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Abstract

Precision achieved by stochastic sampling algorithms for Bayesiannet-
works typically deteriorates in face of extremely unlik ely evidence. In ad-
dressing this problem, importance sampling algorithms seemsto be most
successful. We discuss the principles behind the importance sampling
algorithms. We describe the Evidence Pre-propagation Importance Sam-
pling (EPIS-BN ), an importance sampling algorithm that computes an
approximate importance function using two techniques: loopy belief prop-
agation [1, 2] and -cuto heuristic [3]. We test the performance of EPIS-
BN on three large real Bayesian networks and obserwe that on three very
large real Bayesian networks the EPIS-BN it outperforms AIS-BN [3],
the current state of the art algorithm, while avoiding its costly learning
stage. We also compare imp ortance sampling to Gibbs sampling and dis-
cussthe role of the -cuto heuristic in importance sampling for Bayesian
networks.

Keyw ords: Importance Sampling, Importance Function, EPIS-BN,
Evidence Pre-propogation, -cuto



1 Intro duction

Bayesiannetworks explicitly model probabilistic independencerelations among
sets of variables. By factoring a full joint distribution over a set of variables
into a product of conditional distributions, a Bayesian network drastically re-
ducesthe number of parametersthat are required to represen this distribution.
Howewer, exact inferencein Bayesian networks is still worst-caseNP-hard [4].
Although approximate inferenceto any desiredprecisionis worst-caseNP-hard
as well [5], it is the only feasible alternativ e for su cien tly large and densely
connectednetworks.

A prominent subclass of approximate inference algorithms are stochastic
sampling algorithms. Some of these are prokabilistic logic sampling [6], likeli-
hood weighting [7, 8], backwad sampling [9], and importance sampling [8]. A
subclass of stochastic sampling methods, called Markov Chain Monte Carlo
(MCMC) methods, includes Gibbs sampling Metropolis sampling and Hybrid
Monte Carlo sampling [10, 11, 12]. Stochastic sampling algorithms work well
in predictive inference, but for diagnostic reasoning, especially with unlikely
evidence,they often fail to corvergeto correct distributions. MCMC methods
are claimed to not have this drawbadk, but they do not scaleup too well to
high dimensional problems and show rather slow convergencerates. Howevwer,
given a good importance function, importance sampling algorithms may yield
excellert approximate posteriorsin a reasonabletime. Researtershave already
proposedsomemethods for pre-computing good importance functions, sudc as
those in the AIS-BN algorithm [3], the IS algorithm [13], and the adaptive
importance sampling algorithm in [14]. In this paper, we proposea new impor-
tance sampling algorithm, which we call Evidenae Pre-propagation Importance
Sampling algorithm for Bayesian Networks (EPIS-BN ). In this algorithm, we
rst useloopy belief propagation [1] to compute an approximation of the optimal
importance function and then apply -cuto heuristic [3] to cut o small proba-
bilities in the importance function. We test the EPIS-BN algorithm on sewral
very large real Bayesian networks and compare the results with the AIS-BN
algorithm and Gibbs sampling. The empirical results shawv that the EPIS-BN
algorithm provides a considerableimprovemert over the AIS-BN algorithm,
especially in those casesthat are hard for the latter. The results also show that
our algorithm achievesa much better precisionthan Gibbs sampling.

The outline of the paper is asfollows. Section2 o ers a generalintro duction
to importance sampling. Section 3 provides a review of the existing importance
sampling algorithms for Bayesian networks, including the AIS-BN algorithm,
which is the current state of the art algorithm and with which we later compare
the EPIS-BN algorithm. In Section 4, we discussthe EPIS-BN algorithm.
First, we give an introduction to the loopy bkelief propagation algorithm and
then explain how the EPIS-BN algorithm usesit to calculate an importance
function. After that, we presen the details of the EPIS-BN algorithm. Finally,
in Section 5, we describe the results of experimerntal tests of the EPIS-BN



algorithm on seweral large real Bayesian networks.

2 Imp ortance Sampling

We start with the theoretical roots of importance sampling. Let f(X) be a

function of n variablesX = (X;:::; X,) over the domain R". Considerthe
problem of estimating the multiple integral
Z
| = f(X)dX : Q)

We assumethat the domain of integration of f (X) is bounded, i.e., that |
exists. Imp ortance sampling approadesthis problem by estimating
f(X)
| = ——=g(X)dX ; 2
505 9%) (2)
where g(X ), which is called the importance function, is a probability density
function sud that g(X) > 0for any X . One practical requiremert of g(X)
is that it should be easyto samplefrom. In order to estimate the integral, we
generatesamplesX 1; X ;:::; Xy from g(X) and usethe generatedvaluesin the
sample-meanformula

N._ 9(Xi)
The estimator in Equation 3 almost surely corvergesas follows
fron: 4

under the following weak assumptions[15]:

Assumption 1 f(X) is proportional to a proper prokability density function
de ned on

Assumption 2 fX;gL, is a seguene of i.i.d. random samples,the common
distribution having a probability density function g(X).

