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Abstract

Empirical research on biases and heuristics has made a major contribution to the

knowledge about human judgment under uncertainty. There is a growing body of data

documenting situations in which human judgment violates the axioms of probability

theory. Recently, several researchers have postulated the need for a theoretical frame-

work that would explain the �ndings in terms of problem representation and cognitive

processes.

This paper is a progress report of the research done in this direction. Its aim is to

give a broad view of the ideas that arose during this research, even if they are speculative

in nature and not supported with enough evidence. There are three hypotheses emerg-

ing from this work: (1) Newell and Simon's Theory of Problem Solving may provide a

su�cient theoretical framework for the research on human judgment under uncertainty.

(2) Process tracing methods, and especially protocol analysis have the power of provid-

ing data for such framework. (3) Bayesian belief networks are a promising candidate

for a symbolic representation of problems involving uncertainty.

A preliminary analysis of verbal protocols of over 20 subjects working on various

judgmental tasks was performed. A computational framework for modeling judgmental

processes was created in which subjects' relevant knowledge was modeled by a large,

unique for each subject belief network. When structuring the problems, a majority of

subjects tended to instantiate nodes of that network and create deterministic scenarios

of possible events in
uencing the event in focus. These scenarios resulted in problem

spaces resembling incomplete probability trees. Computation of uncertainty seemed to

be weighting of subjective likelihood of the considered scenarios. Of the two formal

mechanisms for probabilistic reasoning within belief networks: belief propagation and

generation of deterministic scenarios, the approach observed clearly resembled the latter

one. The paper suggests several possible mechanisms that can account for discrepancies

between human judgment and the probability theory.

�
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1 Introduction

The problem of uncertainty is of particular importance in any situation involving decision

making. It is hard to discover any real world decision problem where there is not at least

slight uncertainty about the outcomes. In most real problems the key to a good decision is

the proper assessment and processing of uncertainty within the analysis [14].

Of the calculi developed for dealing with uncertainty, the most widely used is probability

theory. Uncertainty in probability theory is measured by a real number between 0.0 (im-

possible event) and 1.0 (sure event), called probability. The notion of probability can be

derived from a set of axioms of rational decision making. Violating these axioms leads to

inconsistency in probabilities and can be demonstrated to cause a sure loss. Following the

axioms, on the other hand, guarantees consistency.

Numerous studies done by behavioral psychologists have shown that there are serious dis-

crepancies between the way people estimate and process uncertainty and the way the axioms

of probability theory prescribe it. These studies resulted in a discovery and a convincing

demonstration of people's propensity for use of empirical, intuitive strategies (heuristics)

in their estimations of likelihood of uncertain events. The heuristics, of which representa-

tiveness, availability, and anchoring and adjustment are the best known, make estimation

of probabilities computationally tractable, but often result in systematic violations of the

probability axioms (biases).

Comparing human judgment against the formal probabilistic methods, and investigating

which situations lead to signi�cant discrepancies between these two, can bene�t those who

desire to make consistent decisions. The large body of research conducted in the last

20 years led to discovery of many such situations and mechanisms that are responsible

for human inconsistency ([10] is an anthology providing a thorough review of the main

�ndings). Recently, several researchers expressed the need for a theoretical framework for

this research.

Wallsten points out:

: : : the point is that research which focuses on any number of heuristics, simply asking

the conditions under which each appears, stops short of some of the most interesting

and useful questions. Classi�cation is clearly very important, but there is the danger

in such research, frequently succumbed to, that the description of the phenomenon is

taken as its explanation, and underlying theoretical principles are not sought. A search

for underlying principles rather than a �xation on disparate phenomena will lead to

conclusions of greater generality and usefulness [20, page 22].

He suggests further that the theoretical framework for the research on human judgment

under uncertainty needs to include human problem representation, and concern both the

semantic and the probabilistic aspects of the experimental situations. It should indicate how

the problem gets structured, which dimensions of the information provided will be encoded,

and how these features will be used. It should furthermore be capable of predicting the

range of judgmental e�ects that are observed [20].
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Ginossar and Trope refer to the same issue in the context of studies of the base{rate fallacy,

i.e. subjects' insensitivity to base rates in probability updates. Results of several earlier

experiments described in the literature show that human judgment is not always dominated

by the use of the representativeness heuristic over statistical reasoning, as postulated by

the heuristic and biases approach.

The heuristic judgment approach has convincingly demonstrated that representative

case information often dominates statistical base{rate information. However, this ap-

proach has not speci�ed the conditions that can weaken and even reverse this domi-

nance. What is needed, then, is a theoretical framework that will not only retain the

explanatory power of the heuristic judgment approach but will also delineate the general

conditions that determine the application of statistical or nonstatistical rules [6, page

465].

In attempt to achieve this goal, Ginossar and Trope apply a problem solving approach to

judgment under uncertainty. They describe six experiments (variants of the Kahneman

and Tversky's lawyer{engineer [12] and blue{green cabs [11] problems) in which subjects'

behavior, and in particular application of intuitive statistical rules, is postulated to be

related to general problem solving principles. However, this research is limited to pointing

out the existence of general problem solving principles and does not attempt to explain

issues like problem representation, strategies, processes, etc.

The direction taken by this research is studying processes employed by humans in judg-

ment under uncertainty. The motivation for the research on process level models comes

from several directions. One of them is an extension of the work done in behavioral psy-

chology. Progress in understanding of the mechanisms by which people encode and process

probabilities, may make it possible to hypothesize when particular heuristics will be used

and when biases most probably will occur. This may lead to a more e�ective design of

debiasing procedures or to a better elicitation and communication of uncertainty (e.g. in

risk communication).

