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Abstract

Causal manipulation theorems prop osed b y Spirtes et

al. (1993) and P earl (1995) in the con text of di-

rected probabilistic graphs, suc h as Ba y esian net w orks,

do not mo del so called rev ersible causal mec hanisms,

i.e., mec hanisms that are capable of w orking in sev eral

directions, dep ending on whic h of their v ariables are

manipulated exogenously . An example in v olving re-

v ersible causal mec hanisms is the p o w er train of a car:

normally the engine mo v es the transmission whic h, in

turn, mo v es the wheels; when the car go es do wn the

hill, ho w ev er, the driv er ma y w an t to use the p o w er

train to slo w do wn the car, i.e., let the wheels mo v e

the transmission, whic h then mo v es the engine.

Rev ersible causal mec hanisms are mo deled quite natu-

rally in the con text of equilibrium structural equation

mo dels. In this pap er, w e in v estigate whether Ba y esian

net w orks are capable of represen ting rev ersible causal

mec hanisms. Building on the result of Druzdzel and Si-

mon (1993), whic h sho ws that conditional probabilit y

tables in Ba y esian net w orks can b e view ed as descrip-

tions of causal mec hanisms, w e study the conditions

under whic h a conditional probabilit y table can repre-

sen t a rev ersible causal mec hanism.

In tro duction

F or o v er a decade, arti�cial in telligence researc hers ha v e

tried to incorp orate a principled accoun t of causal-

it y in to existing formalisms for uncertain reasoning,

for example in the area of planning (Da vidson &

F ehling 1994), inferring causal structure from obser-

v ations (P earl & V erma 1991; Spirtes, Glymour, &

Sc heines 1993), explaining causal assumptions in deci-

sion analytic mo dels (Hec k erman & Shac h ter 1995), ex-

p erimen tal design (P earl 1995), and in mo deling coun-

terfactual reasoning (Balk e & P earl 1995).

An explicit represen tation of causalit y is imp ortan t in

arti�cial in telligence b ecause of sev eral reasons.

1

The

foremost of these is that causal mo dels allo w in telli-

gen t agen ts to predict the e�ects of their actions. A

causal mo del frees the agen t from the need to store a

com binatorially large set of pairs action ) e�e ct . Re-

sult of external manipulation on the mo del v ariables

1

(Druzdzel & Simon 1993) list and discuss sev eral im-

p ortan t reasons for an explicit represen tation of causalit y in

in telligen t systems.

can b e predicted directly from the mo del. In the con-

text of directed graphical probabilistic mo dels, suc h as

Ba y esian net w orks, t w o foremost formalizations of ma-

nipulation are due to Spirtes et al. and P earl. Spirtes et

al. (1993) prop osed a theorem, kno wn as c ausal manip-

ulation the or em , sp ecifying the e�ect of imp osing exter-

nally a v alue on an y no de in a graphical mo del. P earl

(1995), who built his recen t w ork on structural equa-

tion mo dels, has an equiv alen t formalization of manip-

ulation. While these formalizations are v ery useful and

bring m uc h clarit y in to statistics b y making a clear dis-

tinction b et w een observ ation and manipulation, they

stop short of mo deling rev ersible causal mec hanisms.

Both approac hes imply that if the e�ect of an exter-

nal manipulation of a no de n imp oses a deterministic

v alue on it (for the sak e of simplicit y , w e will consider

only suc h in terv en tions in this pap er), the e�ect of this

manipulation on other no des in the net w ork can b e pre-

dicted b y remo ving the arcs from the paren ts of n to n .

This op eration, p opularly kno wn as ar c cutting seman-

tics , is based on the premise that all mec hanisms in

the mo del represen t an asymmetric relationship among

their v ariables. This p oses a limitation on mo deling re-

v ersible causal mec hanisms, i.e., mec hanisms that are

capable of w orking in sev eral directions, dep ending on

whic h of their v ariables are manipulated exogenously .

An example of a rev ersible causal mec hanism is the

p o w er train of a t ypical car: when a car go es up the

hill, the engine mo v es the transmission whic h, in turn,

mo v es the wheels; when the car go es do wn the hill, the

driv er ma y w an t to use the p o w er train to slo w do wn

the car, i.e., let the wheels mo v e the transmission whic h

then mo v es the engine. The in teractions b et w een the

engine and the transmission and b et w een the transmis-

sion and the wheels are indep enden t of ho w the p o w er

train is actually used. Kno wledge of these in teractions

can b e reused whenev er these mec hanisms are parts of

a larger system.