Assumption 3 The supprt of g(X) includes
Assumption 4 | existsand is nite.

Importance sampling assignsmore weight to regions where f (X) > g(X)
and less weight to regions where f (X) < g(X) to correctly estimate I. We
do not have much cortrol over what is required in Assumptions 1, 2, and 4,
becausethey are either the inherent properties of the problem at hand or the
characteristic of Monte Carlo simulation. We only have the freedomto choose



which importance function to use, aslong asit satis es Assumption 3. In the
context of Bayesian netoworks, since is compact, we can easily devise an
importance function that satis es the assumption.

Rubinstein [16] provesthat if f (X) > 0, the optimal importance function is

ox) = 1 ©)

which is actually the posterior distribution. The concept of the optimal
importance function doesnot seemto be useful, becausending | is equivalent
to nding the posterior distribution, which is the problem that we are facing.

Howevwer, it suggeststhat if we nd instead a function that is closeenoughto
the optimal importance function, we can still expect good cornvergencerate.

3 Imp ortance Sampling in Bayesian Networks

Imp ortance sampling has becomethe basisfor seweral state of the art stochastic
sampling-basedinference algorithms for Bayesian networks. These algorithms
inherit the characteristic that their accuracy largely dependson the quality of
the importance functions that they manageto get. The theoretical corvergence
rate is in the order of p% where m is the number of samples,for essetially
all Monte Carlo methods. Therefore, the farther the importance function is
from the posterior distribution, the more samplesit needsto corverge. The
number of samplesneededincreasesat least at a quadratic speed. Hence,given
a xed number of samples,any e ort to make the importance function closer
to the posterior distribution will directly in uence the precision of sampling
algorithms. To achieve a given precision, a good importance function can save
us lot of samples. This is best represeried graphically in Figure 1.

Obviously, there is atradeo betweenthe quality of the importance function
and the amount of e ort spert on devising it. In this section, | review some
existing importance sampling algorithms for Bayesian networks. Basedon the
di erent methodsthat they useto get the importance function, we classifythem
into three families.

The rst family usesthe prior distribution of a Bayesian network as the
importance function. Sincethey spendno e ort in trying to get a good impor-
tance function, they typically need more time to corverge. Prokabilistic logic
sampling [6] and likelihood weighting [7, 8] both belongto this category When
there is no evidence,thesetwo algorithms reduceto the samealgorithm. Their
di erence becomesevidert when evidenceis introduced. The probabilistic logic
sampling [6] instantiates all the nodesin a Bayesiannetwork by sampling from
the prior distribution and discardsall samplesthat are not compatible with the
evidence. Obviously, the logic sampling is very ine cien t when the evidenceis
unlikely. On the cortrary, the likelihood weighting [7, 8] only instantiates the
nodeswithout evidenceand assaiates ead samplewith the weight
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Figure 1: Importance sampling: The tradeo betweenthe quality of importance
function and the amourt of e ort spent getting the function.

Y
w = P (xijPA(X)) : (6)
XiZE

By making use of all samples, likelihood weighting improves the sampling
e ciency . Howewer, when the evidenceis unlikely, most of the sample weights
aresmall, and only se\eral sampleswith very large weights dominate the sample.
In such cases,the variance of the sample weights can be huge, and, hence, the
algorithm is still ine cien t.

The secondfamily resortsto learning methods to learn an importance func-
tion. Self-importance sampling (SIS) [8], adaptive importance sampling[14], and
AIS-BN [3] all belongto this family. The SIS [8] tries to revise the prior dis-
tribution periodically using samplesin order to make the sampling distribution
gradually approad the posterior distribution. The adaptive importance sam-
pling in [14] parameterizesthe importance function using a set of parameters
, and devisesseweral updating rules basedon gradient descemn to adapt the
current sampling distribution into an importance function. The AIS-BN al-
gorithm [3] learns an importance function starting from a modi ed prior. It
modi es the prior using two heuristics: (1) initializing the probability distribu-
tions of parents of evidencenodesto the uniform distribution, and (2) adjusting
very small probabilities in the conditional probability tables composing the im-
portance function to higher values. After that, the AIS-BN algorithm draws
somesamplesand estimates an importance function which approacesthe op-
timal importance function.



