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Abstract

Eac h of the v ariables in a large probabilistic mo del

ma y b e relev an t for some t yp es of reasoning within

this mo del, but rarely will all of them participate

in reasoning related to a single query . W e review a

v ariet y of sc hemes to iden tify v ariables that giv en

certain observ ations are relev an t to a query of in-

terest.

In tro duction

Wer gar zu viel b e denkt wir d wenig leisten.

(He who considers to o m uc h will p erform little.)

Johann Christoph F riedric h v on Sc hiller

\Wilhelm T ell," Act iii, Sc. 1

As outlined carefully b y Leonard Sa v age

[

1972

]

in his

in
uen tial b o ok on the foundations of Ba y esian proba-

bilit y theory and decision theory , probabilistic reason-

ing is alw a ys con�ned to a w ell de�ned set of uncer-

tain v ariables, whic h Sa v age refers to as \small w orld."

Whether the \small w orld" has b een built b y a h uman

exp ert or b y a computer, it ma y include h undreds or

thousands of v ariables, a size that is computationally

prohibitiv e giv en the complexit y of probabilistic infer-

ence

[

Co op er, 1990

]

. It is also prohibitiv e for a h uman

user w orking with the system and seeking insigh t in to

a decision problem. Eac h of the v ariables of a proba-

bilistic mo del ma y b e relev an t for some t yp es of rea-

soning within this domain, but rarely will all of them

participate in reasoning related to a single query . It

is imp ortan t, therefore, to reduce the \small w orld"

in to something that w e migh t b e tempted to call a

\bac ky ard," including only those elemen ts of the do-

main mo del that are directly relev an t to a particular

problem. Giv en, for example, a mo del including all

p ossible diseases and �ndings in the domain of in ter-

nal medicine, after observing some symptoms w e migh t

w an t to limit our reasoning to that part of the mo del

that is relev an t to liv er disorders.

W e b eliev e that the concept of relev ance is relativ e

to the mo del, the fo cus of reasoning, and to the con text

in whic h it tak es place. The fo cus is normally a set of

v ariables of in terest T and the con text is pro vided b y

observing the v alues of some subset E of other v ariables

in the mo del. W e de�ne relev ance as follo ws:

De�nition 1 (relev ance) L et V b e the set of vari-

ables include d in a mo del. V ariable v 2 V is relev an t

to a set T � V of variables given a set of observe d vari-

ables E � V if v is ne e de d to r e ason ab out the imp act

of observing E on T .

The imprecision of the w ord \needed," of whic h w e are

fully a w are, re
ects the sensitivit y of the concept of

relev ance to the purp ose of reasoning. If the purp ose

is b elief up dating, for example, w e need the conditional

probabilit y distribution of v .

In this pap er, w e presen t a collection of metho ds of

reducing a probabilistic mo del to a relev an t submo del.

The p ersp ectiv e from whic h eac h of us indep enden tly

fo cused on these metho ds is our previous w ork on

explanation in probabilistic systems

[

Druzdzel, 1993,

Suermondt, 1992

]

. As w e share the b elief that expla-

nation should simplify , but nev er lie, this is in our ap-

proac h closely related to computation (w e will o cca-

sionally use the term r e asoning referring to b oth com-

putation and explanation). Eac h of the metho ds pre-

sen ted is fairly w ell understo o d theoretically and has

b een practically implemen ted. They can, and usually

do, lead to drastic reductions in the mo del. These

metho ds are not m utually exclusiv e | they can and

should b e used together. It is practically imp ossible

to giv e a solid theoretical presen tation within the lim-

ited scop e of this pap er. W e will concen trate on the


a v or of these metho ds, referring the reader, wherev er

appropriate, to the sources con taining their theoretical

deriv ations, whether b y us or others. W e will presen t

these metho ds in the con text of graphical probabilis-

tic mo dels, suc h as Ba y esian b elief net w orks (BBNs)

[

P earl, 1988

]

. This �nds its re
ection in the fact that

w e often refer to v ariables as no des and vice v ersa. W e

will illustrate eac h of them on the example BBN of

Figure 1, describing kno wledge ab out p ossible causes

of sneezing of an individual visiting an unkno wn house.

The individual su�ers from frequen t colds and is aller-

gic to cats, b oth of whic h are p ossible causes of sneez-

ing. The net w ork mo dels also other relev an t facts, suc h
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Figure 1: An example Ba y esian b elief net w ork

[

Hen-

rion and Druzdzel, 1991

]

as prin ts of pa w marks on the 
o or that can pro vide

evidence for presence of a cat. F or simplicit y , the ex-

ample assumes that all v ariables are binary , that is,

ha v e t w o outcomes (e.g., c at{pr esent and c at{absent ).

