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Abstract

Empirical researc h on biases and heuristics has made a ma jor con tribution to the

kno wledge ab out h uman judgmen t under uncertain t y . There is a gro wing b o dy of data

do cumen ting situations in whic h h uman judgmen t violates the axioms of probabilit y

theory . Recen tly , sev eral researc he rs ha v e p ostulated the need for a theoretical frame-

w ork that w ould explain the �ndings in terms of problem repres en tation and cognitiv e

pro cesses .

This pap er is a progress rep ort of the researc h done in this direction. Its aim is to

giv e a broad view of the ideas that arose during this research, ev en if they are sp eculativ e

in nature and not supp orted with enough evidence. There are three h yp otheses emerg-

ing from this w ork: (1) New ell and Simon's Theory of Problem Solving ma y pro vide a

su�cien t theoretical framew ork for the research on h uman judgmen t under uncertain t y .

(2) Pro ces s tracing metho ds, and esp ec ially proto col analysis ha v e the p o w er of pro vid-

ing data for suc h framew ork. (3) Ba y esian b elief net w orks are a promising candidate

for a sym b olic represe n tation of problems in v olving uncertain t y .

A preliminary analysis of v erbal proto cols of o v er 20 sub jects w orking on v arious

judgmen tal tasks w as p erformed. A computational framew ork for mo deling judgmen tal

pro cesses w as created in whic h sub jects' relev an t kno wledge w as mo deled b y a large,

unique for eac h sub ject b elief net w ork. When structuring the problems, a ma jorit y of

sub jects tended to instan tiate no des of that net w ork and create deterministic scenarios

of p ossible ev en ts in
uencing the ev en t in fo cus. These scenarios resulted in problem

spaces resem bling incomplete probabilit y trees. Computation of uncertain t y seemed to

b e w eigh ting of sub jectiv e lik eliho o d of the considered scenarios. Of the t w o formal

mec hanisms for probabilistic reasoning within b elief net w orks: b elief propagation and

generation of deterministic scenarios, the approac h observ ed clearly resem bled the latter

one. The pap er suggests sev eral p ossible mec hanisms that can accoun t for discrepancies

b et w een h uman judgmen t and the probabilit y theory .

�

This w ork w as supp orted in part b y the National Science F oundation under gran t IRI{8807061
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1 In tro duction

The problem of uncertain t y is of particular imp ortance in an y situation in v olving decision

making. It is hard to disco v er an y real w orld decision problem where there is not at least

sligh t uncertain t y ab out the outcomes. In most real problems the k ey to a go o d decision is

the prop er assessmen t and pro cessing of uncertain t y within the analysis [ 14 ].

Of the calculi dev elop ed for dealing with uncertain t y , the most widely used is probabilit y

theory . Uncertain t y in probabilit y theory is measured b y a real n um b er b et w een 0.0 (im-

p ossible ev en t) and 1.0 (sure ev en t), called probabilit y . The notion of probabilit y can b e

deriv ed from a set of axioms of rational decision making. Violating these axioms leads to

inconsistency in probabilities and can b e demonstrated to cause a sure loss. F ollo wing the

axioms, on the other hand, guaran tees consistency .

Numerous studies done b y b eha vioral psyc hologists ha v e sho wn that there are serious dis-

crepancies b et w een the w a y p eople estimate and pro cess uncertain t y and the w a y the axioms

of probabilit y theory prescrib e it. These studies resulted in a disco v ery and a con vincing

demonstration of p eople's prop ensit y for use of empirical, in tuitiv e strategies ( heuristics )

in their estimati ons of lik eliho o d of uncertain ev en ts. The heuristics, of whic h r epr esenta-

tiveness , availability , and anchoring and adjustment are the b est kno wn, mak e estimati on

of probabilities computationally tractable, but often result in systematic violati ons of the

probabilit y axioms ( biases ).

Comparing h uman judgmen t against the formal probabilistic metho ds, and in v estigati ng

whic h situations lead to signi�can t discrepancies b et w een these t w o, can b ene�t those who

desire to mak e consisten t decisions. The large b o dy of researc h conducted in the last

20 y ears led to disco v ery of man y suc h situations and mec hanisms that are resp onsible

for h uman inconsistency ([10 ] is an an thology pro viding a thorough review of the main

�ndings). Recen tly , sev eral researc hers expressed the need for a theoretical framew ork for

this researc h.

W allsten p oin ts out:

: : : the p oin t is that researc h whic h fo cuses on an y n um b er of heuristics, simply asking

the conditions under whic h eac h app ears, stops short of some of the most in teresting

and useful questions. Classi�cation is clearly v ery imp ortan t, but there is the danger

in suc h researc h, frequen tly succum b ed to, that the description of the phenomenon is

tak en as its explanation, and underlying theoretical principles are not sough t. A searc h

for underlying principles rather than a �xation on disparate phenomena will lead to

conclusions of greater generalit y and usefulness [ 20 , page 22].

He suggests further that the theoretical framew ork for the researc h on h uman judgmen t

under uncertain t y needs to include h uman problem represen tation, and concern b oth the

seman tic and the probabilistic asp ects of the exp erimen tal situations. It should indicate ho w

the problem gets structured, whic h dimensions of the informati on pro vided will b e enco ded,

and ho w these features will b e used. It should furthermore b e capable of predicting the

range of judgmen tal e�ects that are observ ed [20].
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Ginossar and T rop e refer to the same issue in the con text of studies of the base{rate fallacy ,

i.e. sub jects' insensitivit y to base rates in probabilit y up dates. Results of sev eral earlier

exp erimen ts describ ed in the literature sho w that h uman judgmen t is not alw a ys dominated

b y the use of the represen tativ eness heuristic o v er statistical reasoning, as p ostulated b y

the heuristic and biases approac h.

The heuristic judgmen t approac h has con vincingly demonstrated that repres en tativ e

case informati on often dominates statistical base{rate informatio n. Ho w ev er, this ap-

proac h has not sp eci�e d the conditions that can w eak en and ev en rev erse this domi-

nance. What is needed, then, is a theoretical framew ork that will not only retain the

explanatory p o w er of the heuristic judgmen t approac h but will also delineate the general

conditions that determine the application of statistical or nonstatistical rules [6 , page

465].

In attempt to ac hiev e this goal, Ginossar and T rop e apply a problem solving approac h to

judgmen t under uncertain t y . They describ e six exp erimen ts (v arian ts of the Kahneman

and Tv ersky's lawyer{engine er [12 ] and blue{gr e en c abs [11 ] problems) in whic h sub jects'

b eha vior, and in particular application of in tuitiv e statist ical rules, is p ostulated to b e

related to general problem solving principles. Ho w ev er, this researc h is limited to p oin ting

out the existence of general problem solving principles and do es not attempt to explain

issues lik e problem represen tation, strategies, pro cesses, etc.

The direction tak en b y this researc h is studying pro cesses emplo y ed b y h umans in judg-

men t under uncertain t y . The motiv ation for the researc h on pro cess lev el mo dels comes

from sev eral directions. One of them is an extension of the w ork done in b eha vioral psy-

c hology . Progress in understanding of the mec hanisms b y whic h p eople enco de and pro cess

probabilities, ma y mak e it p ossible to h yp othesize when particular heuristics will b e used

and when biases most probably will o ccur. This ma y lead to a more e�ectiv e design of

debiasing pro cedures or to a b etter elicitatio n and comm unication of uncertain t y (e.g. in

risk comm unication).

