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tWe propose a s
heme for produ
ing Latin hyper
ubesamples that 
an enhan
e any of the existing samplingalgorithms in Bayesian networks. We test this s
hemein 
ombination with the likelihood weighting algorithmand show that it 
an lead to a signi�
ant improvementin the 
onvergen
e rate. While performan
e of sam-pling algorithms in general depends on the numeri
alproperties of a network, in our experiments Latin hy-per
ube sampling performed always better than ran-dom sampling. In some 
ases we observed as mu
has an order of magnitude improvement in 
onvergen
erates. We dis
uss pra
ti
al issues related to storage re-quirements of Latin hyper
ube sample generation andpropose a low-storage, anytime 
as
aded version ofLatin hyper
ube sampling that introdu
es a minimalperforman
e loss 
ompared to the original s
heme. 1Keywords: Bayesian networks, algorithms, sto
hasti
sampling, Latin hyper
ube samplingIntrodu
tionBayesian networks (Pearl 1988) are in
reasingly popu-lar tools for modeling problems involving un
ertainty.Pra
ti
al models based on Bayesian networks oftenrea
h the size of hundreds of variables (e.g., (Pradhanet al. 1994; Conati et al. 1997)). Although a numberof ingenious inferen
e algorithms have been developed,the problem of exa
t belief updating in Bayesian net-works is NP-hard (Cooper 1990). Approximate infer-en
e s
hemes may often be the only feasible alternativefor very large and 
omplex models. The problem ofa
hieving a required pre
ision in approximate inferen
eis also NP-hard (Dagum & Luby 1993). However, pre-
ision guarantees may not be 
riti
al for some types ofproblems and 
an be traded o� against the speed of
omputation. In all situations where pre
ision is notof essen
e, sto
hasti
 simulation methods 
an o�er sev-eral advantages 
ompared to exa
t algorithms. Exe
u-tion time required of exa
t algorithms depends on thetopology of the network and is generally exponentialin its size and 
onne
tivity. In 
ase of sto
hasti
 sam-pling, 
omputation is measured in terms of the numberof samples | in general, the more samples are gener-ated, the higher pre
ision is obtained. Exe
ution time1Copyright 2000, Ameri
an Asso
iation for Arti�
ial In-telligen
e (www.aaai.org). All rights reserved.

of sto
hasti
 sampling algorithms is less dependent onthe topology of the network and is linear in the num-ber of samples. Computation 
an be interrupted at anytime, yielding an anytime property of the algorithms,important in time-
riti
al appli
ations.In this paper, we investigate the advantages ofapplying Latin hyper
ube sampling to existing sam-pling algorithms in Bayesian networks. While Hen-rion (1988) suggested that applying Latin hyper
ubesampling 
an lead to modest improvements in per-forman
e of sto
hasti
 sampling algorithms, neitherhe nor anybody else has to our knowledge studiedthis systemati
ally or proposed a s
heme for gener-ating Latin hyper
ube samples in Bayesian networks.We �rst propose a s
heme for produ
ing Latin hy-per
ube samples. We then test this s
heme in thelikelihood weighting algorithm (Fung & Chang 1990;Sha
hter & Peot 1990) and show that it 
an lead toa signi�
ant improvement in the 
onvergen
e rate overrandom sampling. While performan
e of sampling algo-rithms in general depends on the numeri
al propertiesof a network, in our experiments Latin hyper
ube sam-pling performed always better than random sampling.In some 
ases we observed as mu
h as an order of mag-nitude improvement in 
onvergen
e rates. We dis
usspra
ti
al issues related to storage requirements of theLatin hyper
ube sample generation and propose a low-storage, anytime 
as
aded version of Latin hyper
ubesampling that introdu
es a minimal performan
e loss
ompared to the original s
heme.All random variables used in this paper are multiple-valued, dis
rete variables. Capital letters, su
h as A,B, or C will denote random variables. Bold 
apitalletters, su
h as E, will denote sets of variables. Lower
ase letters a, b, 
 will denote parti
ular instantiationsof variables A, B, and C respe
tively.Latin hyper
ube samplingLatin hyper
ube sampling (M
Kay, Be
kman, &Conover 1979) is inspired by the Latin square exper-imental design, whi
h tries to eliminate 
onfounding ef-fe
t of various experimental fa
tors without in
reasingthe number of subje
ts in the experiment. The purposeof Latin hyper
ube sampling is to ensure that ea
h value(or a range of values) of a variable is represented in the



