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Abstract

Each of the variables in a large probabilistic model
may be relevant for some types of reasoning within
this model, but rarely will all of them participate
in reasoning related to a single query. We review a
variety of schemes to identify variables that given
certain observations are relevant to a query of in-
terest.

Introduction

Wer gar zu viel bedenkt wird wenig leisten.

(He who considers too much will perform little.)
Johann Christoph Friedrich von Schiller
“Wilhelm Tell,” Act iii, Sc. 1

As outlined carefully by Leonard Savage [1972] in his
influential book on the foundations of Bayesian proba-
bility theory and decision theory, probabilistic reason-
ing is always confined to a well defined set of uncer-
tain variables, which Savage refers to as “small world.”
Whether the “small world” has been built by a human
expert or by a computer, it may include hundreds or
thousands of variables, a size that is computationally
prohibitive given the complexity of probabilistic infer-
ence [Cooper, 1990]. It is also prohibitive for a human
user working with the system and seeking insight into
a decision problem. Each of the variables of a proba-
bilistic model may be relevant for some types of rea-
soning within this domain, but rarely will all of them
participate in reasoning related to a single query. It
is 1important, therefore, to reduce the “small world”
into something that we might be tempted to call a
“backyard,” including only those elements of the do-
main model that are directly relevant to a particular
problem. Given, for example, a model including all
possible diseases and findings in the domain of inter-
nal medicine, after observing some symptoms we might
want to limit our reasoning to that part of the model
that is relevant to liver disorders.

We believe that the concept of relevance is relative
to the model, the focus of reasoning, and to the context
in which 1t takes place. The focus is normally a set of
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variables of interest 7 and the context i1s provided by
observing the values of some subset £ of other variables
in the model. We define relevance as follows:

Definition 1 (relevance) Let V be the set of vari-
ables included in a model. Variable v € V 1s relevant
to a setT CV of variables given a set of observed vari-
ables £ C'V if v is needed to reason about the impact
of observing £ on T .

The imprecision of the word “needed,” of which we are
fully aware, reflects the sensitivity of the concept of
relevance to the purpose of reasoning. If the purpose
is belief updating, for example, we need the conditional
probability distribution of v.

In this paper, we present a collection of methods of
reducing a probabilistic model to a relevant submodel.
The perspective from which each of us independently
focused on these methods is our previous work on
explanation in probabilistic systems [Druzdzel, 1993,
Suermondt, 1992]. As we share the belief that expla-
nation should simplify, but never lie, this is in our ap-
proach closely related to computation (we will occa-
sionally use the term reasoning referring to both com-
putation and explanation). Each of the methods pre-
sented 1s fairly well understood theoretically and has
been practically implemented. They can, and usually
do, lead to drastic reductions in the model. These
methods are not mutually exclusive — they can and
should be used together. It is practically impossible
to give a solid theoretical presentation within the lim-
ited scope of this paper. We will concentrate on the
flavor of these methods, referring the reader, wherever
appropriate, to the sources containing their theoretical
derivations, whether by us or others. We will present
these methods in the context of graphical probabilis-
tic models, such as Bayesian belief networks (BBNs)
[Pearl, 1988]. This finds its reflection in the fact that
we often refer to variables as nodes and vice versa. We
will illustrate each of them on the example BBN of
Figure 1, describing knowledge about possible causes
of sneezing of an individual visiting an unknown house.
The individual suffers from frequent colds and is aller-
gic to cats, both of which are possible causes of sneez-
ing. The network models also other relevant facts, such



cat dog

paw—marks barking

sneezing

Figure 1: An example Bayesian belief network [Hen-
rion and Druzdzel, 1991]

as prints of paw marks on the floor that can provide
evidence for presence of a cat. For simplicity, the ex-
ample assumes that all variables are binary, that is,
have two outcomes (e.g., cat-present and cat-absent).

Propagation of Deterministic Relations

One possible way of reducing the size of the model is
instantiating evidence variables to their observed val-
ues. Each instantiation reduces the number of uncer-
tain variables and, hence, reduces the computational
complexity of inference. Further, instantiations can
lead to additional reductions, as they may screen off
other variables by making them conditionally indepen-
dent of the variables of interest (to be addressed in the
next section).

Observed evidence nodes may, under some circum-
stances, logically imply the values of other variables in
the model. If there is no uncertainty in dependen-
cies among random variables, probabilistic relations
become deterministic (or logical). Deterministic rela-
tions among outcomes of variables in BBNs can be rep-
resented by patterns of 0’s and 1’s in the conditional
probability matrices. These patterns are capable of
expressing any logical function between a variable and
its direct predecessors. If we give a strict causal in-
terpretation to the network’s arcs, deterministic rela-
tions can be viewed as a reflections of causal sufficiency
and causal necessity conditions. The observed evidence
may be causally sufficient to imply the values of other,
as yet unobserved nodes (e.g., if a patient is male, it
implies that he is not pregnant). Similarly, observed
evidence may imply other nodes that are causally nec-
essary for that evidence to occur (e.g., hearing barking
might in our simple model imply presence of a dog).