The process level approach is also motivated by the research on Decision Support Systems

(DSS). Bayesian probability theory has been shown to outperform other formalisms for

dealing with uncertainty

1

and, as indicated by the �ndings of the heuristic and biases re-

search, also to outperform humans. Therefore there is a growing interest in building DSS

that employ probabilistic inference. One of the criticisms of this approach is that proba-

bility theory is not readily understandable by humans. Ability to distinguish correct from

erroneous advices of an DSS has been shown to be critical for the combined performance of

that DSS and its user [13]. It is therefore essential that either the user has a correct mental

model of the DSS or that the DSS is able to explain its reasoning in a way that is intuitive

for the user. Through their explicit character, process level models have the capability of

demonstrating where the di�erences between human and Bayesian reasoning are and how

they originate. They may allow to express human reasoning (with its imperfections) in

probabilistic terms, hence provide the necessary framework for the design of user interfaces.

1

Wise and Henrion [21] compare several popular mechanisms for treatment of uncertainty and demon-

strate that only in the best case will they perform as well as probability theory.
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Studying cognitive processes, at last, might give interesting ideas for arti�cial reasoning

schemes.

The remainder of this paper is structured as follows. The �rst four sections form a concise

introduction for readers who are not familiar with the background domains of this research.

Sections 2 and 3 describe brie
y the main ideas of the Theory of Problem Solving and

the assumptions underlying the method of protocol analysis. Sections 4 and 5 present the

concept of Bayesian belief networks and explain the principles of two mechanisms of belief

updating within the networks: belief propagation and generation of deterministic scenarios.

Readers familiar with the above concepts can proceed directly with Section 6.

Section 6 describes the framework for studying human reasoning under uncertainty devel-

oped in the course of this research. Section 6.1 characterizes the experiments performed.

Sections 6.2 and 6.3 describes modeling the knowledge of the subjects that is relevant to the

problems by means of belief networks. Section 6.4 elaborates problem structuring within

the available knowledge and Section 6.5 presents hypotheses concerning the computational

part of the judgment process (i.e. producing numerical estimations). Section 6.6 describes

how heuristics �t in the framework and Section 6.7 how the framework models discrepancies

between human and probabilistic reasoning. Section 6.8 discusses possible future directions

for this research. Section 7 summarizes the main ideas resulting from this research.

2 Theory of Problem Solving

Newell and Simon's Theory of Problem Solving [15] belongs to the class of information

processing approaches to cognition. It involves studying human behavior in solving various

tasks and modeling thinking as processing of information. This is based on the view of

a human as a processor of information and the assertion that a human brain shares with

computers the property of being a physical symbol system.

Problems posed to an individual are solved within an external environment that the problem

solver is placed in. This environment, called task environment, determines to a large extent

the behavior of the problem solver. Problems from that environment are conceptualized in

terms of a problem space that can be searched selectively for a solution. Information about

the general intelligence of the problem solver combined with the information about his or

her knowledge in relevant domains is sometimes su�cient to predict what problem space he

or she will create. The task environment is the overwhelming determinant of the problem

space. The structure of the problem space determines the possible processes that can be

used for problem solving. The solution process is e�ectively modeled as moving through

the problem space from the initial to the �nal state through a series of intermediate states.

Reaching the �nal state is equal to completion of the solution process.

Search through a problem space for a solution, except for a limited number of problems for

which a solution method is well known, is guided by empirical, intuitive strategies, called

heuristics. Although heuristics do not guarantee a solution, they aid the problem solver

in his or her limited cognitive capabilities by making the search problem computationally
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tractable. A problem solver is capable of acquiring knowledge about the solution process

by discovering and learning new strategies to solve the problem.

One of the few invariants over problem solver and task is the serial character of the human

information processing, at least at the level of higher cognitive processes. Another important

invariant is its goal oriented character. The problem solver attempts to attain a goal and

also has a test available to determine whether the goal has been achieved.

Except for a limited number of probabilistic tasks encountered mainly in probability text-

books, most of the problems involving uncertainty are ill structured, in the sense that they

are unbounded in their probabilistic dependencies, they lack a clear, widely agreed upon

problem space and de�nite criteria for testing any proposed solution. Studies of cognitive

processes in ill structured domains indicate that humans change ill structured problems

into well structured problems in the process of preparation (structuring) for solving them.

Furthermore, much problem solving e�ort is directed at structuring problems and only a

fraction of it at solving problems once they are structured [18]. Structuring a problem is

equivalent to constructing a problem space to work within. Physicians, for example, have

been observed to make the process of medical diagnosis a well structured problem from an

ill structured one by early hypothesis generation. They �nd in a relatively early phase of

diagnosis a small number of plausible diseases (hypotheses) that explain the symptoms, and

then solve the problem: \Which of these hypothesis is right?", which is a well structured

problem [7].

3 Protocol Analysis

Studying human cognition at the level of information processes poses methodological prob-

lems. A single move between two states of the problem space conceptualized by a human

problem solver can take as little as a few seconds. Several process tracing methods have

been used in studying human problem solving behavior, for example eye movement trac-

ing, collection of concurrent verbal protocol, denying and registering perceptual access to a

stimulus, interrupting ongoing activities with a signal to give a request for the contents of

attention. Analyzing the data obtained by these methods aids in the reconstruction of the

thinking process.

