C@@@M 6@4@3

(/?ollr IL/QJ'ZQ sz
Unive m# 6 f ?c#yburj/,



Vectors

™ - Yermeinal Foevf}l

cmasnsnn B
AB
A — tnC“‘(‘a& PO\'V"\

s
- / ¢‘1£ the vectors are
U
/ pavallef, have -the same
/t’nj"H) and /am‘rn"‘ n
the same divection

—

O — zew VCC"[‘Of' o,[ 2e o Jeny*/‘/n.
f‘[OW +to ao{c/ vec"rloVS




Mcc//‘fn[c‘mﬁfh 67 a scatal

- h«mé—er - V€C7I°"
/ /‘o‘?
..3:4
:Dc‘.'/:,[?ren e

c? = V‘et“/’?/‘



Co m"bon en 7['5

>

c<a, a, a>=<cq, ca, ca;s2

<¢(“ Q, ,Q& >+ < 6,/ 61‘ 63>=(Q,+A,j qifé‘,. 43453 >
(Qn, Q,, 4, >"‘<6:/ 62. 63>“= (ql-é,, T~b, a5~ és >

7 'B(x'-c ‘fu'e“l—)
%

A(thﬂu%|)
7’4:5,"' <*z“21; Y=oy T %D
PLehg'/’h |

(-:"::<Q,6,C>

/?/-—": /a""+éz+(“




— O
L@Vlj'H! 6'[ 7LAQ_ V‘CC'l[Of A‘B C’onn,ecyl\'wg

fo[nise‘ AC= .,y 2) anc B (2 1), 22 )
e?u S

[AB | = /(r,-—r,li- (4,~9) € (2~ 2 )"
fe. of efuqfs Hea oestane betueey
‘thae Pc:'m[S A arol B

The V'CCJL‘W"S
—>
?:::<1,0,0>, ?:(O,Loé k:(O,ql}

/)are hl’h% C?ﬁ?ﬂ\ O(nd "/'LVJy o/ vC. i

The direchon of e ¥, v qud + ax.y
rtsdbec’/'\‘h’ﬁpo‘{ .

I Z=Caaga,> Hhen

—-’

a= <9, 4,8 >= a,<)00>+q, (6,0 +9<001
e T T
= CQ' (“'an *'43 k

-

S‘—(/;/)ose K V'Ct‘lLDf\ Qa = (a,,q“ q, >

for ms angles ,/3, ¥ ntl Ho
aAxes X, Yy, 2




1
]
{
¢
[
ok r{ . g

I
D Ve 2 —————- -
al eyt [a\ co;/z /
A
'T\'\uc_s +L\‘L X,y a“p\%
- - - C‘Ompcmn.\_s a:e_‘ a-)
D & are
lal ces ¥ |alcosol |Q\Cc3/3' 1a) cos ¥

= Rlead, |7l cag, 7 ea ¥

H’U\C& e \em<3+\1 _\\_ Hrg vector
e«:‘ua&s

—"'7

/(M\@W\*lem%y+aaumy

= |al \/COSol-ecos?ﬂ—chS?Y‘
:Dtvco\:uj both sty \Oj \'a | )u‘e'QJS



I/Coszoé—e cmzﬁ-e- cm{} = 1 .

il><:'\‘ pm&uc{‘ (SCQ.QOW* pme\uc:{' )

For a = <Qaa>b(la..bb>
we detine

—tp

a.k=a, ! +QQQ2+QQ/Q3
BaétC ’?mper‘l,‘\«es

a.a= (3
3. Z-4.3a - _
3. [Z-e?):a’ T as
5. a o

2 ]

2
\ -Z::x*\j*Q.szQx
X

L\/z,’/




l1e =T, then casx =0 anol e

Law e Costines reduces o e
?hﬁaﬁomqn “Hﬂﬁawem

—2_2‘:--: DCZ-& yz’.

Theoren

2‘&&

me ‘Hu [aw °'1£ (QS?NJ‘ we /IGIV‘(
(@-Cl = 1715 5 - 2031 151 ca

Honce




(/ /i'i/z (17l (51522 6))

1
=2
"
A ¢
E? = (Z]15 ] cas ot o

711& Q':Z(z ée%we@h V'ec?Lﬂr:S‘ CCrn 6@
Cormpu of »ﬁmm

CoSof =

K = arc cos [/Z{llél )

If o an exam you are asked # ne/
+Ho qn}ale/ - ‘g‘/"?//lcuyh 1‘; )’oc«.—ﬂ

CX o




®
Example Fino the a/ny& bet-weeun
Hhe vectors ___>

Q5Z3,5’12_>' é::(/,"/,I>
Solutiey
-
/;//F/CQ‘D(:" ;/g: 3[-(-9 ['“l)"'Z*,a @,
Cas { = O
oKX = .7T/2 |

D€‘1[lm’/m1 Tovo  vectors ? »@ Qre
CQ.//‘CC{ o('f'}’lﬁjowq’e (/b-&’?-f’mo[: Cq-pqr)

:‘ﬁ a. /g = 0O I/n ofher woro/,g
a‘{ the om?& befneen +he rector-r & ¥
(or c,[ one of he vecTors ds a 2ewo vecfor )

"

Exanple 7 J‘ K art orfogonal
+o G?QJ\ o‘ﬂ?e"

EXQMpL( The vectors a ~(S§z> "(/.",')
consielored Q/Gov@ arc Or’f/ﬂcyoWa*p




|
EXQMP& SHWQS‘C_ ’/‘/qaz+ f+he VCc?LOr

5"%0( ? art not or’?l’lf!cyonqﬁ.
Fined o¢ scech Fhot TFhe vecdtors

—— —
& omd o —adk ar orthogonal

| 5"@-{7[‘\4’7’/ Qeome"/'l/\‘cwaj Sﬁcth‘m&

QX(‘S'[?}‘!C-? 9# Sc‘.chr X S oért'acu

We exlend Hw vector 6

- So that - ('rl-/ﬂ’fecf/f

lé/ e 0(0‘/"7[':6( Qe -
— 1;,‘ Tle exlension of b
a

e —— —

; s a rec“ﬁ_?; of- the
| 'ﬁorm .4 /é
- 4
2 L 2 Tfrom e
a -2k Pacﬁm " See

that e wctor
-~ 72 \

a -z b e's
OF'IL}?yonq'e "fD 2?

Mow we mill find

.
(

..-9
a



Z? ( @- z 8 ) = O
.4-za £=o0
[Zi’lzs;-q'é?vz
. - ﬁ/a’_f
@ b

We QSS«WO( +Llco+ e vvecfvd‘ ;ano( b
Qe pot Or‘/%oﬁo)’)q«pl So E}’/?:é o

U@C:/‘D’" /9l'0/°e<:7lt‘6n o-,L ZD on‘lé) ;j

on)a PW) ~p ,6 |

From +he de i nehm o ca oL
we See ‘Hﬂq"‘"




-> @

(b cas X
equads the length of the propectio:
profs £ and o s daken with "o
Stqn b < Mo , so the pm/ec%mw

Poc‘n‘!‘S ‘n the same ofc"HC?’\'aM oY 2’

and mth Ao T s*r'jn ‘HZ A 2 7’71/
So +he /300/'?0‘/1%/1 /Jo(‘w‘(:? ‘n 1<
divectsn opposile 4o 3
- -

Cormnp A = (L[ cax
s mﬁfed Scajarjrb'/'ecﬁ‘m 911 Zomlo ?
or caml)onerf/ of 5’ a,@omj a
We have

Comp_ L= lifcact =

IZUE cad 74
=d 171

Unct rector - any prector of length [

-

B S th.7l vrector /)am»Nef +o ?

2]




Pro‘/'a.,/@ ('s /mmj(e,(’ +o % Ardf @
ot has sty ned fu\y?u' f’f“"l(

Comp.., Z"-—-‘* ?Z
2 |l
e X (343 @7
Pz @l izl T T E
We prorto/
[ — 2. £ T
. Q'.
C‘OJ’VI/)Z;,,é = 71 /
t = -3, ?) >
Pz 4 = (q_,z !
(& [?