Rev ersible mec hanisms are mo deled quite naturally

in the con text of equilibrium structural equation mo d-

els, as nothing in a structural equation implies asymme-

try among its v ariables. It is the con text of a mo del that

in tro duces asymmetry among v ariables. Druzdzel and

Simon (1993) related the notion of causalit y in directed

probabilistic graphs to structural equations and struc-

tural equation mo dels in econometrics. They sho w ed



that it is p ossible to repro duce the join t probabilit y dis-

tribution mo deled b y a Ba y esian net w ork (P earl 1988)

b y a system of sim ultaneous equations in suc h a w a y

that its indep endence graph coincides with the causal

ordering of the system. They made it quite clear that

conditional probabilit y tables in Ba y esian net w orks can

b e view ed as descriptions of causal mec hanisms and,

thereb y , b e equiv alen t to structural equations. It is nat-

ural to ask the question whether they can, similarly to

structural equation mo dels, represen t rev ersible mec h-

anisms.

In this pap er, w e build on the result of Druzdzel and

Simon (1993), studying the algebraic conditions under

whic h a conditional probabilit y table can represen t a

rev ersible causal mec hanism. W e demonstrate that rep-

resen ting rev ersible causal mec hanisms in Ba y esian net-

w orks is p ossible, although rev ersibilit y implies strong

constrain ts on the conditional probabilit y tables.

W e will use lo w er case letters, suc h as v , to denote

v ariables, and capital letters, suc h as V , to denote a sets

of v ariables. F urthermore, n

v

will denote the n um b er

of v alues of a v ariable v or, more in general, the n um b er

of elemen ts in a �nite set. � ( v ) will denote the set of

paren ts of v in the indep endence graph of a Ba y esian

net w ork B . The v alues of a v ariable will b e called c on-

�gur ations , the set of all con�gurations of a v ariable v

denoted b y C ( v ), while an elemen t of this set will b e

denoted b y c

v

. A con�guration of a set of v ariables is

an assignmen t of a v alue to eac h of them; the set of all

con�gurations of a set of v ariables V will b e written as

C ( V ), one particular con�guration is c

V

. The r estric-

tion c

j V

of a con�guration c to a set of v ariables V is

the part of c that assigns v alues to v ariables in V .

Structural Equation Mo dels

Systems of sim ultaneous structural equations, kno wn as

structur al e quation mo dels (SEMs) are used throughout

science to mo del so-called e quilibrium systems , reason-

ably isolated parts of the real w orld that are kno wn or

assumed to reac h a stable state if outside in
uences on

the system remain in v arian t. Suc h outside in
uences

are called exo genous . Their v alues are determined out-

side the system either b ecause w e are not willing or are

not able to accoun t for their b eha vior. The v alues of

dep enden t v ariables, called also endo genous v ariables,

are determined inside the mo del.

A system of sim ultaneous equations can b e easily

transformed in to another system that has the same set

of solutions, for example b y com bining t w o or more

equations together. In general, there are in�nitely man y

systems that are extensionally equiv alen t (that is, ha v e

the same set of solutions). Ho w ev er, a system of equa-

tions that is a mo del of a system in the real w orld usu-

ally has one form that has more in tuitiv e app eal b ecause

it p ortra ys the causal structure of the real system. In

suc h a mo del, eac h equation represen ts a conceptually

distinct causal mec hanism (Simon 1953). The concept

of a structur al e quation is a seman tic one; it is in general

imp ossible to decide syn tactically whether an equation

is structural or not, though w e can obtain strong clues

from exp erimen tation and, to a lesser exten t, from ob-

serv ation (W old 1954).

A generic form of an equation that w e will use

throughout this pap er is

f ( x

1

; x

2

; : : : ; x

n

; E ) = 0 ; (1)

where f is some algebraic function, its argumen ts x

1

,

x

2

, . . . , x

n

are v arious system v ariables, and E is an

error v ariable. This form is usually called an implicit

function . In order to obtain a v ariable x

i

(1 � x

i

� n )

as a function of the remaining v ariables, w e m ust solv e

the equation (1) for x

i

. W e sa y that the function

x

i

= g ( x

1

; x

2

; : : : ; x

i � 1

; x

i +1

; : : : ; x

n

; E ) (2)

found in this w a y is de�ned implicitly b y (1) and that

the solution of this equation giv es us the function ex-

plicitly . Often, the solution can b e stated explicitly in

terms of elemen tary functions. In other cases, the so-

lution can b e obtained in terms of an in�nite series or

other limiting pro cess; that is, one can appro ximate (2)

as closely as desired.