The pro cess lev el approac h is also motiv ated b y the researc h on Decision Supp ort Systems

(DSS). Ba y esian probabilit y theory has b een sho wn to outp erform other formali sms for

dealing with uncertain t y

1

and, as indicated b y the �ndings of the heuristic and biases re-

searc h, also to outp erform h umans. Therefore there is a gro wing in terest in building DSS

that emplo y probabilistic inference. One of the criticisms of this approac h is that proba-

bilit y theory is not readily understandable b y h umans. Abilit y to distinguish correct from

erroneous advices of an DSS has b een sho wn to b e critical for the com bined p erformance of

that DSS and its user [13 ]. It is therefore essen tial that either the user has a correct men tal

mo del of the DSS or that the DSS is able to explain its reasoning in a w a y that is in tuitiv e

for the user. Through their explicit c haracter, pro cess lev el mo dels ha v e the capabilit y of

demonstrating where the di�erences b et w een h uman and Ba y esian reasoning are and ho w

they originate. They ma y allo w to express h uman reasoning (with its imp erfections) in

probabilistic terms, hence pro vide the necessary framew ork for the design of user in terfaces.

1

Wise and Henrion [ 21 ] compare sev eral p opular mec hanisms for treatmen t of uncertain t y and demon-

strate that only in the b est case will they p erform as w ell as probabilit y theory .
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Studying cognitiv e pro cesses, at last, migh t giv e in teresting ideas for arti�cial reasoning

sc hemes.

The remainder of this pap er is structured as follo ws. The �rst four sections form a concise

in tro duction for readers who are not famili ar with the bac kground domains of this researc h.

Sections 2 and 3 describ e brie
y the main ideas of the Theory of Problem Solving and

the assumptions underlying the metho d of proto col analysis. Sections 4 and 5 presen t the

concept of Ba y esian b elief net w orks and explain the principles of t w o mec hanisms of b elief

up dating within the net w orks: b elief propagation and generation of deterministic scenarios.

Readers familia r with the ab o v e concepts can pro ceed directly with Section 6.

Section 6 describ es the framew ork for studying h uman reasoning under uncertain t y dev el-

op ed in the course of this researc h. Section 6.1 c haracterizes the exp erimen ts p erformed.

Sections 6.2 and 6.3 describ es mo deling the kno wledge of the sub jects that is relev an t to the

problems b y means of b elief net w orks. Section 6.4 elab orates problem structuring within

the a v ailable kno wledge and Section 6.5 presen ts h yp otheses concerning the computational

part of the judgmen t pro cess (i.e. pro ducing n umerical estimations). Section 6.6 describ es

ho w heuristics �t in the framew ork and Section 6.7 ho w the framew ork mo dels discrepancies

b et w een h uman and probabilistic reasoning. Section 6.8 discusses p ossible future directions

for this researc h. Section 7 summarizes the main ideas resulting from this researc h.

2 Theory of Problem Solving

New ell and Simon's Theory of Problem Solving [15 ] b elongs to the class of informati on

pro cessing approac hes to cognition. It in v olv es studying h uman b eha vior in solving v arious

tasks and mo deling thinking as pro cessing of information. This is based on the view of

a h uman as a pro cessor of informatio n and the assertion that a h uman brain shares with

computers the prop ert y of b eing a ph ysical sym b ol system.

Problems p osed to an individual are solv ed within an external en vironmen t that the problem

solv er is placed in. This en vironmen t, called task envir onment , determines to a large exten t

the b eha vior of the problem solv er. Problems from that en vironmen t are conceptualized in

terms of a pr oblem sp ac e that can b e searc hed selectiv ely for a solution. Information ab out

the general in telligence of the problem solv er com bined with the informati on ab out his or

her kno wledge in relev an t domains is sometimes su�cien t to predict what problem space he

or she will create. The task en vironmen t is the o v erwhelming determinan t of the problem

space. The structure of the problem space determines the p ossible pro cesses that can b e

used for problem solving. The solution pro cess is e�ectiv ely mo deled as mo ving through

the problem space from the initial to the �nal state through a series of in termediate states.

Reac hing the �nal state is equal to completion of the solution pro cess.

Searc h through a problem space for a solution, except for a limited n um b er of problems for

whic h a solution metho d is w ell kno wn, is guided b y empirical, in tuitiv e strategies, called

heuristics. Although heuristics do not guaran tee a solution, they aid the problem solv er

in his or her limited cognitiv e capabilities b y making the searc h problem computationall y
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tractable. A problem solv er is capable of acquiring kno wledge ab out the solution pro cess

b y disco v ering and learning new strategies to solv e the problem.

One of the few in v arian ts o v er problem solv er and task is the serial c haracter of the h uman

informatio n pro cessing, at least at the lev el of higher cognitiv e pro cesses. Another imp ortan t

in v arian t is its goal orien ted c haracter. The problem solv er attempts to attai n a goal and

also has a test a v ailable to determine whether the goal has b een ac hiev ed.

Except for a limited n um b er of probabilistic tasks encoun tered mainly in probabilit y text-

b o oks, most of the problems in v olvi ng uncertain t y are ill structured, in the sense that they

are un b ounded in their probabilisti c dep end encies, they lac k a clear, widely agreed up on

problem space and de�nite criteria for testing an y prop osed solution. Studies of cognitiv e

pro cesses in ill structured domains indicate that h umans c hange ill structured problems

in to w ell structured problems in the pro cess of preparation (structuring) for solving them.

F urthermore, m uc h problem solving e�ort is directed at structuring problems and only a

fraction of it at solving problems once they are structured [18 ]. Structuring a problem is

equiv alen t to constructing a problem space to w ork within. Ph ysicians, for example, ha v e

b een observ ed to mak e the pro cess of medical diagnosis a w ell structured problem from an

ill structured one b y early h yp othesis generation. They �nd in a relativ ely early phase of

diagnosis a small n um b er of plausible diseases (h yp otheses) that explain the symptoms, and

then solv e the problem: \Whic h of these h yp othesis is righ t?", whic h is a w ell structured

problem [7 ].

3 Proto col Analysis

Studying h uman cognition at the lev el of informatio n pro cesses p oses metho dological prob-

lems. A single mo v e b et w een t w o states of the problem space conceptualized b y a h uman

problem solv er can tak e as little as a few seconds. Sev eral pro cess tracing metho ds ha v e

b een used in studying h uman problem solving b eha vior, for example ey e mo v emen t trac-

ing, collection of concurren t v erbal proto col, den ying and registering p erceptual access to a

stim ulus, in terrupting ongoing activities with a signal to giv e a request for the con ten ts of

atten tion. Analyzing the data obtained b y these metho ds aids in the reconstruction of the

thinking pro cess.

