amem(z)

For a general f € C(S') and € > 0 we can find a trigonometric polynomial
f- of the form (6.12) such that'?

Ife = fllo < /3.

Since the function f. satisfies (6.11) for sufficiently large n we have

n—1 n—1
\ikzzof(xw—/olf\ < \i;)fmw—/olfs

n—1 1
1
2 Y e~ fa) | + | [ - 9]
k=0 L,_/
<e/3 <e/3
n—1 1
1 2e
<|= - — :
<[5 32 s [ a]+5<e
The proof is complete. o

Corollary 6.18. If0 < v < 1 is ¢rrational and 0 < a < b < 1, then
. H#H{k<n:a<az <b}
lim =

n— oo n

b—a.

Proof. Let f* be continuous functions that approximate the characteristic
function of the interval [a, b] is the following sense!®

7 <Xy <,

e 1 1 e
b—a—</f§/f+<b—a+.
2 0 0 2

Since

n n

n—1
#hk<n:a<xzp,<b 1
{ L) > Xfap (zr)
k=0

14By the Stone-Weierstrass theorem or simply by the Fejer theorem.
155 picture will help to see that such functions exist.
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we conclude from the previous theorem that
! €
(b—a)—c < / f(2)de— &
0 2
large n ] n-l
g 1 _

#{k<n:a<z <b}
n

n—1
< % > ()
k=0

large n 1 e
< / f+(x)da:+§<(b*a)+s.
0

<

Hence
#{k<n:a<axp<b}
n
for all sufficiently large n. |

(b—a)| <e

EXERCISE. The sequence 2™ starts with 2,4, 8,16, 32,64, 128, 256, ...

(a) Investigate how many times 7 and 8 will appear as a first digit of the
decimal representation of 2" for n < 45.
(b) The digit ¢ appears as a first digit of 2™ with the frequency
.ok _
lim #{k<n:2 fc...}.

n—00 n

Prove that this limit exists for any ¢ € {1,2,...,9} and show that 7
appears more often than 8.

7. SPHERICAL HARMONICS

The theory of Fourier series describes functions defined on S'. It is very
tempting to develop an analog of the theory of Fourier series for functions
defined on the sphere S”~! in R”, and this is what we will do now.

Trigonometric functions 1, v/2 cos(27wnt), v/2sin(27nt), n = 1,2, ... form
an orthonormal basis in L?(S'). Our purpose now is to find an orthonormal
basis in L2(S™ 1), the space of square integrable functions on a sphere in
R™. The trigonometric functions listed above are defined on [0, 1] and they
correspond to functions on S! through the parametrization [0,1] > t
e?™ ¢ S The corresponding inner product in S is

) =55 [ sado
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where we integrate with respect to the length element on S'. The factor
1/(2m) comes from the fact that in the definition (6.1) of the inner product
we integrate over the interval of length 1, but the length of the circle is 2.
However, until the end of the section we will consider another inner product

— l

and hence the orthonormal basis in L?(S!) corresponds to functions 1/v/2,
7= Y2 cos(2mnt), /2 sin(2nt), n = 1,2,... through the parametrization
[0,1] >t ¥ € S,

More precisely if z = e2™ € St then

11 i
—=2" = —= cos2mnt + —= sin 27nt .
Hence the orthonormal basis on S* consists of functions (27)~1/2, 7=1/2re 2",

7 Y2im 2.

The real and imaginary parts of z™ are polynomials in two variables (x, y)
that are harmonic. Moreover they are homogeneous of degree n, i.e. they are
of the form

n
P(z,y) = Z apazFy k.
k=0

Therefore it should not come as a surprise that we will search for an or-
thonormal basis in L%(S"~!) among homogeneous harmonic polynomials.

We equip the space L2(S"~!) with the inner product

)= [ F@lala)dota).

Let Py be the linear space of homogeneous polynomials P in R™ of degree
k, i.e.
P(x) = Z anx®
|a|=k

where we use the multiindex notation.

Let Hy, be the linear subspace of Py consisting of harmonic polynomials,
i.e. AP = 0. The elements of Hy are called solid spherical harmonics of
degree k.

By H, we denote the liner space of restrictions of solid spherical har-
monics of degree k to S"~!, so Hj, is a finitely dimensional linear subspace
of L?(S™~1). The elements of Hj, are called surface spherical harmonics of
degree k.
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Lemma 7.1. The finitely dimensional subspaces {H}32, of L*(S™!) are
mutually orthogonal.

Proof. Let P e H, and Q € Hj, k # | be restictions of P € Hj and
Q € H, to the unit sphere. Since P(rz) = r*P(x) it easily follows that

op

ov

where v is the outward normal to S"~!. Similarly 0Q/0v = IQ(x). Hence
Green’s formula yields

d _
= $]T21 P(rz) = krk 1P(x)\r:1 =kP(x),

h-02Q) = (-0 [ PRae= [ (@5 - P52

_ / (QAP — PAQ) dz = 0
|z|<1

by harmonicity of P and Q. O

Theorem 7.2. FEvery polynomial P € Py can be uniquely represented as
P(z) = Py() + [2]*Pi(z) + ... + |2[*' Pi(x)
where Pj € Hy_95, j =0,1,2,...,1.

Proof. Tt suffices to prove that every P € Py can be uniquely represented
as

(7.1) P=Q1+|2*°Qa, Q1€ Hy, Q2 € Pr_s .

The result will follow then from a routine inductive argument. With each

polynomial
= Z ax® € Py,
laf=k
we associate a differential operator
) lel
P(5r) = X 0o gm
o=k

and we define a new inner product in Py as follows

(7.2) (P,Q) = P( ) Z o 5o o ( Z bsx ) = Z aabaa!

o=k 18]= laf=k
where the last equality follows from the fact that

olal B glal
= 1 —_— ‘
50 0if a # 3, e a!

Note that the right hand side of (7.2) proves that this is a true inner product.
Let

|2*Py—s = {|z]*P(z) : P € Py_o} C Py.
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It suffices to prove that the orthogonal complement of the subspace |z|>Py_o
is Hg, i.e.

(7.3) Pr = Hy, @ [2[* Py
because it readily implies unique representation (7.1). To prove (7.3) observe

that P, € Py is in the orthogonal complement of |z|?P)_5 if and only if for
every Po € Pr_o

<|$|2P2, P1> =0.
We have
0= <|:L”2P2 P1> = A(PQ (2> ?1) = PQ (2> Aﬁl = <P2 AP1>
’ Ox Ox ’
for every P € P,_o, where in the right hand side we have the inner product
in Pr_s. This is, however, true if and only if AP, =0, i.e. P, € H. O

Corollary 7.3. The restriction of any polynomial to the unit sphere S™~!
is a finite sum of surface spherical harmonics.

Proof. Any polynomial is a sum of homogeneous polynomials of possibly
different degrees. If P is homogeneous, then the representation from Theo-
rem 7.2 gives

P(z) = Py(x) + Pi(z) + ...+ P(x), forxe S 1

where P; are surface spherical harmonics. O

By the Stone-Weierstrass theorem restrictions of polynomials to S”~! are
dense in C'(S™ 1) and hence are dense in L?(S™~!). Therefore linear com-
binations of surface spherical harmonics are dense in L?(S"~!), see Corol-
lary 7.3. Now Theorem 5.14 and Lemma 7.1 give

Theorem 7.4. For every f € L?(S™ 1) there are unique elements Yy, € Hy,

k=20,1,2,... such that
o0
f=2_Y
k=1

in the sense of convergence in L?(S™1). Moreover

o0
1A% = 1%l
k=1
Accordingly,
L(S" NW=HyoHOoH, @ ...
In particular if {Y{",... Y, } is an orthonormal basis in Hy, then {Y}*};

is an orthonormal basis in L?(S™"~!) consisting of surface spherical harmon-
ics.

On every Riemannian manifold M, in particular on every smooth sub-
manifold of the Euclidean space, one can define a natural Laplace operator



FUNCTIONAL ANALYSIS 67

Ay called the Lapalce-Beltrami operator. The general construction is quite
involved, but in the case of the sphere it can be easily done as follows.

DEFINITION. If f € C?(S"1), then we extend f to a neighborhood of gt
as a 0-homogeneous function, i.e. f(z) = f(z/|x|) and we define the Laplace-
Beltrami operator on S™~! (spherical Lapalcean) as follows

Asf = Af|gn-1.

We will prove now that the surface spherical harmonics are eigenfunctions
of the spherical Laplacean Ag.

Theorem 7.5. IfY € Hy, then
AgY(z) = —k(k+n—2)Y(x).

Proof. 1f Y is a restriction to the sphere of P € Hy, then P is k-
homogeneous and hence the 0-homogeneous extension of Y is Y (z) =
|z| =% P(z). Since P is harmonic we have!®

A(|z|7*P(z)) = (Alz| %) P(z) + 2V|z| - VP(z) + |z| ¥ AP(z) .
N——

0

Because |z| % = (27 4 ... + 22)7%/2 an easy computation shows that

V!$|_k = *k|$|_(k+2) <331, R xn> ,
Alz| ™" = divV|z| ™ = —k(n — k — 2)|z|~*+2)
Hence

AsY(x) = A(lz]"P(2))]jz)=1

= —k(n—k—2)P(z) - 2k2x 7z, @)

= —k(k+n—2)P(z)|z=1
= —k(k+n—2)Y(z).

We used here Euler’s theorem which asserts that a k-homogeneous function
[ satisfies > x;0f(x)/0x; = kf(x). The proof is complete. O

According to this theorem Hj is the eigenspace of the Laplace-Beltrami
operator Ag corresponding to the eigenvalue —k(k + n — 2). Moreover
eigenspaces corresponding to different eigenvalues are mutually orthogonal.
Therefore there is an orthonormal basis of L?(S™"~!) consisting of smooth
eigenfunctions of Ag (surface spherical harmonics). Analogous result holds
also for the Laplace-Beltrami operator on any smooth compact Riemannian

* 16We use here A(fg) = (Af)g + 2Vf - Vg + fAg.
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manifold, but the proof is to complicated to be presented here!”. As we will
see later results of this type are very general: existence of an orthonormal
basis in a Hilbert space consisting of eigenfunctions is a general consequence
of the spectral theorem.

We proved in Analysis II that f € C*°(S!) if and only if npf(n) — 0 as
|n| — oo for every p < co. As a striking application of Theorem 7.5 we will
generalize this result to the case of functions on S~

Theorem 7.6. Let f € L?>(S™ ') has the spherical harmonics expansion
[e.e]

(7.4) f=> Y, Yi€H,.
k=0

Then f € C®(S™ 1) (possibly after correction on a set of measure zero) if
and only if for every N >0

(7.5) / Yil?do = O(k™) ask — oo .
n—1

Proof. We will need the following lemma.!®

Lemma 7.7. If f,g € C?(S"71), then

/ fASgdaz/ gAgfdo.
Sn—1 Sn—1

Proof. Let f and § be 0-homogeneous extensions of f and ¢ to the annulus
A. =B"(0,14¢)\ B"(0,1 —¢).

Then the classical Green formula gives

/AE (ng—gAf)dx:/aAE(*gi—ggf)da:o,

because f and § are constant along the direction of v and hence 0g/0v =
df /Ov = 0. Finally the fundamental theorem of calculus gives

1 e AR
| asg—gnssyde =lim * [ (7ag-gAf)de=0
gn—1 e—0¢ A,
and the lemma follows. O

Suppose f € C®(S"1). We will prove (7.5). If we rewrite (7.4) with
normalized spherical harmonics

o
=Y aY, where Y =Yi/|Villz2,
k=0

1Tp w. Warner, Foundations of differentiable manifolds and Lie groups, Chapter 6.

18The same lemma is true for the Laplace-Beltrami operator on any compact Riemann-
ian manifold without boundary, see F.W. Warner, Foundations of differentiable manifolds
and Lie groups.
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then (7.5) is equivalent to |ay| = O(k~N/?) as k — co. Applying Lemma 7.7
m times we have

()"l = [ (A" Vdo = [ p(as)" Vdo
= (—k:(k:—i—n—2))m/ fYYdo,
Sn—l

lag| < C(k(k4+n—2))"™ = O(k~™)

and hence (7.5) follows because m can be arbitrarily large.

Suppose now that f € L?(S"!) has the expansion (7.4) satisfying (7.5).
It remains to prove that the series at (7.4) converges uniformly to a smooth
function on the sphere.

Recall that if the functions g; € C°°(Q2) are such that for every multiindex
Yooy 1DYgillse < 00, then > "2, D%g; converges uniformly on 2, and hence
g =219 € C®(Q2). Thus a good estimate of derivatives of any order of
Y}, will imply smoothness of f. Actually if Y}, = Y;(x/|z|) in a neighborhood
of the sphere, it suffices to prove the estimate!'®

(7.6) sup | DV (@)| < Cak" M|V 12

|z|=1

Since P, = ]w|k§~/k € Hj. is harmonic, the estimate will follow from suitable
estimates for harmonic functions.

Recall that harmonic functions have the mean value property, i.e. if u is

harmonic on R", then
u(z) = 7[ udo
Sn=1(z,r)

for every x € R™ and every r > 0. This easily implies that if ¢ €
C§°(B™(0,1)) is radial (i.e. constant on spheres centered at 0), [p. ¢(x) dz =
1 and ¢ (x) = e "p(x/e), then

u(z) = (pe *u)(x)
for every € > 0 and every x € R"™. Thus
D%u(z) = (D%pe * u)(x)

191¢ F}, is a representation of Yj in a local coordinate system (parametrization of a
neighborhood of a point on the sphere), then it follows from the chain rule that on any
compact set K, supy [D*Fi| < C) 5, sup|,—; |DPYi| < Cla, K)E™ 21|V, 12 and
hence Y, supy |D®Fy| < oo by (7.5). This shows that Fj converges to a smooth function,
so does >, Y.
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and the Schwarz inequality easily yields

el o 1 N U1
T B(z,)
Now

1+e
/ \Pk(a:)lzda;:</ \Ydea)/ 2R Gt < (14e)2 | Y|,
|z| <14 Sn—1 0

Now for any z € S"~! inequality (7.7) gives

1/2
D Pua)| < Cog ™0l (( [ B) < Coe ol
B(z,)
Taking € = 1/k we see that (14)%7"/2 is bounded by a constant and hence

sup [ D*Py(x)| < Cok™ 21|y |2,

|z|=1

Since Yy () = |#| %Py (z), the Leibnitz rule implies (7.6). O

8. BAIRE CATEGORY THEOREM

The Baire category theorem proved below plays an important role in many
areas of mathematics. In this section we will show its applications outside
functional analysis and in the next two sections we will use it in the proofs
of two fundamental theorems in functional analysis, the Banach-Stenihaus
theorem and the Banach open mapping theorem.

Theorem 8.1 (Baire). The intersection of a countable family of open and
dense sets in a complete metric space is a dense set.

Proof. Let V1, Vo, V3, ... be open and dense sets in a complete metric space.
We need to prove that their intersection V3 N Vo N ... is dense. To this end
it suffices to prove that for every open set W # ()

(8.1) Wmﬁvi;é@.
=1

The density of V; yields the existence of a ball
B(zy,71) = By cBicvinW, r<1.
The density of V5 implies the existence of a ball
B(xo,m9) = By C Bo C BNV, 13<1/2.
Similarly there is a ball
B(z3,r3) = B3 C B3 C BoNVs, r3=1/3
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etc. We obtain a decreasing sequence of balls B(x;,7;). The centers {z;}
form a Cauchy and hence convergent sequence z; — x € X. Since the balls
Bj are closed and z; € B; for ¢ > j we conclude

e} o)
re (1B cwWn(V
j=1 j=1
which proves (8.1). O

DEFINITION. We say that a subset E' of a metric space X is nowhere dense
if the closure F has no interior points. Sets which are countable unions of
nowhere dense sets are first category. All other sets are are second category.

Therefore the Baire theorem can be restated as follows.
Theorem 8.2 (Baire). A nonempty complete metric space is second cate-
gory.

As a first striking application we will prove
Proposition 8.3. If f € C*°(R) and for every x € R there is a nonnegative
integer n such that f((z) =0, then f is a polynomial.

The following exercise shows that the result cannot be to easy.

EXERCISE. Prove that there is a function f € C1%9°(R) which is not a poly-
nomial, but has the property described in the above proposition.

Proof of the proposition. Let £ C R be the union of all open intervals
(a,b) C R such that f|) is a polynomial. The set €2 is open, so

(8.2) Q= J(aib),
=1

where a; < b; and (a;,b;) N (b, b;) # O for @ # j. Observe that f|, s,) is
a polynomial (Why?).2% We want to prove that Q = R. First we will prove
that 2 = R. To this end it suffices to prove that for any interval [a,b], a < b
we have [a,b] N Q # (. Let

E,={zeR: fM(z)=0}.
The sets E,, N [a,b] are closed and

la,0] = | J En N [a,b].
n=0

201t suffices to prove that f is a polynomial on every compact subinterval [c, d] C (a;, b;).
This subinterval has a finite covering by open intervals on which f is a polynomial. Taking
an integer n larger than the maximum of the degrees of these polynomials, we see that
f™ =0 on [c,d] and hence f is a polynomial of degree < n on [c,d].
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Since [a, b] is complete, it follows from the Baire theorem that for some n
the set F,, NJa, b] has nonempty interior (in the topology of [a, b]), so there is
(¢,d) C E,N[a,b] such that f(™ =0 on (c,d). Accordingly f is a polynomial
on (c¢,d) and hence

(c.d) C Q1 [a,b] £0.

The set X = R\  is closed and hence complete. It remains to prove that
X = (. Suppose not. Observe that every point z € X is an accumulation
point of the set, i.e. there is a sequence x; € X, x; # z, x; — z. Indeed,
otherwise x would be an isolated point, i.e. there would be two intervals

(8.3) (a,x), (£,b) CQ, = & Q.

The function f restricted to each of the two intervals is a polynomial, say of
degrees n; and ny. If n > max{ni, na}, then £ =0 on (a,z)U (z,b). Since
£ is continuous on (a,b), it must be zero on the entire interval and hence
f is a polynomal of degree < n —1 on (a,b), so (a,b) C Q which contradicts
(8.3).

The space X =R\ Q is complete. Since

[e.e]
X=|JXnE,,
n=1
the second application of the Baire theorem gives that X N E, has a

nonempty interior in the topology of X, i.e. there is an interval (a,b) such
that

(8.4) XN(a,b) C XNE, #0

Accordingly £ (z) = 0 for all € X N (a,b). Since for every z € X N (a,b)
there is a sequence x; — x, x; # x such that f (n) (x;) = 0 it follows from the
definition of the derivative that f"*+1(z) = 0 for every € X N (a,b), and
by induction f™)(z) =0 for all m > n and all z € X N (a,b).

We will prove that f(™) = 0 on (a, b). This will imply that (a,b) C Q which
is a contradiction with (8.4). Since £ = 0 on XN(a,b) = (a,b)\Q it remains
to prove that f(™ = 0 on (a, b)NQ. To this end it suffices to prove that for any
interval (a;, b;) that appears in (8.2) such that (a;, b;)N(a,b) # 0, £ = 0on
(@i, b;). Since (a,b) is not contained in (a;, b;) one of the endpoints belongs
to (a,b), say a; € (a,b). Clearly a; € X N (a,b) and hence f(™(a;) = 0 for
all m > n. If f is a polynomial of degree k on (a;,b;), then %) is a nonzero
constant on (ag,b;), so f*)(a;) # 0 by continuity of the derivative. Thus
k < n and hence ™ =0 on (a;, b;). O

EXERCISE. As the previous exercise shows the theorem is mot true if we
only assume that f € C'0% Where did we use in the proof the assumption
feC*®R)?
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Theorem 8.4. If a complete metric space X has no isolated points, then
every dense Gg set is uncountable.

Proof. Suppose that a dense Gs set F is countable, E = {x1,x2,...}.
Then there are open and dense sets Vj, such that £ = ()2, V,,. Now the
sets W, = V,\{z1,...,x,} are still dense (because the space has no isolated
points) and hence ()7~ W, # () by the Baire theorem. On the other hand

N\ Wa=[Va\{z1,22,..} =E\E =10
n=1 n=1

which is a contradiction. O

Theorem 8.5. If f : X — Y is a continuous mapping between metric
spaces, then the set of points where f is continuous is Gs and the set of
points where f is discontinuous if F.

Proof. We define oscillation of f at a point z € X by
osc f(z) = lim+ diam (f(B(z,7)) .
r—0

It is obvious that f is continuous at x if and only if osc f(z) = 0. It is also
easy to see that the sets

Up={re€X:oscf(x)<l/n}

are open and hence

o0
{z : f is continuous at z} = ﬂ U,
n=1
is Gs. The second part of the theorem follows from the fact that the com-
plement of a G set is Fy,. O

Riemann constructed a function f : [0, 1] — R that is continuous exactly
at irrational points. However as a consequence of the above two results we
have

Corollary 8.6. There is no function f : [0,1] — R that is continuous
exactly at rational points.

Since the set of irrational points if G5, Riemann’s example is a conse-
quence of the following more general result.

EXERCISE. Let E C R be a given G set. Prove that there is a function
f R — R such that the set of points where f is continuous equals E.

The last application of the Baire theorem provided in this section is more
important because the proof is based on the so called Baire category method
which, in many instances, is used to prove the existence of functions (or
other objects) that have strange properties.
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Theorem 8.7 (Banach). The set of function in C|0,1] that are not differ-
entiable at any point of [0, 1] is a dense G subset of C[0,1]. In particular it
15 not empty.

The existence of a nowhere differentiable function has been proved for
the first time by Weierstrass. His construction was explicit. The above re-
sult proves existence of such functions, but does not provide any explicit
example. On the other hand it proves that nowhere differentiability is a
typical property of continuous functions.

Proof of the theorem. Let f € C[0,1], z € [0,1] and 0 < r < 1/2. If both
numbers = + r,x — r belong to the interval [0, 1], then we define

(8.5) Dgﬁﬁ%:mnyﬂm+ﬂ—f@w|ﬂx—ﬂ-f@ﬂ}

T r

If only one of the numbers = + 7,z — r belongs to [0, 1] we define D(f,x,r)
to be value of that number on the right hand side of (8.5) that exists, for
example if x +r > 1, we set D(f,z,r) = |f(x —r) — f(x)|/r. Let

G”:U U {feC[0,1]: D(f,z,r) >aforal z €[0,1]}.

a>n 0<r<l/n

It is easy to see that if f € ()72 Gy, then

lim sup = +oo for all z € [0,1]

r—0

’f(erT‘) — fz)

and hence f is not differentiable at any point of [0, 1]. Thus it remains to
prove that every set GG, is open and dense, because then the Baire theorem
will imply that (72, G, is a dense G subset of C[0,1].2! The fact that the
sets G, are open is easy and left to the reader. To prove density it suffices
to prove that every g € C[0, 1] can be uniformly approximated by functions
g € C[0,1] such that

Jo<r<i/n Vaep,1 D(G,2,7) 2 n+1,

because this implies § € G,,. The construction of the function g approximat-
ing g is explained on a sequence of pictures. First we approximate g with ¢
accuracy by a simple function

21Because C[0, 1] is complete.
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]

7
N N
o N\

Then we modify it to a piecewise linear function which has flat parts and
parts with the slope larger than n + 1.

Al
A
7

Finally we add little teeth to the flat part, so the slope of each tooth is
also larger than n + 1.

P
N

Clearly sup,cp1119(%) — g(z)| < € and if r is very small D(g,z,7) > n+1
for all z € [0, 1]. O
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The proof is based on the following general idea. Given a complete metric
space X, we want to prove that there is an element x € X that has a certain
property P. We find other, simpler to deal with, properties P,, n =1,2,...
such that

(a) The sets G,, = {x € X : x satisfies P,,} are open and dense;
(b) z has the property P if x has all the properties P,.

Then x € (2, G, has the property P and such an x exists, because the
set (o2, Gy, is nonempty by the Baire theorem. This is what is called the
Baire category method.

EXERCISE. We say that a function f € C*(0,1) is analytic at a € (0,1) if
there is € > 0 such that f(x) =320 f™(a)(x —a)"/n! for |z —a| < e. Use
the Baire category method to prove that there is a function f € C*°(0,1)
that is not analytic at any point.

9. BANACH-STEINHAUS THEOREM

The following theorem as well as each of the four corollaries that follow
are called Banach-Steinhaus theorem.