The third family directly computes an importance function in the light of
both the prior distribution and the evidence. The backward sampling[9], IS [13],
and annealed importance sampling [17] algorithms all belong to this category.
The backwaid sampling [9] modi es the prior distribution sothat it allows for
generating samplesfrom evidence nodes in the direction that is opposite to
the topological order of nodesin the network. The main idea of the IS algo-
rithm [13] originates from the variable elimination algorithm [18]. A full variable
elimination algorithm is an exact algorithm that looks for optimal solutions, so,
instead, the IS algorithm usesan approximate version of the variable elimina-
tion algorithm to compute an importance function. The ideais to seta limit on
the size of potentials built when eliminating variables. Whenewer the size of a
potential exceedghe limit, the approximate method will createan approximate
version for it. The annealed importance sampling algorithm [17] starts by sam-
pling from the prior distribution. Howewer, instead of directly assigningweights
to the samples,the algorithm setsup a seriesof distributions with the last one
to bethe posterior distribution. By annealingead sampleusing Markov chains
de ned by the seriesof distributions, the algorithm tries to get a set of samples
that are generatedfrom a distribution that is closeto the posterior distribution.
The main drawbadk of this algorithm is that it needsto samplemany times in
order to get just one sample. The EPIS-BN algorithm that we proposein this
paper also belongsto this family.

Theoretically, we can apply any approximation technique to obtain the im-
portance function. For instance, it is possiblethat variational approximation
methods [19] can be applied to this end.

The AIS-BN [3] algorithm is the current state of the art importance sam-
pling algorithm for Bayesiannetworks. Empirical results shoved that the AlS-
BN algorithm achieved over two orders of magnitude improvemert in corver-
genceover likelihood weighting and self-importance sampling algorithms. The
other algorithms that we reviewed in this section typically report moderate
improvemerts over likelihood weighting algorithm. Therefore, we will mainly
compareour proposedalgorithm againstthe AIS-BN algorithm in the later ex-
periments. We also compare our results against Gibbs sampling, an algorithm
from the MCMC family.

4 EPIS-BN : Evidence Pre-propagation Imp or-
tance Sampling Algorithm

In predictive inference,sinceboth evidenceand soft evidenceare in the roots of
the network, stochastic forward sampling algorithms, such as the prokabilistic
logic sampling [6], can easily reach high precision. Howewer, in diagnostic rea-
soning, especially when the evidenceis extremely unlikely, sampling algorithms
can exhibit a mismatch between the sampling distribution and the posterior



distribution. In such cases,most samplesmay be incompatible with the evi-
denceand be useless. Some stochastic sampling algorithms, suc as likelihood
weighting and importance sampling, try to make use of all the samplesby as-
signing weights for them. But in practice most of the weights turn out to be
too small to be e ective. Backward sampling [9] tries to deal with this prob-
lem by sampling badkward from the evidencenodes,but it may fail to consider
the soft evidencepresert in the roots [20]. Whatever sampling order is chosen,
a good importance function has to take into accourt the information that is
presert aheadin the network. If we do sampling in the topological order of the
network, we needan importance function that will match the information from
the evidencenodes. In the EPIS-BN algorithm, we make use of the loopy belief
propagation to calculate such an importance function.

4.1 Loopy Belief Propagation

The goal of the belief propagation algorithm [21] isto nd the posterior beliefsof
ead node X, i.e.,, BEL(x) = P(X = xjE), where E denotesthe set of evidence
nodes. In a polytree, any node X d-separatesE into two subsetsE*, the
evidenceconnectedto the parents of X, and E , the evidenceconnectedto the
children of X . Giventhe state of X , the two subsetsare independert. Therefore,
node X can collect messagesseparately from them in order to compute its
posterior beliefs. The messagdrom E* is de ned as

9(X) = P(XjE") (7
and the messageérom E is de ned as
(x) = P(E jx): ®)

(X) and (x) messagesan be decompsedinto more detailed messages
betweenneighboring nodesas follows:

Y
D= xx0 P ©)
j
and
(t) —X — yil] = Y () .
)= PX=xU=u  Qu); (10)
u k

where x (x) is a messageahat a node sendsto itself [22]. The messagehat
X sendsto its parent U; is given by:

X X Y
D () = ® (x) P(xju) ) (uk) (12)
X Uk :k6i k& i

and the messagehat X sendsto its child Y; is



Y
(Ytj+l) (X) = (t)(x) §<X) $£(uk) . (12)
k8 i

After a node X receiwes all the messages,t can compute its posterior
marginal distribution over X (belief) by

