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I've adopted a slightly different method of proof from the textbook for many of
the Galois theory results. For your reference, here’s a summary of the main results
and their proofs, without any of that pesky history and motivation—or distracting
examples—to get in the way. Just the proofd] Almost all of the hard work lies
in three main theorems: [Corollary 7.9| (a splitting field of a separable polynomial

is Galois), [Theorem 8.1| (linear independence of characters), and [Theorem 9.1| (the
degree of K over K is bounded by the order of H).

1. NOTATION AND CONVENTIONS

For groups H and G, we write H < G to mean that H is a (not necessarily
proper) subgroup of G. Similarly, for sets S and T, we write S C T to indicate
that S is a (not necessarily proper) subset of T.

2. FIELD EXTENSIONS

Definition 2.1. A field extension K/F is a triple (F, K, i) consisting of fields F'
and K together with a field homomorphism 4 : ' — K. When there is no danger
of confusion F' will be identified with its image i(F) under 7, and so regarded as a
subfield of K.

Definition 2.2. A field extension K/F is finite if K is finite-dimensional as a
vector space over F'. The degree [K : F] of a finite extension K/F is the dimension
of K as a vector space over F.

land the occasional definition or two. Not to mention the theorems, lemmas and so forth.
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Proposition 2.3 (Tower Law). Suppose that K/E and E/F are field extensions.
Then K/F is finite if and only if K/E and E/F are finite, and in this case

[K:F|=|[K:E]E:F|.

Proof. If K/F is finite then any basis for K as a vector space over F' spans K
as a vector space over E, hence contains a basis for K over E, so K/F is finite.
Similarly, any basis for E/F gives a subset of K linearly independent over F', which
can be completed to a basis of K/F. Hence E/F is also finite.

Conversely, suppose that K/E and E/F are finite, and let S be a basis for K
as a vector space over E' and T a basis for E as a vector space over F. We’ll show
that the [K : E][E : F] elements ts for s in S and ¢ in T are distinct, and that they
provide a basis for K as vector space over F'.

Suppose that v is an element of K. Since S spans K over E,

v = Z AsS
ses
for some elements A; in E. Since T spans E over F, for every s in S there is a

relation
)\s = Z /'[/Sﬂft
teT

for some elements p5 ; of F'. Substituting gives

U= Z Z/”'s,ttsv

seSteT

hence the elements ts span K as a vector space over F.
Now suppose that there are elements yi;; of F' such that

Z Z s tts = 0.

seSteT

Letting A\s = ZteT st for each s in S, we can rewrite this as

Z Ass = 0.
seS

Since each )4 is in E and the elements of S are linearly independent over E, it
follows that A\s = 0 for each s, hence

Z psit =0

teT
for each s in S. Since the elements of T are linearly independent over F, it follows
that y15+ = 0 for all sin S and ¢ in T'. Hence the elements ts are distinct and linearly
independendent over F. So T'S = {ts|s € S,t € T} gives a basis for K over F, and
it follows that [K : F] = |T'S| = |T||S| = [K : E][E : F] as required. O

Lemma 2.4. Suppose that K/F is a field extension and that E is a subset of K
that contains F and is closed under addition and multiplication. If E is finite-
dimensional as a vector space over F then E is a field.

Proof. Since E is closed under addition and multiplication, and contains F, it
follows that it is a vector space over F. For each nonzero a in F, multiplication
by « gives an injective F-linear map from FE to itself. Since any injective linear
map from a finite-dimensional vector space to itself is automatically surjective,
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multiplication by « must be surjective. In particular, 1 is in the image, so 1 = a3
for some 0 in F. Hence « has an inverse in E. Since this is true for arbitrary
nonzero «, F is a field. O

Definition 2.5. Suppose that K/F is a field extension and that S is a subset of
K. Then we write F(S) for the intersection of all subfields of K containing both
F and S, and call it the field generated by S over F. If o is an element of K then
we write F'(«) for the field F({a}) generated by F' and «. An extension K/F is a
simple extension if K = F(«) for some « in K.

Definition 2.6. Suppose that K is a field, and that E; and E5 are subfields
of K. The compositum or composite F1FE5 of E1 and F5 is the intersection of all
subfields of K containing both F; and E3. So in the notation of
E\Ey = E,(E5) = E2(E1).

Corollary 2.7. Suppose that K/F is an extension, and that E1 and Es are subfields
of K containing F. If E1/F and E3/F are finite then E1Es/F is finite, and
[E1Ey: F] < [E; : F|[Ey: F].

Proof. Choose a basis S for F1 over F, and consider the subset E of K consisting
of linear combinations of the elements of S with coefficients in Es:

E— {SEZSAS.S’AS e Eg}.

Since 1 is in F; and S spans Fy over F, there are elements €, of F' such that

1= Zess.

seS

x = Z(xes)s

seS
is an element of E. Since Fj is closed under multiplication, for every ¢t and w in .S

there are elements pb" of F such that

tu = Z phvs.