CV‘OS.S“ froa(c« C-/‘

We I’)G’ec«{ +o )’Pca/@( /)ow ‘:LO C’ompt.(‘/(
deferminants # RQx2 agnd 3x 3
h?ar%m‘au

a | _ ~
Co{__cw(bc.




a»

= QqQ, (.bzfa“bgcz.y“Qz (L" CS“L’scl)+q2 (,‘"C’-","Z
:Def(?\m\‘lf\o Fovr Xm(a.,ql,%),l"’<1°ubulvg>

- =D L J
QXL:. A a, ag
L‘ bt b3

(che we aoml)w/c 'Hpe a(e'l'ermlnan“f—ﬂw
abore

axé—*L/ZLQé:/’“ A/q(q,_

= (qz("g“ngz, Qs A,“C(,bs) a, 61"*42. 6/>,

b. b b b b, b
L) [9 b = Q 2 P3| 3|+q (S
lCl\ gz C33 ‘\CLC3 Al cq *lqc

)




Theorery £ o s the _ang le between
+the vecfors a and L —Hter)

-~

a
/axé/

x4 s ar#!czyanaf to & and §

|Z (15 [sin

The ortentation of the vecor &x A&
o(ekrmtnecf —/‘Jﬂmaj/': +he n_‘y},%- /:émo/ m/((
The »?enj H1 o,,[ —Hve vemLDr E?M'Z/ - e,

1Z2¢T[=[Z118] s

?ﬁ?fs Zje areao(oé Fhae para/»f«eogra,m
sto o An

77 ”/// W

cz
—
EXamp& Find g x£ where
3::<'/¢2,3>, ? CB(Z,/>
SOFC{‘/\"@ - T
B T E]
ax £ = ( 2 3 =
3 2 |




CIZE-T s ek (32 ] =
?(2—-6)"‘3)(1—-‘?) t Kk (2-6)
<-4,8, 4>

Exarn/,(c Find +he area o# ~fh € %n'cmy/c’
with ver Aces

ACn2,3), BCniz) c(2,2,2)

IOZu/\‘fh The area 67"@"6 bhall of e
areq m,f “{"/kc /mr'aw{'{:@o]r-qm m'fh Sc'o(.e_f

AL  and ﬁ
AB = Ci-1,1-2,2-3D> = <O~/ ~ >
—

= <2—-[l2—-2/2—-3>::.(/‘0‘.«/>

Il

C

e ey T K
A'B)(A“C — o _.:3 ~ I —
l o |

T(1-0) = (0+1) + & (0+41) = <I=11>
“The area 071 +the -71-n‘0m7& €'7uq»ps

QL /JEKA_-‘Z/ :jL /IZ—(-(-/JL—HT = E

2




| iEKOImp& Fn&:‘ xR n?c%w“ /oer/)enofc‘CquJ\
o Huw plane +hat passes -}hmuyh
the  points

ACi2,3) B(112) o <(2,2,2)
Sole ko Tlhe vector

AB x #C = <11, 1>
is perpendicular fo that- plare
(Rc?/aerﬁ“-eﬁ

-
- > —> k
L =) = R |

a4 -> %\"?\“

L)Qka““'cg ( Jd
"S’X.TZ -7

\ "Theocrern .
a « L =_Udxa
(c@)yh = Fxcch)= c(@xF)
qX{ZtZ’)_—: Z?J(_’—t- gFxC
a? /«ZXE,)‘"’ fé’x:@‘,)‘c .
o x (,g’x?)zf’é’«?)éw(?f"’%)ﬁ




lmlpor}ﬂn'}‘ In gemra\ﬂ o fma/a

happen that
(ZXZ)XE’ =t ;x/Zx?)
lnd@ec]/ here & an €mmp£< e,ﬁ .Sactl

Q Sifua fron
g —
?)( C?«\T ) = Xk = —7
- —
J o

——
¢
(?A?)XJ‘)—‘: S x

%fame o?[)- <@ JgaraMm—e@/_

ot

NMocu assume +hat the eﬁfyes ar<
vectfors




Thas A= [T xL/ and } eruabs
the /eeﬁf]?l‘h 07[ ‘the /om/'ecej—l‘dy, °7£ rag
onfo G x AL, becausc the vector G+ &

{'s Or‘HﬂOgc:na/Q fo Flw Hbase

o A
o xA
{ o
h (34
g
- >
a
‘/\ = \ COMP‘a”x,"é’ lf?le

We. Eu‘IL a/@’Sofeult va,Qu-e ) Io—-ec*ocow—c =
we RKpnow \\Ccmf " may hare post‘f\‘lft
or mgof[\'v-e roalne | Thus

Ca’x-Z\- C \

VOQ. = Ah”* lbf’xZ\ \ la»xz\

\(Z\f\* < |

|

As we Know -
(@x ). T =3 -(8x<)



Thas we also baye Co

We. proved
\ Theorem yol=a- (&« T)l= | €] C |

Pefinior  The product @- (£x3C )
ts codledd  the scallar Hiple  product
o vectors @, 4,C.

Broblems

Exerese | Fnd the undk rector
-
Hie drechon of ?-t-'j’—t-lz

§0Quhm (B‘—:\ ’H'le c(e%mcﬁm ‘Hae wr)c"f"
rectoe has Length 1. (£ & s
non - ko rec‘fD!‘/ o a/ial « e
unit- rector tn the oivechion of- &
ln our sctuatin [7-(-3' +k | = /T se
Tt answer s
A
(+ ) +th

(2

L WD,




Exeratse 2. Find the vector o Lengh 7 @
th tae San~e direction oy

IS --»L(? a2k
S’O'QC('HM TL\Q 3;\‘\,-@;4 V'E’C"QV' hay Qena““h
/Fﬂ (-4V % 27 = Jas = &

Thus we need t» m%'Q%pQ'j our vectol™
loj e Lackr #o, €0 He ancwen

2. - 2> 2 28> .47
?(rt Lﬁj-&-zk\—?l* d -S::"Q

Exercéseg T‘?\Y\CQ aJA Mwét v~ec..+°€"3
thed— are parallel o o +angent
Qire 4o T para,%oan J = x? ab

the pO\‘vx* (24 )

Slubar Lot Pex = =% Denck by
'3\ —é‘lq.e urw‘]’ ""O(tdﬁen“‘ V‘Gc”"or as o

tha FCC’%’M‘Q




>
z

T\ne SQO e og‘- 'Hne +Qn3en+ JZ\‘M o&@ X =2
equaﬁs :e'\z_) = 4 . Thus ’:f compnnen‘}
oL @ s Kk fwas He T component of a

Hana - -
-(,’?:."'SC‘\"LkSJ

%r conee 8, We have
—'-"‘\Z?Iz \/Sz"—e (4s)* = ViF S

o= L
=
’ q = 4T
W=
g c+ by

13
s untt and pqralw’)‘o g ﬁmgevd‘
g Bub wdd A spposite on evtechay



Hence YWe aviswer s &3

-+ T+ '-F?!
i F

Exercye b 1f T -&zy2> omd
T:: = L o, Y, Do 7 ) descrbe he cet a#
all pm‘vl'\'S (x (f,'l':) seech +ha T l?~?: |'—‘-‘ '[

SOQ“HW

WMS 'HML Se'l'- 0y
Hae sphate od.
radiws L
Cowvifteed at

(xot Yv f'z‘b)

EXGV‘C«CSe? Find Ha anwar \/\ec."‘V‘“ '4-
!ema—\-\a 2 dhat wakes an anglle of

\ jr/?: et +H o~ aers.
Soluhov  Recalk that

F): l?l (cma(?—l— scm?)




v our sctuatton

3 ( P"\‘ﬁa?o\-mi
thm )




@3

\Exemse€ Prore dhat |2 €| s |@UE(
Sty R4 = 12\ B e
I

7. 2= 121 loax) s (GUTV]

EX@\FC&SQQ- (mee ‘H/\o. —H\O\Vng{ \mquaﬂ\‘a
\Z+b ) = \d\+ W

Rool | R 2= (@+b). (FxF) =
33«3 £+B3 XL =
8% 2 X £+1% 10 = P2 1@ 1Bl el
£x.6
= (3 Ty
12+T1%= (F 1B
134T £ VAT