Of the process tracing methods, the most popular has been recording verbal protocols

(\think aloud" protocols). Ericsson and Simon [4] give an overview of the assumptions

and available evidence on suitability of protocol analysis to studies of problem solving. It

is generally assumed that during the verbalization the subject reports some subset of the

information that is held in his short term memory during performance of the task, provided

that this information is encoded in a way that makes it easy to verbalize

2

. Thinking aloud

has been observed not to interfere with or signi�cantly modify task performance, provided

that the subject assigns �rst priority to performing the task and that the instructions to

think aloud are formulated neutrally, i.e. they do not direct the subject to produce speci�c

2

Visual stimuli, for example, are not easily verbalized.
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kinds of information. Studying verbal protocols has been applied in several domains, from

simple, well de�ned tasks to models of real{life problems, like decision making and medical

diagnosis.

4 Bayesian Belief Networks

Bayesian belief networks

3

(BBN) [16] are a mathematical formalism allowing for explicit

representation of random variables and probabilistic dependencies among them. Formally,

BBN are directed acyclical graphs in which nodes represent random variables. An arc

between any two nodes denotes the existence of direct probabilistic in
uence between them.

The strength of this in
uence is quanti�ed by a conditional probability. Formally, the

direction of the arc is arbitrary, but usually it is chosen to denote causal in
uence between

the nodes it connects

4

. This structure allows for a natural form of expressing the relationship

of causality as a direct dependency.

BBNs model well the notion of relevance, independence, and conditional dependence, and

allow modeling of human qualitative reasoning about probabilities. They also allow one to

model such essential aspects of human reasoning as the ability to integrate predictive and

diagnostic reasoning, the ability to discount correlated sources of evidence, and inter{causal

inference between alternative causes of an event (\explaining away") [8]. Finally, they o�er

a mechanism for a normative, probabilistic approach to belief updating, while being less

rigorous towards inconsistencies than the probabilistic notation.

An example of a BBN is given in Figure 1. This BBN describes a model of the domain

of di�erent causes of sneezing of an individual. All variables in this model are binary

(present/absent). Sneezing can be caused by Cold or Allergy to Cats. Seeing Paw Marks

on the 
oor can raise suspicion about presence of a Cat in the house, but hearing Barking

from the room next door can suggest that the Paw Marks might have been left by a Dog

after all. Each node that has no incoming arcs (Cold, Cat, and Dog) is described by a prior

distribution of its outcomes (e.g. fraction of houses that keep Cats). A directed arc from the

node Cat to the node Allergy contains a description of conditional probabilities of outcomes

of Allergy given outcomes of Cat. If a node has more than one incoming arc (e.g. Sneezing),

the conditional likelihood of its outcomes is described by a joint probability distribution of

all in
uencing nodes (Cold and Allergy). Since the probabilities are discrete, the joint con-

ditional probability of Sneezing is a three{dimensional matrix, where the three dimensions

are outcomes of Cold, outcomes of Allergy, and outcomes of Sneezing. The elements of this

matrix will be probabilities of a given outcome of Sneezing given the outcomes of Cold and

Allergy.

Notice that it is possible to reason within this BBN in both predictive and diagnostic

direction, both qualitatively and quantitatively. If a Cat is present, we can easily determine

the likelihood of Paw Marks, Allergy, and Sneezing. On the other hand, if we observe Paw

3

Also called belief networks, or Bayesian networks.

4

If there is no causal in
uence between the nodes, the direction of the arc is picked for convenience.
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Figure 1: An example of a BBN

Marks, we know that they have been left by either a Cat or a Dog. It is also possible to

compute the probabilities of both. If Sneezing has been observed, Cold and Allergy become

correlated | whenever there is more evidence for Allergy, Cold becomes less likely and

opposite (\explaining away"). A similar e�ect appears when the Cat has been observed.

Allergy and Paw Marks, correlated before observing Cat become independent once Cat has

been observed. Reasoning withing a BBN is based on a well de�ned formalism and is

probabilistically sound.

5 Belief Propagation and Scenario Thinking

Consider a random variable X and its distribution function F (X). A deterministic scenario

is any instance of this variable. For example, deterministic scenarios of a discrete variable

\disease" are its instances \disease present" and \disease absent". The probability function

of this variable will have two values, p for \disease present" and 1� p for \disease absent".

A continuous variable \human height" has in�nitely many values and each of them is a

possible scenario

5

.
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-

Disease Test Result

Figure 2: BBN for the disease/test problem

Figure 2 shows two interacting random variables: \disease" and \test result". The variable

\disease" in
uences causally the variable \test result" | the result of the test depends on

5

It is a common practice to discretize continuous variables. The variable \human height" can be approx-

imated by a discrete variable, for example a variable with three values: \short", \medium", and \tall".
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whether the disease is present or not. For simplicity, \test result" will also be a binary

variable with two instances: \test positive" and \test negative".
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Figure 3: Probability tree for the disease/test problem

A useful way of representing scenarios involving several interacting random variables is

a probability tree. An example of a tree for the variables \disease" and \test result" is

given in Figure 3. Each node in such a tree represents a random variable and each branch

originating from that node, a possible outcome of that variable (scenario). Note, that there

are four possible scenarios involving the two variables in Figure 3:

S1 The disease is present and the test is positive.

S2 The disease is present and the test is negative.

S3 The disease is absent and the test is positive.

S4 The disease is absent and the test is negative.

Suppose that we are placed before the problem of determining the likelihood that a patient

is ill, given that the prevalence rate of the disease in question among the population of his

age is 1:10000, and that both the sensitivity and the speci�city of the test are 99% (i.e.

given a positive test result, there is a 0.01 chance that it is a false positive and given a

negative test result, there is a 0.01 chance that it is a false negative result).