It is easy to capture these inferences formally and
express them in terms of conditional probabilities spec-
ified in the model. Let a and x be direct predecessors
of b. Observation a = ag implies b = by if and only if

Vi Prib=bola = ap,z = ;) = 1.
Similarly, observation b = by implies a = ag if and only
if
Pr(b=bola=ap,z =2;) >0 /\
VZ'J';Z'#Q P?“(b = b0|a = a;,r = l‘j) =0.

While 1t may theoretically happen that observation of
a value of a node implies values of nodes that are not
directly adjacent to the evidence, it seems that most
of the time such inference concerns directly neighbor-
ing nodes and the above two simple rules, can capture
many practical cases of propagation of deterministic
relations.

Structural Relevance

Reasoning within a model usually concentrates on
some variables of interest, which we will subsequently
call target nodes. For example, we might be interested
in the probability of cold given that we have observed
sneezing and cat.

Parts of the model that are probabilistically inde-
pendent from the target nodes 7 given the observed
evidence are clearly not relevant to reasoning about
7. Geiger et al. [1990] show a computationally efficient
way of identifying nodes that are probabilistically in-
dependent from a set of nodes of interest given a set
of observations by exploring independences implied by
the structural properties of the network. They base
their algorithm on a condition known as d-separation,
binding probabilistic independence to the structure of
the graph.

Reduction achieved by means of d-separation can be
significant. For example, if the presence of sneezing
is unknown, then the presence of allergy, cat, paw—
marks, dog, and barking are irrelevant to the belief in
cold, given the independence assumptions expressed by
the diagram. If cat is observed directly, then the pres-
ence of paw—marks, dog or barking, are irrelevant to the
likelihood of allergy.

d-Separation is also implicitly built into an effi-
cient algorithm for reasoning in Qualitative Proba-
bilistic Networks (QPNs) [Wellman, 1990] proposed by
Druzdzel and Henrion [1993a). One possible use of the
algorithm is computing the qualitative impact of vari-
ables of interest 7 on all variables in the network given
evidence variables £. The algorithm marks in this case
each node n in the graph with the sign of influence of
7 on n. All nodes that are marked ’0 in propagation
of a non-zero sign from 7 are structurally not relevant

for 7 given £.

Computational Relevance

Now, let us introduce the notion of computational rel-
evance, that will provide an even stronger criterion
for focusing reasoning. A node n is computation-
ally relevant to target nodes 7 given evidence & if
we cannot compute the posterior marginal distribu-
tion of 7 unless we know the conditional probabil-
ity distribution of n [Shachter, 1988, Shachter, 1990,
Suermondt, 1992].

Computational Relevance: Structure

The class of computationally relevant nodes excludes
one type of nodes that are structurally relevant, known



as barren nodes. Barren nodes are uninstantiated
child-less nodes in the graph. They depend on the
evidence, but do not contribute to the change in prob-
ability of the target node and are, therefore, computa-
tionally irrelevant.

If the presence of paw-marks is unknown, then the
probability distribution of paw-marks is not necessary
for computing the belief in cat, dog, allergy, and sneez-
g, and paw—marks 1s a barren node. Barking is an-
other possible example of a barren node. Unobserved,
it is not computationally relevant to any other nodes
in the network. Barren nodes can be removed by a
variant of an efficient algorithm proposed by Shachter
(1988, 1990]. Judea Pearl suggested in a private com-
munication applying the algorithm of Geiger et al.
[1990] to reduce barren nodes. By attaching to each
node n in the graph a dummy parent node represent-
ing the conditional probability of n given its direct
ancestors and performing the algorithm, one can iden-
tify those conditional probability distributions that are
needed for computing the posterior probability of the
target. An algorithm for computing the set of compu-
tationally relevant variables given observed evidence is
also proposed in [Suermondt, 1992, Appendix A.2].

Computational Relevance: Distribution

A probabilistic graph is not always capable of repre-
senting all independences explicitly [Pearl, 1988]. The
d-separation criterion assumes, for example, that an
instantiated head-to-head node makes its predecessors
probabilistically dependent. This is not the case, for
example, for a common type of interaction known as
Noisy—OR gate, when the common effect has been ob-
served to be absent [Druzdzel and Henrion, 1993b]. For
example, if sneezing 1s observed to be absent, cold is
independent of allergy by the fact that their interac-
tion resembles a Noisy-OR gate. The same holds for
paw-marks. If paw—-marks are absent, cat and dog are
statistically independent.

A careful study of the probability distribution ma-
trices in a network may reveal similar circumstances
and further opportunities for reduction. Procedures
for this examination follow straightforwardly from the
probabilistic definition of independence. Some aspects
of independences in distributions were explored in the

work of Shimony [1993].