'E-)(QrC«‘Se 8 ind +he O\Mf?/QQ Between
Ha vedore  T= 442> and B L2




5] = V2o qr = (T
7. L= (3|7 ces &
CEx A = ?'Z_\E';____s____/;:‘
|75 &G < - s

X = arc Cx /g)

}Ekercére 9 =nd the angle be frveen

£ o&*a,jonove o,f— a cabe and orne °7L
ifs edges,




|

)

Exerce 10 Find +e scalar and @

vector profectons of
T=Lte> owb  a= <~S12D

fo[“’/‘im /Qécwu :
Scalotr /orc/fei?‘d“\ - Z

———

comp, £ = 17

Vector pmjfec%‘m -
— ""”.Z e 7)) A
prejz * = E 12?1)2_“‘“‘ (compat) T

(@] = VisFan™ = 13
-> @£ 2 _ 4

CoMPp T UE T OB

k4

q




'EXercL‘Se ] Show +that +he vectod
{a b ¢s or‘(’lnogonqsz to the Line
QX € LJ-—(— c=0

M Su_@po.&& ’Hﬂcc"" (2‘,,&1,3/ (7, (12)
are Fwo dishnet \::o{wﬂ:s on the Rie

We hqre
ATy t8Y4,«c =0
QT(“%,QH, ":’C” @,

Supo—\-ms\\\mg e Secorol Qquaj-«‘h ~from
the '{)trd" Gy XU .yé—QQ?lS

a (2,~) 4+ b4~y ) = O
Za bd> <x-2, 44, > =0

L’Jq’\‘ e ‘(€C')"'Dr' <¢l';_-’2‘.‘ Moy, D \'S
Fara,unl + Hae i

Thaes <ad> & OT“‘L\OBOV\Q-Q Yo +he Ring




| Bxercye 12 Slnoco -Hna‘\“ ’? +he.

—\é‘fc\‘vrs (,\‘\-U" and T~ F are orthogonad
en amd. - must have —the same

/QQV\K\%) )

> _
=l
|2 (5= (F1
\T“ = \?l

E’xer&se 13 Show -qu'\*
\ZxB 1 = @\ @ £)°

Proo.
FIEEE (7.8) - \a’(‘\f(’;(\a’\\mmﬁ
2T (- wie) = 1T st =

C(@VTiswm) = |\ @ x"[;',Z




| EKGV'CCSQ 4 Rand | K x | and dekrm\‘y\e
OOL\Q‘H‘DQT“ "GZ" x ¢S O[Cr*ec"\'cd ‘e Ahe
Focge o out ﬂL the Prge cohere

(=14

IG’I:IZ/“W

.S_wq’{fd"v) To compate Fha cross prooluct
l/‘ec‘llvr:S need To be attached +o e <ame
Pm“mi](, so Tha Qcﬁr«/( Siteafion 5 as 74://@01

(w |=1%
A°"‘Wg
> 4

[P (=16

,.)

Now

[RA® (= (RUP|sta g =12:16- a6l

'771,« h"yé% hand reele ‘A‘-‘/[g ces that L—/’x?
s om'entcd it Fhe /saye‘




—1

Exercie 1S~ Find +he volune of +he €D
/oorra/&yfpc‘peq' with  adiacent— edges

PR, PR, PS, whart
P(-2,1,0), &(2,3,2), R(L4~), S(341)

Sobeteay
(/og = /?[sz)lm /FE(;EKE)/

= |<4h,2,2>-(<3,3-Dx(557 1> )]

Tk
£323-1>x<S§1> = 3 3 ~
- s |

—p - . - 3 —_—
= e - sw\’fk i‘c\ =
= ??"‘g? = <8;-%

<4225 L -8,05\= 327161 =16

ExerC(S‘e{f Show —H«rcz'(‘ the Vec-/-ors

--%

U =
-

\ W= 57« ‘i’f-—»LH: are coplanar




Sogq o K .S‘ce//fcw fo show Hhet @
the volume of +he paralldpiped w'th

a(,c{/qceh')" 60/?44 2?, —(}? athqﬁ a’ €?c(q'/5’ e 0,

[? (0 x 3)/ = /<115,‘2%(<3,—~l,o>x<s;v,~q>)]

T T F
<3:”'c 0>x<€ 94> = 3 - O
\S“ 19 -Y

Ll P R AR B Iy s

= L,?+ \2_'}’ ~ 32 C = L 412,32 D

ey

L1,§-2>-L4,12,32>=4+60-6t =O

EXG’VCCSG [F E'X,VQGU‘H ley +here & no
VeCl‘W ? SacA 'H‘IQ"IL

<1200 x ¢ =< 3,087
Yopq'i\'m The cross ﬂmducf WOszo/ )76?#'@
+o be Orﬂ?onq/() H L1,2,1 2, bt
the vector <21, & fho‘/*"




E?Hd?lfonj‘ o[ Lenes and pjaﬁfs @

To describe a Line L va R e peed

=N /Doc'rn" P (e, Yo, 20) on the Lire G

& Nc"lﬁr -_U:’ par‘a/('(d ~fo "lqda'/' /Q'-‘VLQ
L

~

ke

Peo

The —/f'rmfnqze /Dm'mts L o]l the vectors L

Q“/‘I‘ch’?ec/ o P@ }vy,‘// coter Tha @ﬁ)‘t’rﬂ
Lo L when we +ake ol read hambers T

2

\,e -F': = £ Ro, (/ol&'ﬂ> S fhe JQQS‘J‘%\OH Vc’c“/b/‘
n—f- Hu Po\‘w‘l‘ fo , fe 7‘: = OF , then

- -y
= I, ++ U

rs +thae qu‘")?‘m redw °# @ po;’n'/‘ ™




—
LU
Peo
— g
'_‘.? I~ = 7::-(“"&‘0“ + e R
° /
O—orx‘g»\‘n

Tor thds reqson

, 72 == 7? ++F/
s called a rector eovatton 07L +he
Line L | 7

/7{ <w°:‘/°:3—b> ~ = Xy, 2D and
<C? z@ C> +he 67140,,’/1014 becomes

<':?( ‘7’,% > = <z§++ql 70"'-[-6/ '3:*“("()

of”
\z:zw'/-q, Yy = gtth, 2==2+tc

wlrwct\ are called para me+tnc @?wa?("oru




07[ the Lere L —;%roocjh ‘e poﬁl»ff @
?o QI”C/ /aQFW oL .—02

Each ralue oL +he paramefer T
descicbes a /904':4*/' (2, y,x) m e “Qt"*‘-z L

We_ can 6?1.5‘0 elt'm('hcnlf ‘é —-ﬂk@m ‘ﬂ«q
%uaf\“m_( as  Fofdows :

X— Lo - J"‘ffam 2 —2

~4 G <.

wlz\é@i are ca[[,e/ee S}/MW?"M e7uq7('ms
ofd L.

Exampte  Find parametne €9y ah'om
(4 +he L pasSinyg "H’lkmglfl

P (2,2,1) and P (356). Find
the Pox‘rr/‘ 071- ntevrsechsn 071 the f&'k\e
| wth Fhe xY plane




@

. —> Y
ﬁfq?’lm - = 'P, P, = {3-2,5%3 6~12
= < [,2,82.
> =>
rb -’-‘-"“Oﬁ = <2' gl \ >
S - —p
= I, + + v

{xya>= < 2+t, 3¢25 (¢St
71’1063 “H‘L ﬁar‘amev"ﬁt e7uq/\‘o,4,g aré

2 = 24T, f= 2t2t, 2= [+S$

At +the pm‘n‘f-oﬁ (‘n—;lfk:fecﬁ‘(m P =
"HALZJ’ plare we hare Z=0 S
| +S+=0
o
t = Gl
and henw

CT
x = 2“‘51“ = <, y=3+2(~§i).—:é§

712(45 “/‘L‘-—( /90('14"(‘ u—{; c'nWLfVSec‘llfm s

1
(&, 2, o)



Rema‘rk /I’IS’IELOZ owl ‘P/ e COM«?@/

aij ﬁ‘qke Pz sl & /)Ot'kﬁL on
Lene and He same recto
Th S {/roqj c/ %'re “us ’?H'\Q equa 7{'0‘14