Let d stand for \disease present", d for \disease absent", t for \test positive", and t for \test

negative". This problem can be solved in two di�erent ways. The �rst is by an algorithm

called belief propagation. We know that the test is quite accurate, we also know that it came

out positive, so e�ectively it increased our belief in patient's disease. In other words, the

test result supplied diagnostic support for the presence of the disease. The new probability
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that the patient has the disease, computed by means of the Bayes theorem is:

p(d j t) =

p(t j d) � p(d)

p(t j d) � p(d) + p(t j d) � p(d)

=

0:99 � 0:0001

0:99 � 0:0001+ 0:01 � 0:9999

= 0:0098

An alternative algorithm, using the probability tree representation of the problem of Fig-

ure 3, approaches the problem by considering probabilities of deterministic scenarios of

possible events and then aggregating them in order to �nd the probability of the disease.

Given the fact that the test turned out to be positive, scenarios S2 and S4 became impossi-

ble. Only two scenarios remained: S1 and S3. The disease is present and the test is positive

(S1) or the patient is healthy and the test is positive (S3). The probability of scenario

S1 is equal to the product of the original probability that the disease is present and the

conditional probability that the test will be positive given that the disease is present.

p(S1) = p(d) � p(t j d) = 0:0001 � 0:99 = 0:000099

The probability of scenario S3 is equal to the product of the original probability that the

disease is absent and the conditional probability that the test will be positive given that

the disease is absent.

p(S3) = p(d) � p(t j d) = 0:9999 � 0:01 = 0:009999

We weight these two scenarios against each other and �nd out that scenario S1 is 101 times

less likely than scenario S3. This process, equal to normalization of the probabilities of the

remaining scenarios (since the remaining two scenarios exhaust all possibilities, their sum

has to be 1.0), yields p(d) = 0:0098, the same answer as when using the belief propagation

scheme.

Readers accustomed to the decision analytic tools, will notice that these two representations

of interacting random variables and the two methods of propagating updates are analogical

to in
uence diagrams and decision trees. In
uence diagrams are essentially a generalization

of BBN which includes nodes for decisions and values (utilities). Decision trees are essen-

tially probability trees extended with decision branches and values of outcomes. Any given

decision problem can be represented by a decision tree and an isomorphic in
uence diagram.

Both are equivalent in the sense that they produce the same normative, Bayesian result, yet

using di�erent methods. Update propagation algorithms that were recently developed for

BBN and in
uence diagrams are based on methods that are analogous to belief propagation

[16, 17]. On the other hand, the algorithms for decision trees are based on deterministic

scenarios. Each branch of a decision tree corresponds to a deterministic scenario of events

and has an associated value of the outcome. The value of the root of the tree is found by

taking a weighted average of the values associated with all scenarios in the tree.

6 Framework for Modeling Human Inference

This section describes a preliminary framework for modeling human inference in the pres-

ence of uncertainty. The development of this framework has been approached from the
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perspective of Newell and Simon's Theory of Problem Solving. It is suggested that this

theory is capable of addressing the main questions posed to a theoretical framework for

judgment under uncertainty, and is also capable of providing a computational model of

judgment, useful for applications in DSSs, such as user interfaces.

Section 6.1 describes brie
y the experimental work that was conducted in the course of this

study. Sections 6.2 and 6.3 discuss modeling the knowledge of the subjects that is relevant to

the problems by means of BBN. Section 6.4 elaborates problem structuring and Section 6.5

presents hypotheses concerning the computational part of the judgment process (i.e. pro-

ducing numerical estimations). Section 6.6 discusses how �ndings concerning judgmental

heuristics �t in the framework and Section 6.7 how the framework models discrepancies

between human and probabilistic reasoning.

6.1 Allergic Sneezes and Disabled Presidents

A possible reason for the di�culty with developing a process model of human judgment

is in the methodology that has typically been employed. The majority of experiments

that have been conducted provided data that re
ected the end product of the probability

estimation process such as likelihood ranking between two or more uncertain events or

the probability estimate of an uncertain event. These data give little insight about how

the problem was solved or even whether the question was well understood. Generally, the

likelihood of an event can be judged by means of some heuristic mechanism, but the subject

may also happen to know the answer (he or she had solved the same or a similar problem

before or had previously heard or read about it), may decide to guess it (lack of time

or lack of motivation), or may decide to decompose it into even more elementary events,

hoping to be able to aggregate their likelihoods back. It is hard to determine from the �nal

answer only which of the above four cases took place and in many cases, determining what

really happened is rather impossible. Applying process tracing methods and in particular

collecting and analyzing verbal protocols of judgmental tasks has the power of providing a

better insight into human judgment.

To allow tracing of judgmental processes simple real{world problems involving probability

estimations and updating belief in the light of new evidence have been presented to fellow

graduate students at Carnegie Mellon University. The problems were chosen in such a

way that they could naturally be decomposed in more elementary problems. In this way,

decomposition and aggregation of events could be observed.

The �rst problem involved Henrion's Sneeze Example [8] in which a person su�ering from

frequent colds and allergy to cats, both resulting in sneezing, �nds himself in a new house.

The questions posed to subjects involved the probability of that person su�ering from an

incipient cold after he indeed starts sneezing, after he observes paw marks on the 
oor

(is there a cat in the house?), and after he hears barking from the room next door (were

the paw marks left by the dog?) [2]. A simpli�ed probabilistic model of this problem was

presented in Section 4 (Figure 1).

The second problem involved estimating the probability of the current Vice{President of
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U.S.A. (Dan Quayle) becoming President before the end of the term of the current President

(George Bush). Of course, this is implicitly referring to the probability that the current

President becomes unable to ful�ll his function.

Other (informal and not recorded) experiments included estimations of the probability of

economic recession, subjects of upcoming examination, and others.