Example: The follo wing system of equations is our

p erception of the relationship b et w een heart disease ( h ),

blo o d c holesterol lev el ( c ), wine consumption ( w ), a v-

erage age ( a ), and amoun t of fat in the diet ( d ) of a

p opulation.
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The relations among v ariables in a self-con tained

mo del of structural equations are asymmetric. F or ex-

ample, if w e increase w , h will b e a�ected; but mo di-

fying the last equation will lea v e w un touc hed. This is

b ecause he art dise ase ( h ) dep ends (indirectly) on wine

c onsumption ( w ) but not vice v ersa. Examining the

dep endencies captured b y equations, and asymmetries

that they imply for the mo del v ariables, leads to an or-

dering of the v ariables that is represen ted b y the graph

on the righ t hand side. Simon (1953) dev elop ed an algo-

rithm for explicating this ordering, and argued that, if

all equations in the mo del are structural and all exoge-

nous v ariables in the mo del are truly exogenous in the

system, the resulting graph can b e in terpreted causally .

The adv an tage of a structural form is that it supp orts

prediction of the e�ects of c hanges to the system. Suc h

c hanges are mo deled b y replacing or mo difying those

mec hanisms that are a�ected b y the in terv en tion. F or

example, a go v ernmen t campaign to increase wine con-

sumption w ould b e mo deled b y increasing c

0

while in-

v en tion of a new medicine to increase resistance to heart

disease w ould b e mo deled b y mo difying the last equa-

tion. The abilit y of SEMs to predict the e�ect of ma-

nipulation, or, as it is often called, change in structur e ,

has b een kno wn in econometrics since the inception of

the concept of structural equation mo dels. The semi-

nal w ork of Simon explicated this prop ert y and ga v e it



a causal in terpretation. W e will refer to this view of

causalit y as me chanism b ase d .

Causal Rev ersibilit y

The formalizations prop osed b y Spirtes et al. (1993)

and P earl (1995) assume that imp osing a v alue on a

v ariable renders that v ariable indep enden t of its direct

causes. This means that taking action on a v ariable

can nev er b e relev an t to that v ariable's causes. This

ma y seem eviden t in situations where there is a strong

asymmetric relationship b et w een the v ariable and its

causes; for example, w earing a raincoat protect from

getting w et but it do es not mak e the rain go a w a y . But

in man y areas where a cause and e�ect v ariable are

more on a par with eac h other, one cannot b e sure the

cause v ariable will not b e a�ected b y tamp ering with

the (former) e�ect v ariable. F or example, acting on the

wheels of a car do es not normally break their link to

transmission; a mo dern electric train will use its engine

as a generator when braking, thereb y feeding electricit y

bac k to the p o w er lines.

Structural equation mo dels ha v e no di�cult y with

mo deling this t yp e of dep endencies. Replacemen t of

one equation b y another can in general rev erse the di-

rection of causal ordering b et w een v ariables. T o mo del

a decision, or an action, w e add an equation that de-

scrib es the in terv en tion. When the in terv en tion is so

strong that it sets the manipulated v ariable to a sp eci�c

v alue, w e add an exogenous equation, i.e., an equation

that sets a v ariable to a constan t v alue. After adding

this equation, the system is o v erconstrained and needs

to b e relaxed b y remo ving another equation, in general

not the one that determined the v alue of the manipu-

lated v ariable in the original causal graph. Dep ending

on the c hoice of this relaxing equation, the causal or-

dering of the mo di�ed system can b e quite di�eren t; in

particular, the direction of causation b et w een an y pair

of v ariables can b e rev ersed.

Example: Consider a cylinder �lled with ideal gas.

The condition of the gas can b e describ ed b y its tem-

p erature ( t ), pressure ( p ), and v olume ( v ), and the rela-

tionship b et w een these three is giv en b y the p erfect gas

la w pv =t = C , where C is a constan t. Supp ose w e set

the v olume and the temp erature externally . This situ-

ation is captured b y the follo wing system of equations

and its corresp onding causal graph:

(

t = c

0

v = c

1

pv =t = c

3

j

j

j

A
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Causal ordering will rev eal that b oth temp erature

and v olume a�ect pressure. Changing temp erature, for

example, will a�ect pressure but not v olume. Ho w ev er,

if w e c hange the con text in whic h the mec hanism that

ties temp erature, v olume, and pressure is em b edded,

for example b y allo wing the cylinder to expand so that

the pressure will b e equal to the outside pressure, the

resulting system will b e:

(

t = c

0

p = c

2

pv =t = c

3

j

j

j-

�

�

��

t

p

v

In this system, w e ha v e replaced the equation that

�xed the v olume with an equation that �xes the pres-

sure, lea ving the mec hanism that ties them in tact. No w

the new v olume can b e computed b y substituting the

�rst t w o equations in the third and solving for v . The

resulting new causal ordering will sho w that v olume has

b ecome endogenous, b eing a�ected b y temp erature and

pressure. In e�ect, manipulation has led to rev ersal of

the direction of causation. 2

Algebraically necessary condition for causal re-

v ersibilit y is that the resulting mo del is unam biguous

with resp ect to its solutions. This comes do wn to the

existence of explicit functions for the causal ordering

that results from manipulation. The follo wing de�ni-

tions, and esp ecially the de�nition of injectivit y , for-

malize the algebraic conditions that are necessary for a

structural equation to mo del a rev ersible causal mec h-

anism.