Theorem 9.1 (Banach-Steinhaus). Let X be a complete metric space and
let { fi}ier be a family of continuous real-valued functions on X . Then exactly
one of the following two conditions is satisfied

(a) There is a nonempty open set U C X and a constant M > 0 such
that
sup|fi(z)| < M  for allx € U;
el
(b) There is a dense Gs set E C X such that

sup |fi(x)] =00 forallz € E.
el

Proof. If p(x) = sup,;cs | fi(x)], then the sets
Vi={r € X: o(x) >n}
are open because of continuity of the functions f;. Suppose that the condition
(a) is not satisfied. Then for every open set U # 0, V,, N U # ) and hence

the sets V}, are dense. According to the Baire theorem £ = (), V}, is a dense
G5 set and obviously points of E satisfy (b). O

Corollary 9.2. Let X be a complete metric space and let { f;}ier be a family
of continuous real-valued functions on X. If the functions in the family are
pointwise bounded, i.e.

sup|fi(z)| < oo for every x € X,
el
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then there is a nonempty open set U C X and a constant M > 0 such taht
sup|fi(x)| < M  forallz € U.
i€l

The above two results are very important in the case X is a Banach space.
Corollary 9.3. Let X be a Banach space and Y a mnormed space. Let
{Li}ier C B(X,Y). Then either

sup [LLil| < oo
el
or there is a dense G5 set E C X such that

sup ||Liz|]| =00  forallz € E.
el

Proof. The functions f;(x) = ||L;x||, i € I are continuous and real-valued.
If the second condition is not satisfied, then it follows from the Banach-
Steinhaus theorem that there is an open ball B(xg,r9) C X such that

sup |fi(z)] = M < oo for all z € B(xg,79) .

el
For xz #£ 0
70
= ——1xr€B
AT R
and hence for all i € I we have
2||x T 4M
|Lia) = 2l [ 2i (0 + 5 2) = Lio| < == el
o 2||x|| ro
which yields
aM
sup || Li]| £ — < o0
il o
The claim is proved. U

Corollary 9.4. Let X be a Banach space and Y a normed space. Let
{Li}ier € B(X,Y). If for every x € X

sup || Lz|| < oo

el
then

sup || L;|| < oo.

i€l
Corollary 9.5. Let X be a Banach space and Y a normed space. If
{Lp}22, C B(X,Y) is a pointwise convergent sequence, i.e. for every x € X
the limat

Lx := lim L,x
n—oo

exists, then L € B(X,Y). Moreover
sup || Ly < o0
n
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and

|LI| < limin L, |

Proof. Clearly L : X — Y is a linear mapping. The existence of the limit
Lz implies that

sup || Lpz|| < oo for every z € X
n

and hence

sup | Ly]| < oo
n

by the Banach-Steinhaus theorem. We have

|Lz| = lim ||Lyz| = liminf || L,z| < (liminf HLnH) Izl
n—oo n—oo n—oo
and the result follows. O

Now we will present several applications of the Banach-Steinhaus theo-
rem.

9.1. Multilinear operators. Let X and Y be normed spaces over K = R
or C. We say that

B: XxY —=K

is a two-linear functional if it is a linear functional with respect to each
variable, i.e.

B(z,-): Y — K is linear for every z € X,

B(-,y) : X - K is linear for every y € Y.

Similarly as in the case of linear functionals one can prove

Lemma 9.6. For a two-linear functional B : X xY — K the following
conditions are equivalent.

(a) The function B is continuous.
(b) The function B is continuous at (0,0).
(¢) There is a constant C > 0 such that

[B(z,y)| < Cllz| |yl forallze X, yeY.

It is known that even for a function on R? continuity with respect to each
variable does not imply continuity. However we have

Theorem 9.7. If X and Y are Banach spaces and B : X xY — K is a
two-linear functional which is continuous with respect to each variable, then
B is continuous.
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Proof. Tt suffices to prove continuity at (0,0), i.e. the implication
(xmyn) - (070) = B(l'myn) — 0.

Define a family of functionals T, € Y* by T,,(y) = B(zy,y). Since for every
yeY, T,(y) — B(0,y) =0, we have

sup |T,,(y)| < oo for every y € Y.
n

and thus
sup || Tn|l = M < o0
n

by the Banach-Steihnaus theorem. Hence |T,(y)| < M]||y|| for every n and
all y € Y. In particular

|B(n; yn)| = |Tn(yn)| < M|lyal — 0

and the result follows. O

9.2. Landau’s theorem.

Theorem 9.8 (Landau). If the series Y .o, m;& converges for every (&) €
P, 1 <p<oo, then (n;) € £1, where 1/p+1/q = 1.

Proof. We will prove the theorem in the case 1 < p < oo, but an obvi-
ous modification gives also the proof in the case p = 1. Define a bounded
functional on /P by the formula

n
Tnxzznlgla n:172737"'7
=1

where x = (&) € (P. The functional T}, is fiven by (n1,...,7,,0,0,...) € ¢4
and hence (see Theorem 2.12)

0= (3 i)
=1

Thus {T),}, is a sequence of bounded functionals of /P, such that T, is
convergent for every x € /P (by the assumption in the theorem) and hence
the Banach-Steinhaus theorem yields

o
1/q
(D milr) ™ = sup | T < oo
i=1 "

The proof is complete. O
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9.3. Matrix summability methods. If a sequence (a,) converges to a
limit g, then also

(9.1) cn:a1+a2_;"'+an—>g.

There are, however, divergent sequences (a,,) for which the sequence of arith-
metric means (9.1) converges. Thus assigning to the sequence (a,) the limit
of the sequence of arithmetric means (¢,) allows us to extend the notion
of the limit to a larger class of sequences, not necessarily convergent in the
oridinary sense. This particular method is known as the Cesaro summability

method.

We may, however, consider more general methods by taking instead of
arithmetic means other linear combinations of the a;’s. This leads to the
following

DEFINITION. We say that a sequence (ay,) is summable to a generalized limit
g by the matriz summability method A = ()75 if

(1) the series ;f; &nia;  converges for every n =1,2,3,...;
(2) hmn—>oo Zi:l fm'ai =4g.

For example if

Bl 0 [1 0 0 0 ]
1
1 1
1 32 2 00
A= 1 Az = 11 1
33 3 0
—O -

then the sequence (a,) is summable to g by the method A4; if a,, — g and
by the method A, if
ay+az+...+ap
n
so we can recover both the classical notion of the convergence and the Cesaro
summability method.

-9,

DEFINITION. We say that the matrix method A is reqular if every convergent
sequence if summable to the same limit by the method A.

Clearly methods A; and Ay are regular.

Theorem 9.9 (Toeplitz). The matriz summability method A = (&;5)75—-; is
reqular if and only if the following conditions are satisfied:

(a) sup,, 3272 [§ni] < oo,

a
(b) limy, 00 &ni =0 fori=1,2,3,...,
(C) llmn_>oo Z;.il fm =1.
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Proof. Suppose that the matrix method A is regular. If (a,) =
(0,0,...,0,1,0,...) with 1 on ith coordinate, i.e. a, = dy;, then a, — 0
and hence

[o.¢]
lim &,; = lim E §nja; =0
n—00 n—oo 4 .

j:

which is condition (b). If (a,) = (1,1,1,...), then a, — 1 and hence

00 00
n—00 n—00
=1 i=1

which is condition (c). The condition (a) is more difficult to prove and it
will actually follow from the Banach-Steinhaus theorem.

On the space of convergent sequences we define functionals??

m
Tm® = Zﬁmai, where x = (a;) € c.
i=1
We have

m

i=1
Since the series 221 &nia; converges for every x = (a;) € ¢, the sequence
(Thumx)m converges for every = € ¢ and hence it follows from the Banach-
Steinhaus theorem that for every n

oo
sup || Tm || = Z |€ni| < oo
m i=1

This, however, implies that

00
Thx = g fniai
=1

is a bounded functional on ¢ with

[e.9]
IToll =D 1wl
i=1

By the assumption, the sequence T,z converges for every = € ¢ and the
second application of the Banach-Steinhaus theorem gives

o
sup HTnH = SUPZ ’fm’ <
" "oi=1

which is the condition (a) of the theorem.

2214 s easy to see that every sequence (&) € €' defines a functional on T € c* by
Tz =732, &ai, where z = (a;) € cand ||T|| = 3272, |&|. This follows from the argument
used in the proof of Theorem 2.10.
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It remains to prove that conditions (a), (b), (c¢) imply that the method A
is regular.

For every z = (a,) € c the series

%
Tnx = E gniai
=1

converges and it actually defines a bounded functionals on ¢ with

o
sup || T, || = supz €ni| < 0.
n "oi=1
Note that also

Tx = lim a,
n—oo

is a bounded functional on c¢. We have to prove that for every z € c,
Th,x — Tx, as n — o0o. Let Ay be a subset of ¢ consisting of the se-
quences (1,0,0,...), (0,1,0,0,...), (0,0,1,0,0,...),...and also of the se-
quence (1,1,1,1,...). The conditions (b) and (c) readily imply that T,z —
Tx for all x € Ag. By the linearity we also have

(9.2) Thwx — Tz for x € Xy = span Ay.

It is easy to see that X is a dense subset of ¢ (why?), so we have convergence
on a dense subset of c. Since

sup [ Tn = T|| < [T + sup | Tn ]| < o0
n n

it easily follows that
Thx — Tz forall z € c.

Indeed, given = € ¢ and € > 0 there is x(, € X such that

(9-3) |

o — | < °
= 2sup, [T, — T
and hence there is ng such that for n > nyg
(T, — T)z| < || T — Tl ||z — 2'|| + |Tha’ — Ta'| < ¢
by (9.2) and (9.3). O

9.4. Divergent Fourier series. If f € C(S'), then according to the Car-
leson theorem (Theorem 6.5) the sequence of partial sums of the Fourier
series converges to f a.e. This is natural to expect that this sequence actu-
ally converges to f everywhere. Surprisingly, this is not always true. We will
use the Banach-Steinhaus theorem to demonstrate existence of functions in
C(SY) such that the Fourier series diverges on an uncountable and dense
subset of S!.
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Theorem 9.10. There is a dense Gs set E C C(S') such that for each
f € E the set

{z €][0,1]: SLTllp\sn(f,:E)| = +o0}

is a dense and uncountable G5 subset of [0, 1].

Proof. In the first step we will prove existence of continuous functions
with unbounded partial sums of the Fourier series at 0. For each integer n
we define a bounded functional on C(S?)

Anf =sn(f,0), feC(Sh).

By Proposition 6.2 we have

1/2
Anf = f(y)Dn(y)dy,
—-1/2
where
sinw(2n + 1
Da(y) = 22Tt Ly
sin Ty
Clearly
1/2
(9.4) 1< [ 1Dawldy.
~1/2
Actually we have equality
1/2
(9.5) 1al= [ 1Dawldy
-1/2

Indeed, let

{1 i Du(y) >0,
9(y) —{ D<o

It is easy to see that there is a sequence f; € C(S1) such that —1 < fi <1,
fi — g in L'(S1) and ||fj]|cc = 1. Hence

1/2
HAnH > li)m Anf] = .hm fj(y)Dn(y) dy
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which together with (9.4) proves (9.5). We claim that ||A,|| — co as n — oo.
Indeed, |sinmy| < |7y| and hence

1/2
= [ Dy
—1/2
2 [1/2 d
> / |Sin7r(2n—|—l)y|—y
™Jo Yy
’Td(j;‘y*::l;f;* 2/(n+1/2)7r|smt|dt
™ 0 t
9 n 1 /kw
> -y — | sint| dt
’R’;k’ff (k—1)7
—_——

2
n

4 1
= —E — — 00 asn — oQ.

T k

k=1

We proved that
sup ||[A,]| = oo.
n

According to the Banach-Steinhaus theorem there is a dense G set Fy C
C(S') such that

sup |An f| = sup |sn(f,0)] = 0o, for every f € Ey.
n n

In the above reasoning we could replace 0 by any other point = € [0, 1], so
for each z € [0,1] there is a dense G5 set E, C C(S') such that

sup |sp(f,z)| =00 for all f € E,.
n

Now let {x1,22,...} C [0,1] be a dense subset. Then by the Baire theorem
E =, By, is a dense Gy set in C(S!) and for every f € E

sup |sp(f,z;)| =00 foralli=1,2,3,...

We still need the following lemma that we leave as an exercise.

Lemma 9.11. If f € C(S'), then the set {x € [0,1] : sup,, |sn(f, )| = oo}
18 G(g.

Accordingly sup,, |, (f,x)| = oo for = in a dense Gy set, which is uncount-
able by Theorem 8.4. O

10. BANACH OPEN MAPPING THEOREM

Another consequence of the Baire theorem is the following fundamental
result.
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Theorem 10.1 (Banach open mapping theorem). If X and Y are Banach
spaces and T € B(X,Y) is a surjection, then T is an open mapping, i.e.
T(U) CY is open whenever U C X is open.

Proof. Since every ball can be mapped by an affine transformation onto
the unit ball, it suffices to prove that the image of the unit ball contains a
neighborhood of 0, i.e.

B(0,9) c T(B(0,1)) for some ¢ > 0.
Surjectivity of T' gives

Y = Ej T(B(0, k))
k=1

and by Baire theorem at least one of the sets T'(B(0,k)) has nonempty
interior, i.e.

B(yo,n) C T(B(0,k)).
For y such that ||y|| < 7 there exist sequences (z],), (zi) C B(0, k) such that

Tzl — vy, Tz —yo+y.

This yields
and hence

B(0,n) C T(B(0,2k)).
Taking 26 = n/2k we obtain

B(0,26r) c T(B(0,r)) for every r > 0.

In particular for y € B(0,d) (r = 1/2) there is x; € B(0,r) = B(0,1/2)
such that ||y — Tx;|| < §/2. Hence y — T'xy € B(0,6/2) (r = 1/4) and now
we find 9 € B(0,7) = B(0,1/4) such that

[(y = Ta1) = Tl < 6/4.
Hence
y—T($1+$2)€B(0,5/4), (7":1/8).
Next we find x3 € B(0,1/8) such that
ly — T(z1 + 22 + 23)|| < 6/8.
By induction, we construct a sequence (x,) C X such that
|lzn|| <27 and |ly—T(x1+...+x,)|| <2779.

Since X is a Banach space we conclude that

o0 [e.9]
r=Y wa€X, |z <) fzall <1
n=1 n=1

and
Te= lim T(x1+...+z,) =Y.

n—oo
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The proof is complete. o

Corollary 10.2. If X and Y are Banach spaces and T € B(X,Y) is an
isomorphism of linear spaces X and Y, then T is an isomorphism of Banach
spaces X and Y, i.e. T~ € B(Y, X).

Compare this result with an example that follows Proposition 2.6.

Corollary 10.3. Let X be a Banach space with respect to any one of the
two norms || - ||1, || - l2. If there is a constant C' > 0 such that

|zl < C|lzll2 forallz e X

then the norms are equivalent and hence there is a constant C' > 0 such
that
l|zlla < C'||z|ly  for allz € X.

Proof. The identity mapping id : (X, ||-||2) — (X, ||:]|1) is an isomorphism
of Banach spaces by Corollary 10.2. O

If f: X — Y is a function between Banach spaces, then its graph
Gr={(z,y) e X xY:zeX, y= f(z)}
is a subset of the Banach space X @Y.

Theorem 10.4 (Closed graph theorem). A linear mapping between Banach
spaces T : X — Y is bounded if and only if G is a closed subset of X @Y.

Proof. The implication = is a direct consequence of the definition of
continuity, but the other implication < is more difficult. G is a closed
linear subspace of the Banach space X @ Y, so it is a Banach space with
respect to the norm

(@, Tx)|| = [l + [| T[]
The projection on the first component
XaY>s(x,y—zeX

is a bounded operator. Its restriction to G is a bounded operator as well.
Since it is an isomorphism of linear spaces G and X, we conclude from the
Banach open mapping theorem that it is an isomorphism of Banach spaces
G7 and X. Hence the inverse mapping

Xoz— (z,Tz) € Gr
is bounded, i.e. ||z|| + [|[Tz| < C|lz|| and thus ||Tz| < (C — 1)||z||, which

proves boundedness of T O

According to the closed graph theorem in order to prove boundedness of
a linear mapping between Banach spaces T': X — Y it suffices to prove the
implication

(10.1) ry—x, Tey,—y = y=Tz.
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Now we will show two applications.

10.1. Symmetric operators are bounded.

Theorem 10.5 (Hellinger-Toeplitz). If a linear mapping of a Hilbert space
T : H— H is symmetric, i.e.

(Tz,y) = (z,Ty)
for all x,y € H, then it is bounded.

Proof. We need to prove the implication (10.1). For every z € H we have

(y,z) = lim (Twy,2) = lim (z,,Tz)
n—~oo n—oo

= (x,Tz) =(Tz,z).

Hence (Tx — y,z) = 0 for all 2 € H and taking z = Tz — y we obtain
Tr —y=0. O

10.2. Complemented subspaces.

Theorem 10.6. If M and N are closed subspaces of a Banach space X,
such that

M+N=X and MNN ={0},

then the space X is isomorphic to the direct sum M @& N. The isomorphism
s given by
M&N>S (mn)—m+neX.

Moreover the spaces X/M and X/N are isomorphic to N and M respectively
under the quotient map.

Proof. M and N are Banach spaces as closed subspaces of a Banach space.
Hence M & N is a Banach space. The mapping

M&N>(mn)—m+neX

is one-to-one (because M NN = {0}) and onto (because M + N = X).
Hence it follows from the open mapping theorem that it is an isomorphism
of Banach spaces. Similarly the mappings

M — X/N, m— [m],
N — X/M n— [n]
are one-to-one and onto, hence they are isomorphisms of Banach spaces. O

Proposition 10.7. If L : X ®Y — Z is an isomorphism of Banach spaces,
then L(X) and L(Y') are closed subspaces of Z and hence Z = L(X)® L(Y').
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Proof. The subspaces L(X) and L(Y') are closed since
L(X) =LY (X x {0}), L(Y)=L"'({0} xY)
and the result easily follows. O
DEFINITION. Let M be a closed subspace of a Banach space X. We say that
M is complemented in X if there is a subspace N of X such that
M+ N =X, MnNN ={0}.

Proposition 10.8. Every closed subspace M of a Hilbert space X is com-
plemented.

Proof. H=M & M*. 0

DEFINITION. Let X be a Banach space. The mapping P € B(X) = B(X, X)
is called a projection if P? = P,i.e. P(P(z)) = P(z) for all z € X. We denote
the kernel (null space) and the range of the projection by

NP)={xeX: Pr=0}, R(P)={Px:z€X}.
Theorem 10.9.

(a) If P € B(X) is a projection, then®
X =R(P)®eN(P).

(b) If X = M & N is a direct sum of closed subspaces, then there is a
projection P € B(X) such that

M =R(P) and N =N(P).

Corollary 10.10. A closed subspace of a Banach space is complemented if
and only if it is the image of a projections.

Proof of Theorem 10.9. (a) N'(P) is closed as a preimage of 0 of a contin-
uous mapping. Since

R(P)=N({I—-P)={ze X : z=Pux},
also R(P) is closed. Now it suffices to show that
R(P)NN(P)={0} and R(P)+N(P)=X.

If z € R(P)NN(P), then x = Pz and Px = 0, so x = 0. Moreover every
element x € X can be represented as

xr= Px +(x— Px).
ER(P) EN(P)
(b)If P: M ® N — M, P(z,y) = x is the projection onto the first compo-
nent, then M = R(P) and N = N (P). The proof is complete. O

23i.e. the subspaces N (P) and R(P) are closed and R(P)+N(P) = X, R(P)NN(P) =
{0}
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The following theorem is a consequence of the Hahn-Banach theorem and
we will prove it in the next section.

Theorem 10.11. Let M be a closed subspace of a Banach space X.

(a) If dim M < oo, then M is complemented in X .
(b) If dim(X/M) < oo, then M is complemented in X.

Actually it turns out that a property of being a complemented subspace
is quite rare. Namely we have

Theorem 10.12 (Lindenstrauss-Tzafriri). If X is a real Banach space and
every closed subspace of X is complemented, then X 1is isomorphic to a
Hilbert space.

This is a very difficult theorem and we will not prove it. We will prove,
however
Theorem 10.13 (Phillips). The space ¢y is not complemented in £>°. Equiv-
alently there is no bounded linear projection of £°° onto cy.

Proof. We will need the following lemma.

Lemma 10.14. There is an uncountable family { A;}icr of subsets of N such
that

(a) A; is infinite for everyi € I;
(b) A; N A; is finite fori # j.

Proof. 1t suffices to prove the lemma with N replaced by Q N (0,1). For
each irrational number i € (0,1) \ Q := I let A; be a sequence of rationals
in (0,1) convergent to 4. It is easy to see that the family {A;}icr has the
desired properties. O

By contradiction suppose that
® =co®X, X CI™,
so X ~ (*°/cy. Consider the family of functionals {e, },eny on X
(en,T) =, x=(x;) €X C L.
The family {e,}, in X* is total, i.e. it has the property that
(en,z)y =0foralln = x=0.

It suffices to prove that there is no countable total family of functionals in
(/o).
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Let {A;}ic;r be an uncountable family of subsets of N as in the lemma.
We can identify £°° with the space of bounded functions f : N — C and for
each 7 € I we define

fi =xa, €07, [fi] € %/co.

Note that for any finite collection of functions f;,,..., f;,, from the family,
ey fi, > 1 on a finite subset A C N by the property (b) of the lemma.
Since

m
XAZfik SH))
k=1

we conclude that
k=1 k=1 k=1

By the same argument if by, € C, |bg] < 1, k =1,2,...,m, then

| > bulsil
k=1
We will prove now that for every x* € (£°°/cp)* the set
{[fi] = (", [fi]) # 0}
is countable. To this end it suffices to prove that for each integer n the set
Cln) ={lfi] : (", [fi]) = 1/n}
is finite. Choose [fi],...,[fi,.] € C(n) and let

=1.

o)

<1.

by = sgn(a:*, [f%]) = <$*, [flk]>/|<x*7 [flk]>‘ :

It follows from the above observation that for = >/, by[fi,] we have
||z|| < 1. Hence

[ = [{@™, 2)| = m/n, m <nz",

so C(n) is finite for every n and actually #C(n) < n|z*|. Accordingly, if
{hn}nen is a countable subset of (£>°/cp)*, then

{[£il = (P, [fi]) # 0 for some n = 1,2,3,...} = | J{[£i]: (hn, [£]) # 0}

is countable and hence there is** f; such that (h,, [f;]) = 0 for all n, so the
family {h, }, cannot be total. O

24Because the family { fi}ier is uncountable.
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11. HAHN-BANACH THEOREM

Let X be a linear space over R. We do not require X to be a linear normed
space. The Hahn-Banach theorem says that functionals defined on subspaces
of X can be extended to functionals on X in a way that if they satisfy a
certain inequality on the subspace, then the extension will satisfy the same
inequality.

DEFINITION. A function p : X — R defined on a real linear space X is called
a Banach functional if
p(z+y) <p(x)+ply), ptz)=tp(z)

for all z,y € X and ¢t > 0.
Theorem 11.1 (Hahn-Banach). Let p: X — R be a Banach functional on
a linear space X over R and let M be a linear subspace of X. If f : M — R
s a linear functional satisfying

fz) <p(x) forxe M,
then there is a linear functional F': X — R being an extension of f, i.e.

f(z)=F(z) forzeM

and such that
—p(—z) < F(z) <p(x) forxe X.

Proof. In the first step we will prove that if f is a functional defined on a
proper subspace M of X and it satisfies f(z) < p(z) on that subspace, then

we can extend it to a bigger subspace M O M. Actually ]\N{ will be obtained
from M by adding one independent vector, so that dir}l(M /M) =1, and of

course the extension will satisfy f(z) < p(x) for € M. In the second part
we will use the Hausdorff maximality theorem to conclude the existence of
the maximal extension. Then it will easily follow that the maximal extension
is defined on X and has all required properties.

Suppose that f : M — R satisfies

F(x) < pla), foraer
and that M # X. Let z; € X \ M and define

]\Zf:{x—ktﬂsl cxe€M,teR}.
Then M is a proper subspace of ]\:4 . For &,y € M we have
f@) + fy) = fe+y) < pla+y) < pla —21) +ples +y).

Hence

f@)—plx —21) < pla1 +y) — fy).
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Let
o = sup (@)~ pla— ).
reM
Then
(11.1) f(x)—agp(a:—ml) and f(y)—i—aﬁp(m—i-y).

We extend f to ]\:4 by the formula

flz+tx) = f(x) + ta.

Replacing = and y by z/(—t), t < 0 and z/t, t > 0 in (11.1), after simple
calculations we arrive at

f(@) < p(z) on M.

Now we want to apply the Hausdorff maximality theorem. Consider the
family of pairs (M, f), where M D M is a subspace of X and f: M — R is
an extension of f satisfying
f(z) < p(z) forxe M.
The family is partially ordered by the relation

(M, f) < (M, f)

if M C M and f is an extension of f. According to the Hausdorff maximality
theorem there is a maximal element in the family. Because of the first part
of the proof the maximal element must be a functional defined on all of X.
Denote it by (X, F'). Hence

F(z) = f(z) forx e M, F(z)<p(z)forze X.

Now it suffices to observe that

by linearity of F'. O

Theorem 11.2 (Hahn-Banach). Let M be a subspace of a linear space X
over K (= R of C), and let p be a seminorm® on X. Let f be a linear
functional on M such that

|f(x)| <p(x) forxze M.
Then there is an extension F : X — K of f such that
F(z) = f(x) for x € M; |F(x)| < p(x) forx € X.