CHqa>= 3+t Fezt 6+5¢2
d. €

%4 :3-{-‘6‘*/ j::: 5'(‘2‘[:, 2 =6+St

(Tz'ieSC e C(Q"/\M [ook: dc’ffercn'li(v;l 7%014
+he e?aZ*/[x‘lmj we obfained /’amw‘m&é‘:) y
beo Fhey c{.mch‘é-e Hee SCre Kvu,

SeqmenT
«/ D fP|

P
We can GIS‘O z:(Qe_SC‘M‘Le 'H'IC Sej men—l__
CO')MC‘IA\'ﬁj giren "/'WO poc‘n'/‘S 'P.g, an/Pl

k)



77?6 vcc‘lLDf‘ e?“Q'kﬁ‘W c/eSCh‘éc‘ o 'AS‘ a2
+hat S‘i?meﬂ‘f‘ ¢'S ”} o

cram———

,‘,'?.: (T, w4t 'Ostﬂ

/~+

i
‘f %:O) r =1y descibes +Hha er\dpm'n‘/ ;Do/
:‘f t=| ’ '}? = F? descirbes the Phcfpofﬂ‘f P,
and ‘CVZ bLt< |, r de scnbes /:o:‘trr‘/:S‘
/‘n,S‘c‘a/e the inter "a’e _

Planes

A/OW we cn'll 74';40/ <9 e atom ~+h a1
O/?.S‘(‘IA\AC Q p/qn—c n” wz 75 Jej(‘n‘ée a
pﬂcmc we « /Dofn"IL apg 4‘/- and =4
V@c?ér’ mht’(‘./) 5 normad o the ij"-(.



Let Po (ZaiYe %) be a potut o
Ha plane and b W =<akb c>

lae A hoym OQQ (re Or*‘Hnoyon Q/Q )
\recrl“w o ‘Pﬂcf“‘ rJQQM‘

.--y
7 = L %o Yo 20 > clesonbes  posihvm

07L fiee /oc‘/l‘f" 'Po_ lef 7?:: <¢?(y'-z->

Le @ H?c/‘ﬁf ':H’M?‘l(‘ J—@SC‘KM po&‘yﬁ‘m

”’ie QN Qr’éc"'}[kq;'y pm'w‘f— oM ‘?U’LQ ,unpqn{.
-

n

e

m rector ?ﬂf} ¢S /aara,/[e/‘ﬁ: +he.
/7/96?/\2 GU‘!C/ hence ¢‘7L- 3 Or'f'f’toyonq—«? '7[U

"qule V@c‘/or ;? T2tus

1% (2-7)=9

or ee?m‘wa,(-en”f‘L\;]_ |
> - - >
\ H e ™ _ n . r;]

el




Each Of the fuwo e?uea'/i'ams & called @
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/)G?m//f(d “d>  Hwe vrector

& F_—: (T—rT)x [ﬁ+2)m?xj+?xt—k3x} -:;xE

t/lz T > >
: = k-g+o+i = <1 -1




i

-

Ly 2>= <2, 0>+t 1~ 1>
(2'7/*>2(21"6‘, l-~‘5,‘6 >

Farame frc e ?aqﬁ‘on: ;

X =2+7¢, g:l**l'?, 2 =TT

Now
t=x-2, t=1-y, t=%2

So He Semmetnc epuetas art

2-2 =[-f = &

Exercese (9 Fnd S mmetrec e7uq£bw

of the Pera %hmwjvlp he poluTts
(l,2,2), (5,1,2),

f;(c{/ﬁm —/:”::.': < 12,32,

- = {&-1 1-2,2~30 =<L4,-1,42

~—> —-> ~3
r= r, + tuv

laoye 2= 14t 2-¢, 3+Lt >

/"=Fj+-é~b? @




= it Y=2-t, 2= 3¢y} @

T~ | -
t= 7, t=2-y, 4= 22
AMSwer‘
X-] _ 9_y . =—3
i

EX?FCC'FPZO Fead +the /eé“m ‘#qufh
the /9004‘{‘ (], 0, 6) and /)@rpeno/c'a(ﬁa/‘
o She plare -+ By+2 =<

roff('llf@ 7-;1*6 /et“’l—-( ) qum/{»f&f +o
7’%6 ncer/( Vec+w ‘7'“0 ‘/“A-e /W(CH’LQ

ﬁl‘ </(3,/>
Se —)%&e rfc’/’or e7uq7£\“m )

- > —x
r=ry++4tn
<Ay 2> = <I06>¢4< 1,3, >

<y a>= i+t 24 6¢t>




Exercise 2]  Prore that +Hhe planes @B
¥ + 2(;{ ~2 = and 2%-5 1 4ty-3)= 2.%

are f)qr‘a/[«/Mﬂ“

Solatm The plares are paralled ¢‘7l‘ the
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each o.t. -‘the. S"Z—ﬂw‘\':’s‘ S’e(-:qm"[‘%

On the segment OA
a'\d th.V\C.Q_
_@cx, 9) = —?MO) = 242X~ xZ) 0S¥ q

Now' we are Qoo\c(’r\} %r Qx"{‘r\‘:yyn,e_

valuey of o Lunchon o one vaneadele
C:(.O."*V\-QA v Hee S‘eﬂm“' t@(q:‘.

9(1“) = -€C¥g 0\ = 2w\-2x._x2' ngs.cr

y, jwo

3'()()“"’2‘"2)(—:0) 2 =|

Se ==|& a cv\‘%\'co& pOCVl‘l' o 3[
th Haw tnlenter 9'{1 [0q]

9¢1) = fio) =3

We skl veed +he valuey o g at +h
Gﬂcﬁpo{n{-s |
Lo =q(e)=2

Pa@o =9a = - &l



On_the Seimeni“ B , =0
and hemce
Lemy)= Lay) = 242915 0€9s%,

Thes o5 4+ same fanchon ag o
Hae seqment 04, ody He voumlle
x s replaced by Y. Neole alco Haal
‘(‘:‘/‘-—Q oot Co 9] & ~Hie Sapre |
Thas &+ hay e crthoad posuri- and
Yo end potuts

£ con)=3, Lo =2, {(©1)=-6l

Oun_Hra Segwm-\— A3
We alreads chedeed vadues e Hae
endpotnts n obher tro coded e
W m&ﬁ need 4o look Lor cwnboal
potuls of @ Lyuchon o o
vourable tn e dntentor
We. have ‘j,, = @“X) O %= o AB
Co _ '
Rexy) = £CxI-¥) = 242x + 2(9-K) X (4
= — €[+ 18X —2x%

qox) = ~ El+19x-2x° | 0L X<

2

g'cx) = 18-Ux =0
< = Y, sahsfiey o<V <9



- -4l
zv
We. hare
Prod)=2, £Cuol=Lign=3, feoq) = £(4.0]=-¢l
LCun =4

Thas _(3. has Hee albeoRek Mmaximu i
at Ci) %(hl\:’l"{‘ and Hee abeolcte
mintmum at fwe potuls (9 2)and (7.0

L(oa)=L(e0)| =-61.

E)(amr)(C Find Hee a,QD_Ca«Qm[e maxivahum
and mentmum  values ot
Ponyg) = T yio2y+ |
o the dlcc
D= §eng | a9

Colurhna,

|




Crhcal T:othrs tnscde  Hhe arcle

-Q;«‘""QX"‘O J %=ZJ-2'~‘~"O
Cxy) = (Cou)
and this  petnt & in He inkersor of
the dese
Lroy= —|

The bouona\né} &y e oév*c(.( Xz—h‘fz-v T
We can paranetiize Hu cercle ,Q'g
< 2 OGS'{“\ 2siut D , t R,

Al«HAouﬂk en o Hass pamw~\~wm+x‘éw

Wwe ge Ew@m»‘u/\\ o) ttueed arcund
e G(?VC;(L_) = doed oot Anatler
Wt Haes mram—szad\‘w p e f@mé{\\w,
ﬁ. on the CL'(‘CS)Q 'S

.GCBC@S'[’; %stn{'\ = c( cas” & -(-‘(Sé»‘z-é ~6sint <l

= 10-6siut,
T™Me maximuwmw s CC"\"\‘O\-QM& whau
ciut = —1, and na cat = ©

£(0,-3) = 10-6 (- =16

The mintmum & atrained wthay
cuk =l and huw cat =0©

£(o,2)= \0-6.1 = 4



We féuna/ Va/é(ej Q-,L +L’r'€‘e /)Oc'ﬂ‘fy
-}0[0’/)2“11 ]—D(o,~3) =16, Lcoz)=~%

The ckbsolele maximum 7?(0,'-3}-%16
and ao&!’o»pcné Mndmeum o .-ﬂ{o,// =~

Froblem s

Exercse 92 Fipnd local maxima,
mincma apd saddle ,0019771:9 07(
Leng) = x"—gt Yoy +1.
/Q/c(ﬁ‘cm
"fox = 4‘2’3~4‘y 6-= /{J’g—»llz
We are lodkeng for polwfs where
~,€,< =0 end é« = 0
‘e 133{ So«@(?('m o
L/_fxa....lly = O
1{‘7/2 _.-[,l:( = 0O
g =2 ad « 79
Eep[aa‘gf 0‘/ % vyaxs ez e

Second eyaq?lfdw we ?ef 2""‘"2‘7.