Several protocols collected during these experiments were typed and analyzed, so far in a

rather informal manner, to allow for making initial observations. Samples of the protocols

from the above experiments will be used as an illustration throughout the remainder of this

section.

6.2 BBNs as a Tool for Modeling Subjects' Knowledge

In the traditional approach to probability theory, the existence of cause and e�ect rela-

tionships between random variables is immaterial. Human thinking, on the other hand,

has been observed to rely on causal schemas | perceiving sequences of events in terms of

causal relations. Several experiments performed by Kahneman and Tversky [19] indicated

that subjects heavily relied upon previously formed causal schemas in determining what

information they would use to make judgments. Similarly Einhorn and Hogarth [3] pointed

out that causality plays an important role in judgment under uncertainty. An important

conclusion emerging from these �ndings is that any theoretical framework for modeling

human behavior should contain mechanisms allowing for a natural representation of causal

relationships.

Graphs are probably the most common representation of conceptual dependencies, express-

ing directly and qualitatively the dependence relationships, meeting the requirements of

explicitness, saliency, and stability. They have been used for portraying human memory,

for example in semantic networks. BBNs are a form of graphs modeling probabilistic de-

pendencies between the nodes. It seems, at least in the �rst approximation, that human

subject's beliefs about causal and probabilistic dependencies within a certain domain can

be modeled by a BBN.

A BBN modeling subject's relevant knowledge will generally be unique to each person,

although due to similarities in people's environment, large parts of individual networks may

be similar to each other. For practical purposes (modeling), I will assume that it is possible

to draw a boundary between domains by considering only relevant beliefs and excluding

those events and dependencies that are remote in nature. An example of an event that

I �nd remote in nature to the domain of American Presidency is the current position of

Venus in her trajectory around the Sun. I should stress here that there may exist a person

who �nds the position of Venus relevant to this domain. In such a case, this event does

belong to his or her relevant network of beliefs. A network of beliefs in a certain domain

is interconnected with networks modeling beliefs in other domains. The total network of

beliefs is large but probably not in�nite.

Modeling human relevant knowledge by means of a BBN is only a certain abstraction,
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a convenient approximation. A BBN neither resides in human memory, nor it is fully

conceptualized or constructed as such in the thinking process. It is a set of individual

beliefs about the surrounding world glued together to form a network. It is a convenient

portrait of all relevant pieces of knowledge about the environment, the picture of what could

possibly be constructed by the subject given what he or she knows.

A person does not have all his or her relevant knowledge readily accessible. Thinking about

a problem, a person will typically recall only a small number of relevant events. Neutral

prompting will generally not result in enumerating all elements of subject's beliefs. It

is, however, theoretically possible to elicit large parts of his or her network by directed

questioning over a longer period of time. Again, the beliefs are generally dynamic and

some of them may change even during the elicitation process, for example when the subject

notices an inconsistency in his or her beliefs.

6.3 Individual BBN as a Universe of Problem Spaces

A subject's beliefs modeled by a BBN can be looked at as a universe of all possible problem

spaces he or she can create when attempting to solve a problem in that domain. A problem

space will always be a subset of the relevant beliefs and will consist of all the elements

of the network (events) and their interconnections (probabilistic dependencies) that the

subject considers when solving the problem. A subject can modify his or her problem space

by adding or dropping events or dependencies he or she �nds relevant or irrelevant to the

problem.

For example, the universe of problem spaces of a subject estimating the likelihood of a

premature termination of the current U.S. President's term in o�ce consists of all his or her

relevant knowledge about the matter, such as his age, health condition, knowledge about

assassinations of former American Presidents in o�ce, the political enemies of the current

president, his foreign enemies, e�ectiveness of the CIA, e�ectiveness of the body guards,

e�ectiveness of the secret police of the foreign countries that he visits, the President's

political a�liation, the frequency of his trips, his habits of entering the crowd during his

trips, etc.

For each elementary event there is some idea about its prevalence, and for each two events

there is some idea about the strength of in
uence between them, in whatever way it is

cognitively encoded.

6.4 Giving the Problem a Structure: Creation of a Problem Space

I observed that when reasoning about the likelihood of an uncertain target event, subjects

�rst tried to �t the problem into a structure they have previously seen or learned about.

Subjects who had some but not enough training in probability theory, often tried to ap-

ply known mathematical techniques, for example, multiplication of numbers or probability

updating by means of the Bayes theorem. In the protocol below, the subject attempts to
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apply his knowledge about statistics in the Sneeze Example:

E347: What's the probability that he has a cold? (pause)

E348: It's just : : : (pause)

E349: What's this : : : (pause) ahm : : :

E350: It's an exponential distribution?

E351: Time to �rst pro : : : time to �rst : : :

E352: Is it a Poisson? (pause)

E353: This likelihood till he gets : : : to a thing is : : : (pause)

E354: grows and grows and grows?

E362: I'm not sure how to guess that probability : : :

E363: Cause I don't know what's the likelihood of : : : (pause)

E364: How is the distribution of Harry's getting colds?

When there was no \ready{made" structure that could �t the current problem, they pro-

ceeded with constructing a structure for the problem.

Most of the subjects attempted to investigate what other events possibly in
uenced that

target event. This search for possible causes was aimed at selecting an event or a set of

events that would be further used to estimate the likelihood of the target event (event

selection processes). Event selection is assumed to be performed by following diagnostic

and causal links starting from the target. Once a subject's attention had been focused on

a candidate event, he or she then investigated how this event could in
uence the target

event (path building processes). Event selection and path building processes were used

complementarily. These two processes gave the problem a structure. As an illustration, we

will look at the following protocol piece from the Sneeze Example.