2ie. p(z +y) < plz) + p(y), plaz) = |a|p(z) for z,y € X and « € K, see Section 4.2.
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Proof. Observe that in Theorem 11.1 we required X to be a real space,
but now it can also be a complex one. Actually when K = R, Theorem 11.2
immediately follows from Theorem 11.1, because any seminorm is Banach
functional, so we are left with the case K = C.

Every linear space over C can be regarded as a linear space over R. For
example C" can be regarded as R?". Thus if X is a linear space over C we
have two kinds of functionals: C-linear and R-linear. More precisely C-linear
functionals are

A: X —C, Alax+by) =aAz+bAya,beC
and R-linear functionals are
A: X >R, Alax+by) =alz+bAy a,beR.

The functional f : M — C given in the assumptions of the theorem is clearly
C-linear and we need find its C-linear extension. The functional u = re f :
M — R is R-linear. Note that

f(x) =u(z) —iu(iz) .
Now according to Theorem 11.1, the functional u can be extended to an
R-linear functional

U: X —-R, U(z)<p(zx)forzelX,

and hence

F(z)=U(x) —iU(izx)
is a C-linear extension of f. Since for every x € X there is a € C such that
|| =1 and aF'z = |Fx| we conclude

|[Fa| = Faz) = U(az) < p(az) = p(x).

where the second equality follows from the fact that F(ax) € R and U =
re F. O

Corollary 11.3. If f is a bounded functional defined on a subspace M of a

normed space X, then there is a functional on X, i.e. there is F' € X* such
that®s

F(x) = f(z) forze X and | f|=[F].

Proof. |f(z)| < ||fll|lz] for z € M. The function p(x) = ||f|||=] is a
seminorm on X. Hence there is an extension F' such that |F(x)| < || f|| ||zl
for all z € X. Thus ||F|| < || f|l and the opposite inequality ||F| > ||f]] is
obvious. O

Corollary 11.4. If X is a normed space and xg € X, xg # 0, then there is
x* € X* such that

"] =1 and (2%, 20) = [lzol| -

ZoHere || f|| = sup jey<1 ()| and ||F|| = sup o<1 |F(z)].
xeEM rzeX
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Proof. On a subspace M = {ax : a € K} we define a functional f(axy) =
allzg||. Clearly || f|| = 1 and f(z0) = ||zo||- Now it suffices to take z* = F,
where F' in a norm preserving functional from Corollary 11.3. O

The corollary implies that if X # {0}, then X* # {0}.
Recall that the norm in X* is defined by
2| = sup (z",x).
reX
lzll<1

As a corollary from the Hahn-Banach theorem we also have

Corollary 11.5. If X is a normed space and x € X, then

2]l = sup (2%, ).
x*eX*
[le* (<1

Theorem 11.6. Let Xy be a linear subspace of a normed space X and
x1 € X \ Xo. Suppose that the distance of x1 to Xq is positive, i.e.

d = inf{||lx1 — x| : xo € Xo} > 0.
Then there is a functional x* € X* such that
1
oL

(x*,z1) =1, =¥ = (x*,20) = 0 for zy € Xop.

Proof. Let K =R or C and
X1 ={xo+ azx1: 29 € Xo, a € K}.
Define a functional on X; by
(21,20 + axy) = .

For o # 0 we have
leo + a1l = laf |21 = (= 22)|| = lald = (@, 20 + aw1)] d.
which yields
(11.2) il < =
Now let zfj € X be a sequence such that
l2g — @1 — d.

We have
1= (21,25 — z1)| < [|l27[| [|2g — 21]| = [J27][
i.e. ||z7]| > 1/d. This inequality together with (11.2) gives ||z}|| = 1/d. Now
let z* be a norm preserving extension of zj to X. Then ||z*|| = 1/d. We
have
(x*,x0) = (x],20+0-21) =0 for zy € X,
(*,21) = (27,0 +1-21) =1.

The proof is complete. O
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Theorem 11.7. If the dual space X* to a normed space X is separable,
then X is separable too.

Proof. Let {x}}3°, C X* be a countable and dense subset. For each i we
can find x; € X such that

* ]' *
lzil <1 and (27, 2i) = Sllai]l -

Let X be a subspace of X that consists of finite linear combinations of the
x;’s. It suffices to prove that Xy is a dense subset of X (Why?).

Suppose X is not dense in X. Then it follows from the previous theorem
that there is a functional 0 # x* € X* such that (z*,z) = 0 for all x € X.
Let xfj be a sequence such that

*

|27, — 2" = 0 asj— co.
We have
0 — ot —a*| = sup |(a} —a*,a)| = (2} — ")
’ lz<t 7 ’
= e i) 2 5 gl — 5 e > 0.
Contradiction. O

Example. Every sequence s = (s;) € ¢! defines a functional on > by

o
(11.3) (x*, ) = Zsimi, where © = (z;) € £°°.
i=1
It is easy to see (see Exercise following Theorem 2.11) that |z*|| = ||s||1.

That means ¢! is isometrically isomorphic to a closed subspace of (£°°)*.
However ¢! # (£°)* because ¢! is separable and £°° is not.

There is, however, a more direct proof of this fact.
(11.4) (%, z) = lim z;, forx = (z;) €c
1— 00

is a bounded nonzero functional on ¢ C ¢*° and hence according to the
Hahn-Banach theorem it can be extended to a bounded functional of /*°. It
is clear that this functional cannot be of the form (11.3). Indeed, the value
of the functional (11.4) does not change if we change value of any finite
number of coordinates of © = (z;) € ¢ and this is not true for the functional
(11.3). O

As an application of the Hahn-Banach theorem we will prove Theo-
rem 10.11.

Theorem 11.8. Let M be a closed subspace of a Banach space X .

(a) If dim M < oo, then M is complemented in X .
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(b) If dim(X/M) < oo, then M is complemented in X .

Proof. (a) Let ey,...,e, be a Hamel basis of M. Then every element
x € M can be represented as
r=ap(x)er + ...+ an(x)e, .

The coefficients o (z), ... an(x) are linear functionals on M. The space M
is isomorphic as a Banach space to?” K" and hence every linear functional
on M is continuous. Thus the functions «; are continuous. By the Hahn-
Banach theorem the functionals «; can be extended to bounded functionals
a; € X*. Let

n
N = ﬂkera;‘.
i=1
It is easy to see that
MNN={0} and M+ N =X.

(b) Let m : X — X/M, w(z) = [z] be the standard quotient mapping. Let
€1,...,€n be a basis in X/M. Let x; € X be such that 7(x;) = e; and let
N =span{zi,...,x,}. Now it easily follows that

MAN={0}, M+N=X.

The proof is complete. O

We close this section with several applications of the Hahn-Banach theo-
rem.

11.1. Banach limits. As we have seen in Section 9.3 matrix summability
methods provide a way to extend the notion of limit to some sequences that
are not necessarily convergent, but is it possible to extend the notion of
limit to all bounded sequences? The following result provides a satisfactory
answer.

Theorem 11.9 (Mazur). To each bounded sequence of real numbers x =
(xn) € £ we can assign a generalized limit LIM ,,_ o0 x, (called Banach
limit) so that

(a) For convergent sequences x = (x,) € ¢
LIM o = Jim 0
(b) For all x = (xy),y = (yn) € £*° and a,b € R
LIM 0+ ) = 0 LM - DLIN
(¢) For all x = (z,,) € £ and all k € N

LIM 2,4 % = LIM 2, ;
n—oo n—oo

2TR™ or C™.
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(d) For all x = (xy,) € £

liminf x, < LIM z,, < limsup z, .

n—00 n—o0 n—00

Proof. 1t is easy to see that

p:l>® =R, p(m)zlimsupxl—i_@—i_“'—i_xn

n—00 n

is a Banach functional. Let M C ¢*° be a linear subspace consisting of
sequences for which the limit

n—oo mn

exists. Clearly ¢ C M and ¢ : M — R is a linear functional such that
() =p(x) <plx) foraxe M.

According to the Hahn-Banach theorem £ can be extended to a linear func-
tional on £°° denoted by LIM ,,_ x, such that

(11.5) —p(—z) < LIM z, < p(z) for all z € £°.
n—oo

eR

Properties (a) and (b) are obvious. It is easy to see that

p(z) < limsup z,, liminf 2, = —limsup(—z,) < —p(—z).
n—00 n—0o0 n—00

The two inequalities combined with (11.5) yield (d). We are left with the
proof of (c). We have

LIM 2,41 — LIM 2, = LIM (2,41 — 2y, -
n—oo n—oo n—oo

Since
) (k2 —x1) + (23 —x2) + ... + (Tpt1 — 2n)
T -z = limsu
P((Tnt1 n)) n_)oop n
— limsup Tntl — 21 0,
n—oo

and similarly p(z,, — xp+1) = 0, inequality (11.5) yields
LIM 2,1 = LIM z,
n—oo n—oo

and (c) follows by induction. O

This result can be generalized to the class of bounded real-valued func-
tions on [0,00). Let B[0,00) be the class of all bounded functions f :
[0,00) — R (no measurability condition). B [0,00) is a Banach space with

respect to the supremum norm? || - ||.

Theorem 11.10 (Banach). In the space B0,00) there is a functional
LIM ;o0 z(t) such that

281n the notation used in Section 5.1, B[0,00) = £>°([0, 0)).
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(a) If the limit limy_.oo x(t) exists, then
lim z(t) = LIM (t) ;
t—o00 t—00

(b)
LIM (az(t) + by(t)) = a%ll!([} x(t) + b%il!([} y(t);

t—o0

(¢)
LIM z(t +7) = LIM z(t) for every T > 0;
t—o0 t—o00

(d)

liminf z(t) < %IM z(t) < limsup z(t).

t—o0 t—00

Note that Mazur’s theorem follows from that of Banach. Indeed, if x =
(z5,) € £, it suffices to apply the Banach theorem to the function

z(t) = anX[nfl,n)
n=1

and set
LIM x,, := LIM z(t).

n—oo t—o0

Proof of Theorem 11.10. The subspace M C B[0,00) consisting of func-
tions for which the limit

(11.6) lim ()

t—o00

exists is a linear subspace and the limit (11.6) is a linear functional on M.
We want to extend it to an appropriate functional on B [0, c0) and the main
difficulty is a construction of a suitable Banach functional.

For x € B[0,00) and t1,...,t, > 0 we define
n

1
B(x;t1,...,t,) = limsup — z(t+t;
( n) taoopn; ( i)

and then

p(z) = inf{ﬁ(:p;tl,...,tn) :t;>0,né€ N}.
We will prove that p(z) is a Banach functional. Clearly p(tz) = tp(x) for
t > 0 and we only need to prove subadditivity p(z + y) < p(z) + p(y).

Let t1,...,t, > 0 and s1,...,5, > 0. Then t; + s; is a collection of nm
numbers. Denote these numbers by ui,..., Uun. It it easy to see that the
subadditivity of p follows from the lemma.

Lemma 11.11.
ﬂ<m+y;u17"'7unm) S /B(xvthatn) +ﬁ(y;sla"-7sm)~
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Proof. We have

%Z z+y) (t+uy) ;Zizx t+ti+s;) +;Z;Zy(t+ti+sj).

= i=1 " j=1

Applying limsup,_, ., to both sides yields

1 1
JUL, - < — limsup — -+t -
5(1’+y,ula 7unm) > m; lﬂipnzgx( + ’L+Sj)
B(m;t1,....t )becauset+5j—>oo
+ —Zhinsup—Zyt—i—tz—i—s]
—00

B(y;81,---,8m ) because t + t; — oo

= B(a;tr, ... tn) + By 515, 8m) -
This completes the proof of the lemma and hence that of the fact that p(z)
is a Banach functional. a
If e M C B(0,00), then
tlim z(t) = p(z) < p(x)

and hence according to the Hahn-Banach theorem the functional z —
limy_,o0 () extends from M to a linear functional on B[0,00) that we
denote by LIM ;.o x(t) such that

—p(—x) < %IM z(t) < p(x) forall z € B[0,00).

It is easy to see that p(x) < limsup,_ . z(t) and hence?

liminf z(t) < LIM z(t) < limsup z(¢) .
t—o00 t—o0

t—o0

It remains to show that
LIM x,(t) = LIM x(t)
t—o00

t—o0

where z,(t) = z(t + 7). Let y = 7 — x. Then

p(y) < B(y;0,7,27,...,(n — 1)7) = limsup l(9c(t +n7)—x(t)) < %HxHOO )

t—oo N

Since this inequality holds for any n € N, we have p(y) < 0. Similarly
p(—y) < 0 and hence

0 < —p(~y) < LIM (2, — ) < p(y) <0,
—00

s0 LIM 4 oo(x7 —2) = 0, LIM ;o0 ,(t) = LIM y—, o0 2(t). The proof is com-
plete. O

29Because lim inf; oo () = — limsup,_, _(—z(t)) < —p(—).
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11.2. Finitely additive measures. In this section we will prove the fol-
lowing surprising result.

Theorem 11.12 (Banach). There is a finitely additive measure pu : 2% —
[0, 0], i.e.

(AU B) = u(A)+u(B) for ABCR, ANB =1
defined on all subsets of R and such that

(a) w is invariant with respect to isometries, i.e.

A+1) = p(A), p(=A) =p(A)
forall ACR, teR.
(b)
u(A) = L1(4)
for all Lebesque measurable sets A C R.

Banach proved that the above result holds also in R?, i.e. there is a finitely
additive measure
e 2R [0, o]
defined on all subsets of R?, invariant under isometries of R? and equal to
the Lebesgue measure on the class of Lebesgue measurable sets. According
to the Vitali example such measures cannot be, however, countably additive.

Surprisingly, the Banach theorem does not hold in R™, n > 3. This is
related to an algebraic fact that the group of isometries of R, n > 3 contains
a free supgroup of rank 2. Namely Banach and Tarski proved® that the unit
ball in R3 can be decomposed into a finite number of disjoint sets (later it
was shown that it suffices to take 5 sets)

B3(O,1) = AT UAyUA3U As U A
is a way that there are isometries 71,. .., 75 of R? such that
BB(O, 1) = T1(A1) U TQ(AQ), B3(0, 1) = 7'3(A3) U T4(A4) U T5(A5)

and a similar decomposition is possible for B™(0,1) for any n > 3.

Clearly the sets A; cannot be Lebesgue measurable, because we would
obtain a contradiction by comparing volumes. This also shows that there
is no finitely additive measure in R, n > 3 invariant under isometries and
equal to the Lebesgue measure on the class of Lebesgue measurable sets.

The Banach theorem will follow from a somewhat stronger result. As in
the case of Fourier series we can identify bounded functions on R with period
1 with bounded functions on S! via the exponential mapping t — €. Thus
the integral of a function on S! corresponds to the integral fol x(t)dt of a
function x : R — R with period 1.

30See S. Wagon, The Banach-Tarski paradox, Cambridge Univ. Press 1999.
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The space of all (not necessarily measurable) real-valued functions on R
with period 1 will be denoted by B(S!). Since every bounded function on
R with period 1 is uniquely determined by a bounded function on [0,1) we
can further identify B(S') with bounded real-valued functions on [0, 1).

Theorem 11.13 (Banach). In the space B(S') there is a linear functional
denoted by [ xz(t)dt such that

(a)
/(ax(t) + by(t)) dt = a/a:(t) dt+b/y(t) dt;
(b)
/x(t)dtZO if >0
(c)
/m(t +7)dt = /m(t) dt for all T € R;

/x(l—t)dt:/x(t)dt;

(e) For any Lebesgue measurable function x € B(S')

/x(t)dt:/olx(t)dt,

where on the right hand side we have the integral with respect to the
Lebesgue measure.

Before we prove this theorem we show how to conclude Theorem 11.12.

Proof of Theorem 11.12. Theorem 11.13 defines a generalized integral of
a bounded function on [0,1). For A C R and k € Z let

Tk = X(A-k)N[0,1) -

Thus [ zj(t) dt corresponds to a generalized measure of the set AN [k, k+1)
and it is natural to define

p= 3 [

k=—0c0

It is easy to check now that u satisfies the claim of Theorem 11.12. O
Proof of Theorem 11.13. For x € B(S') and t1,...,t, > 0 we define

1 n
B(xstr, ... ty) :sup{ﬁZx(t%—ti) :te R}
i=1

and then
p(x) =inf {B(z;t1,... . tn) 1 t; >0, n € N.}
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As in the proof of Theorem 11.10 one can show that p(x) is a Banach func-
tional such that

(11.7) plzr —x) <0, plz—z;)<0.

For a Lebesgue measurable function z € B(S!) we define a functional

1
(93*{,30):/0 x(t) dt.

It is easy to see that
(21, 2) < p(x)
and hence z} can be extended to a functional x* on B(S!) such that

—p(—z) < (z*,2) < p(x) for all x € B(S!).
Finally we define
1
/:r(t) dt =St ot a),

where x_(t) = x(1—t). The properties (a),
(b) follows from the observation that if =

(d) and (e) are obvious. Property
> 0, then p(—x) < 0 and hence

0<—p(-2) < (2%2), 0<—p(-z)<(z%2).

Finally, property (c) follows from the inequality (11.7). O

11.3. Runge’s theorem. Let Q = B?(0,2) \ B2(0,1) be an annulus. The
function f(z) = 27! is holomorphic in €, but it cannot be uniformly ap-
proximated by polynomials on on compact subsets of €. Indeed, if v is a
positively oriented circle inside €2 centered at 0, then

/z_l dz = 2mi
~

and the corresponding integral for any complex polynomial equals 0. Note
that the domain €2 is not simply connected. Hence there is no complex
version of the Weierstrass approximation theorem. However, we have

Theorem 11.14 (Runge). If Q C C is simply connected, then every holo-
morphic function on Q can be uniformly approzimated on compact subsets
of Q by complex polynomials.

Proof. Since (2 is simply connected, every compact subset of €2 is contained
in a simply connected compact set K C €2, so the complement C \ K is
connected. Let v be a positively oriented Jordan curve in €2 such that K is
in the interior of . If f € H( , then

K.
~ omi ffz & z€
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The integral on the right hand side can be uniformly approximated by Rie-

mann sums
LA 1 f(&)
L = 530 e

2mi £E—z 27 z

which is a linear combination of functions

Z

&~z € C(K).

Thus it remains to prove that every function

(11.8) 2

’_)50—2 cC(K), &é¢K

can be uniformly approximated on K by complex polynomials. Let M C
C(K) be the closure of the subspace of complex polynomials. Suppose that
the function (11.8) does not belong to M. According to Theorem 11.6 there
is a functional z* € C(K)* which vanishes on M and is nonzero on the
function (11.8), i.e.

(*,p(2)) =0, p any complex polynomial,

1

The function
(11.10) §— (a7, 5;)

is complex differentiable in C\ K, so it is holomorphic in C\ K. If [{| > R =
max,cx |z|, then

1 1 1 = 2"
s—zzfl—dfzggeﬁl

and hence the function
1

E—2

can be uniformly approximated in C'(K') by complex polynomials, so

Z

1
Since the function (11.10) is homomorphic in C\ K, C\ K is connected and
it vanishes for ¢ sufficiently large

L
9 5 — 2
which contradicts (11.9). O

*

(x )=0 forall{ e C\ K
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11.4. Separation of convex sets. Let X be a linear space over K.3!

DEFINITION. We say that a convex set W C X is absorbing if for each z € X
there is € > 0 such that the whole interval {tz : t € [0,¢]} C W is contained
in W.%2

We say that W is absorbing at a € W if W — a is absorbing. Equivalently
if for every x € X there is ¢ > 0 such that {a +tz: t € [0,e]} C W.

We say that W is balanced if ax € W for all || < 1 whenever z € W.

Clearly 0 € W if W is absorbing or balanced. If K = R, then W is
balanced if it is central symmetric, i.e. symmetric with respect to 0 and if
K = C, then W is balanced if the set contains the whole disc {az : |a| <1}
in the complex plane generated by x, span {z}.

The above definitions are are motivated by the following obvious result:

Proposition 11.15. If p is a seminorm on X, then the unit ball W = {x :
p(z) < 1} is convex, balanced and absorbing at any point of W.

In Theorem 11.17 we will show that the conditions from the proposition
characterize the unit ball for a seminorm.

DEFINITION. For each convex and absorbing set W C X the Minkowsk:
functional is

uw(x):inf{3>0: geW}

Theorem 11.16. Let W C X be conver and absorbing. The Minkowsk:
functional has the following properties

(z) >
w(r +y) < pw () + pw(y);
(tx) = tpuw(x) for all t > 0;
w(z) =0 if and only if {tx: t >0} C W.
If pw(x) <1, thenx € W
If pw(zx) > 1, then x ¢ W.

Proof. All the properties but (b) are obvious. To prove (b) let z,y € X
and s1,s92 > 0 be such that z/s1,y/s2 € W. It follows from the convexity of

W that
T+y 81 T S9 Y

s1+s2 81+ 82 g S1+ S2 572
Hence pw (z +y) < s1 + s2 and the claim follows upon taking the infimum.
O

ew

31As always K=R or K = C.
32Equivalently a convex set W C X is absorbing if X = Use nW.
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Note that the properties (b) and (c) show that the Minkowski functional
is a Banach functional.

The following result provides a geometric characterization of sets that are
unit balls for norms and seminorms.

Theorem 11.17. If W C X 1is convex, balanced and absorbing at any point
of W, then there is a unique seminorm p such that W = {x € W : p(z) < 1}.
Moreover p is a norm if and only if for each x # 0 there is t > 0 such that

te g W.

Proof. Let p = uw . First we will prove that p is a seminorm. The inequal-
ity p(z +y) < p(z) + p(y) follows from the previous result. Let now = € X,
a € K. If a = 0, then p(ax) = |a|p(z), so we can assume a # 0. If |a| = 1,
then for s > 0, z/s € W if and only if ax/s € W, because W is balanced
and hence

(11.11) plaz) = p(x) for |of =1.

If a # 0 is arbitrary, then

plaz) = p(orlalz) = pllale) = Jalp(2)

by (11.11) and Theorem 11.16(c). This proves that p is a seminorm. Accord-
ing to Theorem 11.16(e,f)

(11.12) {z:plx) <1} CW C{z: p(z) <1}.

Let € W. Since W is absorbing at x there is ¢ > 0 such that z+tx =y € W
and thus x = (1 +¢)~!y. Since y € W, p(y) < 1, so

pa)=(1+1)"p(y) <L +1)"' <1.
This inequality together with (11.12) proves that
W ={z: p(x) < 1}.

Uniqueness is easy, because if ¢ is another seminorm such that W = {z :
q(z) < 1}, then it is easy to show that

q(a:):inf{s>0: %EW}:p(aj).

Now it follows from condition (d) of Theorem 11.16 that p(z) is a norm, i.e.
p(x) # 0 for = # 0 is and only if for each x # 0 there is ¢ > 0 such that
te g W. O

Now we will use the fact that the Minkowski functional is a Banach func-
tional and we will prove results about separation of convex sets known also
as geometric Hahn-Banach theorems.

Observe that the Hahn-Banach theorem in a form involving a Banach
functional applies only to real linear spaces. However, if X is a complex
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linear space, the real part of a functional is R-linear and we can still apply
the Hahn-Banach theorem (cf. Theorem 11.2).

Theorem 11.18. Let Wy, Wy be disjoint convex subsets of a normed space
X and assume that W1 is open. Then there is a functional z* € X* and
c € R such that

re (z*,z) < ¢ <re(z*,y)
for allx € W1 and y € Ws.

Proof. 1t suffices to prove the theorem in the case of real normed spaces.
Indeed, if X is a complex normed space, then it can still be regarded as a
real normed space. If we can find a bounded R-linear functional Z* such that

(#,2) < ¢ < (#,9)
for all x € Wi and y € Wa, then
(x*,x) = (%, z) — (T, ix)
is a bounded C-linear functional that satisfies re (x*, z) = (z*, z).

Henceforth we will assume that X is a real normed space. Fix x1 € W;
and xo € Wy, Then the set

W =W —Ws+x9 — 11
N——
zo

is open, convex and 0 € W. Since W is open it is absorbing and hence we
can define the Minkowski functional puy for W.

Define a functional z} on the one dimensional space {axg : o € R} by
(21, awo) = .

Since the sets W1 and Wj are disjoint, zg = xo —x1 ¢ W. Thus pw (zg) > 1
and hence it easily follows that

(27, azo) < pw(axo)

for all @ € R. Now the fact that uy is a Banach functional allows us to
apply the Hahn-Banach theorem according to which there is a functional z*
being an extension of ] such that

(x*,z) < pw(z) for all x € X.
The functional z* is bounded because W is open. Indeed, if B(0,¢) C W,
then for ||z < e, (z*,7) < pw(z) <1, s0 ||z*|| < e L.
For any x € Wy, y € Wy, ¢ —y + 29 € W and thus
pw(z —y+x0) <1,
because W is open. Using (z*, z9) = 1 we obtain

(", x —y+x0) = (x",x) — (", y) + 1 < pw(z —y+x0) <1,
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S0
(11.13) (x*,zy < (x¥,y) forall z e Wi,y e Wa.