Propagation of Determini stic Relations

One p ossible w a y of reducing the size of the mo del is

instan tiating evidence v ariables to their observ ed v al-

ues. Eac h instan tiation reduces the n um b er of uncer-

tain v ariables and, hence, reduces the computational

complexit y of inference. F urther, instan tiations can

lead to additional reductions, as they ma y screen o�

other v ariables b y making them conditionally indep en-

den t of the v ariables of in terest (to b e addressed in the

next section).

Observ ed evidence no des ma y , under some circum-

stances, logically imply the v alues of other v ariables in

the mo del. If there is no uncertain t y in dep enden-

cies among random v ariables, probabilistic relations

b ecome deterministic (or logical). Deterministic rela-

tions among outcomes of v ariables in BBNs can b e rep-

resen ted b y patterns of 0's and 1's in the conditional

probabilit y matrices. These patterns are capable of

expressing an y logical function b et w een a v ariable and

its direct predecessors. If w e giv e a strict causal in-

terpretation to the net w ork's arcs, deterministic rela-

tions can b e view ed as a re
ections of causal su�ciency

and causal necessit y conditions. The observ ed evidence

ma y b e causally su�cien t to imply the v alues of other,

as y et unobserv ed no des (e.g., if a patien t is male, it

implies that he is not pregnan t). Similarly , observ ed

evidence ma y imply other no des that are causally nec-

essary for that evidence to o ccur (e.g., hearing b arking

migh t in our simple mo del imply presence of a do g ).

It is easy to capture these inferences formally and

express them in terms of conditional probabilities sp ec-

i�ed in the mo del. Let a and x b e direct predecessors

of b . Observ ation a = a

0

implies b = b

0

if and only if

8

i

P r ( b = b

0

j a = a

0

; x = x

i

) = 1 :

Similarl y , observ ation b = b

0

implies a = a

0

if and only

if

P r ( b = b

0

j a = a

0

; x = x

j

) > 0

^

8

i;j : i 6=0

P r ( b = b

0

j a = a

i

; x = x

j

) = 0 :

While it ma y theoretically happ en that observ ation of

a v alue of a no de implies v alues of no des that are not

directly adjacen t to the evidence, it seems that most

of the time suc h inference concerns directly neigh b or-

ing no des and the ab o v e t w o simple rules, can capture

man y practical cases of propagation of deterministic

relations.

Structural Relev ance

Reasoning within a mo del usually concen trates on

some v ariables of in terest, whic h w e will subsequen tly

call tar get no des . F or example, w e migh t b e in terested

in the probabilit y of c old giv en that w e ha v e observ ed

sne ezing and c at .

P arts of the mo del that are probabilistically inde-

p enden t from the target no des T giv en the observ ed

evidence are clearly not relev an t to reasoning ab out

T . Geiger et al.

[

1990

]

sho w a computationally e�cien t

w a y of iden tifying no des that are probabilistically in-

dep enden t from a set of no des of in terest giv en a set

of observ ations b y exploring indep endences implied b y

the structural prop erties of the net w ork. They base

their algorithm on a condition kno wn as d -separation,

binding probabilistic indep endence to the structure of

the graph.

Reduction ac hiev ed b y means of d -separation can b e

signi�can t. F or example, if the presence of sne ezing

is unkno wn, then the presence of al ler gy , c at , p aw{

marks , do g , and b arking are irrelev an t to the b elief in

c old , giv en the indep endence assumptions expressed b y

the diagram. If c at is observ ed directly , then the pres-

ence of p aw{marks , do g or b arking , are irrelev an t to the

lik eliho o d of al ler gy .

d -Separation is also implicitly built in to an e�-

cien t algorithm for reasoning in Qualitativ e Proba-

bilistic Net w orks (QPNs)

[

W ellman, 1990

]

prop osed b y

Druzdzel and Henrion

[

1993a

]

. One p ossible use of the

algorithm is computing the qualitativ e impact of v ari-

ables of in terest T on all v ariables in the net w ork giv en

evidence v ariables E . The algorithm marks in this case

eac h no de n in the graph with the sign of in
uence of

T on n . All no des that are mark ed

0

0 in propagation

of a non-zero sign from T are structurally not relev an t

for T giv en E .

Computational Relev ance

No w, let us in tro duce the notion of c omputational r el-

evanc e , that will pro vide an ev en stronger criterion

for fo cusing reasoning. A no de n is computation-

ally relev an t to target no des T giv en evidence E if

w e cannot compute the p osterior marginal distribu-

tion of T unless w e kno w the conditional probabil-

it y distribution of n

[

Shac h ter, 1988, Shac h ter, 1990,

Suermondt, 1992

]

.