‘. €,



xT-z =0

2(x8-1) =0

Q”(ILL-I)(T"'—H\ = O (xq*("f >°)
x (%) = O

x (x*-1)(x%) =0 (7%1>0)

T[?‘zﬂ_[) == O

Z (-1 )(x+))=O

= O/ x=[ or x=-1

(ﬁ Z:Oj MW ‘yz'.- (@ P (O(O/
(# z-::—/) Heeen ‘7-‘-’/ y, Chi)

(£ 2=—, thea y=-, (~1:~1)

7746(5‘ +he ﬂ«ncﬁ‘o’h _:]f) hax +hre e

crifeal posrrts (00), Ciyt) evwdd (™),

Now we need o e e Lecerrd/
Denvatrey ot
12 x* —y /

D“‘“f”“/g:—ﬁf?/a -4 12y

= 144y —16




Droo)=—16,  |(00] ~sadde poiuf|
Dciy) = 14416 >0, Lo Chi) =12>0©

\(/,l) ~ local m:'m‘mwmi}

DC~-1) = 14l-16 >0, P (-~]=12>0
) foend i

Tha ﬁr‘qph of «Tﬁ Jooks mmore or lecs
oy Hllocws

'(""( -~ ) [ ‘l ‘{#Jf‘f

| Exercixe 93 The Second Den‘wr?é’rw TaT
does mot *}:ake ihto accouut +He cade

D >0 aud ..EXX?-:O‘
| What canyou sa Yy about hs case l

ro- N

T



yo@nlﬁm Thes mll nerer be e

Case , bccaadt :‘1_0, Erre =, theu

[ £ ,
D= a7 )= 145,47

=T (ﬁxzf ')2 <0
- Exercise 4 Saﬂ/yqfe Fhet

£ (aol=f00~Q Dr90)=0, £, (a0)>0
Sthee D=0, T Secomd Dertrarives
Test & tnconclasire, bet- nerertiulos
show Fhat Fl(ao) capnst be =«

k Local maxcmaum,

M Setnce flao) =9, fx,x-(@‘"/x}
+eo f]g»fncﬁ/h g (z)= _ﬁu,o) hey
local mincmur at ==06 =

tee flnchon f bay a Aocal minimugy
ot (Q0) cbon restwchel +o e

¥~ ax{s, S /0.0]/ capnot— be

s

Q «éccnj yIaxXcrnum,




aemﬁf@, 72" Find Hu 2 boade f 3/

maximunm owd mencrmarm vatbuy

Solubny  The funchon rry) = z?mjg-eéx;/
(‘s Jgf{nwf o FHee ‘Omyle

} 1 Cuyr )

L2
)9‘!

T
CV\A\‘&& paﬁr\‘\‘s n ‘"HA—e. E‘V\‘lfh‘w\

_(?x = 3)(’2—@6;1 , ’67 = mgy"‘»eéx
g 2x 6y = O

3¢ 6x = ©

Observe howerer, that tn +ha
tnfertor o.(\. +ha "‘-M‘QV\S;Q.—L Yy > O
and hane 3 x'+ by >0, so
e equalous have e
SoluNons 1 e wtewor ot
‘e tuangle. | TThw o Lunchon



'ﬁ hot po C‘h'%“C“j /Doc"ﬂﬁ? ln @
tateriov . (Mok Fht- eg, (09,0) i

Q solutson of Feo Syx'km of e?ueﬂ"‘% y
bt ¢+ & @ verfex of He ‘/‘Wcmgn[{/

Se of elory oot~ couf- )

Onl., os2=s|, y=o0
—£ ('ﬁ“j) = ﬁC%O) ""“'"273, OQ'Z’&I'
Thes "'ﬁ(wcl\‘m has micy. af * =0 and

e, qf x=|
£ ro0)=0, £Clo)=]

On Ly, 2=1, 0sy =<1

f(:&’(ﬂ) = ﬁ(’/,j) = /”jg'('tgz
Thas we need +o c‘WNJth:qu_ e

frvc o

j)(])—-__: /—-"73,6.67( 0=sy</
g !

)
!
(V)\]
<
+
oN
i
W
~
Y
KQ
N
N

T roofs are = (27 and Heey are
hot oy e tferval O<sy s



The funchv ¢ has  no cr Mol @
'/bomfs (‘n 'ﬁZa (' riertor e% Lord md

we are Lfd mitly Ha endpoists

‘#(/,0)"-‘*“2[0):?/
£0nt)= g901)=06.

QﬂLS Oszx=l, =% , <o

Leegy = Lonel = Tt egrn

_f(:nx]wng/ o0s =</

Strrce Had ,ﬂ,m; e (> dacktahiny
s exfreme valbuey ore ot Fie
eﬁdﬂm'ﬂ’f's

Liqo)=0, LCui|=6

We com 7[64 vekue, 9‘(» ﬁe et
e f%{/f;;)? candedaty for

max /rnly
Ltaol=0, Lo~/ , £ 1) =6
Tl albsolule maxcrnwm 5
4#[/,// = 6 9//’15{7‘&-(’ a/é.!‘o'g‘rA’ i imusy
of £lad=0.




Exercese 96 Finol Hhe absobi te

quﬁmamﬁ amc:{ M EEmme Vajuq

o% «F(?:cgj = 2\7&

D = ;(‘:ng)/x;o, y=2o0, g:z.ej,'zs 37

é Zf 7[7\6'\7 Cnhcad poia ts
‘ﬁ)( — ‘7 z , 6 = Z)CJ
£ =0 of and omdy ¥4 J =9 and hene

tere are no cohcal pocats v Fu
tnteno o D |
1\

!
3 L3 The bovmdlas lfmq
L, Hiree parts .

L, =

Only y=o0, £ (ro=0
only, a=o0, P (6.4)=0C

OML} 3{'2‘/3—-)(2' ) Oézsd;




ferg) = Lo V3-xF ) = x(3~Y)
~23x~x%" O < V3

At Ha endpotuls =0, x= (&
we have
£(®\Q) = »@(\E‘. °> = O

Now W C,MCX:_ CVA\‘C@Q poéoc\‘s ;-‘Q 04_':(4;]}‘
le~ gy = 3x~ %% qlmmi= 3~3%2

= 3 (&l*~)<"‘) = 3 (C1=%X)(1+X)

<3(9r\ =0 whwm 2= 1|0r *x=-1,

Tha ot 2=~ & outscale ~H/UL
tnderved. (9, f\‘)) But | € (0, V3),
£OJ2) =90 =

Absolde wiotnun _ECH Y =2
A—bSoQuLf mini mum s o ame'
s atlacred of an post
o L, or L,

Remark. In Hhes EQ&M M= w‘%
{

feut 4o
23:;:;“—%1 C’Arct&our peut— &{L ’Hf‘{




l:om\&owa whele o EX@\VM()(Q p. 308" @
we used )aqrewvmb\wt 2 ahou

< g CGS'(". %81“14’}
Eadh Atnwe b o5 youlr deotson sahat™
GN‘]%W{* Y ou choote |
Execrcere 91 Foud +Hee podn“"‘S’ M
ta surface YE= Qe xz Haads
are  laeat to the ongon.