The sets 2*(W7) and z*(W3) are intervals in R as convex sets. Moreover
x* (W) is open, since W7 is open.?® Therefore (11.13) yields the existence of
¢ € R such that z*(W;) C (—o0,¢), *(Wa) C [c, 00). O

Theorem 11.19. Let W1, Wy be disjoint convex subsets of a normed space
X. Assume that W1 is compact and Ws is closed. Then there is x* € X*,
c € R and € > 0 such that

re(z*,z) <c—e <c<re(z",y)
for allx € Wi and y € Ws.

Proof. The distance between W; and Wy is positive
dist (W1, Wa) = inf{d(x,y) : © € W1,y € Wa} >0,
because W is compact and Ws is closed. Hence there is § > 0 such that
WP =Wi+4B(0,0) ={z+y: zeW, |ly| <4}

is disjoint with Wy. Clearly W{S is open and convex so we can apply previous
result to the pair of convex sets W, Wa. Therefore

re (z*,z) < ¢ <re(z*,y)
for all x € Wl‘s, y € Wa and some ¢ € R. Since W is compact, the set
{re (z*,x): x € W1}

is a compact subset of (—oo,c), so it is contained in (—oo,c — €] for some
e > 0. O

Corollary 11.20. Let W be a closed convex subset of a real normed space
X. Then W is the intersection of all closed half-spaces {x : (z*,x) > c},
xz* € X*, c € R that contain W.

Proof. For x ¢ W we set Wy = {x}, Wy = W and apply Theorem 11.19.
O

11.5. Convex hull.

DEFINITION. Let X be a vector space and E C X. The convex hull co(E) of
E is the intersection of all convex sets that contain E. In other words co(E)
is the smallest convex set that contains E.

If X is a normed space and E C X, then it is easy to see that the closure
co(E) is convex. This set is called the closed convez hull of E and it is obvious
that co(F) is the smallest closed convex set that contains E.

332*(B(w,r)) is an open interval centered at (z*, ).
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Theorem 11.21 (Mazur). If X is a Banach space and K C X is compact,
then co(K) is compact.

Proof. A metric space is compact if and only if it is complete and totally
bounded.?* Clearly co(K) is complete as a closed subset of a complete metric
space, and it remains to prove that it is totally bounded. Since in any metric
space the closure of a totally bounded set is totally bounded it suffices to
prove that co(K) is totally bounded. Fix € > 0. Since K is compact, there
is a finite covering of K by balls of radius /2.

K C B(z1,e/2)U...UB(zp,e/2) ={x1,..., 20} + B(0,e/2)
C co({z1,...,xn}) + B(0,£/2).
The set on the right hand side is convex, so
co(K) C co{x1,...,zn}) + B(0,e/2).

Note that the set co({z1,...,x,}) is totally bounded as a bounded set in a
finitely dimensional space span {z1, ..., =y} and hence it has a finite covering
by balls of radius €/2

co{x1,...,zn}) C{y1,...,ym} + B(0,e/2)

and hence
co(K) C{y1,...,ym} + B(0,e/2) + B(0,e/2) = B(y1,e) U...U B(yYm,€)
which proves that co(K) is totally bounded. O

12. BANACH SPACE VALUED INTEGRATION

The existence of vector valued integrals is described in the next theorem.

Theorem 12.1. Let p be a probability Borel measure on a compact metric
space B and let f : E — X be a continuous function with values in a Banach
space X. Then there is a unique element y € X such that

(12.1) (x*,y) = /E<:U*,f> dp  for every x* € X*.

Moreover y € co(f(F)).

Observe that z — (z*, f(2)) is a continuous scalar valued function on E,
so the integrals on the right hand side of (12.1) are well defined.

The vector y from the above theorem is denoted by

yz/Efdu

347 metric space is totally bounded if for every € > 0 there is a finite covering of the
space by balls of radius .
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and hence we can rewrite (12.1) as

(12.2) <x /Efdu> :/E<x*,f) dys.

Moreover
(123) | tauewlr)).

If i is a finite Borel measure, then up to a constant factor it is a probability
measure and hence we can define the integrals of vector valued functions
for any finite measures. However, if 1 is not a probability measure, then, in
general, the property (12.3) will be lost.

Proof. Uniqueness of y is obvious, because if (x*,y1) = (x*,y2) for all
x* € X*, then y; = 19, so we are left with the proof of the existence.

It follows from Mazur’s theorem that the set K = ¢o(f(FE)) is compact.
We have to find y € K such that (12.1) is satisfied. For each finite subset
F cC X™ let

KF:{yEK: <x*,y):/

E
Kp is a closed subset of K, so it is compact. We have to prove that the
intersection of sets K over all finite subsets F' C X* is nonempty. To this
end it suffices to prove that each of the sets K in nonempty, because the
intersection of a finite number of sets K is also a set of the same type and
the rest follows from the well known lemma.

(x*, f)dp for all x* € F} :

Lemma 12.2. If {K;}ier is a collection of compact subsets of a metric
space Z such that the intersection of every finite subcollection of {K;}ier is
nonempty, then (;c; K; is nonempty.

Proof. Suppose (;c; Ki = 0. Let G; = Z \ K;. Fix j € I. Then K; N
Nicr Ki = 0,s0 K; C Uicr Gi- This is an open covering of a compact set K,
so there is a finite subcovering K; C G;,U.. .UG;,,i.e. KG;NK;N...NK;, = 1]
which is a contradiction with our assumptions. O

Let F = {z3,...,2} C X*. We have to prove that Kp # 0, i.e. that
there is y € K = ¢o(f(F)) such that
(12.4) <$;‘,y>:/<x;‘,f)dﬂ fori=1,2,...,n.
E
Let
L:X —K" L(z)= ((z},2),...,(z}, x))

and let W = L(f(E)). Since L is linear the set L(K) is compact, convex
and it contains W, so ¢o(W) C L(K). It suffices to prove that

s (o) = (/E(x’{,f>du,...,/E@;‘l,ﬁdu) € ().
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Indeed, since co(W) C L(K) it will imply that z = L(y) for some y € K
which is (12.4).

Suppose z & co(W). The sets {z} and ¢o(W) are convex, compact and
disjoint, so according to Theorem 11.19 there is a functional in (K™)* that
separates the two sets, i.e. there is (cy,...,¢,) € K" such that

n n
re Zciti <re Zcizi for all t = (t1,...,t,) € co(W).
i=1 i=1

If t = L(f(s)), s € E, we have

n n
re Zcz(xf,f(s)) <re chzl
i=1 i=1

Since p is a probability measure, integration of the inequality over E gives

n

n
re ch/ (x7, f)dp < re Zcizi
=1 K i=1
zi

which is an obvious contradiction. The proof of the theorem is complete. O

Theorem 12.3. Under the assumptions of Theorem 12.1

HéfWWSéWWW

Proof. Let y = || g [ du. According to the Hahn-Banach theorem there is
x* € X* such that ||z*|| = 1 and (z*,y) = ||y||. Hence

H/Efd“H :<$*’y>:/]E<$*,f)dMS/EIIf||du.

The proof is complete. O

12.1. Banach space valued holomorphic functions.

DEFINITION. Let X be a complex banach space and €2 C C an open set. We
say that f: Q — X is (strongly) holomorphic if the limit
o)t 0 =1
w—z W — 2
exists in the topology of X for every z € Q.
Holomorphic functions are continuous and hence we can integrate them
along curves in 2. If v is a positively oriented Jordan curve in €2 such that

the interior of the curve A, is contained in {2, then for every z € A, we
have the Cauchy formula

(12.5) f(z) = ;m/éf@z dc .
v
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Indeed, if z* € X*, then Q > z — (z*, f(2)) € C is a holomorphic function
and hence

: I N A (9 S (9]
g = g [ ST e = (g [ 2 ae)
by (12.2) and hence the Cauchy formula (12.5) follows.

By the same argument we prove that

(12.6) /f(z) dz=0.
g

This easily implies that a substantial part of the theory of homomorphic
functions can be generalized to the vectorial case. In particular one can easily
show that holomorphic functions in a domain 2 C C can be represented
as a power series in any disc contained in € and a similar result hold for
Laurent expansions. That implies that holomorphic functions are infinitely
differentiable. the following result is an easy exercise.

Proposition 12.4. Let X be a complex Banach space, Y be a closed sub-
space and 2 C C be an open connected set. If f : Q — X is holomorphic
and on a certain open subset of it takes values into Y, then it takes values
into Y on all of Q2.

13. REFLEXIVE SPACES

If X is a Banach space, then X** = (X*)* is the dual to the dual space of
X, called the second dual space. Observe that every element x € X defines
a bounded functional on X™* by the formula

¥ (¥, T) .
Denote this functional by k(x) € X**, i.e.
(r(2),2%) = («", x).
Observe that
[k(z)| = sup (2", z) = ||z||

z*eX*
[l=*]<1

by Corollary 11.5. Therefore the canonical embedding
kX — X
is an isometrical isomorphism between X and a closed subspace of X**.

DEFINITION. We say that a Banach space X is reflexive if x(X) = X™**.

Warning. James constructed a nonreflerive space X such that X is iso-
metrically isomorphic to X™**.
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Theorem 13.1. Let p be a o-finite measure and 1 < p,q < oo, p~ L +¢ 1 =

1. Then the space LP(p) is reflexive.

Proof.3® The space (LP(u))* is isometrically isomorphic to L9(u) by The-
orem 2.13. If f € LP(u), then x(f) defines a functional on (LP)* = L7 by

(k(f),g) = /X ofdp g€ L.

Since every functional on (LP)* = L9 is of that form® we obtain that
K(LP(pn)) = (LP(p))** and hence LP(u) is reflexive. O
The canonical embedding  : ¢ — (£1)** = (£*°)* gives an isometric

isomorphism between ¢! and a closed subspace of (£°°)*, but as we know x
is not surjective, so ¢! is not reflexive.

Theorem 13.2. Any Hilbert space is reflexive.

Proof. According to the Riesz representation theorem (Theorem 5.5) for
every z* € H* there is a unique element 7'(z*) € H such that

(x*,x) = (x,T(z*)) forxeH,

where on the left hand side we have evaluation of the functional and inner
product on the right hand side.?” Moreover ||2*|| g+ = ||T(x*)]|| &

If x € H, then k() is a functional on H* defined by
(13.1) (k(z),2") = (x*,z) = (x, T(z"))
and we want to show that every functional on H* is of that form. The
mapping T : H* — H is bounded one-to-one and onto, however, if H is a
complex Hilbert space, T is not quite linear, because
T(x] +a3) =T(a)) + T(x3) but T(az*)=aT(z").
The space H* is a Hilbert space with the inner product

(21, 25) :=(T'(x3), T(a1)) -
Now if x** € H**, then it follows from the Riesz representation theorem
that there is z* € H* such that

<JI**,JJ*> = (33*, Z*> = (T(Z*),T(:U*» )
and hence
(z,2%) = (s(T(27)), %)
by (13.1). The proof is complete. O

35We can briefly summarize the proof as follows: (LP)* = L9, (L?)** = (L)* = L”, so
the second dual to L? is L? itself and hence L? is reflexive.

36Agauin by Theorem 2.13.

37We use thick notation for the inner product to distinguish it from the notation for
the functional.
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Theorem 13.3. A closed subspace of a reflexive space is reflexive.

Proof. Let Y be a closed subspace of a reflexive space X. We shall prove
that Y is reflexive.

Every functional z* € X* defines a functional on Y as a restriction to Y,

o: X*=Y* (o(z%),y) = (%,y).

Clearly
lo(@)] < llz*[, so o(z") Y™
Fix y5* € Y**. We have to prove that there is z9 € Y such that
(13.2) (Yo", y*) = (y*,x0) for y* € Y*.
Let 7(y3*) € X** be defined by
(T(yo"), ") = (yo", o (z")) -

Since

[{r(wo™), 2)] < llyo” [l l="|

we have 7(yg*) € X**. The canonical embedding x : X — X** is an isomor-
phism?? and hence it is invertible k! : X** — X. Thus

w0 = KN (r () € X,

but we will prove that xg € Y. Note that
(r(y"), 2%} = (w(@o), a*) = (", a0)
Suppose xg € Y. According to Theorem 11.6 there is * € X* such that
(x*,mg) #0, (z*,y)=0forallyeyY
and hence o(z*) =0, so
0=(yo",0(")) =(r(yp"), ") = (z",20) # 0

which is a contradiction. We proved that

w0 =K (i) € V.
For y* € Y* let * € X™* be an extension of y*, so y* = o(z*). We have

07"} = {00 w) = (i) a") = ") " )

which proves (13.2). O

Theorem 13.4. A Banach space isomorphic to a reflexive space is reflexive.

38Roughly speaking Y C X, X* C Y*, Y™ C X**, so every element in Y** can be
regarded as an element in X ™.
39Because X is reflexive.



114 PIOTR HAJLASZ

Proof. Let T : X — Y be an isomorphism of Banach spaces and let X be
reflexive. Let y5* € Y**. We have to prove that there is yg € Y such that

(13.3) (" y") = W' yo) fory ey™.
The mapping 7% : Y* — X* defined by (T*y*, ) = (y*,Tx) is an isomor-
phism and hence it is invertible (T*)~! : X* — Y*. Let 23* € X** be defined
by

(g™, a") = (y5™, (T7) '™
Since X is reflexive, there is zg € X such that

(xp*, ") = (x*,z9) for z* € X*

and hence
Wor,y*)y = Wt (TN T ) = (", T*y")
= (T"y" z0) = (y", Txo) -
Thus (13.3) holds with yo = Txg € Y. O

Corollary 13.5. Finitely dimensional Banach spaces are reflexive.

Theorem 13.6. X is reflexive if and only if X* is reflexive.

Proof. Suppose that X is reflexive. In order to prove reflexivity of X™* we
have to show that for every
T € X = (XF) = (X)*
there is x; € X™* such that
(w5, 2*) = (a**,28)  for 2™ € X**,

Since X is reflexive, k : X — X™* is an isomorphism and hence if is invert-
ible. Note that the composition

K **953**
X —- X" —K

defines z(, = ;™ o k € X™* and hence

@) = (e @) = (@ 0w @)
= {gn @) = (6 (@) )
= (@"a3),

where in the second to last inequality we employed the definition of x ac-
cording to which (k(z),x*) = (z*, x). This proves reflexivity of X*.

Now if X* is reflexive, then by what we already proved X** is reflexive.
The canonical embedding x : X — X™** gives an isomorphism between X
and a closed subspace of the reflexive space X**. Hence reflexivity of X
follows from Theorem 13.3 and Theorem 13.4. O

Theorem 13.7. If X is reflexive and M C X is a closed subspace, then the
quotient space X /M is reflexive.
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Proof. The space X* is reflexive by Theorem 13.6. The space (X/M)*
is isomorphic to the annihilator M+ by Theorem 4.7. Since M~ is a closed
subspace of X* it is reflexive by Theorem 13.3 and thus Theorem 13.4 implies
reflexivity of (X/M)*. This and Theorem 13.6 yields reflexivity of X/M. O

Corollary 13.8. If T : X — Y is a bounded linear surjection of a reflexive
space X onto a Banach space Y, then Y is reflexive.

Proof. The space Y is isomorphic to X/ker T' and hence it is reflexive as
a consequence of Theorem 13.7 and Theorem 13.4. O

14. WEAK CONVERGENCE

DEFINITION. Let X be a normed space. We say that a sequence {z,}2° ; C X
converges weakly to xg € X if for every functional z* € X*

(x*,xp) — (", 20) asn — oco.
We denote weak convergence by x, — xg.
Clearly if x,, — zg in norm, then z, — xo.
Theorem 14.1. Let X be a normed space. If x,, — x¢ in X, then

sup ||z, || < oo
n

and

(14.1) |xol] < liminf ||zy,]| .
n—oo

Proof. The canonical embedding defines x(z,,) € X** by

(K(wn), %) = (27, K(zn)) -

Observe that X* is a Banach space, even if X is only a normed space. Since
(k(x0), ™) = (2", x0) = lim (¥, x,) = lim (k(zp),z"),
n—oo n—oo
the sequence k(zy) of functionals on X* is pointwise convergent to x(xg).
Therefore the Banach-Steinhaus theorem (Corollary 9.5) yields
sup [|zp| = sup || (zn)|| < oo

n n

and
[zoll = ll%(zo) || < lim inf || (zy)|| = lim inf |27, .
n—oo n—oo

The proof is complete. O

Note that we can prove (14.1) as a direct consequence of the Hahn-Banach
theorem. Indeed, let 2* € X* be such that ||z*|| = 1, (z*, 20) = ||xo||. Then

llzol| = (2%, 20) = lim (x*, x,) < liminf ||a,|| .
n—oo n—oo
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In the previous proof instead of the Hahn-Banach theorem we employed the
Banach-Steinhaus theorem, but the Hahn-Banach theorem was still there —
it was needed for the proof of the equality ||z| = ||x(z)]|.

Weak convergence is, in general, much weaker than the convergence in
norm. For example if

Tn = (xn;) = (0,0,...,0,1,0,...) €, 1<p< o0,

i.e. p; = Op;, then ||z, — 2, = 21/P and hence no subsequence of x,, can
be convergent in the norm. However, x,, is weakly convergence to 0. Indeed,
according to Theorem 2.12 for every x* € (¢P)* there is s = (s;) € ¢4 such
that

oo
(", xn) = ZSﬂm‘ = sy,
i=1
and clearly (z*,z,) = s, — 0 as n — oco. Note also that the same sequence
is not weakly convergent in ¢'. Indeed, if we take s = (1, —1,1,—1,1...) €
(> = (£Y)*, then (x* z,) = £1 is not convergent. Actually in ¢! weak
convergence is equivalent with the convergence in norm.

Theorem 14.2 (Schur). In the space £' a sequence is weakly convergent if
and only if it is convergent in norm.

Proof. Suppose that z,, — zg weakly in ¢'. Then y,, = z, — g — 0 and
we have to prove that |ly,|[1 — 0. By contradiction suppose that ||y, |1 does
not converge to 0. Then there is ¢ > 0 and a subsequence (still denoted by
yn) such that ||y,|l1 > . Denote y, = (ynk). Note that for every integer p

p

(14.2) Z |Ynk| = 0 asn — oo
k=1

because of weak convergence to 0. Hence for each p we can find n so large
that that the sum at (14.2) is less than /4. On the other hand the sum of the
series is greater or equal to €, so we can find ¢ > p such that ZZ:],H [Ynk| >

3e/4 and 3277 |ynk| < £/4. Hence using induction we can find two sequences
of integers {n;} and {p;} such that

i € sy 3e > €
k=1 k=p;+1 k=pit1

Now we need to define a functional on which we will evaluate the sequence.
For k < p; we set s =0 and for p; < k < p;y1,i=1,2,... we define

Sk = sgn (ymk) = { |yn2k|
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Then z* = (s3,) € £>° = (£})* is a bounded functional. We have

Pit+1
. e € _ ¢
(", Yn;) 2 Z |?/n1k|*1*1 >
k=pi+1
so (¥, yn,) does not converge to 0. Contradiction. O

Weak convergence in the space of continuous functions is descried in the
following result.

Theorem 14.3. Let X be a compact metric space. Then a sequence f, €
C(X) converges weakly in C(X) to f € C(X) if and only if there is M > 0
such that

(a)
|fu(x)]| <M forallzeX andn=1,2,3...

and the sequence converges pointwise

(b)
fu(x) — f(x) forallz e X.

Proof. Suppose f, — f. Then condition (a) follows from Theorem 14.1.
Since for every z € X the value at the point z, i.e. g — g(z) is a bounded
functional on C'(X), the pointwise convergence (b) follows from the definition
of weak convergence.

Now suppose that both conditions (a) and (b) are satisfied. According to
the Riesz representation theorem for every functional ® € C(X)* there is a
signed Borel measure p of finite total variation such that

<<1>,9>=/ngu

and hence (P, f,,) — (®, f) by the dominated convergence theorem. O

While weak convergence is weaker than the convergence in norm, the
following result shows that a sequence of convex combinations of a weakly
convergent sequence converges in norm.

Theorem 14.4 (Mazur’s lemma). Let X be a normed space and let x,, — xq
weakly in X. Then u, — x¢ in norm for some sequence u, of the form

N(n)
Uy, = E ayxy,
k=n

where aj > 0, Z,ivz(z) ap = 1.
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Proof. Let W,, be the closure of the set of all convex combinations of

elements of the sequence {x,, Ty+1, Tpt2...}. It remains to prove that zy €

Wiy, because it will imply existence of coefficients aj > 0, Zivz(z) ap =1

such that
N(n) . 1
H Z ATk —on < —.
n
k=n

Suppose g & W,,. The set W, is convex and closed and the set W' = {z(}
is convex and compact. According to Theorem 11.19 there is z* € X*, c € R
and € > 0 such that

re (x*,x9) <c—e <c<re(z", z)
for all x € W,,. In particular
re(x*,x9) <c—e<c<re(x*,z;) fori=n,n+1,...
which contradicts weak convergence x; — xg. O

DEFINITION. Let X be a normed space. A sequence of functionals {z}} C X*
converges weakly-x to x; € X* if for every x € X

(xy,z) — (x5, ) asn — oo.
*
We denote weak-* convergence by z;, — zg.

Theorem 14.5. If z = zf, then

sup ||z;|| < oo and ||z5]] < liminf ||z} ] .
n n—o00

Proof. It is an immediate consequence of Corollary 9.5. O
The following result is a special case of the Banach-Alaoglu theorem.

Theorem 14.6 (Banach-Alaoglu, separable case). Let X be a separable
normed space. Then every bounded sequence in X* has a weakly-+ convergent
subsequence.

Proof. Let {x}}, C X* be a bounded sequence and let {x1,x9,...} C X
be a countable and dense set. For each i, (z},x;) is a bounded sequence of
scalars so it has a convergent subsequence. Using the diagonal method we
find a subsequence {x:k }i such that for each i = 1,2,3,... the sequence
(z},,., ;) is convergent. Thus {w} }; is a bounded sequence of functionals
that converges on a dense subset of X and it easily follows® that (Th,5T)
converges for every z € X. |

40Compare with an argument that follows (9.2).
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Corollary 14.7. Let X be a locally compact metric space and let {pin}n be
a sequence of finite positive Borel measures on X such that

sup pn(X) < 00.
n

Then there is a subsequence p,, and a finite Borel measure 1 on X such
that
p(X) < liminf p1,, (X)

k—o0

)
[ fdna = [ ran.

Proof. The measures p,, define bounded functionals in Cp(X)*

(@0, f) =/deu

and for every f € Cy(X

with
sup || Py, || = sup pn(X) < 00,
n n

see Theorem 2.15. Since the space C'(X) is separable®!, there is a weakly-x

convergent subsequence ®,,, X . Clearly 1 is represented by a signed Borel
measure of finite total variation and

(14.3) /de,unk — /deu for all f € Cy(X).

Since the measures (i, are positive it easily follows from (14.3) that p is
positive and Theorem 14.5 yields

p(X) = || <liminf ||®,, | = iminf u,, (X).
k—o0 k—o0
The proof is complete. O

In the situation described in the above result we say that the measures
ftn, converge weakly-x to the measure p, fin, Ao

If X is a reflexive space, then X is isometric to the dual space to X*,
so the weak convergence is equivalent with the weak-* convergence. Note
also that for reflexive spaces, X is separable if and only if X* is separable
(Theorem 11.7) and hence Theorem 14.6 shows that a bounded sequence in
a separable reflexive space has a weakly convergent subsequence. However,
this result is also true without assuming separability.

Theorem 14.8. A bounded sequence in a reflexive space has a weakly con-
vergent subsequence.

Awhy?

4290metimes in the literature this convergence is called weak convergence of measures
tn, — W, but we prefer to call it weak-* convergence to be consistent with the language
of functional analysis.
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Proof. Let {zp}n C X be a bounded sequence in a reflexive space X. Let

Xo = span{x1,z2,...}.

Then Xy is a closed separable subspace of X, so X is reflexive. Since the
dual space to X is separable as isometric to Xo, we conclude that X is
separable (Theorem 11.7). Let {z}}; C X be a countable and dense subset.
By the diagonal argument there is a subsequence {xy, }; such that for every
i=1,2,3,...
(x],xp,) Is convergent as k — oo.
The density of {z}}; in X easily implies that*3
(x*,xy,) is convergent for every z* € X.

Observe that every functional 2* defines a functional in X as a restriction
to Xg, so

(x*,xy,) is convergent for every z* € X*.
If k : X — X™** is the canonical embedding, then the limit
lim (k(zn,),z*) = lim (%, ) = (=™, z")
k—o0 k—o0
defines an element ** € X**. Indeed, linearity of z** is obvious and bound-

edness follows from the fact that

SUp [[(2ne )| = sup [l || < o0

Now it is clear that z,,, — x = k™! (2**). Indeed, for z* € X*
(%, zp,) — (™, 2%) = (2", x) .
The proof is complete. o

Corollary 14.9. Let mu be a o-finite measure and 1 < p < co. Then every

bounded sequence { fn}n C LP(1) has a weakly convergence subsequence, i.e.

there is a subsequence { fn, i and f € LP(u) such that for every g € L9(p),
-1 —1

ptg =1

[ fwgdn— [ godu ask— oo
X X

The following result generalizes Theorem 5.1 to any reflexive space, see
also an example that follows Theorem 5.1.