Hence for any x in Fs,

ses
Hence for elements x = ¢ A;sand y =) o vss of E,
r+y= Z(x\s DL
seS
isin E and
Ty = Z AVytu = Z AtV (Z ui’“s)
teS,ues teS,ues sesS

- Z( Z )\tuuu';’“)s
s€S teSues
is an element of E. So E contains Fs and is closed under addition and mul-
tiplication. Furthermore, S spans E as a vector space over FEy, so E is finite-
dimensional over Es, of dimension at most |S| = [Ey : F]. Hence by
E is a subfield of K. Since E contains both F; and Es, and is generated
by elements of F1F,, E = EE,. By the Eq\E,/F is finite, and
[E1Ey: F] = [E1Es : Es][Ey : F] < [Fy : F][Es : F] as required. O
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3. ALGEBRAIC EXTENSIONS

Throughout this section, K/F will be a field extension and « will denote an
element of K.

Notation 3.1. Let f = Y3, @iz’ be a polynomial in F[z]. Then we write f(«)

for the element
fla) = E a;a’
0<i<d

of K.

It follows directly from the definitions that for f and ¢ in Flz] and « in K,

(f £9)(a) = fla) £ g(a), (f9)(e) = f(a)g(a) and a(a) = a for any a in F' (where
a is interpreted as the constant polynomial a on the left-hand side).

Remark 3.2. While the notation above resembles the usual one for application of
a function f to an argument «, it’s important not to forget that a polynomial is
not, strictly speaking, a function from F' to F'. For example, when F' = F,, is the
finite field with p elements, the polynomials f = 2P and g = = in F[z] are distinct,
even though as functions on F' they’re identical: f(«) = g(«) for all o in F'.

Definition 3.3. Let f be a nonzero polynomial in F[z]. The element a of K is a
root of f if f(a) =01in K.

Proposition 3.4. With the notation of the previous definition, a is a root of F
if and only if there is a factorization f = (x — «)g in K[z] for some nonzero
polynomial g in K|x].

Proof. Apply the Division Algorithm (in K[z]) to f and (z — «) to K[z] to obtain
f = (x—a)q+r for some polynomial ¢ in K[z] and some constant r in K. Applying
both sides to «, 0 = f(«) = r(«), hence r = 0 and so f = (z—a)q gives the required
factorization. The converse is obvious. O

Definition 3.5. An element « of K is algebraic over F' if « is the root of some
nonzero polynomial f in F[z]. An extension K/F is algebraic if every element « of
K is algebraic over F.

Proposition 3.6. If « is an algebraic element of K, then there is a unique monic
irreducible polynomial m such that m(a) = 0. Furthermore, for any polynomial f
in Fz], m divides f if and only if a is a root of f.

Proof. Since « is algebraic there is a nonzero polynomial f such that f(a) = 0.
By rescaling f if necessary, we may assume that f is monic. Now choose a monic
polynomial m of smallest degree such that m(a) = 0. Then m is irreducible: it’s
clearly nonconstant, and if m = gh for some polynomials g and h of smaller degree
then m(a) = g(a)h(a), so either g(a) = 0 or h(a) = 0, contradicting the choice
of m.

Now suppose that f is any polynomial in Flz]. It’s clear that if m|f then
f(a) = 0. Conversely, suppose that f(«) =0 let g = ged(f, m). Since g is a linear
combination of f and m, g(«) = 0. But then deg(g) > deg(m), by the choice of m.
Since g|m, and both g and m are monic, it follows that g = m, hence that m|f.

It remains to show uniqueness of m. But if m’ is a monic irreducible polynomial
such that m’(«) = 0 then m|m’. Hence m = m’, by irreducibility of m/. O
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Definition 3.7. The unique irreducible monic polynomial m in F[x] such that
m(a) = 0, whose existence is guaranteed by [Proposition 3.6} is the minimal polyno-
mial of . The degree deg(a) of v is deg(m). Note that deg(«) is always a positive
integer.

Lemma 3.8. Suppose that a is an element of K, algebraic over F of degree d.
Then every element of the simple extension F(a) can be represented uniquely in
the form Y o, -4 a;at, where the coefficients a; are elements of F.

Proof. Consider the ‘evaluate at o’ map ¢ : F[z] — K defined by ¢(f) = f(«).
Let E be the image of this map. We will first show that the image FE of ¢ is
precisely F(a), and then show that every element of E can be represented in the
given form.

It follows directly from the definitions that E is a subset of F(«) that is closed
under addition and multiplication and contains F. To show that F is equal to
F (), it suffices to show that every nonzero element of E has an inverse in E; then
E is a subfield of K containing both F' and a = ¢(z), and hence contains F'(«) by
Definition 2.5| Suppose that f(«) is a nonzero element of the image of ¢. Then by
m f is not divisible by the minimal polynomial m of « in F[z]. Hence
f is relatively prime to m, so there are polynomials a and b such that af +bm =1
in Flz]. But then 1 = a(a) f(a)+b(a)m(a) = a(a) f(a) in K and a(«) is an inverse
for f(a).