Of the pro cess tracing metho ds, the most p opular has b een recording v erbal proto cols

(\think aloud" proto cols). Ericsson and Simon [4] giv e an o v erview of the assumptions

and a v ailable evidence on suitabilit y of proto col analysis to studies of problem solving. It

is generally assumed that during the v erbalizati on the sub ject rep orts some subset of the

informatio n that is held in his short term memory during p erformance of the task, pro vided

that this information is enco ded in a w a y that mak es it easy to v erbalize

2

. Thinking aloud

has b een observ ed not to in terfere with or signi�can tly mo dify task p erformance, pro vided

that the sub ject assigns �rst priorit y to p erforming the task and that the instructions to

think aloud are form ulated neutrally , i.e. they do not direct the sub ject to pro duce sp eci�c

2

Visual stim uli, for example, are not easily v erbalized.
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kinds of informati on. Studying v erbal proto cols has b een applied in sev eral domains, from

simple, w ell de�ned tasks to mo dels of real{life problems, lik e decision making and medical

diagnosis.

4 Ba y esian Belief Net w orks

Bayesian b elief networks

3

(BBN) [16 ] are a mathematical formalism allo wing for explicit

represen tation of random v ariables and probabilistic dep enden cies among them. F ormally ,

BBN are directed acyclical graphs in whic h no des represen t random v ariables. An arc

b et w een an y t w o no des denotes the existence of direct probabilisti c in
uence b et w een them.

The strength of this in
uence is quan ti�ed b y a conditional probabilit y . F ormally , the

direction of the arc is arbitrary , but usually it is c hosen to denote causal in
uence b et w een

the no des it connects

4

. This structure allo ws for a natural form of expressing the relationship

of causalit y as a direct dep enden cy .

BBNs mo del w ell the notion of relev ance, indep endence, and conditional dep enden ce, and

allo w mo deling of h uman qualitat iv e reasoning ab out probabiliti es. They also allo w one to

mo del suc h essen tial asp ects of h uman reasoning as the abilit y to in tegrate predictiv e and

diagnostic reasoning, the abilit y to discoun t correlated sources of evidence, and in ter{causal

inference b et w een alternati v e causes of an ev en t (\explaining a w a y") [8 ]. Finally , they o�er

a mec hanism for a normativ e, probabilistic approac h to b elief up dating, while b eing less

rigorous to w ar ds inconsistencies than the probabilistic notation.

An example of a BBN is giv en in Figure 1. This BBN describ es a mo del of the domain

of di�eren t causes of sneezing of an individual. All v ariables in this mo del are binary

( pr esent/absent ). Sneezing can b e caused b y Cold or A l ler gy to Cats . Seeing Paw Marks

on the 
o or can raise suspicion ab out presence of a Cat in the house, but hearing Barking

from the ro om next do or can suggest that the Paw Marks migh t ha v e b een left b y a Do g

after all. Eac h no de that has no incoming arcs ( Cold , Cat , and Do g ) is describ ed b y a prior

distribution of its outcomes (e.g. fraction of houses that k eep Cats ). A directed arc from the

no de Cat to the no de A l ler gy con tains a description of conditional probabilities of outcomes

of A l ler gy giv en outcomes of Cat . If a no de has more than one incoming arc (e.g. Sne ezin g ),

the conditional lik eliho o d of its outcomes is describ ed b y a join t probabilit y distribution of

all in
uencing no des ( Cold and A l ler gy ). Since the probabilities are discrete, the join t con-

ditional probabilit y of Sne ez ing is a three{dimensional matrix, where the three dimensions

are outcomes of Cold , outcomes of A l ler gy , and outcomes of Sne ez ing . The elemen ts of this

matrix will b e probabiliti es of a giv en outcome of Sne ezi ng giv en the outcomes of Cold and

A l ler gy .

Notice that it is p ossible to reason within this BBN in b oth predictiv e and diagnostic

direction, b oth qualitati v ely and quan titat iv ely . If a Cat is presen t, w e can easily determine

the lik eliho o d of Paw Marks , A l ler gy , and Sne ezing . On the other hand, if w e observ e Paw

3

Also called b elief networks , or Bayesi an networks .

4

If there is no causal in
uence b et w een the no des, the direction of the arc is pic k ed for con v enience.
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Figure 1: An example of a BBN

Marks , w e kno w that they ha v e b een left b y either a Cat or a Do g . It is also p ossible to

compute the probabilities of b oth. If Sne ezin g has b een observ ed, Cold and A l ler gy b ecome

correlated | whenev er there is more evidence for A l ler gy , Cold b ecomes less lik ely and

opp osite (\explaining a w a y"). A similar e�ect app ears when the Cat has b een observ ed.

A l ler gy and Paw Marks , correlated b efore observing Cat b ecome indep enden t once Cat has

b een observ ed. Reasoning withing a BBN is based on a w ell de�ned formalism and is

probabilistical ly sound.

5 Belief Propaga tion and Scenario Thinking

Consider a random v ariable X and its distribution function F ( X ). A deterministic sc enario

is an y instance of this v ariable. F or example, deterministic scenarios of a discrete v ariable

\disease" are its instances \disease presen t" and \disease absen t". The probabilit y function

of this v ariable will ha v e t w o v alues, p for \disease presen t" and 1 � p for \disease absen t".

A con tin uous v ariable \h uman heigh t" has in�nitely man y v alues and eac h of them is a

p ossible scenario

5

.
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Dise ase T est R esult

Figure 2: BBN for the disease/test problem

Figure 2 sho ws t w o in teracting random v ariables: \disease" and \test result". The v ariable

\disease" in
uences causally the v ariable \test result" | the result of the test dep ends on

5

It is a common practice to discretize con tin uous v ariables. The v ariable \h uman heigh t" can b e appro x-

imated b y a discrete v ariable, for example a v ariable with three v alues: \short", \medium", and \tall".
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whether the disease is presen t or not. F or simplicit y , \test result" will also b e a binary

v ariable with t w o instances: \test p ositiv e" and \test negativ e".
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Figure 3: Probabilit y tree for the disease/test problem

A useful w a y of represen ting scenarios in v olving sev eral in teracting random v ariables is

a probabilit y tree. An example of a tree for the v ariables \disease" and \test result" is

giv en in Figure 3. Eac h no de in suc h a tree represen ts a random v ariable and eac h branc h

originati ng from that no de, a p ossible outcome of that v ariable (scenario). Note, that there

are four p ossible scenarios in v olving the t w o v ariables in Figure 3:

S1 The disease is presen t and the test is p ositiv e.

S2 The disease is presen t and the test is negativ e.

S3 The disease is absen t and the test is p ositiv e.

S4 The disease is absen t and the test is negativ e.

Supp ose that w e are placed b efore the problem of determining the lik eliho o d that a patien t

is ill, giv en that the prev alence rate of the disease in question among the p opulation of his

age is 1:10000, and that b oth the sensitivit y and the sp eci�cit y of the test are 99% (i.e.

giv en a p ositiv e test result, there is a 0.01 c hance that it is a false p ositiv e and giv en a

negativ e test result, there is a 0.01 c hance that it is a false negativ e result).