Theorem 14.10. Every nonempty, convex and closed set E in a reflexive
space X contains an element of smallest norm.

Proof. Let {x,} C E be a sequence such that ||z, || — inf,cg ||z|]. Hence
the sequence {z,} is bounded, so it has a weakly convergent subsequence

43Verify the Cauchy condition.
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z, — x. By Mazur’s lemma a sequence of convex combinations of x,, con-
verge to x in norm. Since convex combinations belong to E we conclude that
x € E. Now Theorem 14.1 yields

< lim inf _inf
|l < limin [z, | = in 2]
and the claim follows. O

In the case of reflexive spaces the Riesz lemma (Theorem 3.6) has the
following stronger version.*4

Theorem 14.11. Let Xg # X be a closed linear subspace of a reflexive
space X. Then there is y € X such that

lyl =1 and |ly—=z| >1 for all z € Xj.

Proof. Fix yp € X \ Xp and let M = Xy — yp. Since M is convex and
closed, Theorem 14.10 yields the existence of zg € M such that

= inf .
Izoll = inf 1]
Hence zy = x¢g — yo, 9 € Xo satisfies
Iz~ yoll = inf 1z~ ol

and the proof of the Riesz lemma shows that the vector y = (yo — zo)/||yo —
xo|| satisfies the claim. O

14.1. Direct methods in the calculus of variations. In this section we
will show an application of weak convergence to an abstract approach to
existence of minimizers of variational problems.

Let I : X — R be a function defined on a normed space X. Henceforth
I will be called functional even if it is not linear. Actually in all interesting
cases it will not be linear.

The problem is to find reasonable conditions that will guarantee existence
of Z € X such that

(14.4) I(z) = xlg)f([(m)

An element 7 € X satisfying (14.4) is called minimizer of I and a problem
of finding a minimizer is called a wvariational problem.

DEFINITION. We say that a functional I is sequentially weakly lower semi-
continuous (swlsc) if for every sequence x,, — = weakly convergent in X,

I(z) <liminf I(x,).

44Compare with Corollary 3.8 and an example that follows it.
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We say that I is coercive if

Theorem 14.12. If X is a reflexive Banach space and I : X — R is swlsc
and coercive, then there is T € X such that

I(z) = z1é1)f(.7(x)

Proof. Let x,, € X be a sequence such that
I(x inf I(x).
(2a) = inf 1()
Such a sequence is called a minimizing sequence. Coercivity of I implies that
Ty is bounded in X. Since the space is reflexive, z,, has a weakly convergent

subsequence
Tp, =T in X
and the sequential weak lower semicontinuity yields

2\ < Tim _ .
I(z) < hknigéfl(mnk) wlél)f( I(x)
The proof is complete. O

In general the swlsc condition is very difficult to check, because it does
not follow from continuity of I.
DEFINITION. A functional [ : X — R is called convez if
Ite + (1 —t)y) <tl(zx)+ (1 —1t)I(y) forz,ye X,tel0,1]
and strictly convex if
Itz + (1 —t)y) <tl(z)+ (1 —-1t)I(y) forz,ye X,x#y,te(0,1).
We say that [ is lower semicontinuous if

Tp —x = liminf I(z,).
n—oo

The lower semicontinuity is much weaker than swlsc, because we require
convergence of x,, to x in norm. In particular if I is continuous, then it is
lower semicontinuous.

Theorem 14.13. If X is a normed space and I : X — R is convexr and
lower semicontinuous, then I is swlsc.

Proof. We have to prove that
Tp = = I(z)<liminfI(z,).

n—oo

We can assume that I(z,,) has a limit.*> Denote the limit by g,
lim I(z,) =g.
n—oo

450therwise we choose a subsequence zn, such that I(z,,) — liminf, .o I(zy).
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It follows from Mazur’s lemma that for some sequence

N(n) N(n)
un:ZaZxk, ay >0, Zaﬁzl
k=n k=n

of convex combinations of zj, u, — x in norm. Now lower semicontinuity
and coercivity of I yields

N(n)

I(z) < liminfI(uy) = lim ian( 3 agxk)
k=n
N(n)
< liminf Z apl(zy) =g.
k=n
The proof is complete. O

As a corollary we obtain a result of fundamental importance in the convex
calculus of variations.

Theorem 14.14 (Mazur-Schauder). If I : X — R is a convez, lower semi-
continuous and coercive functional defined on a reflerive Banach space X,
then I attains minimum in X, i.e. there is T € X such that

I(z) = rlg)f([(x)

If in addition I is strictly convex, then the minimizer T is unique.

15. WEAK TOPOLOGY

The following result which is interesting on its own will be useful later.

Proposition 15.1. Let s be be the space of all (real or complex) sequences
x = (x1)72,. The space s with the metric

e}

k=1 1 + |$k‘ - yk‘|
is a complete metric space. Moreover for each sequence of positive numbers,
r1,79,... > 0 the set
K={zxes: |zg| <rg fork=1,2,...}

is compact in (s,d).

Proof. The fact that d is a metric directly follows from an elementary
inequality
a+b < 1 N
l4a+b~ 1+a 140
Observe that d is the metric of convergence on each coordinate, i.e.

a,b>0.

oy = (255 — = = (Tl
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if and only if ) — x), for each k = 1,2,3... If z,, = (2})32, is a Cauchy
sequence, them for each k, 27} is a Cauchy sequence of numbers, so it is
convergent. That means x,, converges on each of its coordinates and thus it
converges in the metric d. this proves that (s,d) is complete.

Ifz, € K,forn=1,2,3..., then for each n, the sequence z7 is bounded,
so it has a convergent subsequence. Using the diagonal argument we can find
a subsequence z,,, that converges on each of its coordinates, so it converges
in the metric d. Thus K is compact. O

As an application we have

Theorem 15.2. If X is a separable Banach space, then there is a metric p
on X* such that for every bounded set E C X* and {z}} C E, * € E,

E *

xy =% if and only if p(x),z*) — 0.

That means for each bounded set £ C X*, the metric pg being the
restriction of p to E is such that the convergence in pg is equivalent to the
weak-* convergence in F, i.e. the weak-* convergence in bounded subsets of
X* is metrizable. This is true in bounded sets only as the weak-* convergence
in X*, dim X = oo is not metrizable (see Theorem 15.4).

The following is a version of the separable Banach-Alaoglu theorem (The-
orem 14.6).

Corollary 15.3. If X is a separable Banach space, then every closed ball
B={z"e X*: ||2*]| <r}

is compact in the metric pg.

Proof. If x¥ € B, then we can find a weakly-* convergent subsequence
T, X 2* by Theorem 14.6. It follows then from Theorem 14.5 that 2* € B
and hence pp(z;, ,2*) — 0. O

Proof of Theorem 15.2. Let {x1,z2,...} C B(0,1) C X be a dense subset
of the unit ball in X. Consider the mapping

O X" -5, OxF) = (2%, x1), (%, 22),...).

The mapping is one-to-one. Indeed, if (z*, z;) = (y*, z;) for all 4, then (z* —
y*,z) =0forallx € X, ||z|| < 1 by the density argument and hence z* = y*.
Thus

p(z*,y") = d(®(z%), 2(y"))
is a metric in X*. It remains to prove that for every bounded set £ C X*,
{z}} C Eand z* € E,

xf 5zt if and only if  d(®(z), ®(x*)) — 0.

n
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If ¥ = z* then (z¥,x;) — (a*,z;) for every i, so every coordinate
of ®(z}) converges to the corresponding coordinate of ®(z*) and hence
A(®(15), B(2%)) — 0.

Conversely, if d(®(z}), ®(z*)) — 0, then coordinates of ®(z}) converge
to coordinates of ®(z*), i.e.

(15.1) (), i) — (¥, z)

and since the sequence z, is bounded

(15.2) (), x) — (z¥, x)

for every x with ||z| < 1 and hence for every z € X, i.e. 2 = z*. O

Note that the metric p is defined by an explicit formula

(o)
* ok —k |<‘T* —y*,.’Ek>|
p(x™,y") =) 2 ;
@)= 2 T ]

where {x1,x9,...} C B(0,1) is a dense subset.

The assumption that E is bounded was employed only once in the proof
of the implication from (15.1) to (15.2) and the boundedness was a crucial
assumption here as the following result shows.

Theorem 15.4. Let X be a separable Banach space, dim X = oco. Then
there is no metric d in X* such that 2%, = z* if and only if d(x, 2*) — 0.
Proof. Let {x1,x2,...} C X be a dense subset and let
X, =span{xi,za,...,Tpn}

By the Hahn-Banach theorem there is a functional x;, € X* such that ||z} || =

1 and (z*,z) = 0 for 2 € X,,. Note that z = 0. Indeed, if = € X, then for
every € > 0 there is m such that

|z — xm| < €.
Hence for n > m we have
(0, 2)| = [(25, 2 — 2m)| < €.

Similarly for every k > 0, kx}, 2.0 as n — o0o. Suppose now that there is a
metric d as in the statement on the theorem. Then d(kz};,,0) — 0 as n — oo.

Hence for each k we can find n(k) such that d(k:x;‘l(k), 0) < 1/k,so ko) 50
as k — oo. However, ||k‘:1:;(k) || = k and we arrive to a contradiction with the
fact that the weakly-* convergent sequence is bounded, Theorem 14.5. O
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15.1. Topological spaces. In addition to the norm topology Banach spaces
are equipped with so called weak topology and dual spaces with weak-x
topology. These topologies do not come from metric, so we have to introduce
topological spaces.

DEFINITION. A topological space is a set X with a family 7 of subsets of X
called open sets that satisfy the following properties

(a) 0,X € T;

(b) 7 is closed under finite intersections, i.e. if U,V € T, then UNV € T

(c) T is closed under arbitrary unions, i.e. if {U;}ier C 7, then | J;c; Us €
7.

The family 7 is called topology in X.

Let Xo C X be a subset of a topological space. Then
To={UnXy:UecT}
is the induced topology in Xy. Obviously (X, 7p) is a topological space.
We say that £ C X is closed is X \ E is open, i.e. X \ E € T.

If AC X, the closure of A denoted by A is the intersection of all closed
sets that contain A, i.e. it is the smallest closed set that contain A. Clearly,
if z € A then for every open set U such that z € U we have U N A # ().

A topological space (X, 7) is called Hausdorffif for every z,y € X,z # y
there are opens sets U,V € 7 such that z e U, y € V, U NV = 0.

Example. If (X,d) is a metric space, then the family of all open sets is a
Hausdorff topology in X.

DEFINITION. Let (X,7T), (Y,F) be two topological spaces. We say that a

mapping f : X — Y is continuous if preimages of open sets are open, i.e.
f~YU) € T whenever U € F.

We say that a topology 77 is weaker than a topology 75 if 77 C 75. In this
situation 75 is called a stronger topology. Clearly if a mapping is continuous
with respect to 77, then it is also continuous with respect to the stronger
topology 7s.

A family B C 7 is called a base if every U € 7T is a union of elements of

B.

Example. If (X,d) is a metric space, then the family of all open balls is a
base for the topology generated by the metric.

DEFINITION. We say that a topological space is compact if every open cov-
ering has a finite subcovering. A subset of a topological space is compact if
it is compact with respect to the induced topology.
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Proposition 15.5.

(a) Let E be a closed subset of a compact space. Then E is compact with
respect to the induced topology.

(b) Let E be a compact subset of a Hausdorff topological space. Then E
is closed.*6

(¢) A continuous image of a compact set is compact.

(d) Let f: X — Y be a continuous one-to-one mapping of a compact
space into a Hausdorff space. Then f=1: f(X) — X is continuous.

Proof. We leave the proofs of (a)-(c) as an exercise and we will only prove
property (d). We need to show that for every openset U C X, (f~1)~}(U) =
f(U) is an open subset of f(X). X \ U is closed, so it is compact by (a).
Hence f(X \ U) is compact by (c). Since f(X) is Hausdorff, f(X \ U) is
closed and hence f(U) = f(X)\ f(X \ U) is open. O

DEFINITION. Let K be a family of functions from a set Y into a topological
space (X, 7). The K-weak topology in Y is the weakest topology on Y for
which all the functions in the family K are continuous.

The KC-weak topology is constructed as follows. Observe that the sets
B={f'U)N..0f U : fiek, Uy eT,i=1,2,...,n}

must be open and that the family of all possible unions of the sets from B
is a topology, so it is the K-weak topology and B is a base.

Let (X1,71),...,(Xn,7y) be topological spaces. In the Cartesian product

n

HXi:Xlx...xXn
=1

we consider open rectangles
Uy x...xU,, Ue€eT,i=12...,n

Then the family of all unions of open rectangles defines a topology in [} ; X;
which is called the product topology and denoted by [[" ; Z; = 71 x ... x Tj,.
Clearly open rectangles form a base for this topology.

Note that each projection
mi Xy X .o x Xy = X, m(z,. 1) =@
is continuous with respect to the product topology and that the product

topology is the weakest one which makes all the projections continuous.

46The claim is not true if the space is not Hausdorff. Indeed, {0, X} is a topology in
X and every subset is compact, but only ) and X are closed.
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If (X1,d1),...,(Xn,d,) are metric spaces, then it is easy to see that the
topology induced by the metric d in the product [} ; X;

n

d((wh e 7'%'71)7 (y17 <. 7yn)) = Zdz<xu yi)

i=1
coincides with the product topology.

One can also define a product topology in a product of an arbitrary (pos-
sibly uncountable) number of topological spaces.

DEFINITION. Let (Xj;,7;);c; be an arbitrary family of topological spaces.
The Cartesian product

[ = {(@)ier : =i € X3}

i€l
is equipped with the product topology which is the weakest topology for
which each of the projection

j HXi — X5, mi((zi)ier) = 7
iel
is continuous.

Let i1,...,i, € I and Uy, € T;,,...,U;, € T;, be chosen arbitrarily. It is
easy to see that the sets

{(zi)ier: @i, € Uiy, 2, €U b = ﬂ'i_ll(UZ' )ﬂ...ﬂﬂ‘-_l(Uin)

in

form a base for the product topology.

It is easy to see that if the spaces {X;};cr are Hausdorff, then [
Hausdorff.

iel Xz 1S

Theorem 15.6 (Tychonov). Let {X;}icr be an arbitrary collection of com-
pact topological spaces. Then the product [[;c; X; is compact.

We will not prove it.

15.2. Weak topology in Banach spaces.

DEFINITION. Let X be a Banach space. The weak topology in X is the weak-
est topology with respect to which all functionals z* € X* are continuous.

Let X be a normed space. The weak-+ topology is the weakest topology in
X* with respect to which all functions of the form z* — (z*, z) for z € X
are continuous.

Exercise. Prove that weak and weak-x topologies are Hausdorff.



FUNCTIONAL ANALYSIS 129

Theorem 15.7 (Banach-Alaoglu). Let X be a normed space. The closed
unit ball in X*, i.e.
B={x"ec X*: ||2*|| <1}

s compact in the weak-x topology.

Proof. For each x € X let
B, ={\eC: |\ <|z|}-
Each set B, is compact, so is the product

K = HBw.

zeX

Elements of K can be identified with functions f : X — C such that |f(z)] <
||| for all 2 € X. Observe that the unit ball B in X* is a subset of K.
Actually, X* N K = B. It remains to prove that the topology in B induced

from K coincides with the weak-* topology and that B is a closed subset of
K.

The sets
U=({F: X =C: |f@)] < al, fla:) € Ui}
i=1
form a base of the topology in K and the sets
V= ﬁ{x* € X*: (2%, x;) € Uj}
i=1
form a base of the weak-* topology in X*. Since
UNB=VNB

it easily implies that the weak-+ topology and the topology induced from K
coincide on B.

It remains to prove that B is a closed subset of K. Let . fo be in the closure
of B in the topology of K. We have to prove that fy € B.

Fix z,y € X, a, 8 € C. The set
Ve={f€eK:
|f(z) = fo()| <e, [f(y) — foy)l <e, [flax + By) — folaz + By)| < €}

is open and contains fo. Hence V. N B # () by the definition of the closure.
Thus there is z* € V. N B, and hence it satisfies

(2%, 2) — fo(z)] <&, [{a",y) = fo(y)l.e
|a(a®, x) + Bz, y) = folax + By)| <e.

(z* ,ax+By)
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The above inequalities yield

|[folew + By) — afo(x) = Bfo(y)] < (1 + |af +[B]) .
Since € > 0 can be arbitrarily small we have
Jolaz + By) = afo(x) + Bfo(y) -
Moreover |fo(x)| < ||z|| as an element of K which implies fy € B. O

The following result shows that in the case of separable Banach spaces,
Corollary 15.3 is equivalent to the Banach-Alaoglu theorem.

Theorem 15.8. Let X be a separable Banach space. Then the weak-* topol-
ogy in the unit ball B in X™* coincides with the topology induced by the metric

Py
Proof. Let
O X" -5, O(x%) = (2%, 21), (2%, 22),...)

be a mapping defined in the proof of Theorem 15.2. The mapping is one-to-
one. It remains to prove that ® is continuous. Indeed, since s is Hausdorff
as a metric space and B is compact in the weak-* topology, it will follow
from Proposition 15.5(d) that

Plz:B—s

is a homeomorphism onto the image and hence the weak-* topology in
B will coincide with the topology generated by the metric p(z*,y*) =

d(D(z%), B(y"))-

Fix r > 0 and let w = (w;) € s. Let N be such that Y 7o\, 27% < r/2.
Then the set

A(w,r,N)={tes: [ti—w;| <r/2, i=1,2,...,N}

is open, contained in B(w,r) and w € A(w,r, N). Hence the sets A(w,r, N)
form a base in s. Thus it remains to prove that ®~1(A(w,r, N)) is open in
the weak-* topology. By the definition of the weak-* topology the functions
x* — (z* z;) are continuous, so the sets

{z* e X*: [(x", 2;) — w;| <r/2}

are open as preimages of B(w;,r/2) C C and hence
N
Y A(w,r,N)) = ﬂ{fc* € X" [(z¥, @) —w;i| <r/2}
i=1

is open. O
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16. COMPACT OPERATORS

DEFINITION. Let A € B(X,Y) be a bounded operator between Banach
spaces. We say that A is compact if it maps bounded sets onto relatively
compact sets, i.e. if for every bounded set E C X, A(E) C Y is compact.

The class of compact operators will be denoted by K(X,Y') with K(X) =
K(X,X).

Equivalently A € B(X,Y) is compact if for every bounded sequence
{zn}n C X, {Az,}, C Y has a convergent subsequence.
It is also easy to see that A is compact if and only if
A(B(0,1)) CY is compact.
For a bounded mapping A € B(X,Y) we define*”
R(A) = A(X), N(A) =ker A.
Proposition 16.1. If dimR(A) < oo, then A is compact.

Since the closed unit ball in an infinitely dimensional space is not compact
(Corollary 3.7) we have

Proposition 16.2. If dim X = oo, then the identity mapping id : X — X
18 not compact.

Theorem 16.3. If A, € B(X,Y) is a sequence of compact operators be-
tween Banach spaces and A, — A in norm, then A is compact.

Proof. Let {z,}n, C X be a bounded sequence, say ||z,|| < M for all n.
We need to show that Ax, € Y has a convergent subsequence. Since each
sequence {A;zy}, has a convergent subsequence, by diagonal argument we
find a subsequence {x,, }; such that for each i =1,2,3...

A;xy, is convergent as k — oo.
Given € > 0, let ¢ be such that
I|A — Al <e/3M .
The Cauchy condition gives existence of kg such that for k,1 > kg
Az, — Asxy,|| <e/3
and hence
Az, — Azy, || < ||Aizn, — Aizn,|| + || Azn, — Aizn, || + || AZn, — Aizy, ||
= A= A A - A|M <.

A

Thus the sequence {Ax,, }i satisfies the Cauchy condition and hence it is
convergent, because Y is a Banach space. O

4TR stands for range and N for null space.
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Theorem 16.4. Let A € B(X,Y) be a compact operator between Banach
spaces. If x,, — x weakly in X, then Ax, — Ax in norm.

Proof. First we will prove that Az,, — Ax weakly in Y. If y* € Y*, then
¥ =y*o A, ie. (¥ ) = (y*, Az) is a bounded functional in X* and hence
weak convergence x,, — x yields

(y*, Axy) = (x*,xy) — (z¥,x) = (y*, Ax) .

Suppose that Ax, does not converge to Az in norm. Then there is a subse-
quence Azxy,, and € > 0 such that

(16.1) |Az,, — Az|| > €.

The sequence x,, is bounded (as weakly convergent) and since A is compact,
there is a convergent subsequence Axnkl — 9. Since Axnkl — Az weakly
we easily conclude that y = Ax, so Axnkl — Az in norm which contradicts
(16.1). O

Theorem 16.5. Let X,Y,Z,V be Banach spaces. If A € B(X,Y) is com-
pact and B € B(Y,Z), C € B(V,X) are bounded operators, then the opera-
tors BA € B(X,Z), AC € B(V,Y) are compact.

Proof. Easy exercise. O

It follows from Proposition 16.1 and Theorem 16.3 that if an operator A €
B(X,Y) can be approximated in norm by operators with finitely dimensional
range, then A is compact. In the case of operators into Hilbert spaces this
property characterizes compact operators.

Theorem 16.6. Let A € B(X, H) be a bounded operator between a Banach
space and a Hilbert space. Then A is compact if and only if there is a sequence
of operators A, € B(X, H) such that dimR(A,) < oo and A, — A in norm.

Proof. We only need to prove the implication from left to right. We can
assume that dimR(A) = oo as otherwise the claim is obvious. Since A is
compact, R(A) is a union of countably many relatively compact sets, so

R(A) is separable. Let {¢;}3°; be an orthonormal basis in R(A) and let

P, : R(A) — span{@1,02,...,¢0n}

be the orthogonal projection. It remains to prove that A, = P,A — A in
norm. If not, there is ¢ > 0 and a subsequence (still denoted by A,) such
that

A, — Al > €.

Hence there is a sequence z,, € X, ||,,|| = 1 such that

(16.2) (An = Az = <.



FUNCTIONAL ANALYSIS 133

Since A is compact, A, z,, — y € R(A) for some subsequence. We have
(A - Ank)xnk = - Pnk)Axnk = - Pnk)y + (I - Pnk:)(Ank: —y)—0
as k — oo which contradicts (16.2). O

Recall that for a bounded operator A € B(X,Y) we define the adjoint
operator A* € B(Y*, X*) by

(A*y*, x) = (y", Az) .

Theorem 16.7. Let Q C R" be open and K € L*(Q2 x Q). Then the integral
operator

Kf= [ K@pswdy. aeo
defines a compact operator K : L?(2) — L*(Q).

Proof. The operator K : L?(Q) — L?(f2) is well defined, because
Q

K0 = [ || Kas ] ao

< [([1KG@oPdy [ 176)F )iz
= 1K1 s 113,

i.e.

(16.3) 5 7l < 1K 7]

Let {p;}22; be an orthonormal basis in L?(§). According to Theorem 5.15
the functions {;(2)¢;(y)}75-; form an orthonormal basis in L?(2x Q). We
can write

o0
K(z,y) = Z aijpi(2)e;(y)
ij=1
where the series converges to K in the norm of L?(£2 x 2), i.e. the functions

Ko(z,y) = Y aijepi(x)e; (y)
ij—1

converge to K in L2(Q x ). Now it follows from inequality (16.3) that
the operators K,,, € B(L*(Q), L?*(2)) converge to K € B(L*(Q),L?*(Q)) in
norm. Since the range of each operator K,, is finitely dimensional

Konf(@) = 3 agn(e) [ 1)) dy € span {1, )

ij=1
the claim follows from Theorem 16.6. O

Theorem 16.8 (Schauder). An operator A € B(X,Y) between Banach
spaces is compact if and only if A* € B(Y™*, X*) is compact.
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Proof. =. Let A € B(X,Y) be compact. In order to prove compactness
of A* we need to show that for every bounded sequence {y}}, C Y™, say
sup,, |lyil] < M, {A*y’}, C X* has a convergent subsequence.

Let S = {x € H : ||z| < 1}. The set K = A(S) C Y is compact. The
family of functions

o K=K, fuly) = (Y, v)

is bounded and equicontinuous. Boundedness is easy and equicontinuity fol-
lows from the estimate

|fn(y1) — fr(y2)| < Mllyr — y2| -

According to the Arzela-Ascoli theorem, there is a uniformly convergent
subsequence { fy,, }. Hence also the functions

gk S — K, gr(z) = fu(Az) = (Ay,, ,7)
converge uniformly on S.*® The limit
(" 2) = lim (A%, 2)
exists for every z € X and it defines a bounded functional * € X*. Moreover

1Ay, — 2"l = Sup |gk(z) — (z",2)| = 0 as k — oo.
xe

This completes the proof of compactness of A*.