De�nition 1 (equation system) A n equation sys-

tem is a set S = f e

1

; : : : ; e

n

g wher e e ach e

1

is a r e-

lation on a set of discr ete �nite variables V ( e

i

) =

f v

1

; : : : ; v

m

g , e

i

� C ( v

1

) � � � � � C ( v

m

) . The union of

al l variables app e aring in S wil l b e denote d by V ( S ) =

S

e

i

2S

V ( e

i

) .

Note that an equation can b e in terpreted simply as the

set of con�gurations that are its solutions. In the sequel,

w e will tak e that p oin t of view.

De�nition 2 (solution) A solution of an e quation

system S is a c on�gur ation c 2 C ( V ( S )) such that for

e ach e quation e 2 S we have that c

j V ( e )

2 e .

De�nition 3 (compatibilit y) Con�gur ations c

1

and

c

2

ar e compatible if they assign the same values to the

variables in their interse ction, that is, if for e ach v 2

V ( c

1

) \ V ( c

2

) , we have c

1 ; jf v g

= c

2 ; jf v g

.

De�nition 4 (substitution) If e is an e quation, sub-

stituting a c on�gur ation c into e me ans r emoving fr om

e c on�gur ations not c omp atible with c and subse quently

r emoving the variables app e aring in c fr om e ach c on�g-

ur ation in e .

Substitution is useful for obtaining solutions of a system

b y recursiv ely substituting con�gurations of v ariables

that precede an equation in causal ordering. Note that

nothing will happ en if c and e do not ha v e a v ariable in

common.

In the sequel, please note that the order in whic h

v ariables are sp eci�ed is not signi�can t and is exploited

for notational con v enience only .

De�nition 5 (injectivit y)

2

L et e b e an e quation on

V ( e ) = f v

1

; : : : ; v

n

g . e is said to b e injectiv e with r e-

sp e ct to v

1

if for e ach c on�gur ation c 2 C ( v

2

; : : : ; v

n

) ,

2

This de�nition di�ers from the traditional notion of in-



ther e is exactly one c on�gur ation on V ( e ) c omp atible

with c .

Injectivit y with resp ect to a v ariable x means that giv en

an equation and v alues for all v ariables but x , w e can

�nd a unique v alue for x to satisfy the equation.

Finally t w o last elemen ts useful in formalizing the

algebraic conditions for causal rev ersibilit y .

De�nition 6 (partial solution set) The partial so-

lution set of a c omplete subset C of a self-c ontaine d

system of e quations S is its solution set if it is a r o ot in

c ausal or dering; otherwise, it is the set of c on�gur ations

of C ( V ( C )) that simultane ously satisfy the e quations in

C and the p artial solution sets of C 's p ar ents in c ausal

or dering over S .

The follo wing de�nition formalizes the idea that in or-

der for a system to admit a causal in terpretation, it

m ust ha v e a unique solution for eac h c hoice of its ex-

ogenous v ariables.

De�nition 7 (causal unam biguit y)

A system is causally unam biguous if the p artial solu-

tion sets of its c omplete subsets ar e singleton for e ach

c on�gur ation of its exo genous variables.

When reordering a manipulated system of equations, in

general mec hanisms will b e rev ersed. This means the

con�guration of exogenous and endogenous v ariables

with resp ect to an equation will c hange. The follo w-

ing theorem states the implications that De�nition 7

has on rev ersibilit y; that is, what prop ert y equations

ha v e to satisfy in order for reordering to render a sys-

tem causally unam biguous.

Theorem 1 (rev ersibilit y) L et S b e an unambiguous

system of e quations and S

0

b e a system of e quations that

is the r esult of some intervention on S . S

0

is c ausal ly

unambiguous if e ach e quation e 2 S

0

is inje ctive with

r esp e ct to its endo genous variable.

Pro of: F or ro ot no des, the theorem follo ws trivially

since injectivit y of an exogenous equation means it has

a unique solution so it has a singleton partial solution.

Assume an equation e on V ( e ) = v

1

; : : : ; v

n

is in-

jectiv e with resp ect to its endogenous v ariable v

1

, and

assume its paren t partial solution sets are singleton. It

follo ws that there is only one con�guration c

2 ;::: ;n

2

C ( v

2

; : : : ; v

n

) compatible with the paren t partial solu-

tions.