Now we show that every element f(a) of E has the given form. For any poly-
nomial 7, f(a) = r(a) if and only if (f — r)(«) = 0, which is true if and only if
f — r is divisible by m by But by the Division Algorithm applied
to f and m, there is a unique polynomial r such that f — r is divisible by m and
r= Zo<i<d a;zt for some a; in F. Hence there are unique coefficients a; in F' such

that f(a) = g<;<a a;al. O

Corollary 3.9. Suppose that K/F is a field extension and that « is an element
of K. Suppose that « is algebraic over F, of degree d. Then the extension F(a)/F
is finite, of degree d.

Proof. Bym the set of elements {a’|0 < i < d} gives a basis for F(a) as
a vector space over F. O

Proposition 3.10. The following are equivalent, for an element « of a field ex-
tension K/F.

(1) « is algebraic.

(2) The extension F(«a)/F is finite.

(3) There is a subfield E of K containing o such that E/F is finite.

Proof. That (1) implies (2) follows from [Corollary 3.9| The implication (2) implies
(3) is immediate: just take E = F(«). To show that (3) implies (1), suppose that

[E: F] = d. Then the d+ 1 elements o, 0 < i < d of E must be linearly dependent
over F. Hence there’s a relation Y ., a;a’ = 0 for some a; in F, not all zero,

and then a is a root of the nonzero polynomial f =", .., a;z". O

Corollary 3.11. Any finite extension is algebraic.

Proof. This follows immediately from [Proposition 3.10| and [Definition 3.5 ([
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Corollary 3.12. Suppose that K/F is a field extension. Then the subset of K
consisting of all elements that are algebraic over F' is a subfield of K.

Proof. Suppose that a and 3 are elements of K that are algebraic over F. Then
F(a) and F(B) are finite over F' by [Proposition 3.10l Thus the compositum
F(a)F(B) = F({w, 8}) is finite over F' Since this compositum is
a field containing both « and 8, it contains a + 3, a8 and (provided § # 0) «/f;
hence all these elements are algebraic by [Proposition 3.10| again. O

Proposition 3.13. Suppose that K/E and E/F are field extensions. Then K/F
is algebraic if and only if both K/E and E/F are algebraic.

Proof. If K/F is algebraic then every element of F is an element of K, and hence
is algebraic over F. So E/F is algebraic. Furthermore, any element « of K is the
root of some nonzero polynomial f in F[x]; regarding f as a nonzero polynomial in
E[z] we find that K/E is algebraic.

For the other direction, suppose that K/F and E/F are algebraic. Let a be
an element of K. Since K/E is algebraic there is a polynomial f in E[z] such
that f(a) = 0. Let ¢;, 0 < i < d be the coefficients of this polynomial. Since
E/F is algebraic, each extension F(¢;)/F is finite by [Proposition 3.10, Hence the
compositum F(co, ..., cq)/F is finite, by repeated application of |Corollary 2.7, Now

« is algebraic over F'(cg,...,cq), hence F(cg,...,cq; ) is finite over F(co,...,cq)
by [Proposition 3.10} and so by the it’s finite over F'. So « is algebraic
over F' by [Proposition 3.10] O

4. SPLITTING FIELDS

Definition 4.1. Let F be a field and f a nonzero polynomial in F[z]. The poly-
nomial f splits completely in Flz] if it can be written as a nonzero constant times
a product of linear polynomials in F[x].

Suppose that K is an extension field of F'. Then K is a splitting field for f over
F if f splits completely in K[x] and the roots of f generate K over F.

Lemma 4.2. Suppose that F' is a field, and that m is an irreducible polynomial
in Flz]. Then there is an extension E/F such that m has a oot o in E and
E = F(a).

Proof. The relation ~ defined on F[x] by

f~g = ml|(f-9)

is easily seen to be an equivalence relation. Let E be the set of equivalence classes
in F[z] under this equivalence relation, and define addition and multiplication on E
by the formulas

1+ 19l = [f+gl;  [fllg] = [f9]

where [f] denotes the equivalence class of f. It’s straightforward to check that these
operations are well-defined, and that all field axioms are satisfied, with the possible
exception of the existence of inverses. We now show that F is a field: suppose that
[f] is a nonzero element of E. Then m does not divide f, so m and f are relatively
prime. Hence there are polynomials a and b in F'[z] such that am+bf = 1. But then
B][f] = [a][m] + [b][f] = [am+bf] = [1] = 1g, so [b] is an inverse for [f] in E. Write
« for the element [z] of E. Then O = [m]| = [m(x)] = m([z]) = m(«), hence « is
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a root of m in E. Similarly, for any element [f] of E, [f] = [f(z)] = f([z]) = f(«a),
so F is generated by F' and . Hence E = F(«). O

Theorem 4.3. Let F be a field and [ a nonzero polynomial in F[x]. Then there
is a splitting field K for f over F.