<. Suppose now that A* € B(Y™, X*) is compact. Let {z,}, C X be a
bounded sequence. We need to prove that {Az,}, C Y has a convergent
subsequence. By the first part of the proof A** € B(X™**, Y**) is compact
and hence A**(kx(zy)) has a convergent subsequence A™*(kx (zy,)), where
kx : X — X** is the canonical embedding. Since

ry (Ap,) = A7 (rx (2n,))

where Ky : Y — Y™ is the canonical embedding and hence an isometric
embedding, the sequence {Az), } satisfies the Cauchy condition, so it is
convergent. d

16.1. Fredholm operators. Fredholm operators play an important role
in the theory of integral and elliptic equations. We will describe later an
application to the Fredholm theory of integral equations. Another applica-
tion appears in the famous Atiyah-Singer index theorem which deals with
the index of a special Fredholm operator defined as an elliptic operator on
manifolds. The Atiyah-Singer theorem plays a fundamental role in algebraic
topology and in contemporary physics.

48Alth0ugh the family gx is bounded and equicontinuous, we could not apply the
Arzela-Ascoli theorem directly to gi, because S is not compact.
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DEFINITION. A bounded operator A € B(X,Y) between Banach spaces is
called Fredholm operator if

dim N (A) < oo, dim(Y/R(A)) < oc.
Note that according to Theorem 4.8 R(A) is a closed subspace on Y.

The space of Fredholm operators will be denoted by Fred (X,Y’). The
quantity
ind A = dim N (4) — dim(Y/R(A))
is called the Fredholm index of A.

Theorem 16.9. Fred (X,Y) is an open subset of B(X,Y). The Fredholm
indez ind : Fred (X,Y) — Z is continuous and hence constant on connected
components of Fred (X,Y).

Proof. Let A € Fred (X,Y). By Theorem 11.8 the subspaces N'(A) C X
and R(A) C Y are complemented, so there are closed subspaces X1 C X
and Y7 C Y such that

X=NA)aeX;, Y=R(A Y.
For any operator L € B(X,Y) we define
L:X @Y1 =Y, L(z1,y)=Lai +y1.
It is easy to see that
A X0 —Y
is a bijection and hence it is an isomorphism. If B € B(X,Y), then |A -
B|| < ||A — B|| and since isomorphisms form an open subset in the space

of all bounded transformations (Theorem 2.7) it follows that if ||[A — B||
is sufficiently small, then also B is an isomorphism. In particular N (B) N
X, = {0}, so dimN(B) < dim N(A) < oo, because the quotient map X —
X/X1 ~ N(A) restricted to N'(B) is one-to-one. Moreover for any y € YV’
there is 1 € X7 C X and y; € Y such that

Bxi+y1 = B(z1,y1) =y
and hence
R(B)+Y1=Y
which gives
dim(Y/R(B)) < dimY; = dim(Y/R(A)) < oo.

This proves that B is a Fredholm operator and it remains to show that
ind B = ind A.

Since N (B) @ X; is a closed subspace of X of finite codimension, there is
a finitely dimensional subspace Z C X such that

(16.4) X=N(B)®Zo X,
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S0
dimN(B) ® Z = dim(X/X;) = dimN(A),

(16.5) dim NV(B) = dim N (A) — dim Z.

The mapping
B:X 161 —Y
is an isomorphism, so Y = B(X;) @& Y1 (see Proposition 10.7) and hence

dimY; = dim(Y/B(X1)). On the other hand (16.4) shows that B restricted
to Z @ X gives an isomorphism onto R(B), so

R(B) = B(Z) & B(X1)
and in particular dim B(Z) = dim Z. Hence

dim(Y/R(B)) = dim(Y/B(X1))— dimB(Z) = dimY; — dim Z
= dim(Y/R(A)) —dim Z

which together with (16.5) immediately implies that ind A = ind B. O

The above result shows in particular that if [0,1] © ¢ — A(t) is a continu-
ous one parameter family of Fredholm operators, then ind A(0) = ind A(1).

Theorem 16.10. Let K € B(X) be a compact operator. Then I + K €
Fred (X) and ind ({ + K) = 0.

Proof. First we will prove that dim N (I + K) < oo. To this end it suffices
to prove that the closed unit ball in N'(I 4+ K) is compact, see Theorem 3.7.
Let x, € N(I + K), ||z,|| < 1. Since K is compact, after passing to a
subsequence we may assume that Kx,, — y converges. Since x,, + Kz, = 0,
Ty — —Y.

Now we will prove that R(I + K) is closed. The space N (I + K) is finitely
dimensional, so it is complemented

(16.6) X=NI+K)aoV

for some closed subspace V' C X. The mapping I + K restricted to V is a
bijection onto R(I + K) and to prove that R(I + K) is closed it suffices to
show that the inverse mapping is continuous

(I+K)y)  RI+K)— V.

We need to prove continuity at 0 only. Suppose the mapping is not contin-
uous at 0. Then there is a sequence z,, € V such that (I + K)z, — 0, but
xn 7> 0. Without loss of generality we may assume that ||z,| > €. Then the
sequence y, = Tp/||zy| satisfies |yn|| = 1, yn + Kyn — 0. By compactness
of K, after passing to a subsequence we have Ky, — v, y, — —y. Hence
lyll =1,y €V, y € N(I + K) which is a contradiction with (16.6).
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In order to prove that I + K is a Fredholm operator we still need to show
that the space R(I 4+ K) has a finite codimension. Suppose the codimension
is infinite. Then we can find a sequence of closed subspaces

R(I+K)=HyCH CHyC...

such that dim(H,4+1/H,) = 1. Applying the Riesz lemma (Theorem 3.6),
we can find z,, € Hy, ||zy| = 1 such that

1
|zn —yll > 5 for all y € Hy,—1.
For k < n we have

N

|Kzp, — Kagl| = ||(xn + Kzp) — (2 + Kag) + 2 —2p]] >
cHy €Hy EHy,

This shows that the sequence { Kz, } cannot have a convergent subsequence,
which contradicts compactness of K. Hence R(I+ K) has finite codimension.
We proves that [ + K € Fred (X). Now [0,1] 5 ¢t — [ + tK is a continuous
family of Fredholm operators and from the previous result we have ind (I +
K)=indI =0. O

DEFINITION. Let A, B € B(X,Y). We say that A is congruent to B modulo
compact operators if A — B is compact and we write
A=B mod K(X,Y).
It is easy to see that this is an equivalence relation. Moreover if
A=B mod K(X,Y), Ai=B; mod K(Y,Z2),

then
A1A= BB mod K(X,Z).
Indeed
A1A— BB = Al(A — B) + (Al — Bl)B

is compact by Theorem 16.5.

DEFINITION. We say that A € B(X,Y) is invertible modulo compact opera-
tors if there is A; € B(Y, X) such that

AA1 =1y mod K(Y), A1A=Ix mod K(X),

ie. AJA =Ix + K; and AA; = Iy + K for some K € K(X), Ko € K(Y).
We call Ay inverse of A modulo compact operators.

Theorem 16.11. Let A € B(X,Y) be a bounded operator between Banach
spaces. Then A is Fredholm if and only if it is invertible modulo compact
operators.

Proof. Let A € Fred (X,Y). We can write
X=NA) X, Y=R(A Y.
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Note that A restricted to X is an isomorphism from X; onto R(A), so it is
invertible. Consider the following composition of operators

™ (A‘X1)71 L
Y=R(A)adYI —RA) — Xi—X,

where 7 is the projection onto the first component and ¢ is the inclusion.
Denote this composition by

Ay =10 (Alx,) tom:Y - X.

It is easy to check that Iy — AA; is the projection onto Y; and Ix — A1 A
is the projection onto N (A). Both mappings are compact as mappings with
finitely dimensional range.*?

Conversely, suppose that A € B(X,Y) is invertible modulo compact op-
erators, i.e. there is Ay € B(Y, X), K; € K(X), Ky € K(Y) such that
AMA=Ix+ K, AA =Iy+K>.

Hence N'(A) C N(A1A) = N(Ix + K1) shows that dim NV (A4) < oo, because
Ix + K; € Fred (X) and R(Iy + K2) = R(AA;) C R(A) shows that R(A)
has finite codimension, so A € Fred (X,Y). O
Corollary 16.12. The composition of Fredholm operators is Fredholm. If A

is Fredholm and K is compact, then A + K is Fredholm and ind(A + K) =
ind A.

Proof. Let A € Fred (X,Y), B € Fred (Y, Z) and A1, By be the inverse
operators modulo compact ones, i.e.
AA=Ix + Ky, AA =1y + Ko,
BiB=Iy+Ks, BBi=I;+Kj4.
Then
A1Bi1BA=Ix+ K1+ A1KsA, BAABy =17+ K4+ BKyBq,

compact compact

so A By is the inverse of BA modulo compact operators and hence BA €
Fred (X, Z).

A similar argument can be used to show that A+ K is Fredholm. Finally,
[0,1] © t — A+tK is a continuous family of Fredholm operators, so ind A =
ind (A+ K). O

Theorem 16.13. If A € Fred (X,Y), B € Fred (Y, Z), then
ind (BA) =ind B+ind A.

We will not prove it.>

49Hence we can always select an inverse of A modulo compact operators with finitely
dimensional range.

50For a proof, see S. Lang, Real and Functional Analysis. Third edition, p. 423.
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16.2. Spectrum of compact operators. In this section we will assume
that X is a complex Banach space.

DEFINITION. For a bounded operator T' € B(X) the spectrum o(T) is defined
as

o(T) ={A e C: T — Al is not invertible} .

If A € o(T), then T'— \I is not surjective or it is not ont-to-one. In the latter
case A is called eigenvalue of T and there is 0 £ x € X such that

Tx = \x.
Each such vector is called eigenvector of T'.

Since T'— M = A(A~'T — I) is invertible for |\| > ||T’||, by Theorem 2.7,
the spectrum o(T") is a bounded set satisfying |A| < ||T'|| for A € (7).

Theorem 16.14. If T € B(X) is a bounded operator, then eigenvectors
corresponding to distinct eigenvalues are linearly independent.

Proof. We argue by induction. Suppose that any collection of (n — 1)
eigenvectors corresponding to distinct eigenvalues is linearly independent.
Suppose that Tz; = Nz, ; # 0, ¢ = 1,2,...,n and \; # A; for ¢ # j.

We need to prove that the vectors x1,...,x, are linearly independent. Let
c1,...,cn be scalars such that
(16.7) c1x1+...+cpxn =0.

Applying the operator T" we have
cMzTL+ ... FepApT, =0.

At least one of the eigenvalues is nonzero, say A; # 0. Dividing the second
equation by A\; and subtracting from the first one gives

02(1 — )\2/)\1)1‘1 + ... —|—Cn(1 — )\n/)\l)xn =0.
S——r SN——r

#0 #0
Since by the assumption the vectors xo,...,x, are linearly independent,
¢ = ... = ¢, = 0 and hence (16.7) gives ¢; = 0 which proves linear
independence of z1, ..., z,. O

Theorem 16.15. If A € B(X) is compact, then every nonzero element in
the spectrum 0 # X € o(A) is an eigenvalue. If dim X = oo, then 0 € o(A).

Proof. 1f 0 # X\ € o(A), then A — \I is a noninvertible Fredholm operator.
Since ind (A — A\I) = 0, N (A — AI) # 0 and hence there is 0 # € X such
that Az = Ax. If dim X = oo, then A is not surjective by Corollary 3.7 and
hence A=A —0- [ is not invertible, so 0 € o(A). O
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Theorem 16.16. If A € B(X) is compact, then eigenvalues from a finite or
a countable set. If there are infinitely many eigenvalues, then we can order
them as A1, A2, A3, ... in such a way that

M| > Mol >N > ... lim A, = 0.
n—oo

Proof.5! Tt suffices to prove that for any r > 0 the number of eigenvalues
satisfying |\| > r is finite. If this is not true, then there are distinct eigenval-
ues \;, |[Ai| >, i =1,2,3,... and corresponding eigenvectors x;, ||z;|| = 1.
Let

H, =span{xi,...,x,}.
By the Riesz lemma (Theorem 3.6) we can find w,, € H,, such that

1
|lwall =1, |Jw, =yl > 5 for any y € Hy, 1.
2

We have wy, = an&n+Yn—1, Yyn—1 € Hp—1 Thus for k < n, Aw, € Hy C Hp_4
and hence

HAwn - A’U)k” = ||an)\n1:n + Ayp1 — Awk”
— T
= |alll anzn + yn—1 —(Yn-1 — )\nl(Ayn_1 — Awyg))|| > 3
Wn €Hp_1

Therefore the sequence {Aw,} has no convergent subsequence which con-
tradicts compactness of A. O

16.3. The Fredholm-Riesz-Schauder theory. Our aim is to apply the
above theory to the following problem. Given a compact operator A € B(X)
in a Banach space X and a parameter 0 # A € C we want to solve the
equation

(16.8) Ax — Ar =y where y € X is given and x € X is unknown.

Theorem 16.17. If A # 0 is not an eigenvalue of A, then for everyy € X,
(16.8) has a unique solution.

Proof. By Theorem 16.15, A & o(A), so A — Al is invertible and hence
(16.8) has the unique solution
z=(A-X)"1y.
The proof is complete. O

Note that by Theorem 16.16 we have at most countably many eigenvalues
that form a discrete set whenever we are away from 0. Thus for most of the
values of A, (16.8) can be uniquely solved for any y € X. The interesting
case is, however, when A is an eigenvalue of A.

51The proof is very similar to the proof that if K is compact, then R(I 4+ K) has finite
codimension, see the proof of Theorem 16.10.
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Along with the equation (16.8) we consider the adjoint equation
(16.9) Az — A =y~

The first part of the following definition already appears in Section 4.2.

DEFINITION. Let X be a normed space. For linear subspaces M C X, N C
X* we define annihilators

M+ ={z* e X*: (z*,2) =0 forall z € M},
IN={reX: (z*,2) =0 for all z* € N}.
Clearly M+ and *N are closed subspaces of X* and X respectively.

The following result provides a complete description of solvability of the
equations (16.8) and (16.9).

Theorem 16.18 (Riesz-Schauder). If X is a Banach space, A € B(X) is
compact and X # 0, then

(16.10) dimN(A = A]) = dimN (4" — A\]) < .
Moreover

(16.11)  R(A = M) =*N(A* = AI), R(A* =) =N(4A -\t

Before we prove the theorem we will see how it applies to the equations
(16.8) and (16.9). The following description is called the Fredholm alterna-
tive.

It follows from (16.10) that 0 # X\ € C is not an eigenvalue of A if an only
if it is not an eigenvalue of A* and in this case both equations

Az -z =y, A'z"—-)Xz"=v*
have unique solutions for all y € X and y* € X*.

Also 0 # A € C is an eigenvalue of A if and only if it is an eigenvalue of
A* and the dimensions corresponding of eigenspaces for A and A* are finite
and equal. Moreover the equation

Az —dr =y
has a solution if and only if y €*N(A* — A1), i.e. if
(y*,y) =0 whenever A*y* = \y*.

Note that since dim(A* — AI) < oo, this is a finite number of conditions to
check. Similarly the equation

A'r* — Xx* =y*
has a solution if and only if y* € N(A — AI)*, i.e.

(y*,y) =0 whenever Ay = \y.
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The above theory was first considered by Fredholm in the setting of inte-
gral equations. Let Q C R"™ be an open set and let K € L?(2 x Q). As we
know the operator K : L?(Q) — L?(9),

Kf(z) = /Q K(z,9)f(y) dy

is compact, see Theorem 16.7. We consider the Fredholm integral equation

(16.12) Fa) = [ K ) dy = o).
where 0 # 1 € C and g € L?(Q) are given.
Theorem 16.19 (Fredholm).

(a) The equation (16.12) has a solution for every g € L*(Q) if and only
if the only solution to

(16.13) Fla) = [ K. f)dy =0

is f=0.
(b) The equation (16.13) has nonzero solutions, if and only if there are
nonzero solutions to

(16.14) flo) =7 | Koo f(a)dz =0

The spaces of solutions to (16.13) and (16.14) are finitely dimen-
sional and have the same dimension.

(c) If the equation (16.13) has nonzero solutions, then (16.12) has solu-
tions if and only if

/Q 9(@) f (@) da

for every f € L*(Q) that solves (16.14).

(d) The set of numbers pu for which (16.13) has nonzero solutions is
at most countable. If this set is infinite, then the numbers form an
infinite sequence fip, |un| — oco.

Proof. The equation (16.12) can be written as

Kf=A=-p"lg, A=p"".

It has solutions for all g € L?(Q) if and only if R(K — AI) = L?(£2) which
us equivalent to N (K — AI) = {0}, so (a) follows.

The equation (16.13) with p # 0 has nonzero solutions if and only if
A= p~!is an eigenvalue of K. Thus (d) follows from Theorem 16.16.
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The dual space to L%(Q) is isometrically isomorphic to L?(2) and the
isomorphism is given by®?

Q)3 f Ay € (@), (Arg) = [ o(o)fa)da.
We have
KA = Ko = [ ([ Ko dy) e ds

_ /Qg(y)</QK(m,y)f(x) dr) dy,

K*Ap=Agy, f(f(y):/QK(ac,y)f(x)dx.

SO

Hence the adjoint operator to K — Al is K — M and the equation adjoint
to (16.13) reads as

(16.15) Fw) - /Q K () f () dir = 0.

Now (16.12) has a solution if and only if g € N (K — AI) =*N(K* — \I),
ie.
(Af,g) =0 whenever K*Ay = AAy,
le.
/ g(x)f(x)dr =0 whenever f solves (16.15).
Q
Since f solves (16.15) if and only if f solves (16.14), the part (c) follows. O
We prepare for the proof of Theorem 16.18 now.
Theorem 16.20. Let X and Y be normed spaces and T' € B(X,Y). Then

N(T*) =R(T): and N(T) ="R(T*).

Proof. It follows from an obvious sequence of identifications. O
However, we will need the following less obvious results.
Theorem 16.21. Let X and Y be normed spaces and T' € B(X,Y). Then
R(T) =*N(T*).

Recall that
J_j\/(T*) ={yeY: (y*,y) =0 whenever T*y* = 0}.

52WWe refer to Theorem 2.13 rather than to Theorem 5.5.
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First we will prove that A (T*) C R(T). If not, then there is yo €N (T*)\
R(T). The Hahn-Banach theorem (Theorem 11.6) yields the existence of
y* € Y* such that

(y*,90) #0 and (y*,y) =0 for all y € R(T).
The second condition implies that for all x € X
<T*y*7x> = <y*7T‘r> =0,

so T*y* = 0 and hence (y*,y0) # 0 implies that yg ¢ N (T*) which is a
contradiction.

It remains to prove that R(T) CtN(T*). Let y € R(T). Then there is a
sequence z, € X such that Tz, — y. If T*y* = 0, then

n—oo n—oo
which proves y € N(T*). O

Theorem 16.22. Let X and Y be Banach spaces and T € B(X,Y). If
R(T) is closed, then

R(T*) = N(T)*.

Proof. First we prove that
R(T*) c N(T)* = {z* € X*: (z*,z) = 0 whenever Tz = 0} .

If 2* € R(T*), then z* = T*y* for some y* € Y*. Then for any x € X
satisfying T'x = 0 we have

(2%, 2) = (T*y",2) = (y", Ta) = 0
so x* € N(T)*.
The proof of N(T)+ € R(T*) is more difficult.
R(T) is a Banach space as a closed subspace of Y. The mapping
T:X/kerT — R(T), T([z])=Tx

is a well defined bounded bijection. Hence it is an isomorphism. Thus the
inverse mapping

T~1Tz) = [2]
is also bounded. That easily implies that there is C' > 0 such that for every
y € R(T') we can find z € X such that Tx = y and ||z| < C||y]|.

Let z* € N(T)*. We have to find y* € Y* such that T*y* = x*. Since z*
vanishes on all x € X such that Tz = 0 it easily follows that

(A, Tz) = (", x)
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is a well defined linear functional on R(T). This functional is bounded.
Indeed, if y € R(T), then there is z € X such that Tz =y, ||z| < ¢|ly|| and
hence
(A o)l = [N, Ta)| = [(27, )| < Cll™[|[|yl] -
By the Hahn-Banach theorem A can be extended to y* € Y*. Now for any
x € X we have
(T*y*, x) = (y*, Tz) = (A, Tz) = (2", x)

and hence T*y* = z*. O

Proof of Theorem 16.18. If T = A— X\, then R(T) = R(A — \I) is closed
and hence

R(A — M) = R(T) =*N(T*) =*N(A* — \I)
by Theorem 16.21. The second equality in (16.11) follows from Theo-
rem 16.22 since
R(A* = AI) = R(T*) = N(T)* = N(A - D)+,

We are left with the proof of (16.10). By the Schauder theorem (Theo-
rem 16.8) A* € B(X™) is compact, so both operators A — Al and A* — A\
are Fredholm and hence the null spaces are finitely dimensional. We need to
prove that the dimensions are equal.

We start with a general observation. If z1, ..., z, are linearly independent
elements in a normed space X, then it follows from the Hahn-Banach the-
orem (Theorem 11.6) that there are functionals z7,...,z} € X* such that
(zf,x;) = ;5. The converse result is also true.’

Lemma 16.23. If z7,...,z; are linearly independent elements in X*, then
there exist points x1,...,x, € X such that (x},x;) = 6;;.

Proof. Let Nj = kerz and
Mj :Nlﬁ...ﬂNj_lﬂNj+1ﬂ...ﬂNn.
It suffices to prove that M; \ N; # 0 for j = 1,2,...,n. We will prove that
M7\ N1 # () as the argument for j # 1 is the same. Suppose by contradiction
that My C Ny, so
(16.16) (z1,2) =0 whenever (z},x) =0 for j =2,...,n.
Consider the linear mapping

A: X - CY Az =[(a3,2),..., (x5, x)]

n’

and define on A(X) a linear functional A
(A, Az) = (&7, 2).

531t holds in any linear space, not only in a normed space as the proof is based on
linear algebra only.
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Note that this functional is well defined, because if Az = Az, then (z1,z) =
(z%, %) by (16.16). The functional A can be extended linearly to a functional®
on C"1, so it is of the form

<A7 [yQa s 7yn]> = Za’jyj
=2

for some scalars a; € C. This, however gives for any z € X

n
(wi,@) = (D ajaj, o)
j=2

which contradicts linear independence of functionals. O

Now we can complete the proof of the theorem. Let 1, ..., x, be a Hamel
basis of N(A — AI) and y7,...,y;, be a Hamel basis of N (A* — \I).

As we observed above there are elements z7,...,z;, € X*and y1,...,ym €
X such that
(7 m5) = iy (Y55 y5) = 04 -
Suppose that n < m. Consider the operator

n
Bx = Ax + Z(xf,:r)yz :
i=1

This is a sum of a compact operator and an operator with a finitely dimen-
sional range, so B is compact. We claim that N(B — AI) = {0}. Indeed, if
x € N(B — XI), then Bx = Az, i.e.

n

e — Ax = Z(mf,x)yl .

i=1
Since y; € N(A* — AI) for j =1,2,...,n we have

0= (\y; — Ay}, 2) = (yj, \v — Ax) = (], 7),

so Az — Az =0, x € N(A— A). Thus x = 71| a;x;, but 0 = (2}, 7) = a;
and hence 2z = 0. We prove that N (B — \I) = {0}. Since B — AI is Fredholm
of index 0 we conclude that R(B — AI) = X. In particular there is z € X

such that
Bx — \x = yn41,
but this yields

n
1= (Y11 Yns1) = (Yni1, Br — Az) = <y2+1, Az — Az + Z<x2‘,x)yi> =0
i=1

54Linear algebra.
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since yy 1 € N(A* = X) and (y; . 1,;) = 0 for i =1,2,...,n. The contra-
diction proves that n > m, i.e.

dim N (A — AI) > dim N (A" = \I).
Applying this result to A* in place of A we have
dmN(A* — M) > dim N (A* — AT).
If z € N(A— \I), then it easily follows that x(x) € N'(A** — X\I) and hence
dmN (A — M) > dim N (A — AI),

so the above inequalities give (16.10).

16.4. Spectral theorem.

DEFINITION. Let H be a Hilbert space. We say that a linear operator T :
H — H is self-adjoint if

(Tz,y) = (x,Ty) forallxz,y € H.

It immediately follows from the Hellinger-Toeplitz theorem (Theorem 10.5)
that self-adjoint operators are bounded.

Theorem 16.24. If T € B(H) is self-adjoint, then

(a) (Az,z) is real for all x € H,

(b) FEigenvalues of T' are real,

(c) Eigenspaces of T' corresponding to distinct eigenvalues are orthogo-

nal.
Proof. Since (Az,z) = (z, Ax) = (Az,z), (a) follows. If Tx = Az, x # 0,
then
Mz, z) = (Tz,x) = (x,Tz) = Mz, 1)

so A € R which is (b). If A\ # Ag are eigenvalues and x1,x2 # 0 are corre-
sponding eigenvectors, then using the fact that Ao € R we have

M(z1,22) = (Txr, x2) = (x1,TT2) = Aa(x1,22) ,
so (1, x2) = 0 which is (c). O

The spectrum of a bounded operator is bounded. more precisely if A €
o(T), then || < ||T|| (see a remark proceeding Theorem 16.14).