BEL(x)= (x) (X); (13)

where is a normalizing constart. When this algorithm is applied to a
polytree, the leavesand roots of the network can sendout their messagesmme-
diately. The evidencenodescansendout their messageaswell. By propagating
these messagesevertually all messagewill be sert. The algorithm terminates
with correct beliefs. With slight modi cations, we can apply Pearl's belief prop-
agation algorithm to networks with loops. The resulting algorithm is called loopy
kelief propagation [1, 2]. We start by initializing the messageshat all evidence
nodes send to themselves to be vectors of a 1 for obsened state and 0's for
other states. All other messagesre vectors of 1's. Then, in parallel, all of the
nodesrecompute their new outgoing messagedasedon the incoming messages
from the last iteration. By running the propagation for a number of iterations
(say, equal to the length of the diameter of the network), we can assesson-
vergenceby cheding if any belief changesby more than a small threshold (say,
10 3). In general, loopy belief propagation will not give the correct posteriors
for networks with loops. Howewer, extensive investigations on the performance
of loopy helief propagation that are performed recerly report surprisingly ac-
curate results [1, 2, 23, 24]. As of now, more thorough understanding of why
the results are so good has yet to be developed. For our purposeof getting an
approximate importance function, we neednot to wait until loopy belief prop-
agation corverges,so whether or not loopy belief propagation corvergesto the
correct posteriors is not critical.

4.2 Imp ortance Function in the EPIS-BN Algorithm

Let X = fX1;X32;:::; X g bethe set of variablesin a Bayesiannetwork, PA(X;)
be the parerts of X;, E be the set of evidence. Basedon the theoretical consid-
erations in Section 2, we know that the optimal importance function is

(XnE) = P(X]JE) : (14)

Although we know the mathematical expressionfor the optimal importance
function, it is dicult to obtain the function exactly. In our algorithm, we use
the following importance function:

Y]
(XnE) = P(XijPA(Xi);E); (15)
i=1



where eadh P (XjPA(X;);E) is de ned as importance conditional probability
table (ICPT ) [3].

De nition 1 An importance conditional probability table (ICPT ) of a node
X is a table of posterior prokabilities P (XjPA(X;); E) conditional on the evi-
dence and indexed by its immediate predecessors,PA(X;).

This importance function only partially considersthe e ect of all the evi-
denceon every node. As Cheng & Druzdzel [3] point out, when the posterior
structure of the network changesdramatically asthe result of obsened evidence,
this importance function may perform poorly. However, our empirical results
show that it is a good approximation to the optimal importance function.

The AIS-BN [3] algorithm adopts a long learning step to learn approxi-
mations of these ICPT s and, hence, the importance function. The following
theorem shaws that in polytrees we can calculate them directly.

Theorem 1 Let X; be a variable in a polytree, and E be the set of evidene.
The exactICPT P(X;jPA(X;);E) for X; is

(PA(Xi))P(XiJPA(Xi)) (Xi); (16)
wher (PA(X;)) is a normalizing constant degendenton PA(X;).

Proof: Let E = E* [ E , where E* is the evidenceconnectedto the
parents of X;, and E is the evidenceconnectedto the children of X;, then

P(XijPA(Xi); E)
= P(XijPA(Xi);E";E )
= P(XijPA(Xi)E )
P(E jXi;PA(X;))P(XiJPA(X}))
P(E jPA(X1))
(PA(Xi)) (Xi)P(XijPA(Xi)) :

2

If a node hasno descendah with evidence,its ICPT isidentical to its CPT .
This property is also pointed out in [3] (Theorem 2).

In networks with loops, getting the exact messagedor all variables is
equivalent to calculating the exact solutions, which is an NP-hard problem.
However, becauseour goal is to obtain a good and not necessarilythe optimal
importance function, we can satisfy it by calculating approximations of the
messagesGiven the surprisingly good performance of loopy kelief propagation,
we believe that this can also provide us with good approximations of the
messages.



4.3 The -cuto Heuristic

Another heuristic method that we usein EPIS-BN is -cuto [3], i.e., setting
somethreshold and replacing any smaller probability in the network by . At
the sametime, we compensatefor this changeby subtracting it from the largest
probability in the same conditional probability distribution. This method is
originally usedin AIS-BN to speedup its importance function learning step [3].
However, we nd that it is even more suitable for a dierent purpose, which
is to try to make the importance function possessheavy tails. As noted by
Geweke [15], the tails of the importance function should not decay faster than
the tails of the posterior distribution. Otherwise, the corvergencerate will be
slow. We show in a related paper [25], which is currently under review, that it
is also true in the context of Bayesian networks. We review the main results
here.