Proof. We prove this by induction on the degree of f. If deg(f) = 0 then F is
already a splitting field for f. So suppose that deg(f) > 0 and that splitting fields
exist for all polynomials of smaller degree. Let p be an irreducible factor of f. By
there is an extension E/F such that p has aroot ain F and E = F(«).
Then we can write f = (r — a)g in E[z]. By the induction hypothesis there is a
splitting field K for g over E. Then f splits completely in K[z], and K is generated
over F' by « and the roots of g, hence by the roots of f. So K is a splitting field
for f over F. O

5. NORMALITY

Definition 5.1. An algebraic extension K/F' is normal if every irreducible poly-
nomial f in F[z] that has a root in K splits completely in K|[z].

Proposition 5.2. The following conditions are equivalent, for an algebraic exten-
sion K/F.

(1) K/F is normal.

(2) For every element o of K, the minimal polynomial of o over F splits com-
pletely in K|z].

(3) For every element o of K, there is some polynomial f in F[z] such that
fl@) =0 and f splits completely in K|z].

Proof. (1) implies (2): For any element « of K, the minimal polynomial of « is an
irreducible polynomial in F[z] that has a root a in K, and hence splits completely.
(2) implies (3): just take f to be the minimal polynomial of a. (3) implies (1):
Suppose that f is an irreducible polynomial in F[z] and that « is a root of f in
K. Let g be a polynomial such that g(a) = 0 and g splits completely in KJ[z].
Then since f and g share a root, ged(f, g) is nontrivial. Hence ged(f,g9) = f by
irreducibility of f, so f|g and f must also split completely in K|x]. O

6. SEPARABILITY

Definition 6.1. Let F be a field and f = Y., ,a;z" a polynomial in F[z]. The
derivative of f is the polynomial o

Df = Z iaz' !
1<i<d
in Flx].
Proposition 6.2. For polynomials f and g in F[z] and a constant a in F, D(1) =
0, D(f+g9)=Df+Dg, D(af) =aDf, Dz =1, and D(fg) = fDg+ Dfg.

Proof. All of these except the product rule follow directly from the definition. The
product rule can be proved by first establishing it in the case f = x, then giving a
proof by induction on the degree of f. O
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Definition 6.3. Suppose that F is a field. A nonzero polynomial f in Flx] is
separable if f and its derivative Df are relatively prime in F[z]. Otherwise, f is
insepambleﬂ

Definition 6.4. Suppose that K/F is an extension and that f is a nonzero poly-
nomial in Flz]. Say that a in K is a multiple root of f if f = (x — a)?g for some
polynomial g in K|[z].

Proposition 6.5. Suppose that F is a field and f a separable polynomial in F[x].
Then f has no multiple roots in any extension E/F. Conversely, if f splits com-
pletely in an extension E/F and f has no multiple roots in E then [ is separable.

Proof. Suppose, for a contradiction, that f = (z — a)2g for some « in E and ¢ in
E[z]. Then Df = (z — a)(2g9 + (x — a)Dg), hence f(a) = Df(a) = 0. It follows
that both f and Df are divisible by the minimal polynomial m of « over F|[z],
hence are not relatively prime.

For the converse, suppose that f splits completely in E/F and f has no multiple
roots in E. Let g = ged(f,Df); note that since g is a divisor of f, it splits
completely in F[z]. So if f and Df are not relatively prime then g has a root « in
E. Then f(a) = Df(a) =0. So f = (x — a)h for some polynomial h in E[z]. But
then Df = h+ (x — a)Dh, so 0 = Df(a) = h(«). Hence h = (z — a)h’ for some b’
in E[z]. Then f = (z — a)?h/, contradicting the assumption that f has no multiple
roots. Hence f and D f are relatively prime. O

Proposition 6.6. If [ is separable and g|f then g is separable.

Proof. Write f = gh. Then Df = g Dh + Dgh. So if g and Dg have a common
irreducible factor p then so do f and Df. O

Definition 6.7. Let K/F be an extension. An algebraic element « of K is separable
over F if there is a separable polynomial f in F[z] such that f(«) = 0. An algebraic
extension K/F is separable if every element « of K is separable over F.

Proposition 6.8. Suppose that K/F is an extension and that « is an algebraic
element of K. Then « is separable if and only if its minimal polynomial is separable.

Proof. Suppose that « is the root of a separable polynomial f in F[z]. Since
f(a) = 0, the minimal polynomial m of « divides f. Hence m is separable by

The other direction is immediate. a
7. GALOIS EXTENSIONS

Definition 7.1. Suppose that E/F and K/F are extensions of a common base
field F. Say that a field homomorphism ¢ : E — K fizes F if ¢(x) = z for all x
in F'. We also call a homomorphism from FE to K that fixes F' an F-homomorphism.

Definition 7.2. Suppose that K is a field. An automorphism of K is a field
homomorphism ¢ : K — K for which there is an inverse ¥ with gop = o ¢ =
idg. (Equivalently, it’s a homomorphism from K to K which is a bijection on the
underlying sets.) We write Aut(K) for the group of automorphisms of K under
composition.