Computational Relev ance: Structure

The class of computationally relev an t no des excludes

one t yp e of no des that are structurally relev an t, kno wn



as b arr en no des . Barren no des are uninstan tiated

c hild-less no des in the graph. They dep end on the

evidence, but do not con tribute to the c hange in prob-

abilit y of the target no de and are, therefore, computa-

tionally irrelev an t.

If the presence of p aw{marks is unkno wn, then the

probabilit y distribution of p aw{marks is not necessary

for computing the b elief in c at , do g , al ler gy , and sne ez-

ing , and p aw{marks is a barren no de. Barking is an-

other p ossible example of a barren no de. Unobserv ed,

it is not computationally relev an t to an y other no des

in the net w ork. Barren no des can b e remo v ed b y a

v arian t of an e�cien t algorithm prop osed b y Shac h ter

[

1988, 1990

]

. Judea P earl suggested in a priv ate com-

m unication applying the algorithm of Geiger et al.

[

1990

]

to reduce barren no des. By attac hing to eac h

no de n in the graph a dumm y paren t no de represen t-

ing the conditional probabilit y of n giv en its direct

ancestors and p erforming the algorithm, one can iden-

tify those conditional probabilit y distributions that are

needed for computing the p osterior probabilit y of the

target. An algorithm for computing the set of compu-

tationally relev an t v ariables giv en observ ed evidence is

also prop osed in

[

Suermondt, 1992, App endix A.2

]

.

Computational Relev ance: Distribution

A probabilistic graph is not alw a ys capable of repre-

sen ting all indep endences explicitly

[

P earl, 1988

]

. The

d -separation criterion assumes, for example, that an

instan tiated head-to-head no de mak es its predecessors

probabilistically dep enden t. This is not the case, for

example, for a common t yp e of in teraction kno wn as

Noisy{OR gate, when the common e�ect has b een ob-

serv ed to b e absen t

[

Druzdzel and Henrion, 1993b

]

. F or

example, if sne ezing is observ ed to b e absen t, c old is

indep enden t of al ler gy b y the fact that their in terac-

tion resem bles a Noisy{OR gate. The same holds for

p aw{marks . If p aw{marks are absen t, c at and do g are

statistically indep enden t.

A careful study of the probabilit y distribution ma-

trices in a net w ork ma y rev eal similar circumstances

and further opp ortunities for reduction. Pro cedures

for this examination follo w straigh tforw ardly from the

probabilistic de�nition of indep endence. Some asp ects

of indep endences in distributions w ere explored in the

w ork of Shimon y

[

1993

]

.

Dynamic Relev ance

F or some applications, suc h as user in terfaces, there is

another class of v ariables that can easily b e reduced.

This class consists of those predecessor no des that do

not tak e activ e part in propagation of b elief from the

evidence to the target. W e observ ed that what h uman

users �nd imp ortan t in comprehending the system's

reasoning is tracing the direct paths through whic h

the observ ed evidence impacts the v ariables of in terest.

V ariables outside these paths are usually considered ir-

relev an t. F or example, w e migh t ha v e mo deled sev eral

paren t no des (e.g., risk factors) of c old . In the case

when nothing is kno wn ab out these, they are still com-

putationally relev an t b ecause w e need them to com-

pute the prior probabilit y of c old . Ho w ev er, they are

not needed to reason ab out the impact of sne ezing on

c old , th us not relev an t for this purp ose.

W e explore this idea in our w ork on explanation of

probabilistic inference. Suermondt

[

1992

]

builds an ex-

planation system on the idea of c hains of reasoning,

whic h he de�nes as the union of all activ e trails from

the evidence to the target v ariable. He refers to the

irrelev an t predecessor no des as nuisanc e no des . A n ui-

sance no de, giv en evidence E and v ariables of in ter-

est T , is a no de that is computationally related to

T giv en E but is not part of an y activ e trail from E

to T . The concepts of c hain of reasoning and an ac-

tiv e trail are also at the foundation of the qualitativ e

b elief propagation algorithm for QPNs men tioned ear-

lier

[

Druzdzel and Henrion, 1993a

]

and an asso ciated

metho d for qualitativ e explanation of reasoning.

The de�nition of n uisance no des pro vides a straigh t-

forw ard criterion for iden tifying them in a graphical

mo del. It turns out that it is also easy to disp ose

of them. In the qualitativ e case, they can b e simply

remo v ed without an y consequences for the remaining

parts of the net w ork

[

Druzdzel and Henrion, 1993a

]

.