Let d stand for \disease presen t", d for \disease absen t", t for \test p ositiv e", and t for \test

negativ e". This problem can b e solv ed in t w o di�eren t w a ys. The �rst is b y an algorit hm

called b elief propagation. W e kno w that the test is quite accurate, w e also kno w that it came

out p ositiv e, so e�ectiv ely it increased our b elief in patien t's disease. In other w ords, the

test result supplied diagnostic supp ort for the presence of the disease. The new probabilit y
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that the patien t has the disease, computed b y means of the Ba y es theorem is:

p ( d j t ) =

p ( t j d ) � p ( d )

p ( t j d ) � p ( d ) + p ( t j d ) � p ( d )

=

0 : 99 � 0 : 0001

0 : 99 � 0 : 0001 + 0 : 01 � 0 : 9999

= 0 : 0098

An alternativ e algorithm, using the probabilit y tree represen tation of the problem of Fig-

ure 3, approac hes the problem b y considering probabiliti es of deterministic scenarios of

p ossible ev en ts and then aggregating them in order to �nd the probabilit y of the disease.

Giv en the fact that the test turned out to b e p ositiv e, scenarios S2 and S4 b ecame imp ossi-

ble. Only t w o scenarios remained: S1 and S3 . The disease is presen t and the test is p ositiv e

( S1 ) or the patien t is health y and the test is p ositiv e ( S3 ). The probabilit y of scenario

S1 is equal to the pro duct of the original probabilit y that the disease is presen t and the

conditional probabilit y that the test will b e p ositiv e giv en that the disease is presen t.

p ( S 1) = p ( d ) � p ( t j d ) = 0 : 0001 � 0 : 99 = 0 : 000099

The probabilit y of scenario S3 is equal to the pro duct of the original probabilit y that the

disease is absen t and the conditional probabilit y that the test will b e p ositiv e giv en that

the disease is absen t.

p ( S 3) = p ( d ) � p ( t j d ) = 0 : 9999 � 0 : 01 = 0 : 009999

W e w eigh t these t w o scenarios against eac h other and �nd out that scenario S1 is 101 times

less lik ely than scenario S3 . This pro cess, equal to normalizatio n of the probabilities of the

remaining scenarios (since the remaining t w o scenarios exhaust all p ossibilities, their sum

has to b e 1.0), yields p ( d ) = 0 : 0098, the same answ er as when using the b elief propagation

sc heme.

Readers accustomed to the decision analytic to ols, will notice that these t w o represen tations

of in teracting random v ariables and the t w o metho ds of propagating up dates are analogical

to in
uence diagrams and decision trees. In
uence diagrams are essen tially a generalizati on

of BBN whic h includes no des for decisions and v alues (utiliti es). Decision trees are essen-

tially probabilit y trees extended with decision branc hes and v alues of outcomes. An y giv en

decision problem can b e represen ted b y a decision tree and an isomorphic in
uence diagram.

Both are equiv alen t in the sense that they pro duce the same normativ e, Ba y esian result, y et

using di�eren t metho ds. Up date propagation algori thms that w ere recen tly dev elop ed for

BBN and in
uence diagrams are based on metho ds that are analogous to b elief propagation

[16 , 17 ]. On the other hand, the algori thms for decision trees are based on deterministic

scenarios. Eac h branc h of a decision tree corresp onds to a deterministic scenario of ev en ts

and has an asso ciated v alue of the outcome. The v alue of the ro ot of the tree is found b y

taking a w eigh ted a v erage of the v alues asso ciated with all scenarios in the tree.

6 F ramew ork for Mo deling Human Inference

This section describ es a preliminary framew ork for mo deling h uman inference in the pres-

ence of uncertain t y . The dev elopmen t of this framew ork has b een approac hed from the
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p ersp ectiv e of New ell and Simon's Theory of Problem Solving. It is suggested that this

theory is capable of addressing the main questions p osed to a theoretical framew ork for

judgmen t under uncertain t y , and is also capable of pro viding a computational mo del of

judgmen t, useful for applicatio ns in DSSs, suc h as user in terfaces.

Section 6.1 describ es brie
y the exp erimen tal w ork that w as conducted in the course of this

study . Sections 6.2 and 6.3 discuss mo deling the kno wledge of the sub jects that is relev an t to

the problems b y means of BBN. Section 6.4 elab orates problem structuring and Section 6.5

presen ts h yp otheses concerning the computational part of the judgmen t pro cess (i.e. pro-

ducing n umerical estimatio ns). Section 6.6 discusses ho w �ndings concerning judgmen tal

heuristics �t in the framew ork and Section 6.7 ho w the framew ork mo dels discrepancies

b et w een h uman and probabilistic reasoning.

6.1 Allergic Sneezes and Disabled Presiden ts

A p ossible reason for the di�cult y with dev eloping a pro cess mo del of h uman judgmen t

is in the metho dology that has t ypically b een emplo y ed. The ma jorit y of exp erimen ts

that ha v e b een conducted pro vided data that re
ected the end pro duct of the probabilit y

estimation pro cess suc h as lik eliho o d ranking b et w een t w o or more uncertain ev en ts or

the probabilit y estimate of an uncertain ev en t. These data giv e little insigh t ab out ho w

the problem w as solv ed or ev en whether the question w as w ell understo o d. Generally , the

lik eliho o d of an ev en t can b e judged b y means of some heuristic mec hanism, but the sub ject

ma y also happ en to kno w the answ er (he or she had solv ed the same or a similar problem

b efore or had previously heard or read ab out it), ma y decide to guess it (lac k of time

or lac k of motiv ation), or ma y decide to decomp ose it in to ev en more elemen tary ev en ts,

hoping to b e able to aggregate their lik eliho o ds bac k. It is hard to determine from the �nal

answ er only whic h of the ab o v e four cases to ok place and in man y cases, determining what

really happ ened is rather imp ossible. Applying pro cess tracing metho ds and in particular

collecting and analyzing v erbal proto cols of judgmen tal tasks has the p o w er of pro viding a

b etter insigh t in to h uman judgmen t.

T o allo w tracing of judgmen tal pro cesses simple real{w orld problems in v olvi ng probabilit y

estimations and up dating b elief in the ligh t of new evidence ha v e b een presen ted to fello w

graduate studen ts at Carnegie Mellon Univ ersit y . The problems w ere c hosen in suc h a

w a y that they could naturally b e decomp osed in more elemen tary problems. In this w a y ,

decomp osition and aggregati on of ev en ts could b e observ ed.

The �rst problem in v olv ed Henrion's Sne eze Example [8 ] in whic h a p erson su�ering from

frequen t colds and allergy to cats, b oth resulting in sneezing, �nds himself in a new house.

The questions p osed to sub jects in v olv ed the probabilit y of that p erson su�ering from an

incipien t cold after he indeed starts sneezing, after he observ es pa w marks on the 
o or

(is there a cat in the house?), and after he hears barking from the ro om next do or (w ere

the pa w marks left b y the dog?) [2]. A simpli�ed probabilistic mo del of this problem w as

presen ted in Section 4 (Figure 1).

The second problem in v olv ed estimating the probabilit y of the curren t Vice{Presiden t of
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U.S.A. (Dan Qua yle) b ecoming Presiden t b efore the end of the term of the curren t Presiden t

(George Bush). Of course, this is implicitl y referring to the probabilit y that the curren t

Presiden t b ecomes unable to ful�ll his function.