Let f bethe joint probability distribution of a Bayesiannetwork. Druzdzel [26]
shaws that f follows the lognormal distribution. Therefore, we can look at any
importance sampling algorithm for Bayesian networks as using one lognormal
distribution asthe importance function to compute the expectation of another
lognormal distribution. Let f (X) be the original density of a Bayesiannetwork
andletInf / N(; 3). Again, assumethat we cannot samplefrom f (X) but
we can only evaluate it at any point. Let the importance function be g(X),
which satises Ing / N( % 2). We obtain the variance of the importance
sampling estimator as

0
(22 =t
Varg)(W(X)) = g==oe " " 1 €y
2(—+ )2 1
wherew(X) = % The necessarycondition for the variancein Equation 17

to existis that 2(—+ )2 1> 0, which meansthat the variance of the importance
funcuon should be greater than half of the variance of the target density. Note
that ]—J is actually the standardizeddistancebetween °and . For dierent

valuesofj—oj we plot the variance against - in Figure 2.

We obsene that as the tails of the |mportance function becomeslimmer,
the variance increasesrapidly and suddenly goesto innit y. Howewer, when
the tails becomeheavier, the variance increasesslowly. In practice, we usually
have no clue about the real shape of f (X). Therefore, after we have applied
loopy bkelief propagation to calculate an importance function, the function will
not be a precise estimate of the optimal importance function and is likely to
possessslim tails. To prevert this situation from happening, we apply the -
cuto heuristic to adjust the small probabilities in our ICPT s. The tails in the
context of Bayesiannetworks can be de ned asthe stateswith extremely small
probabilities and extremely large probabilities, which actually locate in the tails
of the approximate lognormal distributions of the Bayesian networks.

10



25+

20+

Variance of the Estimator
o

Ratio between two Standard Deviations

Figure 2: A plot of -+ against the variance when using the importance function
g(X)/ N(; 2) with dierent % to integrate the density f (X)/ N(; 3).
0

The legendshaws di erent valuesofj—oj.

The optimal threshold value is highly network dependert. Furthermore, if
the calculated importance function already satis es this requiremert, we may
get worseimportance function if we still apply -cuto .

4.4 The EPIS-BN Algorithm

The basic EPIS-BN algorithm is outlined in Figure 3. There are three main
stagesin the algorithm. The rst stageincludes steps 1-2, which initialize the
parameters. The secondstage,including steps 3-6, applies loopy bkelief propaga-
tion and -cuto to calculate an importance function. The last stage, step 7,
doesthe actual importance sampling.

The parameterm, the number of samples,is a matter of a network-independert
tradeo betweenprecision and time. More sampleswill lead to a better preci-
sion. However, the optimal valuesof the propagation length d and the threshold
value for the -cuto are highly network dependen. We will recommendsome
valuesbaseson our empirical results in Section5.2.

5 Experimental Results

To test the performance of the EPIS-BN algorithm, we applied it to three
large real Bayesiannetworks: ANDES [27], CPCS [2§], and PathFinder [29],

11



Algorithm : EPIS-BN

Input : Bayesian network B, a set of evidencevariables E, and a
set of non-evidencevariables X;

Output : The marginal distributions of non-evidencevariables.

1. Order the nodesaccordingto their topological order.

2. Initialize parmaters m (humber of samples), , and d (prop-
agation length).

3. Initialize the messageshat all evidencenodessendto them-
selvesto be vectors of a 1 for the obsened state and 0's for
other states, and all other messagedo be uniformly vectors
of 1's.

4. fori 1to ddo

For all of the nodes, recompute their new outgoing mes-
sageshasedon the incoming messagedrom the last iteration
for all of the nodes.

end for

5. Calculate the importance function basedon the nal mes-
sages.

6. Enhancethe importance function by the -cuto heuristic.

7.fori 1to mdo
Ssi  generatea sampleaccordingto P(X]E)
Compute the importance scorewis core Of Sj.
Add wis cor e t0 the corresponding entry of ead scoretable.
end for

8. Normalize each scoretable, output the estimated beliefs for
eat node.

Figure 3: The Evidence Pre-propagation Importance Sampling Algorithm for
Bayesian Networks (EPIS-BN ).
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and compared our results to those of AIS-BN , the current state of the art
importance sampling algorithm, and those of Gibbs sampling, a represenativ e
of the MCMC methods. The ANDES network [27] consistsof 233 nodes. This
network hasa large depth and high connectivity and it was shown to be di cult
for the AIS-BN algorithm [3]. The CPCS network [28] that we used has 179
nodes, which is a subset of the full CPCS network created by Max Henrion
and Malcolm Pradhan. The PathFinder network [29] is the coreelemen of an
expert systemthat assistssurgical pathologistswith the diagnosisof lymph-node
diseases.We usedthe versionwith 135 nodes. This section presers the results
of our experiments. We implemented our algorithm in C++ and performed
our testson a 2.5 GHz Pentium IV Windows XP computer with 1GB memory
Windows XP.