Soluhny The dostana 4
orgin s o = [/‘)("“4. y"‘-(- - whare
f/z= 7+ XZ S0 we need o
mdencmdcre Hee «ﬂ.maﬁ‘m

d = / x* Crexz) + 2%
bet- 37[. > easter TP amchtmi

Hee *ﬁAuc’I\“d’W
18(& T) = dzr: o 7+X?~*21.

Qeoma'}'h’cq/{y c"l‘ S obrious ’it'ha“f'-
e mencmam s attacned am/
+Hee mencmam et ke af g

anhead point o A




L= Axt 2 y f&m Xt22

2x¢2 = 0O
X+4+2% = O
z=0, 2=0
fo (Q’l}\;:r (o] e U‘nj\g_‘
cnhead poat of £ and henu

d?‘.-:: _ﬂ(c’)‘o) = ¢ 5 d = 3 (s
Hhe mencmana dytane, We il
l’mre +o 7Qmo( g

sz 7-{- 0'0
O«/ = =1 3
T hees Hae mdca Cenerry olstarviee S

attacnd af- +wo  potafs
(0,3 0) and (0, =53 o)

Exercce 98 TFind Hu volu e of fhe
large.(‘f rec'/-cmyufay box ' the
ﬁ‘mL octamt with three Faclu &
Her coordenate planes and o
Verfexe (n tha p&me ¥t 2;2 + 32 =6,

e

L

3| #



Solu by Dencav'w'ry e scolea of- S8
Het box /ad\l 2, ¢, %, T volurny
s V= oy, whirk *t2y+32=06,

Nole t+hat iy 220 ( fevst- octaut-)

ﬂnd He masxEmarm 1S atecraes/
%WW 9(,‘1,%:>C) [’l/w@(t%o?k

maxc‘mum.) Ne hare

3
and hena
V= 2y (6-¥7%)  bry-xy-2es"
3 T = '
6y —2xy -24
Uy = =5 = Lo (6-2x-2y)
_ 6x-x%*-Lx
Vg 3 2t L x(6-x-ly)

g gL:j [6"“2)(*’2.:{)’:: o

éﬁx (6~x—ky) = O

6 -2xX -2y = O ( becaurr x>0
€ -x-ty =0O and y>o0 )

o "Cm?ﬂym‘(,



@6orm7Lh‘caﬂ; e maximana s
attacred amd (2,1) & Fhe
cnfeal poiuts, so f mat be

point- e mmenctmunm | Tha
la vg et volupmu o

V_'__: 2.1 (6~ 2~2-1) 4
3 = 3,

Exercece 99 Tond e pm‘ﬂ‘f‘* 2%
Hu plare "2'--)'-(' 2 =L that s
| closest o HHeo pocat- (4% 3)

SoleRay We coubed wse mettods
@12 lers and plapus 1o Jodve
proélesm, buat~ we prefer fo udc
Hea petihrod of- crifocal pocut-
Tie dogert point Exists aud o
wiast- be at He ewkcal potnt
of Hue destane feanchdr,

m 6&34-&”@ I

d= | cartecy-2l’e (230"
cwhiyvre x—v+ 2 = 4

209



Hemee 2-3= I-Xty , o

Q/(Xc‘j) = /kml”‘% (“y—-?ulz»e (l—-»xf-y){“
Bt o & amere conien Lervt— o
men crnc e

2 ] g %
Lerg) = d ay) = (T e g-2]+ [1-x*q)

_fx:: ,2()(--,\ -—-2(/“")(‘(-‘.1) = [‘K-.Zy "‘Ll
,é, = .’Q(y.—.z,) + R~ ¥Xty) = L{y—-?.x"z.

c‘:a/edﬁ
’ (*y) = 5 '%L )

Thas s Hee au% ew;\‘c%ﬂ. pccw‘(“ fo
4+ muat be M laert ol . We
chil meeek o Rnd 2.

2 - U-xry= 4L

A“V(SWQ(\ T(A-& CQOC«’[‘ pot 14"]“ vy
(%' —;Li "%I") :




/.6?,57 range Mulz‘z}yfctem_ Gz2D

In +he e)fcvmpfe on 0,294 we had 4,
Fend fhe maxemam of ~
| V=zye2
unoler Hee conole v that-
Axzt 22 + 2%y =2,

In fha -ex"camp/{e o1 pp. 30 ~366 ue
had +o Rnd max. /mcn.  of.

f(‘ny) = 2%y~ 2y +|
ot ecrcle

9:"—+y‘=-..~ <

In Exercse 78 we haof - Lo/
+he mecemun o
N7 LTS
under FHre Cama&“”}j‘dh +ha t+
A+t2q+ 32 =6

Exch hme me had 1o tnreyt— o
odifferent methed o deal with
a /)qr/'\‘cquaw‘“ problem

The acamples bosted above can be
formudated oy o gereral problens



-rr‘T'nd' H foca«Q /M Qpcd’ gy /m«*m’mv(
values of
-ﬂ (¢ ‘/,-2~)
under P condihon that
f cxr Yez) =~ 3
[nstead o%— “unoler Hhu conolehon
) af/—cn .S‘czoct ¥ S‘q@/'ed‘ +o Pl
COM&'{'M(W‘}“” and mea nng.s ot~ +he
Fev statements are The same <o
‘e pvoé'elm S

F-Fﬂd "LL"" /eo(‘q/l maxdirma //'Mt'f’u*mcry
valuey of-

| —f X 7{ <+ )
Subject ot constraca -

9ty ) =R

There & @ ﬁemra& method how
to solve sach \:m\ermS,



523
77)eorem (7716 met-hool a# ZQgr‘th[f
maltylocrs ) | |

/f 19(-'0 ¢, 2) ettacns = Nocad

haximum or Mincrnum S'G(/GJ!CC‘:IC‘
fo a comstrent 9 (xy,2) =R
at a pout (Xor Yo, 20 ) and Fa
V? (%o, Yo, 20 ) 7~ (0,0,0>, Hor
teore s a read number A &R
Such +hat »

V—ﬁ(“"t yoc 2’3) mﬂ Vj n“t yo,%b).

The coeffracent & & called «
Eggggmge ﬁmu,L‘l'\"p/Q\’-«eP“‘

St mC/Qar 4?&6‘“ & e _Qw _-f%mc’)\‘sw
of Jwo vanabLe
1@ &gy atains Qocal max. /mn . ad (o, ys)
sub et do @ COMS““T‘C{CVI'{- 9 (Ty) = ke
Aw V3 (Xoy Yu ) 7 <O(0>/ L ouq ““WV(’
s N such ~that

V«p—(ffm ‘ju) = A U g (xays)




Thes ﬁczc# /1043 24 C/ear gecmefh&

interpretation  that we explacn oy
the preture Bedocy

8(‘&‘:’ )= R
V‘QP!‘N@—V\{'S a
curire

leveR curres o £

Obserre Vhat Values of £ alona +he
Curve g (XY ) = R atlecn (\QOC&(_A,)
mintmunt  at (Xe ¥=).