Other (informal and not recorded) exp erimen ts included estimations of the probabilit y of

economic recession, sub jects of up coming examination, and others.

Sev eral proto cols collected during these exp erimen ts w ere t yp ed and analyzed, so far in a

rather informal manner, to allo w for making initial observ ations. Samples of the proto cols

from the ab o v e exp erimen ts will b e used as an illustrati on throughout the remainder of this

section.

6.2 BBNs as a T o ol for Mo deling Sub jects' Kno wledge

In the traditi onal approac h to probabilit y theory , the existence of cause and e�ect rela-

tionships b et w een random v ariables is immaterial . Human thinking, on the other hand,

has b een observ ed to rely on causal sc hemas | p erceiving sequences of ev en ts in terms of

causal relations. Sev eral exp erimen ts p erformed b y Kahneman and Tv ersky [19 ] indicated

that sub jects hea vily relied up on previously formed causal sc hemas in determining what

informatio n they w ould use to mak e judgmen ts. Similarly Einhorn and Hogarth [3] p oin ted

out that causalit y pla ys an imp ortan t role in judgmen t under uncertain t y . An imp ortan t

conclusion emerging from these �ndings is that an y theoretical framew ork for mo deling

h uman b eha vior should con tain mec hanisms allo wi ng for a natural represen tation of causal

relationships.

Graphs are probably the most common represen tation of conceptual dep ende ncies, express-

ing directly and qualitativ ely the dep enden ce relatio nships, meeting the requiremen ts of

explicitness, saliency , and stabilit y . They ha v e b een used for p ortra ying h uman memory ,

for example in seman tic net w orks. BBNs are a form of graphs mo deling probabilisti c de-

p endencies b et w een the no des. It seems, at least in the �rst appro ximatio n, that h uman

sub ject's b eliefs ab out causal and probabilisti c dep ende ncies within a certain domain can

b e mo deled b y a BBN.

A BBN mo deling sub ject's relev an t kno wledge will generally b e unique to eac h p erson,

although due to similarit ies in p eople's en vironmen t, large parts of individual net w orks ma y

b e similar to eac h other. F or practical purp oses (mo deling), I will assume that it is p ossible

to dra w a b oundary b et w een domains b y considering only relev an t b eliefs and excluding

those ev en ts and dep ende ncies that are remote in nature. An example of an ev en t that

I �nd remote in nature to the domain of American Presidency is the curren t p osition of

V en us in her tra jectory around the Sun. I should stress here that there ma y exist a p erson

who �nds the p osition of V en us relev an t to this domain. In suc h a case, this ev en t do es

b elong to his or her relev an t net w ork of b eliefs. A net w ork of b eliefs in a certain domain

is in terconnected with net w orks mo deling b eliefs in other domains. The total net w ork of

b eliefs is large but probably not in�nite.

Mo deling h uman relev an t kno wledge b y means of a BBN is only a certain abstraction,
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a con v enien t appro ximation. A BBN neither resides in h uman memory , nor it is fully

conceptualized or constructed as suc h in the thinking pro cess. It is a set of individual

b eliefs ab out the surrounding w orld glued together to form a net w ork. It is a con v enien t

p ortrait of all relev an t pieces of kno wledge ab out the en vironmen t, the picture of what could

p ossibly b e constructed b y the sub ject giv en what he or she kno ws.

A p erson do es not ha v e all his or her relev an t kno wledge readily accessible. Thinking ab out

a problem, a p erson will t ypically recall only a small n um b er of relev an t ev en ts. Neutral

prompting will generally not result in en umerating all elemen ts of sub ject's b eliefs. It

is, ho w ev er, theoretically p ossible to elicit large parts of his or her net w ork b y directed

questioning o v er a longer p erio d of time. Again, the b eliefs are generally dynamic and

some of them ma y c hange ev en during the elicitati on pro cess, for example when the sub ject

notices an inconsistency in his or her b eliefs.

6.3 Individual BBN as a Univ erse of Problem Spaces

A sub ject's b eliefs mo deled b y a BBN can b e lo ok ed at as a univ erse of all p ossible problem

spaces he or she can create when attempting to solv e a problem in that domain. A problem

space will alw a ys b e a subset of the relev an t b eliefs and will consist of all the elemen ts

of the net w ork (ev en ts) and their in terconnections (probabilisti c dep enden cies) that the

sub ject considers when solving the problem. A sub ject can mo dify his or her problem space

b y adding or dropping ev en ts or dep end encies he or she �nds relev an t or irrelev an t to the

problem.

F or example, the univ erse of problem spaces of a sub ject estimating the lik eliho o d of a

premature termination of the curren t U.S. Presiden t's term in o�ce consists of all his or her

relev an t kno wledge ab out the matter, suc h as his age, health condition, kno wledge ab out

assassinatio ns of former American Presiden ts in o�ce, the p olitical enemies of the curren t

presiden t, his foreign enemies, e�ectiv eness of the CIA, e�ectiv eness of the b o dy guards,

e�ectiv eness of the secret p olice of the foreign coun tries that he visits, the Presiden t's

p olitical a�liatio n, the frequency of his trips, his habits of en tering the cro wd during his

trips, etc.

F or eac h elemen tary ev en t there is some idea ab out its prev alence, and for eac h t w o ev en ts

there is some idea ab out the strength of in
uence b et w een them, in whatev er w a y it is

cognitiv ely enco ded.

6.4 Giving the Problem a Structure: Creation of a Problem Space

I observ ed that when reasoning ab out the lik eliho o d of an uncertain target ev en t, sub jects

�rst tried to �t the problem in to a structure they ha v e previously seen or learned ab out.

Sub jects who had some but not enough training in probabilit y theory , often tried to ap-

ply kno wn mathematical tec hniques, for example, m ultiplica tio n of n um b ers or probabilit y

up dating b y means of the Ba y es theorem. In the proto col b elo w, the sub ject attempts to
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apply his kno wledge ab out statist ics in the Sneeze Example:

E347: What's the probabilit y that he has a cold? (pause)

E348: It's just : : : (pause)

E349: What's this : : : (pause) ahm : : :

E350: It's an exp onen tial distribution?

E351: Time to �rst pro : : : time to �rst : : :

E352: Is it a P oisson? (pause)

E353: This lik eliho o d till he gets : : : to a thing is : : : (pause)

E354: gro ws and gro ws and gro ws?

E362: I'm not sure ho w to guess that probabilit y : : :

E363: Cause I don't kno w what's the lik eliho o d of : : : (pause)

E364: Ho w is the distribution of Harry's getting colds?

When there w as no \ready{made" structure that could �t the curren t problem, they pro-

ceeded with constructing a structure for the problem.

Most of the sub jects attempted to in v estiga te what other ev en ts p ossibly in
uenced that

target ev en t. This searc h for p ossible causes w as aimed at selecting an ev en t or a set of

ev en ts that w ould b e further used to estimate the lik eliho o d of the target ev en t ( event

sele ction pro cesses). Ev en t selection is assumed to b e p erformed b y follo wing diagnostic

and causal links starting from the target. Once a sub ject's atten tio n had b een fo cused on

a candidate ev en t, he or she then in v estigated ho w this ev en t could in
uence the target

ev en t ( p ath building pro cesses). Ev en t selection and path building pro cesses w ere used

complemen tarily . These t w o pro cesses ga v e the problem a structure. As an illustrati on, w e

will lo ok at the follo wi ng proto col piece from the Sneeze Example.