Dynamic Relevance

For some applications, such as user interfaces, there 1s
another class of variables that can easily be reduced.
This class consists of those predecessor nodes that do
not take active part in propagation of belief from the
evidence to the target. We observed that what human
users find important in comprehending the system’s
reasoning is tracing the direct paths through which
the observed evidence impacts the variables of interest.
Variables outside these paths are usually considered ir-
relevant. For example, we might have modeled several

parent nodes (e.g., risk factors) of cold. In the case
when nothing is known about these, they are still com-
putationally relevant because we need them to com-
pute the prior probability of cold. However, they are
not needed to reason about the impact of sneezing on
cold, thus not relevant for this purpose.

We explore this idea in our work on explanation of
probabilistic inference. Suermondt [1992] builds an ex-
planation system on the idea of chains of reasoning,
which he defines as the union of all active trails from
the evidence to the target variable. He refers to the
irrelevant predecessor nodes as nutsance nodes. A nui-
sance node, given evidence £ and variables of inter-
est 7, 1s a node that is computationally related to
T given & but is not part of any active trail from &
to 7. The concepts of chain of reasoning and an ac-
tive trail are also at the foundation of the qualitative
belief propagation algorithm for QPNs mentioned ear-
lier [Druzdzel and Henrion, 1993a] and an associated
method for qualitative explanation of reasoning.

The definition of nuisance nodes provides a straight-
forward criterion for identifying them in a graphical
model. It turns out that it is also easy to dispose
of them. In the qualitative case, they can be simply
removed without any consequences for the remaining
parts of the network [Druzdzel and Henrion, 1993a].
In the quantitative case, i.e., in numerically specified
BBNs, this operation has to be accompanied by the op-
eration of marginalization [Suermondt, 1992]. We will
start with a brief example to illustrate this idea. Sup-
pose that we want to explain the probability of allergy
given the observation of sneezing. The nodes that are
structurally relevant to allergy given sneezing are: cold,
cat, and paw-marks. Paw-marksis a barren node and
will be removed as computationally irrelevant. If the
new evidence (sneezing) does not impact the node cat
through any other way but through allergy, cat is obvi-
ously not relevant in explaining the impact of sneezing
on allergy and should not be normally mentioned. The
same holds for cold, which is another example of a nui-
sance node.

In order to remove node cat, but still preserve the
computational properties of the network, we need to
marginalize the probability distribution of allergy over
the probability distribution of cat. Let C' denote pres-
ence of a cat, C absence of a cat, A presence of allergy,
and A absence of allergy.

Pr(A) = Pr(A|C)Pr(C) + Pr(A|C) Pr(C)

Pr(4A) = Pr(A4|C)Pr(C)+ Pr(A|Cy Pr(C) (1)
We can operate on the belief network as if node allergy
was a node with no predecessors and a prior distribu-
tion given by (1). Tt is also possible to marginalize
over a subset of the direct predecessors, in which case
the conditional probability distribution matrix simply
loses some dimensions rather than becoming a parent-
less node altogether.

As the remainder of the network after pruning nui-
sance nodes consists of nodes that play an active role



in the impact of the evidence node £ on target nodes
T, we propose to call them dynamically relevant to T
given &.

Approximate Irrelevance

The above methods do not alter the quantitative prop-
erties of the underlying network and are, therefore, ex-
act. In addition, for a collection of evidence nodes &
and a target node ¢, there will usually be nodes in the
BBN that are only marginally relevant for computing
the posterior probability distribution of ¢. Identifying
nodes that have non-zero but small impact on ¢ and
pruning them can lead to a further simplification of
the network with only a slight impact on the precision
of the conclusions.

To identify such nodes, we must first determine what
we mean by a small impact. We need a suitable metric
for measuring changes to the distribution of the target
node ¢, as well as a threshold beyond which changes are
unacceptable. Such metrics can be derived solely from
the probabilities (e.g., cross entropy), or from decision
and utility models involving the distribution of . In
our experience with INSITE, a system that generates
explanations of BBN inference [Suermondt, 1992], we
have found cross entropy to be the most practical mea-
sure. Use of such a metric and threshold allows us to
discriminate between more and less influential evidence
nodes, and to identify nodes and arcs in the BBN that
might, for practical purposes, be omitted from compu-
tations and from explanations of the results.

In our example, let us once more assume that we ob-
served sneezing and paw-marks, and we are trying to
determine the probability that the person has a cold.
If the probability of allergy is very insensitive to the
possible presence of a cat (for example, if there are
many other agents around to which the person could
possibly be allergic), we could find that the evidence
of paw-marks has only a minute impact on the prob-
ability of cold. In that case, we could omit the entire
section of the network from cat to barking from further
consideration, and focus only on sneezing, cold, and
allergy.

Conclusion

Each of the variables of a large probabilistic model
may be relevant for some types of reasoning within
this model, but rarely will all of them participate in
reasoning related to a single query. We have reviewed a
variety of schemes that can be used to determine what
is relevant for a given query. Their working is based
purely on the information normally included in a prob-
abilistic model. Their complexity, with the exception
of the approximations, is polynomial in the number
variables in the model. Application of these schemes
reduces the computational effort needed for inference
and increases the clarity of the remaining part for the
sake of explanation or model revision.
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