In the quan titativ e case, i.e., in n umerically sp eci�ed

BBNs, this op eration has to b e accompanied b y the op-

eration of marginali zation

[

Suermondt, 1992

]

. W e will

start with a brief example to illustrate this idea. Sup-

p ose that w e w an t to explain the probabilit y of al ler gy

giv en the observ ation of sne ezing . The no des that are

structurally relev an t to al ler gy giv en sne ezing are: c old ,

c at , and p aw{marks . Paw{marks is a barren no de and

will b e remo v ed as computationally irrelev an t. If the

new evidence ( sne ezing ) do es not impact the no de c at

through an y other w a y but through al ler gy , c at is ob vi-

ously not relev an t in explaining the impact of sne ezing

on al ler gy and should not b e normally men tioned. The

same holds for c old , whic h is another example of a n ui-

sance no de.

In order to remo v e no de c at , but still preserv e the

computational prop erties of the net w ork, w e need to

marginalize the probabilit y distribution of al ler gy o v er

the probabilit y distribution of c at . Let C denote pres-

ence of a cat, C absence of a cat, A presence of allergy ,

and A absence of allergy .

P r ( A ) = P r ( A j C ) P r ( C ) + P r ( A j C ) P r ( C )

P r ( A ) = P r ( A j C ) P r ( C ) + P r ( A j C ) P r ( C ) (1)

W e can op erate on the b elief net w ork as if no de al ler gy

w as a no de with no predecessors and a prior distribu-

tion giv en b y (1). It is also p ossible to marginalize

o v er a subset of the direct predecessors, in whic h case

the conditional probabilit y distribution matrix simply

loses some dimensions rather than b ecoming a paren t-

less no de altogether.

As the remainder of the net w ork after pruning n ui-

sance no des consists of no des that pla y an activ e role



in the impact of the evidence no de E on target no des

T , w e prop ose to call them dynamic al ly r elevant to T

giv en E .

Appro ximate Irrelev ance

The ab o v e metho ds do not alter the quan titativ e prop-

erties of the underlying net w ork and are, therefore, ex-

act. In addition, for a collection of evidence no des E

and a target no de t , there will usually b e no des in the

BBN that are only marginally relev an t for computing

the p osterior probabilit y distribution of t . Iden tifying

no des that ha v e non-zero but small impact on t and

pruning them can lead to a further simpli�cation of

the net w ork with only a sligh t impact on the precision

of the conclusions.

T o iden tify suc h no des, w e m ust �rst determine what

w e mean b y a small impact. W e need a suitable metric

for measuring c hanges to the distribution of the target

no de t , as w ell as a threshold b ey ond whic h c hanges are

unacceptable. Suc h metrics can b e deriv ed solely from

the probabilities (e.g., cross en trop y), or from decision

and utilit y mo dels in v olving the distribution of t . In

our exp erience with INSITE, a system that generates

explanations of BBN inference

[

Suermondt, 1992

]

, w e

ha v e found cross en trop y to b e the most practical mea-

sure. Use of suc h a metric and threshold allo ws us to

discriminate b et w een more and less in
uen tial evidence

no des, and to iden tify no des and arcs in the BBN that

migh t, for practical purp oses, b e omitted from compu-

tations and from explanations of the results.

In our example, let us once more assume that w e ob-

serv ed sne ezing and p aw{marks , and w e are trying to

determine the probabilit y that the p erson has a c old .

If the probabilit y of al ler gy is v ery insensitiv e to the

p ossible presence of a c at (for example, if there are

man y other agen ts around to whic h the p erson could

p ossibly b e allergic), w e could �nd that the evidence

of p aw{marks has only a min ute impact on the prob-

abilit y of c old . In that case, w e could omit the en tire

section of the net w ork from c at to b arking from further

consideration, and fo cus only on sne ezing , c old , and

al ler gy .

Conclusion

Eac h of the v ariables of a large probabilistic mo del

ma y b e relev an t for some t yp es of reasoning within

this mo del, but rarely will all of them participate in

reasoning related to a single query . W e ha v e review ed a

v ariet y of sc hemes that can b e used to determine what

is relev an t for a giv en query . Their w orking is based

purely on the information normally included in a prob-

abilistic mo del. Their complexit y , with the exception

of the appro ximations, is p olynomial in the n um b er

v ariables in the mo del. Application of these sc hemes

reduces the computational e�ort needed for inference

and increases the clarit y of the remaining part for the

sak e of explanation or mo del revision.
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