C288: Aha! P a w marks on the 
o or.

C289: No w, here w e go again, b ecause pa w marks do not mean cats, righ t?

C290: Are these cat's pa w marks, are these dog's pa w marks?

C291: I mean, the guy could k eep a squirrel, y ou kno w, or it migh t b e a rat, who

kno ws?

C292: How and in what way do es se eing the p aw marks a�e ct the pr ob abi lity of Harry's incip-

ient : : : incipie nt c old you estimate d in the questio n of the pr evious p age?

C293: W ell, if the pa w marks are cat pa w : : :

C294: It really do esn't a�ect it. It mean : : :

C295: It sta ys the same question.

C296: Is : : : are these : : : these are cat pa w marks, then the probabilit y is close to

zero.

C297: If it's not a cat pa w marks, then the probabilit y of the cold causing it is

close to one, righ t?

Sub ject reads the informati on ab out pa w marks b eing observ ed on the 
o or. She quic kly

�nds ev en ts that are p ossible causes of Paw Marks : Cat , Do g , Squirr el , R at , and A ny Smal l

A nimal . She further analyses whic h of these ev en ts and ho w are in
uencing the target ev en t

( Cold ).
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When creating a problem space for the Presiden t problem, a sub ject can think ab out him,

for instance, as b eing assassinated, getting seriously ill or causing a scandal. Eac h of the

three is causally related to the target ev en t: premature termination of the presidency .

Another problem space ma y include a n uclear w ar, a h un ting or an airplane acciden t, etc.

A p erson who b eliev es that the Presiden t is miraculously protected b y an extra{terrestr ial

p o w er just b ecause of the fact that he is a Republican (\Republicans don't die in o�ce"),

creates a problem space consisting of just t w o random ev en ts: the divine pr ote ction with a

v ery strong causal in
uence on the ev en t Pr esident's de ath . There is also a problem space

p ossible with one single ev en t, namely premature termination of presidency . A sub ject ma y

decide that the only informati on relev an t to the problem are the base rates of American

Presiden ts terminating their presidency prematurely

6

.

Example of structuring the Presiden t problem b y one of the sub jects is giv en underneath.

A2: W ell, the �rst thing that comes to m y mind is: what could b e the reasons of

him stepping do wn.

A3: And the picture of : : : has : : : has alw a ys b een his health : : :

A4: I mean, there's nothing wrong with his health, but the picture is: his health,

A8: Ah : : : So no w the second question is:

A9: What ab out ah : : : scandal?

A10: He is certainly surrounded b y a lot of scandal.

A19: So, I'v e just eliminated t w o reasons : : :

A20: And no w I'm just searc hing : : : for what other reasons could someone step

do wn.

A21: He could b e killed.

The structure created can b e though t of as the sub ject's problems space, selected paths

through the sub ject's kno wledge (mo deled b y a BBN). These lo ose paths or scenarios, all

ro oted in the target ev en t, sho w ho w the lik eliho o d of the target is in
uenced

7

.

Human thinking at the lev el of higher cognitiv e pro cesses has b een observ ed to b e pre-

dominan tly serial [15 ]. The capacit y of Short T erm Memory p oses another limita tio n and

determines the maxim um n um b er of items that the sub ject can fo cus on at the same time.

This limitati on has b een observ ed to lead in problem solving to searc h strategies resem bling

Depth First Searc h rather than Breadth First Searc h (e.g. Progressiv e Deep ening in Chess

[15 ]). Serial Depth First Searc h in a graph inevitably leads to scenario{lik e reasoning.

Whatev er structure will b e giv en to the problem, it's details are to a certain exten t pre-

dictable, in the sense that they will b e rather consisten t with the b eliefs of the sub ject and

correlated with the widely accepted common sense b eliefs. Creation of the problem space

is driv en b y v arious constrain ts. In the b eginning of structuring the Presiden t problem,

the sub ject is constrained b y what he or she kno ws of the American la w. A Presiden t will

6

It is arguably the most reliable strategy to solv e this problem.

7

Note that in the simplest case in whic h the BBN consists of only one no de, scenarios are just the p ossible

outcomes of that no de.
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�nish his term prematurely if he is unable to ful�ll his function, is imp eac hed, or resigns.

Being unable to ful�ll his function can b e caused b y a �nite set of ev en ts, namely a disease,

acciden tal or in tended injury or death, or imprisonmen t. So, the problem is ill structured

in its en tiret y , but quite w ell structured and de�ned when divided in to smaller mo dules (see

also [18 ]).

6.5 Computation of Uncertain t y

Once the problem is structured, the tree of paths constituting the sub ject's problem space

is used for the computation of uncertain t y . This phase tak es a v ery short time and yields

scan t y proto cols. It seems lik e the computation of uncertain t y is almost instan taneous.

Just as the task of structuring the problem, computation of uncertain t y within a newly

created problem space is sub jected to v arious constrain ts. The main constrain ts are those

rules of the probabilit y calculus that the sub ject kno ws and �nds applicable. An example is

the restriction that the probabilit y can nev er b e lo w er than 0.0 and larger than 1.0 and that

probabilit y 0.0 means an imp ossible ev en t and 1.0 means a sure ev en t. Other constrain ts are

com binations of probabilit y calculus and domain kno wledge. Most of the sub jects realize

that ha ving t w o causes of p ossible termination of presidency mak es this ev en t more probable

than ha ving only one cause. Also, most sub jects realize that if the probabilit y of the ev en t

\Presiden t is shot at" increases, then with other things unc hanged, the probabilit y of the

ev en t \Presiden t killed" also inevitably increases.

In the initial state the problem space has no lik eliho o ds asso ciated with di�eren t elemen tary

ev en ts, In the �nal state the target ev en t is in a stable state, i.e. the sub ject b eliev es that

the curren t problem space includes all signi�can t ev en ts, that the lik eliho o d of the target

ev en t is estimated correctly , and that no b elief up date inside the problem space will c hange

it signi�can tly . The criterion for reac hing the �nal state is v ague, ev en to the sub jects

themselv es. Questions in the �nal stage of the exp erimen t: \Is this enough?", \Shall I go

on?", \Can I stop no w?" directed to w ards the exp erimen ter are quite common.

It is lik ely that uncertain t y estimation is done b y assessing strength of in
uence of eac h

path on the target ev en t and aggregating these strengths someho w (e.g. w eigh ting). This

is suggested b y the tendency observ ed in the ma jorit y of sub jects to consider deterministic

scenarios of the p ossible ev en ts

8

.

C318: How pr ob able is it that Harry su�ers fr om an incip ien t c old?

C319: Still sta ys the same.

C320: Eh : : : If there happ ens to b e a cat : : :

C321: Y ou kno w, the presence of dog do es not : : : do es not exclude the presence of

a cat.