C288: Aha! Paw marks on the 
oor.

C289: Now, here we go again, because paw marks do not mean cats, right?

C290: Are these cat's paw marks, are these dog's paw marks?

C291: I mean, the guy could keep a squirrel, you know, or it might be a rat, who

knows?

C292: How and in what way does seeing the paw marks a�ect the probability of Harry's incip-

ient : : : incipient cold you estimated in the question of the previous page?

C293: Well, if the paw marks are cat paw : : :

C294: It really doesn't a�ect it. It mean : : :

C295: It stays the same question.

C296: Is : : : are these : : : these are cat paw marks, then the probability is close to

zero.

C297: If it's not a cat paw marks, then the probability of the cold causing it is

close to one, right?

Subject reads the information about paw marks being observed on the 
oor. She quickly

�nds events that are possible causes of Paw Marks: Cat, Dog, Squirrel, Rat, and Any Small

Animal. She further analyses which of these events and how are in
uencing the target event

(Cold).

13



When creating a problem space for the President problem, a subject can think about him,

for instance, as being assassinated, getting seriously ill or causing a scandal. Each of the

three is causally related to the target event: premature termination of the presidency.

Another problem space may include a nuclear war, a hunting or an airplane accident, etc.

A person who believes that the President is miraculously protected by an extra{terrestrial

power just because of the fact that he is a Republican (\Republicans don't die in o�ce"),

creates a problem space consisting of just two random events: the divine protection with a

very strong causal in
uence on the event President's death. There is also a problem space

possible with one single event, namely premature termination of presidency. A subject may

decide that the only information relevant to the problem are the base rates of American

Presidents terminating their presidency prematurely

6

.

Example of structuring the President problem by one of the subjects is given underneath.

A2: Well, the �rst thing that comes to my mind is: what could be the reasons of

him stepping down.

A3: And the picture of : : :has : : :has always been his health : : :

A4: I mean, there's nothing wrong with his health, but the picture is: his health,

A8: Ah : : :So now the second question is:

A9: What about ah : : : scandal?

A10: He is certainly surrounded by a lot of scandal.

A19: So, I've just eliminated two reasons : : :

A20: And now I'm just searching : : : for what other reasons could someone step

down.

A21: He could be killed.

The structure created can be thought of as the subject's problems space, selected paths

through the subject's knowledge (modeled by a BBN). These loose paths or scenarios, all

rooted in the target event, show how the likelihood of the target is in
uenced

7

.

Human thinking at the level of higher cognitive processes has been observed to be pre-

dominantly serial [15]. The capacity of Short Term Memory poses another limitation and

determines the maximum number of items that the subject can focus on at the same time.

This limitation has been observed to lead in problem solving to search strategies resembling

Depth First Search rather than Breadth First Search (e.g. Progressive Deepening in Chess

[15]). Serial Depth First Search in a graph inevitably leads to scenario{like reasoning.

Whatever structure will be given to the problem, it's details are to a certain extent pre-

dictable, in the sense that they will be rather consistent with the beliefs of the subject and

correlated with the widely accepted common sense beliefs. Creation of the problem space

is driven by various constraints. In the beginning of structuring the President problem,

the subject is constrained by what he or she knows of the American law. A President will

6

It is arguably the most reliable strategy to solve this problem.

7

Note that in the simplest case in which the BBN consists of only one node, scenarios are just the possible

outcomes of that node.
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�nish his term prematurely if he is unable to ful�ll his function, is impeached, or resigns.

Being unable to ful�ll his function can be caused by a �nite set of events, namely a disease,

accidental or intended injury or death, or imprisonment. So, the problem is ill structured

in its entirety, but quite well structured and de�ned when divided into smaller modules (see

also [18]).

6.5 Computation of Uncertainty

Once the problem is structured, the tree of paths constituting the subject's problem space

is used for the computation of uncertainty. This phase takes a very short time and yields

scanty protocols. It seems like the computation of uncertainty is almost instantaneous.

Just as the task of structuring the problem, computation of uncertainty within a newly

created problem space is subjected to various constraints. The main constraints are those

rules of the probability calculus that the subject knows and �nds applicable. An example is

the restriction that the probability can never be lower than 0.0 and larger than 1.0 and that

probability 0.0 means an impossible event and 1.0 means a sure event. Other constraints are

combinations of probability calculus and domain knowledge. Most of the subjects realize

that having two causes of possible termination of presidency makes this event more probable

than having only one cause. Also, most subjects realize that if the probability of the event

\President is shot at" increases, then with other things unchanged, the probability of the

event \President killed" also inevitably increases.

In the initial state the problem space has no likelihoods associated with di�erent elementary

events, In the �nal state the target event is in a stable state, i.e. the subject believes that

the current problem space includes all signi�cant events, that the likelihood of the target

event is estimated correctly, and that no belief update inside the problem space will change

it signi�cantly. The criterion for reaching the �nal state is vague, even to the subjects

themselves. Questions in the �nal stage of the experiment: \Is this enough?", \Shall I go

on?", \Can I stop now?" directed towards the experimenter are quite common.

It is likely that uncertainty estimation is done by assessing strength of in
uence of each

path on the target event and aggregating these strengths somehow (e.g. weighting). This

is suggested by the tendency observed in the majority of subjects to consider deterministic

scenarios of the possible events

8

.

C318: How probable is it that Harry su�ers from an incipient cold?

C319: Still stays the same.

C320: Eh : : : If there happens to be a cat : : :

C321: You know, the presence of dog does not : : :does not exclude the presence of

a cat.

C322: And the paw marks : : :We never say anywhere that the paw marks were

actually caused by the dog.