5.1 Exp erimental Metho d

To compare the accuracy of sampling algorithms, we compare their departure
from the exact solutions, which we calculate using the clustering algorithm [30].
The distance metric that we use is Hellinger's distance [31]. Hellinger's dis-
tance between two distributions f 1 and f 2, which have probabilities P1(x;; )
and P,(x; ) for statej (j = 1;2;:::;n;) of nodei respectively, such that X; 2 E
is de ned as:

V
4 P P p P
ﬁ fo Py(Xj) P2(Xij )92
-
H(FuiFs) = P 2P : (18)
1
Xi2NnE

whereN is the set of all nodesin the network, E is the set of evidencenodes,
and n; is the number of states for nodei.

Hellinger's distance weights small absolute probability di erences near 0
much more heavily than similar probability di erences near 1. In many cases,
Hellinger's distanceprovidesresultsthat are equivalent to Kullback-Leibler mea-
sure. However, a major advantage of Hellinger's distance is that it can handle
zero probabilities, which are commonin Bayesiannetworks. Cheng & Druzdzel
used Mean Square Error (MSE) in their experiments. The main drawbad of
MSE is that it assignsequaldistancefor the sameabsolute probability di erence
all over the range [0; 1]. Howewer, the probability di erences near O are much
more important than thosenear 1.

5.2 Parameter Selection

The most important tunable parameter in the EPIS-BN is the propagation
length d. Since we are using the loopy bkelief propagation algorithm only to
get the approximate messagesye need not wait until it converges. We can

13
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Figure 4: A plot of the in uence of propagation length on the precision of the
results of loopy belief propagation and EPIS-BN .

simply adopt a propagation length equal to the depth of the deepest evidence
node. Howewer, two problemsarise here. First, usually the in uence of evidence
on a node attenuates as the distance of the node from the evidencebecomes
longer [32]. Therefore, we can save a lot of e ort if we stop the propagation
processafter a small number of iterations. Second,for networks with loops,
stopping propagation after a number of iterations that is lessthan the size of
the smallestloop avoids double counting of evidencel[2].

Figure 4 shaws the results of an experiment that we conducted to test the
in uence of propagation length on precision of the results of loopy belief propa-
gation and EPIS-BN on all three networks. We randomly selected20 evidence
nodesfor eat network. After performing di erent number of iterations of loopy
kelief propagation, we ran the EPIS-BN algorithm and generated 320K sam-
ples. The results show that a length of 2 is already su cien t for EPIS-BN to
yield very good results. Increasingthe propagation length improvesthe results
of loopy kelief propagation, but it doessominimally for EPIS-BN . This cortin-
uesthat whether or not loopy belief propagation convergesis not critical to the

14



EPIS-BN algorithm. Although for di erent networks and evidence,the optimal
propagation length was di erent, our experimerts showved that the lengths of 4
or 5weresu cien t for deepnetworks. For shallow networks, we chosethe depth
of the deepest evidenceas the propagation length.

Another important parameter in EPIS-BN is the threshold value for -
cuto . The optimal value for is also network dependernt. Our empirical tests
did not yield a universally optimal value, but we recommendto use = 0:006
for nodeswith the number of outcomesfewer than 5, and = 0:001 for nodes
with the number of outcomesbetween5 and 8. Otherwise, we recommend
equal to 0:0005. These recommendationsare di erent from those in [3]. The
main reasonfor this di erence is that the -cuto is usedat adierent stageof
the algorithm and for a di erent purpose.

In the past, we were pointed out that Gibbs sampling shows excellernt perfor-
mancein Bayesian networks, which seemsnot true basedon our experimertal
results on the three very large real networks. SinceGibbs sampling only changes
the state of one node at ead time, it is faster in drawing one sample. There-
fore, we let it draw a number of samplesthat is equalto the number of samples
that other algorithms draw times the number of nodesin a Bayesiannetworks.
We let it burn in rst with 5000 samples. Taking ANDES as an example, we
presert the running time of the three algorithms in Table 1. Notice that the
overheadof AIS-BN is much longer than that of EPIS-BN .