2This definition, although it’s the one adopted by Dummit and Foote, is slightly unorthodox:
the more usual definition is that a polynomial g is separable if and only if f and Df are relatively
prime for every irreducible factor f of g.
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Now suppose that K/F is an extension of fields. Then an automorphism of K
over F'is an automorphism of K that fixes F'. We write Aut(K/F) for the subgroup
of Aut(K) whose elements fix F:

Aut(K/F) = {¢ € Aut(K) | p(x) = x for all x in F} < Aut(K).

Definition 7.3. Say that a field extension K/F is Galois if K/F is finite and
|Aut(K/F)| = [K : F]. Tt’s common to write Gal(K/F) for the automorphism
group Aut(K/F) when K/F is a Galois extension.

Lemma 7.4. Suppose that E/F and K/F are extensions of a base field F, and
that ¢ : E — K is a field homomorphism that fizes F. Then for any polynomial f
in Flz] and element « of E, ¢(f(a)) = f(é(a)).

Proof. The evaluation of « builds up f(a) from « and the coefficients of f by
addition and multiplication. The result then follows from the observation that ¢
respects addition and multiplication and fixes all coefficients of f. O

Proposition 7.5. Suppose that E/F is a simple algebraic extension: E = F(«)
for some o in F. Let m be the minimal polynomial of o over F. Suppose that
K/F is another extension. Then every homomorphism E — K that fizes F takes
a to a root of m in K. Conversely, for each root 3 of m in K there is a unique
homomorphism ¢ : E — K that fizes F' and maps « to (.

Proof. Suppose that ¢ : F — K is a homomorphism that fixes every element of F'.
Then m(¢(a)) = ¢p(m(a)) = ¢(0) = 0, hence ¢(a) is a root of m.

For the second part, we define a map as follows. Every element of the simple
extension £ = F(«) has the form f(«) for some polynomial f in F[z]. For any
element f(«) of E, ¢(f(a)) = f(¢(a)) = f(B), so ¢ is uniquely determined, if it
exists. To show existence, we define a map ¢ : E — K by ¢(f(«)) = f(beta).
This is well-defined: if f(a) = g(«) then (f — ¢g)(«) = 0, hence m divides f — g,
so f(B) —g(B) = 0 and f(B) = g(B). It’s also clearly a homomorphism that
preserves F since for example o(f(a)g(a)) = 6((fg)(a)) = (£9)(8) = F(B)g(5) =
B(F(0))8(9(0). O

Theorem 7.6. Suppose that E/F is a finite extension and let S be a subset of E
that generates E over F. Suppose further that K/F is an extension such that the
minimal polynomial of any « in S splits completely in K[x]. Then there is a field
homomorphism from E to K that fixres F. If every element of S is separable, then
there are exactly [E : F| such homomorphisms.

Proof. We give a proof by induction on [E : F|. If [E: F] =1 then E = F and the
result is trivial. Suppose that [E : F] > 1 and the result has already been proved
for all extension of smaller degree. Since FE is generated by S over F, there is an
element a of S not contained in F. Let m = m, be its minimal polynomial.

Each homomorphism F — K that fixes F restricts to a homomorphism F(«) —
K fixing F. By [Proposition 7.5] these homomorphisms are in one-to-one correspon-
dence with roots of m,, in K; since m,, splits completely in K[z] by assumption,
there is at least one such homomorphism, and if « is separable then the number of
these homomorphisms is exactly deg(m,), which is equal to [F() : F] by [Corollary|
0.9

Now given a homomorphism ¢ : F(a) — K, we can consider K as an extension
of F(a) via the map ¢. By the induction hypothesis there is a map E — K that
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fixes F'(«), and hence F. Furthermore if every element of S is separable then
by the induction hypothesis there are exactly [K : F(«)] such maps for each of
the [F(a) : F] choices for ¢, and so by the [Tower Law| there are exactly [K :
F(a)][F(a): F] =K : F] maps F — K that fix F, as claimed. O

Corollary 7.7. Suppose that F is a field, f a nonzero polynomial in Flz]. Then
any splitting field for f over F is normal.

Proof. Let K be a splitting field for f over F, let a be an element of K, and let m
be its minimal polynomial. Let H be a splitting field for m over K, and suppose
that (§ is any root of m in H. Then there is a homomorphism ¢ : F(a) — F(f)
taking « to 8, and since both F(«) and F(() are finite, of degree deg(m) over F,
this homomorphism is an isomorphism. Now K is a splitting field for f over F'(«a),
while K(8) C H is a splitting field for f over F(3).

(Il

Corollary 7.8. Suppose that F is a field, f a nonzero polynomial in Flx]. Then
any two splitting fields for f over F are isomorphic.

Proof. Suppose that E/F and K/F are both splitting fields for f over F. Let S
be the set of roots of f in E, and apply the theorem with this S. ([l

Corollary 7.9. Suppose that K/F is the splitting field of a separable polynomial
f in Flz]. Then K/F is Galois.