According to De�nition 5, there is exactly one con-

�guration c

1 ;:::;n

compatible with c

2 ;:::;n

and th us the

partial solution is unique. The theorem no w follo ws b y

induction. 2

Theorem 1 is merely a reform ulation of the constrain t

put on reordering in the previous section. It sa ys that,

in order for reordering after an in terv en tion to yield an

unam biguous system, equations need to b e expressed

as an explicit function from the exogenous v ariables to

the endogenous v ariable.

jectivit y (e.g., (Rudean u 1974)) in that it implies that e

represen ts a function that is complete on its domain.

Ba y esian Net w orks

Informally , the graph of a Ba y esian net w ork (P earl

1988) enco des qualitativ e kno wledge ab out relev ance re-

lationships in a domain. Its no des represen t discrete, �-

nite sto c hastic v ariables and con tain n umerical informa-

tion ab out the probabilities of their v alues conditional

on the v alues of their paren ts in the graph. By exploit-

ing the graph as a means of sp ecifying the conditional

indep endencies that m ust hold b et w een sets of no des,

a Ba y esian net w ork can b e used to economically rep-

resen t a join t probabilit y distribution on the no des of

the graph. E�cien t algorithms exist for absorbing ev-

idence ab out the v alues of no des in to the net w ork and

up dating marginal probabilities accordingly . Ba y esian

net w orks can th us b e used for probabilistic inference.

In what follo ws, w e will consider Ba y esian net w orks

with discrete v ariables that can tak e on an y �nite n um-

b er of v alues.

De�nition 8 (Ba y esian net w ork) A Bayesian net-

work B is a tuple ( G; F ) wher e

1. G = ( V ( G ) ; A ( G )) is an acyclic dir e cte d gr aph with

vertic es V ( G ) = f v

1

; : : : ; v

n

g ; n � 1 , and ar cs A ( G ) ,

and

2. F = f f

v

j v 2 V ( G ) g is a set of r e al-value d nonne ga-

tive functions f

v

: C ( v ) � C ( � ( v )) ! [0 ; 1] , c al le d con-

ditional probabilit y assessmen t functions , such that

for e ach c on�gur ation c

� ( v )

of � ( v ) , we have

X

c

v

2 C ( v )

f

v

( c

v

; c

� ( v )

) = 1 (3)

A join t probabilit y distribution can also b e represen ted

b y a system of sim ultaneous equations. Druzdzel and

Simon (1993) w ere able to repro duce the join t distri-

bution o v er a Ba y esian net w ork b y represen ting eac h

conditional probabilit y table b y an equation with error

terms, and ha v e subsequen tly pro v en that causal order-

ing of this system yields a graph that is isomorphic to

the indep endence graph of the Ba y esian net w ork. In ter-

preting the indep endence graph as a causal mo del then

amoun ts to assuming that the corresp onding equations

are structural.

The represen tation of probabilit y tables as equations

used in (Druzdzel & Simon 1993) w as for the sak e of

simplicit y of exp osition limited to Bo olean v ariables.

T o allo w for a con v enien t and compact represen tation

of conditional probabilities of m ultiple-v alued v ariables,

w e in tro duce the concept of a probabilit y matrix.

De�nition 9 (probabilit y matrix) L et B b e a

Bayesian network ( G; F ) on variables V = v

1

; : : : ; v

n

,

and let v 2 V . The probabilit y matrix M

v

of v is a

two-dimensional matrix, wher e c olumns ar e indexe d by

the c on�gur ations C ( � ( v )) of p ar ents of v while the r ows

ar e indexe d by C ( V ) , the values of v .

Each c el l of M

v

is assigne d an interval of [0 ; 1] in

such a way that

1. al l intervals in a c olumn of M

v

ar e mutual ly exclu-

sive,



v

1

true false

v

2

true false true false

v

3

true 0.9 0.8 0.7 0.1

false 0.1 0.2 0.3 0.9

v

1

true false

v

2

true false true false

v

3

true [0 ; 0 : 9] [0 ; 0 : 8] [0 ; 0 : 7] [0 ; 0 : 1]

false (0 : 9 ; 1] (0 : 8 ; 1] (0 : 7 ; 1] (0 : 1 ; 1]

Figure 1: An example of a probabilit y table Pr( v

3

j v

1

v

2

)

(upp er table) and its corresp onding probabilit y matrix

(lo w er table).

2. the union of al l intervals in a c olumn is e qual to [0 ; 1] ,

and

3. the length of e ach interval is e qual to the c orr esp ond-

ing c onditional pr ob ability.