C322: And the pa w marks : : : W e nev er sa y an ywhere that the pa w marks w ere

actually caused b y the dog.

C323: So, no conclusion.

C324: The same conclusion as b efore.

8

And often ev en refusing to aggregate them in a somewhat unfamiliar, arti�cial domain (lik e the Sneeze

Example).
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C325: If there is a cat, close to zero,

C326: if there's no cat, close to one.

A plausible w a y of computing, consisten t with the anc horing and adjustmen t heuristic,

w ould b e concen trating on the strength of the most plausible scenario and adjusting its

estimated lik eliho o d for all the other p ossible scenarios. Consider the follo wi ng proto col as

an example:

A44: I'd sa y 10 p ercen t.

A45: No w, stop.

A46: (E: Of b eing shot or of stepping do wn?)

A47: W ell, 10 p ercen t of b eing shot and

A48: I just don't see : : : I mean the : : : No probabilit y is zero : : :

A49: I don't b eliev e an y , y ou kno w, probabilit y is zero, but : : :

A50: And the 10 p ercen t w as completely arbitrary .

A51: It's just that, y ou kno w, I lo ok ed bac k and, y ou kno w, b eing shot is not at

all incredible and on the other hand v ery lik ely .

A52: Ahm : : : And I w en t through the other t w o things that I could think of that

w ould b e a problem

A53: and neither of those seemed to me : : :

A54: Whic h w ere they?

A55: Oh, his health!

A56: No w, they're not zero,

A57: so wh y don't I add a couple of p ercen tages with them,

A58: y ou kno w I'll add 5 p ercen t.

A59: OK. So, I'll sa y 15 p ercen t.

A60: And no w I sa y: do I really b eliev e 15 p ercen t?

A61: 15 p ercen t strik es me as high.

A62: I'll go bac k to 10 p ercen t total. (laughing)

This w a y of computing b eliefs seems to b e consisten t with the �nding that linear mo dels

giv e a go o d appro ximation on h uman judgmen t [1 ]. While b elief in an ev en t computed b y

means of probabilistic metho ds is a complex function of b eliefs in relev an t ev en ts in
uencing

that ev en t, w eigh ting selected scenarios against eac h other can easily b e appro ximated b y a

linear function of outcomes that determine the c hoice of those scenarios (i.e. outcomes that

mak e them plausible). In the example demonstrated ab o v e, it could b e represen ted as the

linear function: B el ( T er minates ) = C

1

� B el ( K il l ed ) + C

2

� B el ( S candal ) + C

3

� B el ( I l l ),

where B el denotes sub jectiv e probabilit y of the ev en t

9

, and C

1

, C

2

, and C

3

some w eigh ts.

6.6 Heuristic s

The framew ork just presen ted is compatible with the �ndings of b eha vioral psyc hologists

concerning judgmen tal heuristics. Heuristics in this framew ork are in tuitiv e pro cedures

9

W e use B el instead of p to stress that the former one do es not necessarily conform to the axioms of

probabilit y .
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aiding in searc hes through the BBN, lik eliho o d judgmen ts of elemen tary ev en ts, and es-

timating the strength of dep endenc ies. Choice of the ev en ts forming the problem space,

estimating the prior probabilit y of elemen tary ev en ts and their conditional dep end ence on

other ev en ts, estimating the lik eli ho o d of an en tire scenario or parts thereof, can v ery plau-

sibly b e determined b y their a v ailabilit y to memory and their represen tativ eness for the

problem describ ed.

The follo wi ng piece of proto col sho ws that the sub ject created a men tal image of the Pres-

iden t and matc hed it against her image of a Presiden t who could p ossibly cause a scandal

( r epr esentativenes s ) , in order to estimate the lik eliho o d of the ev en t: \curren t Presiden t

will cause a scandal".

A9: What ab out ah : : : scandal?

A10: He is certainly surrounded b y a lot of scandal.

A11: Ah : : : Scandal (pause) is not a p ossibilit y either, seems to me : : :

A12: Eh : : : b ecause he : : : ah : : :

A13: I mean, I sort of w anna sa y he's sort of prepp y : : :

A14: I mean, he : : : he comes from a prop er family ,

A15: he's v ery w ealth y : : :

A16: ah : : : and he : : : he strik es me as someone who's ab o v e b oard,

A17: I mean who'd not, I mean : : : That's certainly his image.

A18: He's not someone who w ould sto op to do an ything that w as not completely

ab o v e b oard.

The follo wi ng piece sho ws recalling of past ev en ts that are analogous with the target ev en t.

The ease with whic h suc h ev en ts come to mind seems to b e crucial in lik eliho o d judgmen t

( availability ). Note also that the sub ject attempts to decomp ose this ev en t (line A30), and

then giv es up to estimate its probabilit y heuristically .

A26: Ah : : : No w I ha v e to sort of sa y ho w lik ely and I ha v e to �gure out : : : ah

: : : probabilit y for : : : for his : : : his getting killed.

A27: And : : : No w I'm sort of searc hing bac k to other Presiden ts who'v e b een

w ounded or killed in the past ..

A28: or : : : or public leaders and it's sure not unlik ely .

A30: So, I'm thinking ab out the kinds of questions: will : : : will Bush raise taxes

and the fact that y ou lo ok bac k b ehind this what other Presiden ts ha v e raised

taxes.

A31: But an yw a y : : : OK

A32: So, Kennedy w as killed,

A33: Raegan w as shot,

A34: F ord someb o dy trying to sho ot : : :

A35: ah : : : the other Kennedy brothers : : :

A36: Rob ert w as killed : : :

A37: I w ould sa y , the c hances are not that bad at all. (laughing)

The follo wing proto col fragmen t also sho ws the use of availability heuristic:
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E381: What's the probabilit y that a p erson has b oth a cat plus a dog?

E382: I'd sa y the probabilit y is lo w that a p erson has a cat plus a dog.

E383: Ahm : : : No, it isn't!

E384: Ho w man y p eople do I kno w that ha v e b oth cats and dogs?

Use of anchoring and adjustment heuristic w as demonstrated in the proto col fragmen t sho wn

on page 16.

Another heuristic w orth men tioning is simulation heuristic, observ ed b y Kahneman and

Tv ersky [10 ]. In the framew ork, it is an instance of a scenario, a path through a branc h of

the probabilit y tree of the problem space.

6.7 Discrepancies with the Ba y esian Probabilit y Theory

Generally , there are four sources of observ ed discrepancies b et w een judgmen tal reasoning

and the probabilistic reasoning. The �rst is related to misunderstanding of the problem

p osed. The second is related to the data that the judgmen t is based on, i.e. sub jects' qual-

itativ e and quan titativ e b eliefs ab out probabilisti c relationships among relev an t v ariables.

The third t yp e is related to the pro cess of structuring the problem, i.e. determining what

approac h will b e tak en in the solution pro cess and what elemen ts and prop erties of the

domain are relev an t. The fourth t yp e results from errors in pro cessing the data.