Overhead | Sampling Time
Gibbs 0.016 507.172
AIS-BN 0.875 8.328
EPIS-BN 0.015 8.344

Table 1: Running time (seconds)of the Gibbs sampling, AIS-BN , and EPIS-
BN algorithms on the ANDES network whendrawing 320K samples(# nodes
32K for Gibbs sampling).

5.3 A comparison of Convergence Rates

Figure 5 shows a typical plot of the corvergencerate of Gibbs sampling, AlS-
BN, and EPIS-BN algorithms on the three networks. In this experiment, we
randomly selected 20 evidencefor the networks. We also report the results
of 200 iterations of loopy kelief propagation. The rst column of the gure
shows the results of all three algorithms, while the secondcolumn shaws impor-
tant fragmerts of the plots on a ner scale. The results show that EPIS-BN
achieved a precision nearly one order of magnitude higher than AIS-BN in the
ANDES network and slightly better precisionsthan AIS-BN in the CPCS
and PathFinder networks. Even though loopy kelief propagation sometimes
approadcesthe precision of EPIS-BN , sudch asin the CPCS network, it is usu-
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ally at least one order of magnitude worse than EPIS-BN . Although Gibbs
sampling drew many more samplesthan the other algorithms, its precision is
still much worsethan EPIS-BN and AIS-BN , and it is alsoworsethan that of
loopy kelief propagation. The reasonthat Gibbs sampling doesnot corverge at
all on the PathFinder network is that there are many deterministic relations
in PathFinder , which violates the ergadic property that Gibbs sampling relies
on.

5.4 Results of Batc h Exp erimen ts

We generateda total of 75test casedfor ead of the three networks. Thesecases
consisted of v e sequencesf 15 casesead. For eah sequencewe randomly

chosea di erent number of evidencenodes: 15; 20; 25; 30; 35 respectively. The

evidencenodes were chosenfrom a prede ned list of potential evidencenodes.
The distribution of the prior probability of evidenceacrossall test casesof this

experiment is shavn in Figure 6. The prior probability of evidencewas ex-
tremely small: between10 # and 10 *® in ANDES , between10 © and 10 34 in

CPCS, between10 ¢ and 10 %2 in PathFinder , and with the averagearound

10 16, We believe that these casesrepresen dicult real problems.

Gibbs | AIS-BN | EPIS-BN

ANDES 0.07841| 0.04784 | 0.00260
0.01632| 0.04968 | 0.00151

CPCS 0.04505| 0.00089 | 0.00082
0.03635| 0.00022 | 0.00026

PathFinder 0.23451| 0.00273 | 0.00112
0.07634| 0.00944 | 0.00102

Table 2: Summary statistics of the test casesof the Gibbs sampling, AIS-BN ,
and EPIS-BN algorithms for all three real Bayesian networks.

For ead of the test cases,we ran AIS-BN and EPIS-BN algorithms for
320K samplesand Gibbs sampling for # nodes 320K samples. Figure 7 shaws
the box plots of the results. The corresponding statistics are showvn in Table 2.
The results shov that EPIS-BN was signi cantly better than AIS-BN in AN-
DES network. EPIS-BN wasalsobetter than AIS-BN algorithm in the CPCS
and PathFinder networks. The results of a paired one-tailed t-test for the re-
sults of three networks were 7:16 10 12, 0:008,and 0:075respectively. Although
the improvemert seemsaminimal comparedto the improvemert in ANDES net-
work, we will show later that the smaller improvemert is quite possibly due to
the ceiling e ect. Gibbs sampling was overall much worse than AIS-BN and
EPIS-BN in thesetest cases.

Figure 8 showsthe Hellinger's distance of all the test cases.The graphsagain
show that EPIS-BN algorithm performs much better than AIS-BN on the
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(al) ANDES results (a2) ANDES results

(b1) CPCS results (b2) CPCS results

(c1) PathFinder results (c2) PathFinder results

Figure 5: Convergencerates of the Gibbs sampling, AIS-BN , loopy belief prop-
agation, and EPIS-BN algorithms on three real Bayesian networks. The right
plots on the righthand side show important fragmerts of the plots on a ner
scale.

ANDES network and slightly better on the CPCS and PathFinder networks.
We do obsene that the performance of Gibbs sampling is not in uenced much
by the probability of evidence. Howewer, its performanceis poor for the test
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(a) (b)

(€)
Figure 6: The probability distribution of evidencein our experimerts.

casesthat we generated.