In other w ords, the in terv als in a column of the matrix

partition the in terv al [0 :: 1] in suc h a w a y that w e ha v e,

for eac h con�guration c

v

2 C ( v ) and c

� ( v )

2 C ( � ( v ))

Pr( � 2 M

v

( c

v

; c

� ( v )

)) = f

v

( c

v

; c

� ( v )

) : (4)

Example: The only di�erence b et w een a probabil-

it y table and a probabilit y matrix is the fact that in

the latter, probabilities ha v e b een replaced b y subsets

of the in terv als [0 ; 1]. Figure 1 sho ws an example of a

probabilit y table and its corresp onding probabilit y ma-

trix. The cells of the latter are assigned in terv als in one

p ossible w a y to satisfy the criteria of De�nition 9. Note

that an in terv al in a column need not b e con tiguous

and that neither the upp er cell need to include 0 nor

the lo w est cell need to include 1. 2

The follo wing theorem, a sigh tly di�eren t framing of

a theorem prop osed b y Druzdzel and Simon (1993), de-

scrib es ho w the join t probabilit y distribution de�ned b y

a Ba y esian net w ork can b e represen ted b y a system of

sim ultaneous equations with laten t v ariables.

Theorem 2 (represen tabilit y) L et B = ( G; F ) b e a

Bayesian network on no des V = v

1

; : : : ; v

n

as in De�ni-

tion 8, that de�nes a pr ob ability distribution Pr

B

. Ther e

exists a system of simultane ous e quations S on V that

de�nes a distribution Pr

S

such that Pr

B

( c ) = Pr

S

( c )

for al l c 2 C ( V ) .

Pro of: (Sk etc h) The pro of is b y demonstrating a

pro cedure for constructing S . In a Ba y esian net w ork,

the probabilit y of a con�guration c 2 C ( V ) is simply

the pro duct of the probabilities for eac h no de v of its

con�guration c

v

conditional on the con�guration of its

paren ts, c

� ( v )

. Therefore, it su�ces to replicate the

conditional probabilities for eac h no de giv en its paren ts.

W e will construct one equation for eac h of the v ari-

ables. Eac h equation will include an indep enden t, con-

tin uous laten t v ariable �

v

, uniformly distributed o v er

the in terv al [0 ; 1]. Note that 8 x (0 < x � 1) Pr( �

v

�

x ) = x .

W e �rst consider a no de v without predecessors. Its

probabilit y table con tains prior probabilities o v er its

con�gurations C ( v ). The follo wing deterministic func-

tion repro duces these priors:

f

v

( �

v

) = c if �

v

2 M

v

( c ) for all c 2 C ( v ) (5)

A no de v that do es ha v e predecessors is treated anal-

ogously , except that the function that determines the

v alue of v tak es as argumen ts not just the laten t v ari-

able but v 's paren ts � ( v ) as w ell:

f

v

( c

� ( v )

; �

v

) = c

v

if �

v

2 M

v

( c

v

; c

� ( v )

) (6)

for all c

� ( v )

2 C ( � ( v )) and c

v

2 C ( v )

2

F rom the w a y the system of sim ultaneous equations

corresp onding to a Ba y esian net w ork is constructed,

it follo ws immediately that the causal ordering of the

system is equiv alen t to the indep endence graph of the

Ba y esian net w ork. This allo ws us to use the causalit y

framew ork dev elop ed for structural equation mo dels in

in terpreting the structure of Ba y esian net w orks.

Restructuring Ba y esian Net w orks

Mec hanism-based approac h in the con text of structural

equation mo dels supp orts true structural c hanges that

can impact the system in suc h a w a y that the causal

graph c hanges completely . Kno wledge enco ded in terms

of conditional probabilit y distributions in a directed

probabilistic graph, suc h as a Ba y esian net w ork, on the

other hand, seems to b e v alid only in the particular con-

text, in one mo de of op eration (e.g., going up the hill

or going do wn the hill in the car p o w er train example)

in whic h the system is studied.

A necessary condition for supp orting true struc-

tural c hanges in the framew ork of directed probabilis-

tic graphs, suc h as Ba y esian net w orks, is their abilit y

to represen t rev ersible causal mec hanisms. In order to

b e able to represen t rev ersible mec hanisms, the condi-

tional probabilit y tables ha v e to ful�ll algebraic condi-

tions analogue to injectivit y in equation-based systems.

W e will illustrate this p oin t and the p ossibilit y of

restructuring a probabilistic graph with an example.

Consider the follo wing system of equations:

�

x = x

0

f ( x; y ; E ) = 0

(7)

F rom the system (7), w e can easily deriv e the condi-

tional probabilit y Pr( y j x ). T o accomplish this, w e need

to replace x in f b y x

0

and deriv e the explicit function

for y in terms of E (note that E , a random v ariable, is

expressed in terms of a probabilit y distribution).