C323: So, no conclusion.

C324: The same conclusion as before.

8

And often even refusing to aggregate them in a somewhat unfamiliar, arti�cial domain (like the Sneeze

Example).
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C325: If there is a cat, close to zero,

C326: if there's no cat, close to one.

A plausible way of computing, consistent with the anchoring and adjustment heuristic,

would be concentrating on the strength of the most plausible scenario and adjusting its

estimated likelihood for all the other possible scenarios. Consider the following protocol as

an example:

A44: I'd say 10 percent.

A45: Now, stop.

A46: (E: Of being shot or of stepping down?)

A47: Well, 10 percent of being shot and

A48: I just don't see : : : I mean the : : :No probability is zero : : :

A49: I don't believe any, you know, probability is zero, but : : :

A50: And the 10 percent was completely arbitrary.

A51: It's just that, you know, I looked back and, you know, being shot is not at

all incredible and on the other hand very likely.

A52: Ahm : : :And I went through the other two things that I could think of that

would be a problem

A53: and neither of those seemed to me : : :

A54: Which were they?

A55: Oh, his health!

A56: Now, they're not zero,

A57: so why don't I add a couple of percentages with them,

A58: you know I'll add 5 percent.

A59: OK. So, I'll say 15 percent.

A60: And now I say: do I really believe 15 percent?

A61: 15 percent strikes me as high.

A62: I'll go back to 10 percent total. (laughing)

This way of computing beliefs seems to be consistent with the �nding that linear models

give a good approximation on human judgment [1]. While belief in an event computed by

means of probabilistic methods is a complex function of beliefs in relevant events in
uencing

that event, weighting selected scenarios against each other can easily be approximated by a

linear function of outcomes that determine the choice of those scenarios (i.e. outcomes that

make them plausible). In the example demonstrated above, it could be represented as the

linear function: Bel(Terminates) = C

1

� Bel(Killed) + C

2

�Bel(Scandal) + C

3

� Bel(Ill),

where Bel denotes subjective probability of the event

9

, and C

1

, C

2

, and C

3

some weights.

6.6 Heuristics

The framework just presented is compatible with the �ndings of behavioral psychologists

concerning judgmental heuristics. Heuristics in this framework are intuitive procedures

9

We use Bel instead of p to stress that the former one does not necessarily conform to the axioms of

probability.
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aiding in searches through the BBN, likelihood judgments of elementary events, and es-

timating the strength of dependencies. Choice of the events forming the problem space,

estimating the prior probability of elementary events and their conditional dependence on

other events, estimating the likelihood of an entire scenario or parts thereof, can very plau-

sibly be determined by their availability to memory and their representativeness for the

problem described.

The following piece of protocol shows that the subject created a mental image of the Pres-

ident and matched it against her image of a President who could possibly cause a scandal

(representativeness), in order to estimate the likelihood of the event: \current President

will cause a scandal".

A9: What about ah : : : scandal?

A10: He is certainly surrounded by a lot of scandal.

A11: Ah : : :Scandal (pause) is not a possibility either, seems to me : : :

A12: Eh : : :because he : : :ah : : :

A13: I mean, I sort of wanna say he's sort of preppy : : :

A14: I mean, he : : :he comes from a proper family,

A15: he's very wealthy : : :

A16: ah : : : and he : : :he strikes me as someone who's above board,

A17: I mean who'd not, I mean : : :That's certainly his image.

A18: He's not someone who would stoop to do anything that was not completely

above board.

The following piece shows recalling of past events that are analogous with the target event.

The ease with which such events come to mind seems to be crucial in likelihood judgment

(availability). Note also that the subject attempts to decompose this event (line A30), and

then gives up to estimate its probability heuristically.

A26: Ah : : :Now I have to sort of say how likely and I have to �gure out : : :ah

: : :probability for : : : for his : : :his getting killed.

A27: And : : :Now I'm sort of searching back to other Presidents who've been

wounded or killed in the past ..

A28: or : : :or public leaders and it's sure not unlikely.

A30: So, I'm thinking about the kinds of questions: will : : :will Bush raise taxes

and the fact that you look back behind this what other Presidents have raised

taxes.

A31: But anyway : : :OK

A32: So, Kennedy was killed,

A33: Raegan was shot,

A34: Ford somebody trying to shoot : : :

A35: ah : : : the other Kennedy brothers : : :

A36: Robert was killed : : :

A37: I would say, the chances are not that bad at all. (laughing)

The following protocol fragment also shows the use of availability heuristic:
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E381: What's the probability that a person has both a cat plus a dog?

E382: I'd say the probability is low that a person has a cat plus a dog.

E383: Ahm : : :No, it isn't!

E384: How many people do I know that have both cats and dogs?

Use of anchoring and adjustment heuristic was demonstrated in the protocol fragment shown

on page 16.

Another heuristic worth mentioning is simulation heuristic, observed by Kahneman and

Tversky [10]. In the framework, it is an instance of a scenario, a path through a branch of

the probability tree of the problem space.

6.7 Discrepancies with the Bayesian Probability Theory

Generally, there are four sources of observed discrepancies between judgmental reasoning

and the probabilistic reasoning. The �rst is related to misunderstanding of the problem

posed. The second is related to the data that the judgment is based on, i.e. subjects' qual-

itative and quantitative beliefs about probabilistic relationships among relevant variables.

The third type is related to the process of structuring the problem, i.e. determining what

approach will be taken in the solution process and what elements and properties of the

domain are relevant. The fourth type results from errors in processing the data.