The cognitiv e pro cesses observ ed in sub jects' proto cols w ere v ery similar to propagating

up dates b y generating deterministic scenarios. This suggests that the general approac h is

not inheren tly di�eren t from the probabilistic metho ds. The example that w as used for

illustrat ion of the metho d of deterministic scenarios in Section 5 consisted of only four

scenarios. Generally , in a mo del with n discrete binary random v ariables there are 2

n

p ossible scenarios. This is, for su�cien tly large n , incomprehensible for h umans. Due to

cognitiv e limita tio ns sub jects are able to consider only a limited n um b er of them, hence

create an incomplete probabilit y probabilit y tree. If the tree w ere complete, the algorit hm

migh t b e correct in Ba y esian sense

10

.

The framew ork prop osed in this pap er mo dels the discrepancies b et w een the h uman judg-

men t and probabilistic reasoning in the follo wing w a ys:

1. The sub ject ma y partly misunderstand the problem or the in ten tions of the exp eri-

men ter. Sub ject's b eliefs may di�er from what can generally b e assumed based on

common reason. Therefore, the univ erse of problem spaces, the BBN, that he or she

w orks within, is di�eren t from what the exp erimen ter exp ects.

2. The str ength of c onne ction s , the elemen tary probabilisti c in
uences and prior lik eli-

ho o ds can b e di�eren t across sub jects.

10

Actually , pr ob abilis tic lo gic sampling prop osed b y Henrion [9] is based exactly on this sc heme and is an

example of a b elief up date algorithm for BBN.
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3. Due to cognitiv e limitati ons, the sub ject ma y fail to include r elevant factors (that he

or she w ould normally consider relev an t) that ha v e an impact on the problem space.

This seems to b e an imp ortan t source of discrepancies, b ecause it is e�ectiv ely equal

to omitting en tire subtrees of a normativ e probabilit y tree.

4. Computatio nal imp erfections can cause wr ong assessment of str ength (probabilities)

of an en tire scenario.

5. A ggr e gation of str engths of the scenarios considered can b e imp erfect and ha v e impact

on the result.

It w ould b e in teresting to in v estiga te, whic h of these �v e ha v e the biggest impact on the

result in this framew ork and whic h of them could b e held resp onsible for causing the sys-

tematic errors that ha v e b een p ostulated in the literature. Computer sim ulati on of h uman

reasoning within this mo del migh t yield an answ er.

6.8 F urther W ork on the Mo del

My preliminary �ndings ha v e led to a framew ork for comparing h uman reasoning under

uncertain t y to Ba y esian inference and to form ulati on of preliminary h yp otheses concerning

cognitiv e pro cesses. Ho w ev er, the studies conducted w ere limited in scop e and n um b er of

sub jects.

In order to giv e this w ork a solid foundation, I w ould lik e to in v estiga te whether BBNs

are indeed a su�cien t formali sm for mo deling sub jects' kno wledge. T o do this it is neces-

sary to determine what elemen tary building blo c ks, rules of uncertain reasoning are used

b y h umans. Tw o suc h building blo c ks underlying the BBNs are conditional dep end ence

b et w een t w o random v ariables and in ter{causal dep enden ce b et w een alternativ e causes of

an ev en t (\explaining a w a y") . It is essen tial to �nd out whether there are other reasoning

rules sp eci�c to h uman reasoning, that are not mo deled b y BBN. If suc h rules are found,

h uman uncertain kno wledge w ould need to b e mo deled b y a sup erset of BBN or another for-

malism. Isolating and testing the rules of uncertain inference w ould consist of exp erimen ts

with h uman sub jects. The exp erimen ts will test sub jects' abilities to apply the rules across

v arious domains and in qualitativ e and quan titativ e settings. The metho d that seems to b e

the most suitable for this goal is proto col analysis, although more con v en tional exp erimen ts

testing v alidit y of w ell form ulated h yp otheses are also p ossible.

In order to maximize the informati on a v ailable from the proto cols and insure uniformit y of

in terpretatio n, the proto col analysis will ha v e to b e formali zed. Th us, a suitable co d-

ing sc heme has to b e dev elop ed to co de the proto cols at a small{gr ain or at least an

in termediate{gra in lev el.

The w a y a judgmen tal problem is approac hed b y h umans has b een demonstrated to b e highly

dep endent on the form in whic h the informatio n crucial for the problem is presen ted and

also on con text{dep enden t exp erience of the sub jects [5 ]. An in teresting problem that ma y

b e addressed b y this researc h is decomp osabilit y of problems in the structuring phase. Ho w
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do sub jects decide ho w far they go in decomp osing a problem? When do they decide that

a problem is su�cien tly decomp osed? Among the sub jects solving the Presiden t problem,

there w ere those who considered only the target ev en t and those who built elab orated

problem spaces.

Sim ulation of the prop osed framew ork w ould consist of collecting proto cols of sub jects p er-

forming judgmen tal tasks in a simple domain, analyzing these proto cols and creating a BBN

mo del of that domain, and implemen ting it b y means of a computer program written in

a pro duction orien ted language (e.g. OPS-5). This program could then sim ulate v arious

p ossible w a ys in whic h the task could b e p erformed within the framew ork, starting from

correct Ba y esian algori thms, through single computational distortions (en umerated in Sec-

tion 6.7) to w ards complete pro cesses compatible with those observ ed in the proto cols. The

next stage in construction of suc h a mo del w ould in v olv e tuning it up and c hec king if the

results it pro duces are compatible with the existing literature on heuristics and biases in

probabilit y estimatio ns. The �nal stage w ould in v olv e automatic generation of outlines of

v erbal proto cols that w ould b e similar to those observ ed in the exp erimen ts.

Observ ations made in m y exp erimen ts indicate that out of the t w o metho ds of b elief up-

dating used b y h umans, scenario thinking w as more common than b elief propagation. An

in teresting researc h topic is �nding out whether scenario thinking can b e used for automatic

generation of explanations of uncertain inference.

7 Conclusion

The researc h describ ed in this pap er applied the Theory of Problem Solving to h uman

judgmen t under uncertain t y . In order to learn more ab out the problem represen tation

and the cognitiv e pro cesses, it used analysis of concurren t v erbal proto cols. As the �rst

approac h, Ba y esian b elief net w orks w ere used as a mec hanism for sym b olic mo deling of the

problem represen tation.

Using these three metho dological approac hes led to dev elopmen t of a computational frame-

w ork in whic h h uman judgmen t can b e mo deled and compared to probabilit y theory . A

strength of this framew ork is its explicitness in represen ting the elemen tary ev en ts consti-

tuting the problem space and its abilit y to p oin t out explicitly where h uman pro cesses stop

short of follo wing the probabilit y calculus.

Initial �ndings from an informal analysis of proto cols sho w that structuring the problem

pla ys an imp ortan t part in the judgmen t. Non{linear, net w ork{l ik e kno wledge that is rele-

v an t to the problem, seems to b e structured in form of scenarios, c hains of ev en ts connected

b y causal links. All scenarios lead to the same p oin t: the target ev en t. The problem space

created b y the sub ject often resem bles an incomplete probabilit y tree. Di�erence b et w een

this tree and the tree constructed conform the probabilit y theory p ossibly accoun ts for

the imp erfections in h uman judgmen t. It is suggested that curren t observ ations could b e

v eri�ed b y a formal study of proto cols and b y computer sim ulati on.
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