Let us no w imagine that w e w an t to mo del the ef-

fect of acting on y rather than on x without disturbing

the mec hanism that ties x and y . The new system of

structural equations will tak e the follo wing form:

�

y = y

0

f ( x; y ; E ) = 0

(8)



Please, note that only the �rst equation in (7) had to

b e replaced, as the second equation describ es a mec h-

anism that is una�ected b y our in terv en tion. If the

function f is injectiv e with resp ect to x , w e can deriv e

the conditional probabilit y Pr( x j y ) from it. T o accom-

plish this, w e need to replace y in f b y y

0

and deriv e the

explicit function for x in terms of E . W e assume that

the in terv en tion has left the probabilit y distribution of

E una�ected and, therefore, kno wn as a part of kno wl-

edge ab out the mec hanism. This assumption is implied

b y the assumption that f describ ed a mec hanism and E

w as exogenous and indep enden t of an y other exogenous

v ariable. Note that all that w as needed to deriv e the

conditional probabilit y distributions Pr( y j x ) or Pr( x j y )

w as the functional form f of the equation binding x ,

y and E and the probabilit y distribution of the error

v ariable E .

The causal ordering applied to (7) and (8) yields the

graphs of Figure 2 (a) and (b) resp ectiv ely . Imagine a

j

j

j

?

�

�	

y

x

E

j

j

j

?

�

�	

x

y

E

(a) (b)

Figure 2: Causal ordering for the system (7) (a) and

the system (8) (b).

transition from the net w ork (a) to the net w ork (b) in

Figure 2 that is similar to the transition b et w een the

systems (7) and (8). As prop osed in (Druzdzel & Si-

mon 1993), a no de in a causal Ba y esian net w ork and

its direct predecessors can b e seen as a mec hanism and

the conditional probabilit y distribution of this no de on

its direct predecessors can b e seen as a description of

the mec hanism when the functional form is unkno wn.

F rom this p oin t of view, construction of the net w ork (b)

giv en that w e ha v e a fully quan ti�ed net w ork (a) and

the fact that the mec hanism binding x , y , and E is re-

v ersible, resem bles a c hange in structure in a structural

equation mo del. Under what algebraic constrain ts on

the conditional probabilit y table Pr( y j x ) w ould w e b e

able to use Pr( y j x ) to deriv e the conditional probabilit y

distribution Pr( x j y ) of the new graph?

Rev ersible Mec hanisms in Ba y esian

Net w orks

W e will consider a conditional probabilit y table with

asso ciated equation and in v estigate what it means to

c ho ose a di�eren t endogenous v ariable. The lo w er table

in Figure 1 giv es an example in the form of a probabilit y

matrix as de�ned in De�nition 9.

Recall from the pro of of Theorem 2 that this table

can b e translated in to the follo wing equation

f

v

3

( c

f v

1

;v

2

g

; �

v

3

) = c

v

3

if �

v

3

2 M

v

3

( c

v

3

; c

f v

1

;v

2

g

)

v

2

true false ma yb e

true [0 ; 0 : 3] (0 : 4 ; 0 : 6] (0 : 3 ; 0 : 4] [ (0 : 6 ; 1]

v

1

false (0 : 3 ; 0 : 5] (0 : 6 ; 1] [0 ; 0 : 3] [ (0 : 5 ; 0 : 6]

ma yb e (0 : 5 ; 1] [0 ; 0 : 4] (0 : 4 ; 0 : 5]

T able 1: A probabilit y matrix that is sound with resp ect

to b oth v ariables v

1

and v

2

app earing in it.

v

2

true false ma yb e

true 0.3 0.2 0.5

v

1

false 0.2 0.4 0.4

ma yb e 0.5 0.4 0.1

T able 2: A \doubly normalized" probabilit y table asso-

ciated with T able 1.

where �

v

3

is the error term asso ciated with v

3

. No w

if, b y some in terv en tion, v

1

b ecomes the endogenous

v ariable and v

3

exogenous, then w e will ha v e to compute

a new probabilit y table in whic h v

1

is the dep enden t

v ariable. This corresp onds to calculating the explicit

form f

0

v

3

of f

v

3

for v

1

. Unfortunately , this explicit form

do es not exist b ecause f

v

3

is not injectiv e with resp ect

to v

1

whic h is sho wn for example b y existence of the

tuples f

v

3

( v

1

= true ; v

2

= true ; �

v

3

= 0 : 5) = < v

3

=

true > and f

v

3

( v

1

= false ; v

2

= true ; �

v

3

= 0 : 5) = <

v

3

= true > .

The follo wing de�nition pro vides us with a concept

that will express the su�cien t and necessary condition

for rev ersibilit y of a causal mec hanism captured b y a

Ba y esian net w ork.

De�nition 10 (soundness) L et e b e an e quation on

v

1

; : : : ; v

n

in an e quation system S asso ciate d with a

Bayesian network B wher e v

1

is the endo genous vari-

able. The pr ob ability matrix M

v

1

is sound with r esp e ct

to v

2

if after tr ansp osing the table with r esp e ct to v

2

it

is stil l a pr ob ability matrix.