The cognitive processes observed in subjects' protocols were very similar to propagating

updates by generating deterministic scenarios. This suggests that the general approach is

not inherently di�erent from the probabilistic methods. The example that was used for

illustration of the method of deterministic scenarios in Section 5 consisted of only four

scenarios. Generally, in a model with n discrete binary random variables there are 2

n

possible scenarios. This is, for su�ciently large n, incomprehensible for humans. Due to

cognitive limitations subjects are able to consider only a limited number of them, hence

create an incomplete probability probability tree. If the tree were complete, the algorithm

might be correct in Bayesian sense

10

.

The framework proposed in this paper models the discrepancies between the human judg-

ment and probabilistic reasoning in the following ways:

1. The subject may partly misunderstand the problem or the intentions of the experi-

menter. Subject's beliefs may di�er from what can generally be assumed based on

common reason. Therefore, the universe of problem spaces, the BBN, that he or she

works within, is di�erent from what the experimenter expects.

2. The strength of connections, the elementary probabilistic in
uences and prior likeli-

hoods can be di�erent across subjects.

10

Actually, probabilistic logic sampling proposed by Henrion [9] is based exactly on this scheme and is an

example of a belief update algorithm for BBN.
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3. Due to cognitive limitations, the subject may fail to include relevant factors (that he

or she would normally consider relevant) that have an impact on the problem space.

This seems to be an important source of discrepancies, because it is e�ectively equal

to omitting entire subtrees of a normative probability tree.

4. Computational imperfections can cause wrong assessment of strength (probabilities)

of an entire scenario.

5. Aggregation of strengths of the scenarios considered can be imperfect and have impact

on the result.

It would be interesting to investigate, which of these �ve have the biggest impact on the

result in this framework and which of them could be held responsible for causing the sys-

tematic errors that have been postulated in the literature. Computer simulation of human

reasoning within this model might yield an answer.

6.8 Further Work on the Model

My preliminary �ndings have led to a framework for comparing human reasoning under

uncertainty to Bayesian inference and to formulation of preliminary hypotheses concerning

cognitive processes. However, the studies conducted were limited in scope and number of

subjects.

In order to give this work a solid foundation, I would like to investigate whether BBNs

are indeed a su�cient formalism for modeling subjects' knowledge. To do this it is neces-

sary to determine what elementary building blocks, rules of uncertain reasoning are used

by humans. Two such building blocks underlying the BBNs are conditional dependence

between two random variables and inter{causal dependence between alternative causes of

an event (\explaining away"). It is essential to �nd out whether there are other reasoning

rules speci�c to human reasoning, that are not modeled by BBN. If such rules are found,

human uncertain knowledge would need to be modeled by a superset of BBN or another for-

malism. Isolating and testing the rules of uncertain inference would consist of experiments

with human subjects. The experiments will test subjects' abilities to apply the rules across

various domains and in qualitative and quantitative settings. The method that seems to be

the most suitable for this goal is protocol analysis, although more conventional experiments

testing validity of well formulated hypotheses are also possible.

In order to maximize the information available from the protocols and insure uniformity of

interpretation, the protocol analysis will have to be formalized. Thus, a suitable cod-

ing scheme has to be developed to code the protocols at a small{grain or at least an

intermediate{grain level.

The way a judgmental problem is approached by humans has been demonstrated to be highly

dependent on the form in which the information crucial for the problem is presented and

also on context{dependent experience of the subjects [5]. An interesting problem that may

be addressed by this research is decomposability of problems in the structuring phase. How
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do subjects decide how far they go in decomposing a problem? When do they decide that

a problem is su�ciently decomposed? Among the subjects solving the President problem,

there were those who considered only the target event and those who built elaborated

problem spaces.

Simulation of the proposed framework would consist of collecting protocols of subjects per-

forming judgmental tasks in a simple domain, analyzing these protocols and creating a BBN

model of that domain, and implementing it by means of a computer program written in

a production oriented language (e.g. OPS-5). This program could then simulate various

possible ways in which the task could be performed within the framework, starting from

correct Bayesian algorithms, through single computational distortions (enumerated in Sec-

tion 6.7) towards complete processes compatible with those observed in the protocols. The

next stage in construction of such a model would involve tuning it up and checking if the

results it produces are compatible with the existing literature on heuristics and biases in

probability estimations. The �nal stage would involve automatic generation of outlines of

verbal protocols that would be similar to those observed in the experiments.

Observations made in my experiments indicate that out of the two methods of belief up-

dating used by humans, scenario thinking was more common than belief propagation. An

interesting research topic is �nding out whether scenario thinking can be used for automatic

generation of explanations of uncertain inference.

7 Conclusion

The research described in this paper applied the Theory of Problem Solving to human

judgment under uncertainty. In order to learn more about the problem representation

and the cognitive processes, it used analysis of concurrent verbal protocols. As the �rst

approach, Bayesian belief networks were used as a mechanism for symbolic modeling of the

problem representation.

Using these three methodological approaches led to development of a computational frame-

work in which human judgment can be modeled and compared to probability theory. A

strength of this framework is its explicitness in representing the elementary events consti-

tuting the problem space and its ability to point out explicitly where human processes stop

short of following the probability calculus.

Initial �ndings from an informal analysis of protocols show that structuring the problem

plays an important part in the judgment. Non{linear, network{like knowledge that is rele-

vant to the problem, seems to be structured in form of scenarios, chains of events connected

by causal links. All scenarios lead to the same point: the target event. The problem space

created by the subject often resembles an incomplete probability tree. Di�erence between

this tree and the tree constructed conform the probability theory possibly accounts for

the imperfections in human judgment. It is suggested that current observations could be

veri�ed by a formal study of protocols and by computer simulation.
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