Proof. By the previous theorem, applied with £ = K and S the set of roots of f
in K, there are exactly [K : F| automorphisms of K fixing F'. O

8. LINEAR INDEPENDENCE OF CHARACTERS

Theorem 8.1. Let E and K be fields. Then any set S of field homomorphisms
s: E — K is linearly independent over K. More precisely, suppose that there exist
elements As of K for each s in S such that all but finitely many of the As are zero

and
Z Ass(z) =0

for allx in E. Then Ay =0 for all s in S.

Note that the set of all functions from E to K is naturally a vector space over K,
with addition and scalar multiplication defined pointwise. Linear independence in
the above sense is the usual notion of linear independence in this vector space
over K.

Proof. Suppose, for a contradiction, that the elements s are not linearly indepen-
dent. Then there is a relation

(1) Z)\Ss(x) =0 forallzin F
ses

for some coefficients A; in K, not all zero. Choose such a relation with the minimal
number of nonzero coefficients A;. Substituting 1 for z in and using s(1) =1
gives Y . cgAs = 0, so there must be at least two elements of S, ¢ and u say, for
which the corresponding coefficients A; and A are nonzero. Since ¢t and wu are
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distinct, there is an element y of E such that t(y) # u(y). Substituting yx for z in
and using s(yz) = s(y)s(z) gives

(2) Z Ass(y)s(x) =0 for all z in E.
ses
Taking ¢(y) times minus gives
(3) Z)\S(t(y) —s(y))s(z) =0 forall zin E.
ses

But As(t(y) — s(y)) is zero whenever Ag is zero, and it’s also zero for s = ¢. Since
it’s nonzero for s = u gives a shorter relation, a contradiction to the original
choice of relation. Hence the elements s are linearly independent. 0

Corollary 8.2. Suppose that E/F and K/F are field extensions, and that [E : F]
is finite. Then there are at most [E : F) distinct field homomorphisms from E to
K that fix F.

Proof. The set of F-linear maps ¢ from E to K is a vector space of dimension

[E : F] over K. By [Theorem 8.1} the set of maps from F to K that fix F is
linearly independent in this vector space, and hence there are at most [E : F] such

maps. (I

Corollary 8.3. For any finite extension K/F, | Awt(K/F)| < [K : F].
Proof. Apply with F = K. O

Corollary 8.4. If K/F is Galois then Aut(K/F) is a finite subgroup of Aut(K)
and KAWE/F) — B,

Proof. Let E = KA(K/F)  Then

[K: F]=|Aut(K/F)| by [definition of Galois]
= |Aut(K/E)| since every element of Aut(K/F) fixes E
<l E by

]
FYEF] by the [Tower Taw
<[K:F|

Hence all inequalities are equalities and [E : F] =1, s0 E = F. O

Proposition 8.5. Let K/F be a Galois extension. Then for any subfield E of K,
K/E is a Galois extension. Furthermore, E/F is Galois if and only if o(E) C E for
all o in Aut(K/F), and in this case Aut(K/E) is a normal subgroup of Aut(K/F)
and Aut(E/F) is isomorphic to the quotient group Aut(K/F)/ Aut(K/E).

Proof. Let G = Aut(K/F), and let X be the set of field homomorphisms from F
to K that fix F. Let ¢ be the element of X given by the inclusion map F — K.
Define an action of G on X by composition of functions: g-s = gos for g in G
and s in X. The stabilizer of 7 is exactly Aut(K/E). Let orbg (i) be the orbit of i



12 MARK DICKINSON

under the action of G.

[K : F] = |G| by definition of Galois
= | Aut(K/E)|| orbg(i)| by the orbit-stabilizer formula
<|Aut(K/E)||X] since orbg(7) is a subset of X
<[K:E|[E:F] by [Corollary 8.3] and [Corollary 8.2
~ K] by the

Hence all inequalities are equalities. In particular, | Aut(K/E)| = [K : E] and
hence K/FE is Galois. Furthermore, there must be exactly [E : F] elements of X.

The function Aut(E/F) — X given by h +— ioh is easily seen to be injective. If
E/F is Galois then Aut(E/F) and X both have exactly [E : F| elements, and hence
this map is also surjective. It follows that for any s in Aut(K/F), the restriction
of s to E has the form i o h for some h in Aut(E/F), and hence s(E) = i(h(F)) =
i(E)=E.

Conversely, suppose that s(E) = E for all s in Aut(K/F). Then restriction
gives a group homomorphism Aut(K/F) — Aut(E/F), whose kernel is precisely
Aut(K/FE). By the first isomorphism theorem for groups, the quotient group
Aut(K/F)/ Aut(K/FE) is isomorphic to a subgroup of Aut(E/F'). But

| Aut(K/F)/ Aut(K/E)| = | Aut(K/F)|/| Aut(K/E)| by Lagrange’s Theorem

=[K: F|/[K : E]

=B F] by the
Since | Aut(E/F)| < [E : F] by|Corollary 8.3} it follows that | Aut(E/F)| = [E : F],
E/F is Galois, and Aut(E/F) is isomorphic to Aut(K/F)/ Aut(E/F). ]

Theorem 8.6. For a finite extension K/F, the following conditions are equivalent.
(1) K/F is Galois.
(2) KAut(K/F) — F.