The improvemert of the EPIS-BN algorithm over the AIS-BN algorithm
for the CPCS and PathFinder networks was smaller than that for the AN-
DES network. To test whether this smaller di erence is due to the ceiling
e ect, we performed experimerts on these networks without evidence. When
no evidenceis preser, both EPIS-BN and AlIS-BN reduceto prokabilistic logic
sampling [6]. We ran probabilistic logic sampling on all three networks with the
same number of samplesas in the main experiment. We obsened that the
precision of the results was in the order of 10 * (for both measures). Because
when no evidenceis presen, the importance function is the ideal importance
function, it is reasonableto say that 10 # is the best precision that a sam-
pling algorithm can achieve given the same resources. In caseof the CPCS
and the PathFinder networks, AIS-BN already comesvery closeto this pre-
cision. Therefore, the improvemert of EPIS-BN over AIS-BN in the CPCS
and PathFinder networks is actually signi cant, and it testies to the fact
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(a1) (a2)

(b1) (b2)

(c1) (c2)

Figure 7: Summary boxplots of the results of the Gibbs sampling, AIS-BN
and EPIS-BN algorithms for all three Bayesian networks. The right plots on
the righthand side show important fragments of the plots on a ner scale.

that the EPIS-BN algorithm usesa closeto optimal importance function.
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(al) (a2)

(b1) (b2)

(cl) (c2)

Figure 8: Performance of the Gibbs sampling, AIS-BN , and EPIS-BN algo-
rithms: Hellinger's distance for ead test caseplotted against the probability of
evidenceon all three Bayesian networks. The right plots on the righthand side
show important fragments of the plots on a ner scale.

5.5 The Role of Loopy Belief Propagation and -cuto in
EPIS-BN
Since EPIS-BN is basedon loopy bkelief propagation (P) in combination with
the -cuto heuristic (C), we performedexperimerts that aimed at disambiguat-
20



(al) (a2)

(b1) (b2)

(c1) (c2)

Figure 9: Summary boxplots of the results of the E, E+C, E+P , and E+PC
algorithms on all three networks. The right plots on the righthand side show
important fragmerts of the plots on a ner scale.

ing their role. We denote EPIS-BN without any heuristic method as the E
algorithm. E+PC represens the EPIS-BN algorithm. We comparedthe per-
formance of E, E+P , E+C , E+PC . We tested these algorithms on the same
test casesgeneratedin the previous experiments. The results are given in Fig-
ure 9. The results show that the performanceimprovemert is coming mainly
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from loopy helief propagation. The -cuto heuristic demonstrated inconsistern
performance. For the CPCS and PathFinder networks, it helped to achieve
a better precision, while it made the precision worse for the ANDES network.
We believe that there are at least two explanations of this obsenation. First,
the ANDES network hasa much deeper structure than the other two networks.
The loopsin the ANDES network are also much larger. Loopy bkelief propaga-
tion performs much better in networks with this kind of structure. After belief
propagation, the network already has near optimal ICPT s. There is no needto
apply -cuto heuristic any more. Second,the proportion of small probabilities
in thesenetworks is di erent. The ANDES network only has 5.8 percert small
probabilities, while the CPCS network has 14.1 percert and the PathFinder
has 9.5 percert. More extreme probabilities will make the inferencetask more
dicult, so -cuto playsamoreimportant role in the CPCS and PathFinder
networks.

6 Conclusion

It is widely believed that unlikely non-root evidencenodesand extremely small
probabilities in Bayesiannetworks are the two main stumbling blocks for stochas-
tic sampling algorithms. The EPIS-BN algorithm tries to overcomethem by
applying loopy belief propagation to calculate an approximation of the optimal
importance function. Thus, we are able to take into accourt the in uence of
non-root evidencebeforehandwhen we do sampling in the topological order in a
network. The secondtechnique, the -cuto heuristic, originally proposedin [3],
amourts to cutting o smaller probabilities by somethreshold. This heuristic
helps the tails of the importance function not to decay faster than the optimal
importance function. The resulting algorithm is elegart in the senseof focus-
ing clearly on precomputing the importance function without a costly learning
stage. Our experimental results shaw that the EPIS-BN algorithm achievesa
considerableimprovemert over the AIS-BN algorithm, especially in casesthat
were di cult for the latter. Experimental results also shawv that the improve-
ment comesmainly from loopy bkelief propagation. As the performance of the
EPIS-BN algorithm will depend on the degreeto which loopy belief propagation
will approximate the posterior probabilities, techniquesto avoid oscillations in
loopy kelief propagation may leadto someperformanceimprovemerts. Although
MCMC methods are not so sensitive to evidenceprobability, it seemsthat their
corvergencerates are very slow for high dimensional problems.
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