Theorem 16.25. If A € B(H) is compact and self-adjoint, then ||A| or
—||A|| is an eigenvalue of A.

Proof. Let x,, € H be a sequence such that ||z, | = 1, ||[Az,|| — ||A]|. After
passing to a subsequence we may assume that Az, — y € H, so ||y|| = || A]|
and A%z, — Ay. We have

Schwarz
|Ay|| = lim HAanH > lim <A2mn,xn) = lim (Ax,, Az,) = HA||2

n—oo n
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Hence
1A%y Iyl = (A%y.y) = Ayl = [|AI* = [ AIPIIyl1® = 1A%l [yl

SO

(A%y,y) = 1A%l Iyl

This is possible only if the vectors A%y and y are parallel, A%y = cy. We
have

c= <A2yay> — ||A||4 — ||A||2
(o) AP
Let z = y + ||A|| 7! Ay. If = 0, then Ay = —||A||y and hence —| A]| is an

eigenvalue of A. If x # 0, then
Av = Ay + A7 A%y = Ay + |AI APy = Ay + | Ally = Al =,
so || Al is an eigenvalue. O

Let A € B(H) be compact and self-adjoint. According to Theorem 16.16
all nonzero eigenvalues form a finite or infinite sequence {\;}X, (N is finite
or N = o0). If N = oo and we order the eigenvalues in such a way that
[A1] = [A2] = [Ag] = ..., then

1—00
Let
E),,={x € H: Az = \jz}.
E), is the eigenspace corresponding to the eigenvalue ;. Since E), = N (A—
YIAR
dim F), < oo.
Moreover Theorem 16.24 yields
E)\i J_E)\]. fOI‘Z;féj

Theorem 16.26 (Spectral theorem). Let A € B(H) be compact and self-

adjoint. Then
N

H=ker Ao PE,,.
i=1

Proof. Let

N
Y = EBE,\
i=1

Then H =Y @ Y' and it remains to show that Y = ker A. It is easy to
see that A(Y) C Y and hence for every 2 € Y+ and y € Y we have

(Azx,y) = (z, Ay) =0,
ie. Az € Y1 Hence Aly1 : Y+ — Y1 is a compact self-adjoint operator.

According to Theorem 16.25 at least one of the numbers £||A|y-L| is its
eigenvalue. It cannot be a nonzero eigenvalue, because all eigenvectors with
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nonzero eigenvalues are contained in Y. Thus [[A|y .|| = 0, AlyL = 0, ie.
Y+ = ker A. O

Note that ker A = Ejy is the eigenspace corresponding to the zero eigen-
value and hence the spectral theorem says that the Hilbert space is the direct
sum of eigenspaces.

Example. Let {\;}32, C C be any sequence such that \; — 0
EXERCISE. Prove that the operator A : (2 — (2,

A(zq, z2,23,...) = (M1, A2, A3x3, .. .)
18 compact.

Hence we can find a compact operator with a prescribed set of eigenvalues.
If X\i # 0 for all 4, then ker A = {0}, so compact operators can be one-to-
one even in the infinitely dimensional spaces. If A\; € R for all ¢, then A is
compact self-adjoint.

EXERCISE. Let K € L?(Qx Q). Prove that the integral operator K : L*(Q) —
L*(Q),

Kf@) = [ Ko@) dy
Q
is self-adjoint if and only if
K(z,y) = K(y,z) a.e. in  x .

16.5. Sobolev spaces and the eigenfunctions od the Laplace oprta-
tor. In Section 7 we proved that the eigenfunctions of the Laplace operator
on the sphere® form an orthonormal basis in L?(S"~!) (Theorem 7.1 and
Theorem 7.5). In this section we will prove s similar result: suitable eigen-
functions of the Laplace operator form an orthonormal basis in L?(£2), where
Q) C R" is any bounded open set. This will be a consequence of the spectral
theorem from the previous section. To prove, or even to state the result,
we need to introduce Sobolev spaces which is one of the main tools in the
theory of partial differential equations and calculus of variations.

DEFINITION. Let  C R™ be an open set, u,v € L. () and let a be a

loc
miltiindex. We say that D%u = v in the weak sense if

/ v = (—1)l / uD%p for all p € C§°(Q).
Q Q

55Laplace-Be1trami.
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The weak derivative (if it exists) is unique. Indeed, if D%u = vy, D%u = v9
weakly, then

/(v1 —v2)p =0 forall p € C§°(Q)
Q
and hence v; = vy a.e.

If u € C*°(Q), then the classical partial derivative D®u equals to the weak
one due to the integration by parts formula.

DEFINITION. Let 1 < p < oo and let m > 1 be an integer. The Sobolev
space WP(Q) is the space of all functions u € LP(2) such that the weak
derivatives D%u exist for all || < m and belong to LP(2). The Sobolev
space is equipped with the norm

[wllmp = Z [ D%ullp -
la]<m

Theorem 16.27. W™P () is a Banach space.

Proof. If {u,} € W™P(Q) is a Cauchy sequence, then for every a, |a| < m,
{D%uy} is a Cauchy sequence in LP(€2), so D%uy, converges to some function
uq € LP(2) (we will writeu instead of ug). Since

Jupe e [wDme = (-p / Dup = () [ oy
Q Q Q

we conclude that D% = u, weakly, so u € W™P(Q) and up — wu in the
norm of W"P(Q). O

Theorem 16.28 (Meyers-Serrin). For 1 < p < oo smooth functions are
dense in WP (Q), i.e. for every u € W™P(Q) there exist a sequence uy €
C>®(Q), ||ugllm,p < oo such that ||u — ug||mp — 0 as k — oo.

We will not prove it. The space of functions u € C*°(Q) with ||ul|m,p, <
infty forms a normed space with respect to the Sobolev norm and the
above theorem shows that the Sobolev space can be equivalently defined as
its completion.

Theorem 16.29. For 1 < p < oo the Sobolev space W™P(Q) us reflexive.

Proof. Let N be the number of multiindices |a| < m. The space
P ®...® LPQ) = LP(Q)N

~
N times

is reflexive, so is any of its closed subspaces. The mapping
T: W™ (Q) — PN, T(u) = (D)q1<n

is an isometric embedding, so its image R(T') is a closed subspace of LP(2)V.
Hence WP(Q) is reflexive as isomorphic to a reflexive space. O
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The notion of weak derivative can be generalized as follows.

DEFINITION. If P = Z|a|<m aoD® is a differential operator, with smooth

coefficients and u,v € L] _(2), then we say that Pu = v in © in the weak
sense if

/ vp = / Z DI D (aqe)  for all o € CS2(Q).
|a|<m
In particular Au = 0 in weak sense if [, uA@ =0 for all ¢ € C§°(Q).

As before Pu is unique (if it exists) and coincides with the classical dif-
ferential operator applied to u is u is smooth.

DEFINITION. For 1 < p < oo and m > 1 we define W;"?(Q) as the closure
of C§°(Q2) in the Sobolev norm.

Theorem 16.30 (Poincaré lemma). If Q C R" is bounded, 1 < p < oo and
m > 1, then there is a constant C = C(m,p, Q) such that

[ullmp < C > D%l for all u € WP (Q).

|a|=m

Proof. By the density argument it suffices to prove the result for u €
C5°(92) and it actually suffices to prove the inequality

<3|,

as the general case follows by iteration of this inequality.

Let M > 0 be such that Q C [-M, M]". Then for every z € [-M, M]"

1 Ju

8x1(t xg,...,a:n)dtg/ ‘axl‘da:.

Applying the Holder 1nequahty we get

|u(x)|p§2p_1Mp_1/ ‘ ‘ dt

and the result follows by integration with respect to x € Q. O

u(x) =

The result shows that if €2 is abounded set, then
IV™ullp =Y 1Dl
|a|=m

is an norm on Wy™" equivalent to || - [l p. Note that it is not a norm in
W™P(Q) because it vanishes on constant functions. In particular this shows
that nonzero constant functions do not belong to Wy"* ().
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Theorem 16.31 (Rellich-Kondrachov). If Q C R" is bounded and 1 < p <
o0, then the embedding, i.e. the inclusion

W, P () C LP(Q)

18 a compact operator.

We will not prove this result.

Consider the following Dirichlet problem. Given a bounded open set ) C
R™, find f € W, () such that
(16.17) —Af =g weakly in €,

ie.
/Vf-V@z/ggp for all p € C§°(Q).
Q Q

Since C3°(€2) is dense in VVO1 2(€2) this condition is equivalent to
(16.18) /Vf-Vh = / gh for all h e Wy2(Q).
Q Q

Theorem 16.32. For every g € L%*(Q) there is a unique solution f €
W01’2(Q) of the Dirichlet problem (16.17).

Proof. Since f — ||V f]2 is an equivalent norm on WOLQ(Q),

[f,h]z/QVf-Vh

is an equivalent inner product. Since h +— fQ gh is a bounded linear func-
tional on T/VO1 2(Q) it follows from the Riesz representation theorem (Theo-
rem 5.5) that there is unique f € W01’2(Q) such that

[f,h] = / gh for all h € Wy(Q),
Q
i.e.
/Vf~Vh:/gh for all h € W,?(Q)
Q Q

which means f is a solution to (16.17). O

For each g € L%(Q) denote by Tg = f € WOI’Q(Q) the unique solution to
(16.17). The operator
T: L3(Q) — W2 (Q)
is linear. It is also bounded, because (16.18) h = f and the Poincaré in-
equality give

/ VP = / of < lgllallflls < Cllgll2l ¥ Fllz
Q Q

SO
1Tl = lIfll12 = [V fll2 < cllgll2-
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We can regard T' as an operator from L?(Q) into L?(Q)
T: L3(Q) — Wy (Q) ¢ L3(Q)

and the Rellich-Kondrachv theorem implies that 7" is compact. Observe also
that T is one-to-one.

Theorem 16.33. T : L?(Q) — L%(Q) is compact and self-adjoint.
Proof. We are left with the proof that T is self-adjoint. Let g1, g2 € L?(£2)
and f1 = Tg1, fo = Tgs. We have to prove that
(Tg1,92) = (91, Tg2),

ie.
(16.19) / fig2 = / g1fa2.
Q Q

Since f; = Tg; is a weak solution to —A f; = g; we have

(16.20) /Vfl-Vh = / gih for h e Wy (Q)
Q Q

and similarly —A fo = g9 yields

(16.21) /VfQ-th / gah  for h e Wy (Q).
Q Q

The two equalities give

16.21 16.20
/ f1 92( = )/va’vflz/va‘vfl( = )/91 f2

Vh h
which is (16.19). O

Since the operator T : L? — L? is compact and self-adjoint we can apply
the spectral theorem.

DEFINITION. Let 2 C R™ be open and bounded. We say that A is an eigen-
value of —A in W01’2(Q) if there is 0 # g € W(}’Z(Q) such that

—Ag = M\g weakly in Q.

Lemma 16.34. If Q C R" is bounded, the eigenvalues of —A in WOI’Q(Q)
are strictly positive.

Proof. Suppose that —Ag = Ag weakly in €, where 0 # g € VVOLQ(Q)7 ie.

/Vg-Vh:/)\gh for b € Wy'* ().
Q Q

Taking h = g we have
0< [ V9l =x [ IoP
Q Q

and hence \ > 0. O
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Note that ¢ = 0 is not an eigenvalue of T" since T is one-to-one. It follows
immediately from the definition of the operator T' that p # 0 is an eigenvalue
of T if and only if A = p~! is an eigenvalue of —A on VVO1 2(Q) Moreover
the corresponding eigenspaces are the same.

Hence the lemma yields that the eigenvalues of T are strictly positive.
According to the spectral theorem

N
Q) =ker ToEPE,, .
oy =l

Since dim E,,; < oo we conclude that N = oo and hence

o
LQ(Q):@EHN > g > g >, limog =0,
i=1

As we are already observed the eigenspaces E,, for T are equal to the
eigenspaces E;Fl for —A, so we have

Theorem 16.35. If Q C R™ is open and bounded, then:
(a) The eigenvalues of the Laplace operator —A : Wol’Q(Q) — L%(Q) are
positive and form an increasing sequence
AL <A< Az < ..., llim)\i:oo.
71— 00

(b) The dimensions of the corresponding eigenspaces are finite,
limFE)y, <oo,i=1,2,3...

(c)
L*(Q) = PEx
=1

and hence we may choose an orthonormal basis of L?(2) consisting
of eigenfunctions of —A.

Let us state an important deep regularity result.

Theorem 16.36. If Q2 C R" is open, g € C°(Q2 x R) and f € W'I})CQ(Q) is a
weak solution to

(16.22) —Af=g(z, f) inQ,
i.€.
[ 95 Ve= [ swe forpecr@,
Q Q
then f € C*>(Q).
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We will not prove this result.

If f is an eigenfunction of —A, then —Af = Af in , so f is a solution to
(16.22) with g(z,&) = A and hence f € C°°(Q2). That means eigenfunctions
of —A in I/VO1 () are smooth functions in the classical sense.

Example. If n = 1 and Q = (0,1), then —A = —d?/dz? and it is easy to
see that the functions
wy(x) = V2sin(nrz), n=1,2,3,...

are eigenfunctions of —A and the corresponding eigenvalues are (nr)2. The
functions w,, form an orthonormal basis in L?(0,1). The corresponding ex-
pansion in this basis is the (sinusoidal) Fourier series.

Theorem 16.35 generalizes ro the case of any compact Riemannian mani-
fold M: the eigenfunctions of the Laplace-Beltrami operator are smooth and
they form an orthonormal basis in L?(M).%°

17. BANACH ALGEBRAS

DEFINITION. A complex algebra is a complex linear space with a multiplica-
tion such that

(a) z(yz) = x(y2);
(b) z(y+2)=zy+zz, (x+y)z =22+ yz;
(©) a(zy) = (ax)y = z(ay)

for all ,y,z € A and a € C.

If in addition A is a Banach space,
(7.1) lagll < lallyll for all 2,y € A
and if there is a unit element e € A such that |le|| = 1 and
ex=xe=x forallx € A,

then A is called a Banach algebra.

The unit element is uniquely determined. Indeed, if e, €’ are unit elements,
then e = ee’ = ¢’. Moreover the multiplication is continuous, i.e. if z,, — z,
Yn — Y, then z,y, — xy. It follows from z,y, —xy = (xy, — 2)yn +2(yn —y)
and (17.1).

A complex algebra is commutative if

xy =yxr forall z,y € A,

but there are many interesting examples of noncommutative algebras.

56For a proof see F.W. Warner, Foundations of differentiable manifolds and Lie groups,
Chapter 6.
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Examples. 1. If X is a compact metric space, C(X), the space of complex
valued continuous functions with the supremum norm is a Banach algebra.

2. It U C C is the unit disc, then the space of functions that are continuous
on U and holomorphic in U is a Banach algebra. It is called the disc algebra.

3. If X is a Banach space, then the space of bounded operators B(X) is a
Banach algebra. If dim X > 1, then B(X) is noncommutative.

4. LY(R™) with the convolution

frglz)= - flxz—y)g(y) dy

is a commutative Banach algebra except for the fact that there is no unit
element.

In the definition of the Banach algebra we require that ||zy| < ||z/|yll,
however we may think of a continuous multiplication that does not sat-
isfy this inequality, but it is not a problem, because we can always find an
equivalent norm such that the inequality is granted.

Theorem 17.1. Assume that A is a Banach space and a complex algebra
with unit element e # 0 such that the multiplication is left and right contin-
uous. Then there is an equivalent norm with respect to which A is a Banach
algebra.

Proof. For each x € A we define M, € B(A) by My(z) = zz. It is a
bounded operator since the multiplication is right continuous. The collection
of all such operators

A={M,: x € A} C B(A)

is a complex algebra with the unit element M, = I. Moreover ||M.| =
11| = 1, ||MaM,| < |[M.]||M,]. It is a Banach algebra, because A is a
closed subspace of B(X). Indeed, if M, — T € B(A) in norm of B(A),
then My, (e) — T'(e) and My, (z) — T'(z) for all z € A as i — oo Hence

T(z) « My, (2) = My,(e)z — T(e)z asi— oo

7

by left-continuity of the multiplication, so T'(z) = T'(e)z, T'= My € A.

The mapping ® : A — A, ®(x) = M, is an isomorphism of complex
algebras, i.e. it is an isomorphism of linear spaces and ®(e) = M., ®(xy) =
®(x2)®(y). Moreover, the inverse mapping is bounded, because for z € A

2]l = | Mzell < [|Mc|lfle]-

Thus by the open mapping theorem, ® is an isomorphism of Banach spaces.
Hence ||z||" = || M,|| is an equivalent norm on A which turns it into a Banach
algebra. O
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Observe that a closed subalgebra of B(X) that contains [ is also a Banach
algebra and as a corollary from the above proof we get

Corollary 17.2. FEvery Banach algebra A is isomorphic to a closed subal-
gebra of B(A).

DEFINITION. A nonzero linear functional ¢ : A — C on a complex algebra
is called a complex homomorphism if

o(zy) = ¢(x)¢(y) forall z,y € A.

An element xz € A is called invertible if there is another element z=! € A

such that

r lr=xr ' =e.

It is easy to see that the inverse element z ', if exists, is uniquely defined.

Proposition 17.3. If ¢ is a complex homomorphism on a complex algebra
with unit e, then ¢(e) =1 and ¢(x) # 0 for every invertible z € A.

Proof. Since ¢ is nonzero, there is y € A such that ¢(y) # 0 and hence
o(y) = pley) = ¢(e)p(y), so ¢p(e) = 1. Moreover, if = € A is invertible, then
Pz )(x) = p(z7'x) = ¢(e) = 1, so ¢(x) # 0. O

Theorem 17.4. Suppose A is a Banach algebra and x € A, ||z|| < 1. Then

(a) e — x is invertible.

(b)

L—lz|
(c) |p(x)| <1 for every complex homomorphism ¢ on A.

Proof. Proof of the part (a) is very similar to that of Theorem 2.7. The
series

oo

Z$” =et+atai+ad4. ..

n=0
converges absolutely, because ||z"|| < ||z||™ and ||z|| < 1. Hence it converges
to an element in A. It is easy to see that this element is an inverse of e — x.
Since

Edls

1 — ]
the part (b) follows. Finally if A € C, |A| > 1, then e — A~ 1z is invertible by
(a) and thus

le—2)" —e—a| = le® +a®+...]| <

1= A"g(z) = dle = A'w) #0
by Proposition 17.3. Hence ¢(x) # X for any such A, so |¢(z)| < 1. O

Corollary 17.5. Every complex homomorphism on a Banach algebra is
continuous.
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Proof. It is a direct consequence of part (c) of the above theorem. a

It turns out that the property of complex homomorphisms described in
Proposition 17.3 characterizes complex homomorphisms in the case of Ba-
nach algebras.

Theorem 17.6 (Gleason-Kahane-Zelazko). A linear functionaP™ ¢ on a
Banach algebra A is a complex homomorphism if and only if ¢(e) = 1 and
o(x) # 0 for every noninvertible x € A.

Proof. The implication from left to right is contained in Proposition 17.3,
so we are left with the proof of the implication from right to left.

Let N =ker¢. If z,y € A, then z — ¢(z)e,y — ¢(y)e € N and hence
(17.2) r=a+ ¢(x)e, y=>b+ P(y)e
for some a,b € N. Applying ¢ to the product of the two equations we get
(17.3) p(zy) = d(ab) + ¢(z)o(y) .
Thus it remains to prove the implications
(17.4) If a,b € NV, then ab € N.
Consider a seemingly weaker statement
(17.5) If a € NV, then a® € NV.
Lemma 17.7. Property (17.5) implies property (17.4).

Proof. Suppose (17.5) is true. then (17.3) for x = y gives
P(z%) = ¢p(x)* for all z € A.
Replacement of x by = + y gives
P(zy +yz) = 2¢(x)P(y) for z,y € A.
Thus
(17.6) IfxeN,ye A, then zy +yz € N.
The next identity is easy to check
(zy — ya)? + (zy + yx)? = 20 (yry) + (yay)z].

if z € N, then the right hand side belongs to A/ by (17.6) and since (zy —
yz)? € N by (17.6) and (17.5), we conclude that (zy + yz)? € A and hence
xy + yx € N by another application of (17.5). Thus also (zy + yx) + (zy —
yx) = 2xy € N. We proved that if x € N and y € A, then zy € N which
implies (17.4). O

57We do not assume continuity of ¢.
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Thus we are left with the proof of the property (17.5). The above argu-
ments were purely algebraic and would work in any complex algebra with
unit, however, the proof of (17.5) is analytic.

By the assumptions, there are no invertible elements in AV, so |[e —z| > 1
for every x € N’ by Theorem 17.4. Hence

|IAe — z|]| > [N = p(Xe —x) for z € N.

Since every element in A is of the form Ae —z, z € N (see (17.2) we conclude
that ¢ is a continuous linear functional of norm 1.

Lemma 17.8. Suppose f is an entire function on C such that f(0) = 1,
1/(0) =0 and

0<|fN| <ell forxec.
Then f(A) =1 for all XA € C.

Proof. Since f has no zeroes, there is another entire function g such that
f=e7.
Clearly ¢g(0) = ¢’(0) = 0 and
(17.7) reg(A) < |Al.
If |A] <r, then re g(\) < r and hence
reg(A)] < [2r —reg(M)],

SO
902 = (re g(A)2+ (im g(N)? < (2r—re g(\)2+ (im g(X))* = 27— g(N) 2.
Thus
(17.5) 9OV < 2 — g(N)|for A <.

Consider the function

7,.2
(17.9) he(N) = Az(%g_(z)m

This fuinction is holomorphic in the disc {A : |A] < 2r} by (17.7) and
|hr(A)] < 1if |[A] =7 by (17.8). Hence the maximum principle gives

(17.10) |hr(N)] <1 for A <.
if we fix A and let r — oo (17.9) and (17.10) gives g(\) = 0. Hence f(\) =
eV =1. O

Now we are ready to complete the proof of (17.5). Let a € N. We can
assume that ||a|| = 1. Since ¢ has norm 1, |¢(a™)| < [|a”|| < [|a||” =1 and
hence the function

f)=> ¢(:,n) A" AeC
n=0 ’
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is entire. Moreover f(0) = ¢(e) = 1, f/(0) = ¢(a) = 0. If we prove that
f(A) # 0 for every A € C, then the lemma will imply that f”(0) = 0, i.e.
#(a?) = 0 which is (17.5).

The series
o n

a n
BN =) A
n=0

converges in norms for every A € C and hence continuity of ¢ shows that
fA) =¢(E(N)) for A eC.

The functional equation E(X + ) = E(X)E(u) can be proves in the same
way as in the scalar case. In particular E(—\)E(\) = E(0) = e, so E()\)
is invertible for every A and hence f(A) = ¢(E(X\)) # 0, because by the
assumption ¢ is nonzero on invertible elements. O

DEFINITION. Let A be a Banach algebra. By G(A) we denote the set os all
invertible elements in A. It is easy to see that G(A) is a group with respect
to the algebra multiplication.

For x € A the spectrum of x is the set
o(x) ={X € C: Xe — z is not invertible}
and C\ o(x) is called the resolvent set of x.

As we shall see o(z) is always nonempty and we define the spectral radius
of T as
plw) = sup{|A| : A € o(a)}.
It easily follows from Theorem 17.4(a) that o(z) is bounded, i.e. |A
leq||z]| for A € o(z), so p(x) < ||z

Lemma 17.9. If z € G(A) and h € A, |h|| < 3llz7Y|7!, then z+h € G(A)
and

(17.11) Iz +h)~ =27t + a7 ha T < 2l P AP

Proof. x+h = x(e+z71h), ||z~ 1h|| < 1/2, so invertibility of x + h follows
from Theorem 17.4(a), so x + h € G(A) and (v +h)™' = (e + o~ th)"Lz—L.
Hence

(x4+h) =zt g ha = [(e+27h) T —e— a7 h)r !
and the inequality (17.11) follows from Theorem 17.4(b). O

Theorem 17.10. If A is a Banach algebra, then G(A) is an open set and
the mapping x — x~! is a homeomorphism of G(A) onto G(A).

Proof. The lemma implies that G(A) is open. It also implies that
[z +h) = =27 <20z P2 + [l 12| 2]
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which yields continuity of z +— x~!. Since z + x~! maps G(A) onto G(A)
and it is its inverse, it follows that x +— 27! is a homeomorphism of G(A)
onto itself. O

The following lemma is often useful.

Lemma 17.11. let {¢,}22 be a sequence of nonnegative numbers such that
(17.12) Cmtn < CmCn

for all positive integers m,n. Then the limit

1/n

lim ¢,

n—oo

. . 1/n
exists and equals inf,>1 cn/ .