(3) K/F is normal and separable.

(4) K is a splitting field for a separable polynomial f in F[z].

Proof. states that (4) implies (1), while gives us (1)
implies (2). We now show that (2) implies (3). Assume that KAWE/F) =
and let a be an element of K. Consider the action of Aut(K/F) on K given by
g-x = g(z), and let X be the orbit of o under this action. Now define a polynomial
f in K[z]| by
F=1le@-».
peEX

Any element g of the group Aut(K/F) permutes the elements of X, hence if g(f)
denotes the result of applying g to the coefficients of f, then

9 =] @-9®)=r
peX
So the coefficients of f lie in the fixed field of Aut(K/F); by assumption this fixed
field is F'. Hence f is an element of F[x]. Now f is a monic polynomial in F[x]
such that f(«) = 0, f splits completely in K[x] and all roots of f in K are distinct.
Since we can find such an f for any «, it follows that K/F is both separable and
normal.
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Finally, we show that (3) implies (4). Suppose that K/F is normal and separable.
Let B be a basis for K as a vector space over F. Then for each b in B, the minimal
polynomial my, of b in F[x] splits completely in K[z] (since K/F is normal) and has
distinct roots in K (since K/F is separable). Let f be the product of all distinct
polynomials m;, arising this way. Then f splits completely in K[z] and the set of
roots of F' in K contains B, hence generates K over F. So K is a splitting field
for f over F. Finally, f has distinct roots in K: any multiple root would have to be
a root of more than one of the polynomials my, but if m; and m, share a root then
ged(mp, m.) is nontrivial, and hence ged(my, mg) = my = m, by irreducibility of
mp and me. O

9. FIXED FIELDS

Theorem 9.1. Suppose that K is a field and H is a finite subgroup of Aut(K).
Then K/K*H is finite and [K : KH] < |H|.

Proof. Let B be a finite subset of K that’s linearly independent over K. We'll
show that the corresponding maps g — ¢(b) from H to K are linearly independent.
Since the space of maps H — K is a finite-dimensional vector space over K, of
dimension |H], it follows that [K : K] < |H|.

Suppose, for a contradiction, that there is a nontrivial relation

(4) > Xg(b) =0 for all gin H
beB

with not all of the A\, nonzero; say A. # 0 for some ¢ in B. Choose a relation with
the minimal number of nonzero A,. Substituting the identity element of H for g
in gives Y ,cp b = 0, and dividing by . gives Y, 5 Ap/Acb = 0. Since the
elements of B are linearly independent over K it follows that there’s at least one
d in B such that \g/\. is not in K. Choose h such that h(Ag/).) # Ai/Ae. Now
substituting h~'g for g in , and applying h to the result, gives

(5) > h(Xe)g(b) =0 for all g in G.
beB
Now taking h(\.) times and subtracting A\, times gives
(6) D (Msh(Ae) = Ach(Xp))g(b) =0 for all g in G.
beB

The b = ¢ term of this sum vanishes, so this relation has fewer nonzero entries than
the original one. However, the b = d term does not vanish, since A\gh(A.)—Ach(Ag) #
0. So this is a shorter relation, again contradicting the choice of the relation. [

Corollary 9.2. Suppose that K is a field and H is a finite subgroup of Aut(K).
Then H = Aut(K/KH) and K/K¥ is Galois.

Proof. Since H < Aut(K/K™), it’s enough to show that |H| = | Aut(K/K™)|. But

| Aut(K /K| < K s K7 by [CorolTary 833
< |H| by [Theorem 9.1

Hence |H| = | Aut(K/K*), and H = Aut(K/K"). Furthermore, | Aut(K/K)| =
[K : K], so K/K* is a Galois extension. |
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10. THE FUNDAMENTAL THEOREM

Fix a field K, and let G = Aut(K). Let F be the set of subfields of K. Let G
be the set of subgroups of G. Define maps o« : F — G and 5: G — F by

a(E) = Aut(K/E)

and
B(H) = K"

The sets F and G have important additional structure. Both sets are posets, the set
F with respect to the subset relation C, and the set G with respect to the subgroup
relation <. Moreover, both sets are lattices: any pair of fields F; and Fy has a
meet F7 N Fy and a join Fy F5, and similarly any pair of subgroups H; and Hs has
a meet Hy N Hy and a join (Hy, Ho). Finally, both sets enjoy a natural action of
the group G: suppose that ¢ is an element of G. Then for any subfield F of K
o(E) = {o(x) |z € E} is a subfield of E, while for any subgroup H of G, cHo~*
is also a subgroup of G.