Trom the G)L‘C'("Wre we See e T

e curred
Ly = 13 and g (T9) i .
are +°’”9Wl+“ Yo each ohher ot A



/Do{n'{F (Q”o,'j.o), Hene e 328
hormad vectors o He cutrre

.f(xcfj):zjs and 9(30:";1)*”]{
at fhe fvofn'f“ (%o, %.) are (nrq/(ﬂ/(/
but ~h©rmwl vectrs  are

Vﬁ (To Yo ) and V3 (Xo, Yo )

Stne Hee Fwo vectors are parelled
thore s QY Seech +hat

Cr) Vfixasga) = A VG i),

We need +Hre condehom V9 (%a s J#<0,0>
becaure i jaarﬁn“f@ﬂ +haf- e

Curve 9 (xuy)=~ R & Smooth rear~
Hee potut (Ya o). Mok also Hhet
5’# Vj Fxo¢ya) = <0¢°>) "H’\QM

A V? (Kmyu) m<O‘Q> QVI’J I’LQMCQJ

‘i <3enera1 Ck) Camndt be +tue

m mfyumoml- p/‘el‘emlcd’ Qéar\e By
‘nfucfire dh{tj ond we hneed <t



rigorous argament. we mill shotw @
Such an argument cn the cate of
_/9“ nefons ef +hree vawa bles

Recal] thatl~ o p, 268 e
thet of Vo cxf o, 0 )F < Of@:%y;dﬁzn
the rector Vg (ke 45, 20) S orthioganaf
o the Fangest plane + the
S“CH"FQCQ gz, yr)= R «t e
pe St (Xo, Yy, 3]

Now sujpase +hat £ cxy,2) atFacns
locad mase . Jmn. at (Xo, Yo , 2 )
Sw@Jecf' to e constracat

9 Xy, ) =R,

That means we consiclr values of £
owlg for potnts on the Surface gmyilk



and amone Tthese ralue %rxg,q,,,aa}

is @ Aocal mone /me

I )= < Z0t), Yit), 2(€)D> 15 q
carre That Ilfes o Hee sarface
goxy,2) =R
and R ) = <Xa Yo, 2 Pheu
CCecwly Fu ‘ﬂanc‘/\‘i’n
F (+)= { (xet), Yet), 2 )
attans Local max, /M at +=1=
Hence
0=F'th)= g‘;—{-/ﬁ (), yeu), 2661 =
=4 St ds

of 4x of A4 d2 )
5% df li=h = BY gﬁk__%“' 22 A€ lesh

=, 8k Sﬁ?).@:—{; X1k, ' ) 21D

px ' 8y '

s,

VL (xa Yo%)+ T+ )
T L (xays, 3) - 7' 1) = O,

|



The vector 1~/ lho) 7L¢M9eﬂ+

7o q ey ) = R |
at (Lo Ys , 2o ) and or“l‘l’lcyuna—é
+» VE xs o, %), There are

—l>

/‘n%‘m‘% meany Scech curry VT
so the “'Lclﬁyeﬁ’/"’ V‘ec/*ors 7'? / /T‘o)
can point tn defierent clerechor)
of Phetangent- plane, AHaraey s

Huge rectos are orthogoned 1<
VL (Xor Yoo WY, That nwans +he
vector V,.F (Xor Yo, 2 ) & or*]‘hagonq'fp
o '/‘W'J-Qny..an{- plary to T
Sarface gy t) = R ot

(o, Yo, 3 ). Bt also V-jfx@‘/vr"ﬁ}
¢S or‘/‘Lmionq«Q fo Fhe Sanra
"/"QI'??CI’I'{‘ p(?qm, Hene tho veckrs
VE (xo e, %) aud Vg (%o v, 2

are /p/m/l&e/ e pmpar'/‘)'maz(.



Stne Vy(xo,yoc%)#<o,q0>, @
Haere ¢ « constant X Sedh ‘H?Q{‘

V‘fcxoc Yo, ;b) -{-’A Vy(‘f@ y"/%) .

IV) pm.ch‘"ce) He MSMOJ Q;‘ Zaymngae_
Multpdeers wocks as fofdaus

We want to Fnd the absolete puxtmum
and mentmur of  fcxga) sebfect

1o e constra - T (Xeyt)= R,

We asscirme that Vearuy )+ C

-)QW cll pOc'n'/'S ef e surface
lﬂ?(r“fl*) =k Then
(@D We fnd all potrts (X yo2) sudh

the t
Vﬁ("(‘Ylg)‘?\V?(X«Y,H +or cone A
é gy, ) =k

B We fak +he /&?rye,r/‘ anedl The
SMQ/‘@J'I‘ Va(&eo# ,ﬁ OU’MQW?_
H poer/S Lronws Step @




The Sc/s/em o/~ eqwﬁbns ta (D can 330
be wrtlen as

1£x (xy,2) =ATx (%9 2)

f'j (a2 =29y (xy?)

“ﬁ?: (% 92) = Qj%“‘/?/")
Jxy2) =R

We hare four ecyaaﬁ"mas ocrnd  Foud~
unknowns x,y, 2, x, Indeed,
the Lagrange mulfplier Fheoremn
does mot 4ell us what- 1he relu-e

of & o, [n general we choy Ao
expect the Syslem of four eguahion
w' +h four unknoems 4o hare «
Lencde number of- solectcnra

—ﬂ"ﬁ fﬂ'rs# Qxamp'& m'll ke e, Sonre
ar the ekam/;ée M P. 2‘7/7’,
but +his hme we nall appﬂy e

method o{ Zﬂyr@nje mal/-u‘pft‘-@m‘



_EXCZMQIQ A recvl‘anfa«far bosc | @
without a Hed s 4o be made Lrom

(2 m% of cardboard . Find e
maximurn volume of- Seech a Sox,

Joluhor 1£ =y, & denche seoles of +he
/Do)() thom P volkene v V= g2,
et +he surfae area & frxeq

@ Axz 4242+ Xy =2
Tz f

Thes we need 4o Pond He vnaximumn
04- V = ‘2&{—2— S’c.J)J'ec:,"‘ 4o e Conx'}mm'l“

g (xy) =~ AxFc2YT v xy =[2

Fron g-eo meer\\c Comféoﬁerw{\‘»d\«ts we
kenoco ‘H’k?c"' ‘e max: viuna oS

attatned at sonu  potut (e, Yo, 20)

wHi % >0 Yo Do, W >0,

ACcorchtg +v -Heo \-aﬂvvmqf M el pWer
Tlecarem

TV (%o 4o, %) = ATV 2y 2)
for come (an known ) coustaut 4.



- We have @32
VV= <92 xe, 2y >
V? = {R2+y,R2+x RAxt2y >

Nole +hat Vj (Xeo; ¥, 20 ) F o , beccrese
Zo 20 9620, 26 >0 gpd tdeed we
ca vl a/}ﬁ'% ‘e Layrangf +h-eorer .

Thas we hare €?u07'1'bng

yfa 4 (22+y) &)
TE = %022 +x)

v A (2x+
gi‘* t 22 +xy 3’/)2

Noﬁe “H’M"‘ we )’HC(/ /\ 41 'Hte efuq%\d\'bl
5«1 X,y omo(% red ech\kﬁ‘/% Ha k-
hcmo( stclesr il be ey wal o each
ofhe

§272— = D (252 +xy )

]

xyz = A (242 +xy)
Xy> = A (2;(41-1?9‘)

Henee
N (2x+xy)= X (272-":')(7) + A (2x++2y9~)

We bhare A40. Indeed , 2=0 and G)
wodd tmply Ye=0 bat fhe So bt Ny



fQ/\?,s’/x“-@J Yo >0, Z> O, Ty ne
can dirtele 5‘1 2

() 2 x2 ~(-><J = ?—y%—bxy = 2x2 -(-.-Zy-a

From t+he fonst e?adc/;]
Qxadw/cfa- Q.ye.-«-%

e obfam z2 =92 ’Zm‘?‘
Now ‘he €7a@&‘]7 between,  He st
and +the Lact exprelpson &« (k)

02/)(/?: + Xy = 2/41*2—‘7&
?’\'H”J Q:y = 27%) R = -:E- Hence
Axzr +22 + 2y =12

becone, (B =%, 2 =% ) -

= 2 ( becaasr %Do)
Thas Yy =2, 2= and Tle
max: mael Vofunﬂe. )

V= 2-2-1 =4, (m*)



The next example s +he example @
from p. 808", but now we wll use

the Logrange mulfy leevs

E)(amK{E‘ Find +he w@ra@(é ra xirin)
and mivicmuns  valaes of

f(:ny)m x2+y2—~2 +/
on The ddsc 4

1 D=fry| weytcqg
Jﬁ_éal{l@ Ci Vl"/fc*d poc’rnl:s* crsiole +he olikc |
£y = Rx=0, £y = 24~2=0
(2y) =(91)
‘Cmd Fhus po:’n'/'* & on The cn-le mtor
of the dicc.
£rol) = 0.
On-the boundary we bave 4o Lol

masc tmum and #2107 vpreeng a;l
£0rg)= Tyt 29t
Sw@/ec-/- fo the constracmt
gy ) = x+ryt= 9,
f(‘cwm&‘ng +o The La:y raense 'mw/J\)M%/‘
theorem there & I swch Pt~

»



{va uy)= A V9 tay) 33¢

Gxy)=3
(. e,
Ax = A 2x
@) § Rf2=12 24
2”2~¢~y2-9’
.QX.] Q Zﬁg_

2yx-2Ax = A 2¢yx |
The right hawd scoles are eyuw( Lo

2)? fo -2 X
From the 'fhcrd eyum[um t ) we
obiaty
0° -&*f “ =
J=*3

Thas ne bare fwo mﬂ/-..s* o Tl aivel
(0,3) and (0 ~3)

£ro3)=4, ¥£(9-3)=< /¢

Thas Ha aboobufe rmaxi mauns s
_f(o(mg)wlg and Fha  abcolete

minimune s £ (61] =0



Example The curve G2
‘xz-{- 2;7 1'""7? =/

(S an e//cfp.ce / ém‘ c‘ﬁ axel are

1'7074 p&kaf(&( ’/‘D 7“‘4& ccpor*O&‘mk

Sysfem , (e, theelipre s rotated.