Proof. If ¢, = 0 for some m, then ¢, = 0 for n > m and the lemma
follows, so we may assume that ¢, > 0 for all n. We put ¢y = 1. Fix m. Any
integer n can be represented as

n=gqn)m+rn), 0<r(n)<m.
Thus (17.12) implies that

c}/” < ng")/”ci(:) .
Clearly g(n)/n — 1/m as n — oo and since ¢, () attains only a finite number

1/n

of positive values, Crin) 1 as n — oco. Hence

limsup /™ < ¢X/™  for any integer m.

n—00
Thus
limsup ¢/ < inf ¢}/™ < liminf ¢}/"
oo m n—00
and the lemma follows. ]

Let x be an element of a Banach algebra and ¢,, = ||z"||, then ¢, 1m < ¢hem
and hence the lemma shows that

(17.13) lim [|z"|"" = inf [|"|"/".
n— oo n>1
Theorem 17.12. If A is a Banach algebra and x € A, then

(a) The spectrum o(x) is compact and nonempty.
(b) The spectral radius satisfies

(17.14) p(z) = lim [|2"|"/" = inf [|2"|"/".
n—o00 n>1

Proof. Although the second equality in (17.14) follows from (17.13) we
will not use this fact and we will conclude (17.14) from different arguments.
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As we know o(x) is a bounded set. To prove that o(z) is compact define
g:C — Aby g(\) = Xe — z. Clearly g is continuous and
0:=C\ o) = g (G(A)).

The set €2 is open as a preimage of an open set and hence o(z) is compact
as bounded and closed. Now we define f : Q@ — G(A) by

) =e—a)7".
We will prove that f(\) is a homomorphic A-valued function. If we replace
x and h by Ae —z and (u — A)e in Lemma 17.9, then for p sufficiently close
to A inequality (17.11) reads as

1£ () = FO) = (o= N < 20 FO)P = AP

and hence \
n—A o — A
so f is holomorphic.
If |A| > ||z||, then it is easy to see that
(17.15) FO)=Qe—a)t =) A,
n=0

The series converges uniformly on any circle I', centered at 0 of radius
r > ||z|| and hence Theorem 12.3 allows us to integrate it term by term

1 > 1
17.1 — \)d)\ = O
(17.16) 2 /Frf( ) T;x 2 /F ¢

Suppose that o(z) = 0, i.e. @ = C. Then f is an entire function and the
Cauchy formula (12.6) implies that the left hand side of (17.16) equals zero
which is a contradiction. Thus o(z) # 0 which completes the proof of the
first part of the theorem.

The same term by term integration as in (17.16) gives
1

o )i,

Since A" f(A) is holomorphic for all A > p(x), the Cauchy theorem (12.6)

implies that (17.17) holds for all » > p(x) and thus

2] <+ sup [ f(re)ll, > pla).

(17.17) NN =2a", >z, n=0,1,2,...

0€l0,1]
Hence
limsup ||z”||Y/™ <r for all r > p(z),
n—oo
ie.
(17.18) lim sup ||z"||*/™ < p(z).

n—oo
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Lemma 17.13. If ab and ba are invertible elements in a complezx algebra,
then a and b are invertible.

Proof. We will prove that a is invertible as the proof for b is the same.
Since ba(ba)~'b = bab(ab)~! we have (ba)~'b = b(ab)~! and thus

alb(ab)™) =e, [b(ab) Ya = (ba) tba = e
so a~! = b(ab)~L. O

Lemma 17.14. If X € o(x), then \™ € o(x™).

Proof. We have
MNe—z"=Me—z) A" le4...+2" ) =" le+ ... 42" H(Ne —2).

If \" € o(2™), then according to the previous lemma Ae — x is invertible, so

A o(x). O
If A € o(x), then A" € o(x™) and hence |\[* = |[\"] < ||z"]|, so p(z) <
|z™||/™ for any n =1,2,..., i.e.

< inf ||2™ 1/n
plx) < inf |27
which together with (17.18) implies (17.14). O

Theorem 17.15 (Gelfand-Mazur). If A is a Banach algebra in which every
nonzero element is invertible, then A is isometrically isomorphic to C.

Proof. let x € A and X\ € o(x) (o(z) is nonempty). Hence e — x = 0, so
x = Ae. Thus o(x) consists of exactly one point. Denote this point by A(z).
The mapping = — A(z) is an isometric isomorphism of A onto C. O

18. COMMUTATIVE BANACH ALGEBRAS

DEFINITION. A subset J of a commutative complex algebra is called an ideal
if J is a linear subspace of A and xy € J whenever z € A and y € J. J is
a proper ideal if J # A and it is a maximal ideal if it is proper and is not
contained in any larger ideal.

The ideals are interesting, because they are kernels of homomorphisms of
commutative Banach algebras and closed ideals are particularly interesting.
Indeed, if : ¢ : A — B is a homomorphism of commutative Banach algebras
(i.e. p(xy) = o(x)o(y))), then ker ¢ is an ideal. Moreover the ideal is closed
if ¢ is continuous.

Conversely every closed ideal J in a Banach algebra A it is a kernel of
a continuous homomorphism. Indeed, let 7 : A — A/J be the quotient
mapping. A/J is a Banach space, but as we shall see it is also a Banach
algebra and 7 is a homomorphism with the kernel J.
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The multiplication in A/J is defined by

[2][y] = [zy] (e w(x)7(y) = 7(2y)).
This multiplication is well defined because if [x] = [2/], [y] = [¢/], then
—x,y —yed,

ay —ay = —a) +aly —y) e

and hence [2'y'] = [xy]. Thus A/J is a complex algebra with unit [e] # 0 and
7 is a homomorphism with ker 7 = J. 7 is continuous since ||7(z)|| < ||z|| by
the definition of the norm in A/J. It remains to prove that A/J is a Banach

algebra, i.e.
el =1, =]yl < [I=]yI-

Let z,y € A. Then by the definition of the quotient norm for every € > 0
there are ,y € J such that

lz+ 2 < =]l +& Ny +al <yl +e-

Since
zy=(z+2)(y+9) — (z§ + Ty + T7)
eJ
we have

zy]ll < [z +2)(y+ Pl < llz+ 2|y + gl < (=]l + )yl + ),
and thus

(18.1) Tyl < =TTl

Clearly [e] # 0 and hence (18.1) gives ||[e]|| < ||[e]|I%, |I[e]ll > 1, but on the
other hand ||[¢]|| < |le]| = 1, so ||[e]|| = 1.

Proposition 18.1.

(a) No proper ideal of A contains an invertible element. B
(b) If J is an ideal in a commutative Banach algebra, then its closure J
15 also an ideal.

The proof is left to the reader as a simple exercise.

Theorem 18.2.

(a) If A is a commutative complex algebra with unit, then every proper
ideal is contained in a mazximal ideal.

(b) If A is a commutative Banach algebra, then every maximal ideal is
closed.

Proof. (a) Let J C A be a proper ideal. Consider the family of all proper
ideals that contain J. The family is partially ordered by inclusion. According
to the Hausdorff maximality theorem there is a maximal totally ordered
subfamily. The union of this subfamily is also an ideal. It is proper since the
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unit element does not belong to any of the ideals in the family. Hence the
union is a maximal ideal.

(b) Let M be a maximal ideal. Then M is an ideal. It is proper since M
has no invertible elements and invertible elements form an open set. Hence
M = M by maximality of M. O

Theorem 18.3. Let A be a commutative Banach algebra, and let A be the
set of all complex homomorphisms of A.

(a) If ¢ € A, the kernel of ¢ is a mazimal ideal of A.

(b) Every maximal ideal of A is the kernel of some ¢ € A.

(c) An element x € A is invertible if and only if ¢(x) # 0 for all ¢ € A.

(d) An element x € A is invertible if and only if x does not belong to
any proper ideal of A.

(e) XA € o(z) if and only if ¢(x) = X for some ¢ € A.

Proof. (a) If ¢ € A, then ker ¢ is a proper ideal. It is maximal because it
has codimension 1.

(b) Let M be a maximal ideal. Hence M is closed, A/M is a Banach
algebra and 7 : A — A/M is a homomorphism with ker 7 = M. It remains
to prove that A/M is isomorphic to C. Any nonzero element in A/M is of
the form m(x) for some x € A\ M. Let

J={ax+y:acA yeM}.

Clearly J is an ideal that contains M as a proper subspace. Hence J = A by
the maximality of M. In particular ax +y = e for some a € A, y € M. Thus
m(e) = m(ax +y) = w(a)w(x), so w(x) € A/M is invertible and according to
the Gelfand-Mazur theorem A/M is isometrically isomorphic to C.

(c) If = is invertible and ¢ € A, then 1 = ¢(e) = ¢(x~1)o(z), so ¢(x) # 0.
If z is not invertible, then {ax : a € A} is an ideal that does not contain e,
and hence it is contained in a maximal ideal M. Now according to (b) there
is ¢ € A with ker¢p = M, so ¢(x) = 0.

(d) If x is invertible, then z is not contained in any proper ideal by
Proposition 18.1(a). The converse implication was proved in (c).

(e) It follows from (c) applied to Ae — z in place of z. O
Theorem 18.4. Suppose f1, fo, ..., fn € A(U) (disc algebra) are such that
(18.2) AP+ ..+ ]fa?>0 onT,

i.e. the functions fi,..., fn do not have a common zero in U. Then there
are functions ¢1,...,¢n € A(U) such that

f[(2)1(2) + ...+ fu(2)n(2) =1 forallz € U.
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Proof. A(U) is a commutative Banach algebra with pointwise multiplica-
tion and the supremum norm.

J={fior+ ...+ fabn: ¢1,...,0n € A(U)}

is an ideal in A(U) and it suffices to prove that J = A(U). If J # A(U),
then J is contained in a maximal ideal and hence there is a complex homo-
morphism ¢ € A such that ¢ vanishes on J. Let g(z) = z € A(U), ||g|]| = 1.
Since complex homomorphisms have norm 1 (Theorem 17.4(c)), ¢(g9) = w
for some |Jw|| < 1. Now from a multiplicative property of ¢ it easily follows
that for every complex polynomial P, ¢(P) = P(w). The density of poly-
nomials in A(U)® and continuity of ¢ imply that ¢(f) = f(w) for every
f € A(U). Since f vanishes on J, 0 = ¢(f;) = fi(w) for i =1,2,...,n which
contradicts (18.2). O

Theorem 18.5 (Wiener’s lemma). Let f : R™ — C be the sum of absolutely
convergent multidimensional Fourier series™

(18.3) f(z) = Z Ay €27 Z |am| < 0o

mezmn meZ

If f(x) #0 for all x € R™, then
1 _ 2mim-x
m = Z bme ) Z |bm| <00

mezZmn mez"

Proof. One can easily check that the functions of the form (18.3) form
a Banach algebra A with respect to the pointwise multiplication and the
supremum norm. For each z € R,

(18.4) A>S f— f(x)
is a complex homomorphism. If we prove that all complex homomorphisms
are of that form, it will follow that the function f satisfies ¢(f) # 0, for all

¢ € A and hence f is invertible by Theorem 18.3(c¢) which is what we want
to prove.

For k = 1,2,...,n put gi(z) = e*@ where x) is kth coordinate of

x € R". Clearly gi,1/gx € A and both functions have norm 1. If ¢ € A,
then

6(gr)| <1 and )d)ék)\ — \as(glk)\ <1,

Hence there is y € R™ such that
(18.5) Hg) = e = gi(y), k=1,2,....n.

Every trigonometric polynomial P is a linear combination of products of the
functions gy and 1/gy and since ¢ is a complex homomorphism (18.5) implies
that ¢(P) = P(y). Since ¢ is continuous and trigonometric polynomials are

58prove it.

59m~x:m1x1+...+mnxn.
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dense in A, we get ¢(f) = f(y) for all f € A and hence ¢ is of the form
(18.4). O

DEFINITION. Let A be the set of all complex homomorphisms of a commu-
tative Banach algebra A. The formula

i(¢) = p(x) for g €A
assigns to each x € A a function & : A — C called the Gelfand transform of
x.

Let A be the space of all functions # on A. The Gelfand topology on A is
the weakest topology for which all the functions & are continuous. Obviously

Accon).

Since there is a one-to-one correspondence between A and the maximal
ideals in A, A equipped with the Gelfand topology is called the mazimal
ideal space of A.

Theorem 18.6. If A is a commutative Banach algebra, then

(a) A is a compact Hausdorff space;
(b) For each x € A, the range of & is o(x) and hence

[#]loo = p(z) < [|l2]-

Proof. (a) Let A* be the dual Banach space and B the closed unit ball in
A*. By the Banach-Alaoglu theorem, B is compact in the weak-* topology. It
is Hausdorff, because the weak-* topology is Hausdorff. Clearly A ¢ B and
the Gelfand topology is the restriction of the weak-* topology to A. Thus it
remains to show that A is a closed subset of B in the weak-* topology.5°

Let ¢¢ belongs to the closure of A in the weak-x topology. We have to
prove that

Po(zy) = do(x)do(y), do(e) =1.
Fix z,y € A and € > 0. The set
V={z"e€ A" : |[(z",2zi) — po(z:)| < e, i =1,2,3,4}
where z1 = e, 20 = x, 23 = ¥y, 24 = zy is open in the weak-x topology and
¢o € V. It follows from the definition of the closure that there is ¢ € ANV,
80 |p(z;) — Po(zi)| < € for i =1,2,3,4. In particular
11— dole)| = |p(e) — dole)| < e

gives ¢p(e) = 1. Moreover

po(zy) — do(x)do(y) = (do(zy) — d(xy)) + (6(2)d(y) — do(x)¢o(y))

= (do(zy) — d(ay)) + ¢(x)(d(y) — do(y)) + ¢o(y)(d(x) — do(x))

60The proof of this part is very similar to a corresponding argument in the proof of the
Banach-Alaoglu theorem.
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gives
|po(xy) — do(w)do(y)| < (14 [p(z)] + |Po(y)]) €

and hence

(b) X is in the range of & if &(¢) = ¢(z) = A for some ¢ € A which is

¢o(ry) = ¢o(x)¢o(y) -
¢(r) =
equivalent to A € o(z) by Theorem 18.3(e). O

18.1. C"*-algebras.

DEFINITION. Let A be a complex algebra (not necessarily commutative). By
an involution on A we mean a map = — x* of A onto itself such that
(@+y) =2"+y", (ax)" =az",
(zy)" =y'z", 2™ ==z
If e is a unit element, then one easily verifies that e* = e and if z is invertible,
then (x71)* = (%)~ L.

A Banach algebra A is called a C*-algebra if it is an algebra with involution
that satisfies
|z*z|| = ||z||* forallze A.

An element x € A satisfying x = x* is called hermitian or self-adjoint.

Note that ||z||? = ||z*z| < ||z||[|z*| implies ||z|| < ||z*||. Hence also
=[] < flz=] = [|l]]- Thus
(18.6) [l = [l]l-

Example. If X is a compact Hausdorff space, then C'(X) is a commuta-
tive C*-algebra with the involution f ~ f. The Gelfand-Najmark theorem
(Theorem 18.9) states that every commutative C*-algebra is isometrically
isomorphic to C(X) for some X.

Example. Let H be a Hilbert space. For A € B(H) we define the adjoint
operator A* € B(H) to the the unique operator such that

(Az,y) = (z,A%y) forall x,y € H.
Clearly

(A+B)"=A"+B*, (0dAd)" =aA"

(AB)* = B*A*, A" =A.
Moreover
|A*All = [1A]>
To prove the last equality observe that
[A"A| = sup (A"Az,y).

[l=]|<1
llyll<1
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Since
(A" Az, y)| = [(Az, Ay)| < [|[A)?]]l]ly]
we conclude that ||A*A|| < ||A]|2. On the other hand
|Az|* = (Az, Az) = (A" Az, ) < [|A*Al|]|z]*
implies || A||? < ||A*A||. Thus ||A*A| = ||A||%.

Therefore B(H) with the adjoint operator as involution is a C*-algebra.
As a direct consequence of (18.6) we have

1A =[]l

Theorem 18.7. Let A be a C*-algebra. If x € A is self-adjoint, then o(x) C
R and p(z) = ||=]].

Proof. Since ||2?| = ||z*z| = ||=||? it easily follows that
22" = ol p@) = lim o[ = ]

Let A € o(x). Then for any t € R, A + it € o(x + ite). We have
IN+it]? < o +ite]]? = ||(z +ite)(z + ite)*|| = ||(z + ite)(x — ite)|
= 2 + 2] < o) + 2.
If A = a + bi, then the inequality reads as
a? + b + 20t < |27
which is possible only if b =0, so A € R. O

Lemma 18.8. Let A be a commutative C*-algebra. If ¢ € A is a complex
homomorphism, then

o(z*) = p(x) for all z € A.

Proof. If x = z*, then ¢(z*) = ¢(x) € o(x) C R by Theorem 18.3(e) and
Theorem 18.7. If x is arbitrary, then

1
xr =u+iv, where u:§(x+ﬂs*), v:?(x—x*).
7
Since u = u*, v = v* we have

¢(z%) = ¢(u) —ip(v) = ¢(u) +ip(v) = ¢().

The proof is complete. O

Theorem 18.9 (Gelfand-Najmark). Suppose A is a commutative C*-
algebra, with mazimal ideal space A. Then the Gelfand transform is an
isometric isomorphism of A onto C(A) such that

(18.7) (") =2 for all z € A.

In particular x is self-adjoint if and only if T is a real valued function, i.e.
o(x) CR.
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Proof. Equality (18.7) means that
P(z*) = p(z) forall ¢ € A.
and hence it follows from Lemma 18.8.
Let A € C(A) be the space of all functions on A of the form Z. A is self-
adjoint, i.e. it is closed under the complex conjugation, it separates points

and it does not vanish at any point ¢ € A. Hence A is dense in C (A) by
the Stone-Weierstrass theorem.

Let x € A. Then y = x*x is self-adjoint. For ¢ € A we have
9(9) = o(z*x) = p(a") () = |p()|* = |2(9) [

and hence
19llo0 = 2|3 -
Since y is self-adjoint, Theorem 18.6(b) and Theorem 18.7 yield

12112 = 19lloc = p(y) = llyll = ="zl = |||,
i.e. ||#]oo = ||lz||. Thus A 3 2 — & € A is an isometry. Hence A is complete
and thus closed in C(A). Since A is dense, A = C(A). O

Let A be a C*-algebra and = € A. We say that x is normal is x*x = xx*.
Note that self-adjoint elements are normal. Let B be the closure of the space
of all polynomials in  and z*, i.e. polynomials of the form }, ; aijzt(x*)l.
Clearly B is a commutative C*-subalgebra of B generated by x and poly-
nomials in x and x* are dense in B.

Denote the spectrum of x with respect to A and B by o4(x) and op(z).
Clearly o4(z) C op(z).

Theorem 18.10. If A is a C*-algebra, x € A is normal and B s defined
as above, then
oa(z) = op(x).

Proof. We have to prove that if y = Ae —z is invertible in A, then y~! € B.
yy* is self-adjoint and invertible in A. Hence o4(yy*) C R is compact, so
Q =C\ oa(yy*) is connected. The function

Q3 A= Xe—yy*)ted

is holomorphic and on the open set C\ op(yy*) C Q it takes values into B.
Hence it follows from Proposition 12.4 that it takes values into B on all of €.
Since yy* is invertible in 4, 0 € Q and hence (yy*)™! = —(0-e—yy*)~! € B.
Since yy* = y*y is invertible in B, Lemma 17.13 implies that y is invertible
in B. O

Theorem 18.11 (Spectral mapping theorem). Let B be a commutative C*-
algebra and x € B be such that polynomials in © and x* are dense in B.
Then the mapping & : A — o(x) is a homeomorphism. Hence C(o(x)) 2
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fr foz e C(A) is an isometric isomorphism of algebras. Thus for every
f € C(o(x)) there is unique element U f € B such that

(Wf) =foi
and hence U defines an isometric isomorphism of C(o(z)) onto B that sat-
isfies
(18.8) Uf=(Uf)* forall feClo(x)).
Moreover, if f(A) =X on o(x), then ¥f = x.

Proof. The mapping 2 : A — o(z) is a continuous®! surjection by The-
orem 18.6(b). In order to prove that & is a homeomorphism it suffices to
prove that & is one-to-one.®? Suppose ¢1,¢2 € A and (¢1) = 2(¢2), i.e.
¢1(x) = ¢pa(x). Hence ¢1(z*) = ¢pa(z*) by Lemma 18.8. Since ¢ and ¢9 are
homomorphisms it follows that ¢1(P(z,z*)) = ¢p2(P(z,z*)) for any polyno-
mial P. Now the density of such polynomials in B and continuity of ¢1, ¢
imply that ¢1(y) = ¢2(y) for all y € B, i.e. ¢1 = ¢po. Thus Z: A — o(x) is
one-to-one and hence homeomorphism. Equality (18.8) follows from (18.7).
If f(A) =\, then (Vf)" =foi=22,s0 VUf=uz. O

Corollary 18.12. Let A be a C*-algebra and let x € A be normal. Then
(a) [zl = p(=).
(b) z is self-adjoint if and only if o(x) C R.
Proof. Let B be a commutative C*-algebra defined as above. Recall that
0a(x) = op(x) (= o(x)) and hence pa(z) = pp(x) (= p(x)).
(a) Let f € C(o(x)), f(A) = A. Then

pa) = [[flloo = IV f]| = [J]-
(b) follows directly from the last statement in the Gelfand-Najmark theorem.
|

In the situation described in Theorem 18.11 we write
(18.9) Uf=flz).
If P(A) = >, ai ;NN is a polynomial, then it is easy to see that P(z)
defined by (18.9) coincides with%3

P(z) = Zaijwi(x*)j
(2]

Note that such polynomials P(\) are dense in C'(o(z)). Theorem 18.11 allows
us to define not only polynomial functions of z, but any continuous functions

61By the definition of the Gelfand topology.
62Because A is compact.
63prove it.
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of x for f € C(o(x)). Since ¥ : C(o(z)) — B is an isometric isomorphism
of algebras we have that

(f +9)(@) = f() +g(x), (f9)(@) = f(2)g(x), [l(z)=(f(x))
17 @)= 11 flloo-

o(f(x)) = flo(x)).
Indeed, according to Theorem 18.3(e), for any y € B, o(y) = g(A), so
o(f(x)) = (f(@)(A)=(Vf)"(A) = (foz)(A)
= [(&(A)) = f(o(z)).
Corollary 18.13. Let A be a C*-algebra and let x € A be self-adjoint with
o(x) C [0,00). Then there is another self-adjoint element y € A such that

y? =

Moreover

Proof. Let B be the closure of polynomials in x and z*. Then B is com-
mutative C*-algebra. We will apply Theorem 18.11 to the algebra B. We
have op(z) = ga(z) C [0,00) by Theorem 18.10. The function f(t) = /2
is continuous on o(z) and hence y = f(z) is well defined. We have

y* = fa)f(z) = (f flx) =

Moreover
so y is self-adjoint. O

18.2. Applications to the spectral theory. Let H be a Hilbert space
and T' € B(H) be a normal operator, i.e. TT* = T*T. With each polynomial

(18.10) PO =" AN
]
we associate an operator

(18.11) P(T) =Y ayTH(T*)

Let A C B(H) be the closure of the space of all operators of the form
(18.11). Clearly A is a commutative C*-subalgebra of B(H) generated by
T. Note that polynomials (18.10) are dense in C(o(T")). As a consequence
of Theorem 18.11 we have

Theorem 18.14 (Spectral mapping theorem). The mapping P +— P(T)
uniquely extends to the isometric isomorphism of algebras

Clo(T)>f—f(T)eA
Moreover f(T) = f(T)* and o(f(T)) = f(o(T)).

Also Corollary 18.13 can be stated now as
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Theorem 18.15. If T € B(H) is self-adjoint and o(T) C [0,00), then there
is a self-adjoint operator S such that S% =T.

It is very useful to identify the class of operators mentioned in Theo-
rem 18.15.

Theorem 18.16. Suppose T € B(H). Then the following conditions are
equivalent:

(a) (Tx,x) >0 for allz € H.
(b) T=T* and o(T) C [0,00).

Operators satisfying condition (a) are called positive.

Proof. Suppose (a). Then
(Tz,z) = (x,Tz) = (x,Tx) = (T"x,x),

so ((T—T*)x,z) = 0 for all z € H and it easily follows from the polarization
identity that 7' — T* = 0. Thus T is self-adjoint and hence o(T) C R by
Theorem 18.7. In order to prove that o(T") C [0, 00) it suffices to prove that
for any A\ > 0, T' 4 AI is invertible. The inequality at (a) yields

Mlzl? = (A, 2) < (T + M)z, 2) < |[(T + Az ||,
S0
(18.12) (T + A)z|| > |||

This inequality easily implies that the operator 7' 4+ AI is one-to-one and
that the range R(T + AI) is closed. It remains to prove that the operator is
surjective, i.e. R(T + M)+ = {0}. If y € R(T + M)+, the for any = € H,
0= T+ A)z,y) = (z,(T+ M)y)
and hence (T 4+ Al )y =0, so y = 0 by (18.12).
Suppose now (b). Let S be a self-adjoint operator such that S? = T. We
have
(Tx,z) = (Sx,x) = (Sx,Sz) >0
and hence (a) follows. O
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