Proposition 10.1. The following hold, for any field E in F and any group H in G.
(1) Forany E in F and H in G, H < o(E) if and only if E C B(H).
(2) For any inclusion Ey C Ey of fields in F, a(E2) < a(Ey).
(3) For any inclusion Hy < Hy of groups in G, B(Ha) C B(H1).
(4) H < aB(H), with equality if and only if H = a(E) for some E in F.
(5) E C Ba(E), with equality if and only if E = 8(H) for some H in G.
(6) The maps a and B are G-invariant:

a(oE) = oa(E)o?
and
BloHo™") = o(B(H)).
(7) For any two fields Ey and Es, a(E1E2) = a(F1) Na(FEs).
(8) For any two subgroups Hy and Ha, B((Hy, H2)) = B(H1) N B(Ha).

Proof. The first three properties follow directly from the definitions of a and (.
Substituting £ = S(H) in (1) and observing that S(H) < B(H) is always true, the
first part of (4) follows. Similarly, the first part of (5) follows on substituting H =
a(F) in (1). Applying 5 to both sides of (4) and using (3) gives SaS(H) < B(H),
while substituting £ = 8(H) in (5) gives S(H) < faf(H). Combining these two
inequalities gives B(H) = SafB(H), which proves the second part of (5); the proof
of the second part of (4) is entirely analogous.

For the proof of (6), simply unravelling the definitions shows that ca(E)o~! <
a(cE), and that o0~ 1a(E)o < a(E). Conjugating the latter relation gives a(E) <
oa(E)o~!, and hence the first half of (6). The second half is similar.

To prove (7), let H be an arbitrary subgroup of G. Then by (1), H < a(E1Es)
if and only F1Fs < B(H). But this condition is equivalent to Fy < G(H) and
E> < B(H), hence to the condition that H < «(E;) and H < «(E»), or equivalently
that H < a(E1) Na(E2). So H < a(E1Es) if and only if H < a(E1) N a(E2).
Applying this with H = a(F1Ez) and H = o(Ey) N a(Es) gives (7). The proof
of (8) is analogous. O

Note that the maps a and 3 above are mot necessarily inverse to one another.
But properties (4) and (5) suggest that if we restrict attention to the fields in F
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arising as fixed fields, and the groups in G arising as automorphism groups—that
is, those F in the image of 8 and H in the image of a respectively, then o and
do in fact give a bijection

{E € F|E =p((H) for some H} «—— {H € G| H = a(FE) for some E}
between these two subsets.
Now fix a subfield F' of K. If E is a subfield of K containing F then «(FE)
is contained in a(F) = Aut(K/F), by property (2) above. Conversely, if H is a
subgroup of G contained in Aut(K/F) then 8(H) contains F, by property (1). Thus
we can restrict the correspondence above one further step to give a correspondence
E = 3(H) for some H H = a(FE) for some E
} —Heg

{E Fflrce H < Aut(K/F)

So far in this section, we’ve used very little of the theory from the previous
sections of this document, and none of the major theorems. That’s about to change.
We now assume that K/F is[Galois| so that K/F is finite and | Aut(K/F)| = [K :
F]. We'll use earlier results to simplify the description of the correspondence given
above.

Let E be any subfield of K containing F. Then K/E is Galois by
and hence KAMWK/E) — E by [Corollary 8.4 But this can be rewritten as
Ba(FE) = E, and hence F is in the image of 8.

Let H be any subgroup of Aut(K/F). Then H is finite, so H = Aut(K/KH)
by This says exactly that H = a8(H), hence H is contained in the
image of . Thus the correspondence above becomes a correspondence between all
subfields of K containing F, and all subgroups of Aut(K/F).

Finally, if K/F is Galois then for any subfield F of K containing F, E/F is
Galois if and only if ¢(E) = E for all ¢ in Aut(K/F), by [Proposition 8.5] Since the
correspondence respects G-actions, E/F is Galois if and only if ca(E)o~! = o(E)
for all o in Aut(K/F), which is precisely the condition for «(FE) to be a normal
subgroup of Aut(K/F). We summarize all of the above as follows.

Theorem 10.2 (Fundamental Theorem of Galois Theory). Suppose that K/F is
a Galois extension and let G = Aut(K/F). Let F be the set of fields E such that
K C E CF, and let G be the set of subgroups of G. Then the maps a : F — G
and 3 : G — F defined by a(E) = Aut(K/E) and 3(H) = K give a well-defined
bijective correspondence between F and G. This correspondence enjoys the following
properties:

(1) It’s inclusion reversing: if E1 and Es correspond to Hy and Hy respectively,
then E1 C Ey if and only if Hy < H;.

(2) If E corresponds to H then [K : E] = |H| and [E : F] = |G : H|.

(3) For any E in F, K/E is a Galois extension.

(4) Suppose that E corresponds to H. Then E/F is a Galois extension if and
only if H is normal in G; in this case, the Galois group of E over F is
Aw(E/F) 2 Aut(K/F)/ Aut(K/E).

(5) If By and Ey correspond to Hy and Hy respectively, then E1NEy corresponds
to (Hy, Hs), while the composite field Ey Ey corresponds to Hy N Ha.
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