Note that a probabilit y matrix corresp onding to a

conditional probabilit y table Pr( x j � ( x )) is b y de�nition

sound with resp ect to x . T able 1 sho ws an example of

a probabilit y matrix that is sound with resp ect to b oth

v ariables app earing in it. Consistency of a probabilit y

matrix with resp ect to more than one v ariable seems

lik e a stern condition b ecause in terv als cannot o v erlap

with in terv als in the same column as w ell as in the same

ro w; ho w ev er, a probabilit y table in whic h the ro ws of

an exogenous v ariable v

i

add up to 1 can alw a ys b e

translated in to a matrix consisten t with resp ect to v

i

.

T able 2 sho ws suc h a \doubly normalized" probabilit y

table that can b e translated in to the probabilit y matrix

sho wn in T able 1.

The follo wing theorem pro v es that soundness is a nec-

essary and su�cien t condition for rev ersibilit y .

Theorem 3 (rev ersibilit y in Ba y esian net w orks)

L et B b e a Bayesian network and S its c orr esp ond-

ing e quation system. A n e quation e 2 S on variables



V ( e ) = f v

1

; : : : ; v

n

g is inje ctive with r esp e ct to a vari-

able v

1

if and only if e 's pr ob ability matrix M

e

is sound

with r esp e ct to v

1

.

Pro of: ) Assume e is injectiv e with resp ect to v

1

.

No w supp ose M

e

is not sound with resp ect to v

1

. This

means that if w e transp ose M

e

with resp ect to v

1

, there

m ust b e an � 2 [0 :: 1] suc h that either (1) a column exists

in whic h � is an elemen t of t w o cells, or (2) a column

exists in whic h � is not an elemen t of an y cell.

In case of (1), w e can conclude from the w a y equa-

tions are created in Theorem 2 that there m ust b e a con-

�guration c 2 C ( f v

2

; : : : ; v

n

g ) and con�gurations c

v

1

; 1

and c

v

1

; 2

in C ( f v

1

g ) suc h that b oth < c

v

1

; 1

; c; � > 2 e

and < c

v

1

; 2

; c; � > 2 e whic h mak es e non-injectiv e and

th us w e ha v e a con tradiction.

In case of (2), there m ust b e a con�guration c 2

C ( f v

1

; : : : ; v

n

g ) for whic h there is no tuple < c; � > 2 e

again con tradicting injectivit y .

( Assume M

e

is sound with resp ect to v

1

. No w if

w e transp ose M

e

with resp ect to v

1

, again from the

w a y equations are constructed, there m ust b e exactly

one tuple for eac h com bination of a con�guration for

the remaining v ariables and an � 2 [0 :: 1]. 2

Soundness is a condition equiv alen t to injectivit y .

When a conditional probabilit y table is \doubly nor-

malized," it can b e restructured. Supp ose B is a

Ba y esian net w ork with no de v on whic h w e wish to

imp ose an in terv en tion. W e can do this b y translat-

ing B to a system S and adding an equation �xing v

to one of its v alues, subsequen tly relaxing S b y c ho os-

ing a suitable equation on a path from v to one of its

ro ots in causal ordering o v er S , to yield S

0

. Suitabil-

it y of this equation dep ends on seman tic rev ersibilit y

of those equations that are rev ersed when restructuring

S

0

. In order to b e able to translate S

0

bac k to a manip-

ulated net w ork B

0

, the probabilit y tables of B should

b e sound with resp ect to their endogenous v ariables in

B

0

. The probabilit y tables of B

0

can then b e calculated

b y transp osing those of B .

Conclusion

Causal manipulation theorems prop osed b y Spirtes et

al. (1993) and P earl (1995) in the con text of directed

probabilistic graphs, suc h as Ba y esian net w orks, do

not mo del so called rev ersible causal mec hanisms, i.e.,

mec hanisms that are capable of w orking in sev eral direc-

tions, dep ending on whic h of their v ariables are manip-

ulated exogenously . Rev ersible mec hanisms are mo d-

eled quite naturally in the con text of equilibrium struc-

tural equation mo dels. In this pap er, w e addressed the

question whether Ba y esian net w orks are capable of rep-

resen ting rev ersible causal mec hanisms. Building on

the result of Druzdzel and Simon (1993), whic h sho ws

that conditional probabilit y tables in Ba y esian net w orks

can b e view ed as descriptions of causal mec hanisms, w e

demonstrated that represen ting rev ersible causal mec h-

anisms in Ba y esian net w orks is p ossible, although this

implies strong constrain ts on the conditional probabil-

it y tables.
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