We ml wse fhe Lagrange mulhphel
theorem T skedch fhe ellipce,

Fivst obserre +ha1- Jf (71 Y) solre
e é’c?awlvh, then alto (~z,~¢ )
solires fhe eyua?‘t‘m w hech rmeqns

+he e//n’/z(‘( A Sy Mtne Fhe o'l

Y‘é’yec')t' o2 /O,C)j/ ‘e, O~ & CQWA""M/
CE'F (0( O) Y
»

A
\\3 2 a
J
NOCO e m‘t\ use Hra Lagmng«e
mulhplier Huorem o Lpd +he
verfices of the ellime, ‘e +h
/bofrntzs A, B/ ¢, D showr on
ft'C"/Z(/‘Q -




PN
N2

| C\\Q >

| B

The /om'n'lLS 74‘,8 are Fhe /)W'h'fi 7y

 the ellcpse thatl are furthest away
ﬁmm The on'gin and Tt poz’aﬁ‘s 7

C, D are cdaest 72 Fhe ortgy,
Thas (n order 1o ﬂ‘nd /70:'”7‘3 74,@, ¢,D
we peed o Lnd Maximurn ornd
mtncrmum of

.—79 (xY) = X< yz |
(Hhe syuare of Hu dstance of (2y)
h(a0)) sabfect to e concliting

geng) = 2y ryt=l

Accordeng +» the Lo o
+heorem ﬁw hare Sgrange malfléel
EV-ﬁmcj )= A Vgixy)

3 (% y) =)

l.<



2<7 = 4 [Zy'f'X)
Xt xye =]
Nok that A=2C becawse for 4=0 we
woukd ha re &l v) r"""’{Df“bj/ bed  Ahts
point doer not “sahefy the Spuakim
0,[ the e”t;DS‘e,

{meﬂ (2x+y)

Fi’?m Fhe ﬂrﬂ{ %weyuaﬁ‘dw we pave

ﬂxj - 4 (2»7f~y‘)
2yx = X (Q2¢x+ x*)
The left hand stelas arc egpual so
;\(ij~ef“)== ”;)fzyx«ﬁ)fz) |
sz-e‘yza gﬁ+x" ( A%/ -
2% ="
/ = T X

Cafe T ==f
xt 4 xct + sz / / e//JloSe fg’ efuqo(‘m/

2.::#
. _@L_L.,
X= T 57



oy (7 )or (g () BT

xt —xt e x w./ /e//.*ﬂmfr eycrm(itf)

(mj)m[/,m/) or [my)—'-'? f"*/r/). S

Hence —+he clmlame o e on’gq‘m

attains anaxima end menima
12‘06(0’ /70('44’/‘}‘ ,
(T?&-/ ’(31:"), [w\f'}:j—"/“'@l‘? ), ///“)), /“/,})'

Too pofm[f'fw maximun, and Fins
fzotrri% for minimun,, These ﬂuﬁ

]:oé‘mls arc He vertay of e
e//c'/as’e . Hene +e e//d‘/me
look s a, RAorn




-1, 1)

w/ﬂ%l -é'.)

- (1~

(/éé;\\t )
1=~

~The Qims' : (j* x  and Jw«—x Fqss‘/-hmuytv

‘e verbey so -‘Hwﬁ Lorm axes of the
"Q“(PSC -~ 'J"{’LQ QL\CV)SQ Ay N’{‘Q’L&J

b:j 45 ° cLockmse ,

Brob lems

Exercice [00  Tipd +#he area 0'7[\’7%6
Iaryes‘/‘ mc%th/e m% pac‘ns‘ o# s‘cb/ef
/xlrcz/u +o He coordkenal axes +hat
A (‘ﬁzscn“ee/ v The e//c’/zfe xa—-liyaz-/.

5"’/"7['251” /f (x.9) os 'o%e verdex o—;(
the rtcvl‘anyflé that & Aocates M
the Forst guﬂwlmﬂ'/ , Then | the




s‘:'o/-es*/)vqm /en77‘h Rx and Qg and

hence the arca €g wals
£ray) = (2x)-(2y) = 4=y

" Nok Hhat x>0, y>0. Sine the
Pofﬂ+ (x fj) s on +he @”L’/)ff“ we

also hare x4 fyi=I, Thus we
are asked ﬁ'nal ma xcrnum o%

Sw@fcc-‘ﬁ o the condchsv
f’(-ﬁ}j) = A 4&":—-‘?‘/,

We hare
| V«(—”szg)m A Vglryg)
y(&y)“:—“/,
7 407 = 7 .Ax
Yo = {%-Bg
22{*‘72:5/

C(mr% A+ O, becamse for A=0 we

cwould hare (7 g)= (o) whech o
not /aoén'f‘dh the ellepee.



We have 340

byz = 4. 2x°
4zg = 3. 8¢°
4. 92x5%= D ?jz
12,_:- 471 [2"!“'0)
- (%y>0)

Now e ccycccz‘/ﬁm&cf the ellipse H're
2t 4 [%)2”‘/

2=

g - 2
and fhe «é’c?rye.n‘- area 7

f(E de)=b k=]

EX@?’QK‘@ lO/ asfnj 7%6 me'?%oc/ 911
deymnye prcel ﬁ})/c'em‘ 74‘/70/ +he dréf‘?LGML(

of Fee Wo.c‘rﬂ" A (T4, ~3) b The
[ quM 6x-~3g +42 =0,




ﬁ[‘( AZWL A‘h eym‘m,/en‘ll /Dméfem
s o Rnd The minimum of he
Sguarc of- th< desternce

fong )= (27 < lpr 4) e (2¢3)2
betweas (17,~l4,~3) and a poidt
(o y.2)on the plane Gx-3p+22=0

le, we wart T And the minimum

°&Z -]-a(‘my,é)za (xwl?/i(}'#f}z\c,(‘g_ﬁgjz
Sabpect Fo the conshracrt
j (’W‘Yr‘i‘) =62 “gj+2%“=~“(Q

( Lollocas Hrams geometnt conpislerahiong
"/'blﬁ’f‘ +he MCrtencern (S «?7‘7‘@”74@«/ | an/
thewn by “he l&gmn £ mcz/ﬁ‘/wpc‘ef\
“heoremm 4’/ Wﬁoc’h ¢7£ wirrinrung, WX

have
| v‘;.f (hy,2)=A Vyltay2)
j ey, 2) =1/0 )
(e
R(x~+)= A 6
2 (y+4) = A.(3)
2 (a+3) = 4.2
661:*?7—&2%:#(0



Sol w“ng the ﬂmv‘ fhree ec;aqm{bu S
yéedds -
2 A
) é J=-zA-%
2 = 4-3
H@MC@ 'ﬂ’w ét?&{t-ﬂllzw 975 '7'79‘4 /)&?M ?"r@q
6 (3a+17)-3(- 3y 4) <2 (H3) =10
éfjﬂ = - T8
2.
4= —4,
So Prowe Gk ) me btain
Q’;"—rg‘ ‘7“"’2 p 2“"‘"‘“"7
'HQM@ fire m¢n¢anp a/mvl*cmre (s

d = ;/74(5‘,2(«7)‘:/(16 = 14

Alse  fla poM'/‘* on The plare et
(S opo,ce‘y/‘ S (1% ~%-3) s
(S\l Q("?').
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