samples, no matter whi
h value might turn out to bemore important.Consider the problem of generating �ve samples fromtwo independent, uniformly distributed variablesX andY , su
h that X;Y 2 [0; 1℄. A

ording to the Latin hy-per
ube sampling method, we �rst divide the range ofboth X and Y into �ve equal intervals, resulting in5 � 5 = 25 
ells (Figure 1). The requirement of Latin5 44 53 12 21 3Y/X 1 2 3 4 5Figure 1: A Latin hyper
ube sample on the unit square,with n = 5.hyper
ube sampling is that ea
h row and ea
h 
olumnof the 
onstru
ted table 
ontain only one sample. Thisensures that even though there are only �ve samples,ea
h of the �ve intervals of both X and Y will be sam-pled. For ea
h sample [i; j℄, the sample values of X, Yare determined by:X = F�1X ((i� 1 + �X )=n) (1)Y = F�1Y ((j � 1 + �Y )=n) ;where n is the sample size, �X and �Y are random num-bers (�X ; �Y 2 [0; 1℄), and FX and FY are the 
umu-lative probability distributions fun
tions of X and Yrespe
tively.Valid Latin hyper
ube samples 
an be generated bystarting with a sequen
e of n numbers 1; 2; : : : ; n andtaking various permutations of this sequen
e. Figure 2illustrates the samples represented by Figure 1. Ea
hSample X Y1 2 32 1 23 3 14 4 55 5 4Figure 2: A Latin hyper
ube matrix (LHS2;5) form = 2variables and sample size n = 5.
olumn of the table 
orresponds to a variable, ea
h rowto a sample. Ea
h 
olumn (please note that the 
olumnslist the row and 
olumn number of the 
orrespondingsample in Figure 1) is a random permutation of thesequen
e of integers 1; 2; 3; 4; 5. In general, we 
an ob-tain Latin hyper
ube samples of size n for m variablesthrough randomly sele
ting m permutations of the se-quen
e of integers 1; 2; : : : ; n and assigning them to ea
hof the m 
olumns of the table. We will 
all this table, aLatin hyper
ube sampling matrix (LHSmatrix) LHSm;n.

We will now illustrate the pro
ess of generation ofn = 100 Latin hyper
ube samples in the 
ontext of aforward sampling algorithm on a simple network 
on-sisting of m = 3 random variables A, B, and C, pre-sented in Figure 3. We �rst 
onstru
t the LHS3;100m mm��R ��	A BCPr(A)a1 0.20a2 0.35a3 0.45 Pr(B)b1 0.4b2 0.6Pr(CjA;B) a1 a2 a3b1 b2 b1 b2 b1 b2
1 0.01 0.04 0.28 0.06 0.18 0.82
2 0.68 0.93 0.52 0.12 0.50 0.10
3 0.31 0.03 0.20 0.82 0.32 0.08Figure 3: A simple Bayesian network with three nodes.matrix for this network, a fragment of whi
h is illus-trated in Figure 4. Sin
e the algorithm applied willSample A B C1 25 13 742 14 91 7. . . . . . . . . . . .39 47 32 56. . . . . . . . . . . .100 69 4 84Figure 4: A LHS3;100 matrix for m = 3 variables andsample size n = 100.be forward sampling, we need to make sure that the
olumns of the LHS matrix follow the topologi
al or-der, i.e., that parents always pre
ede their 
hildren.The pro
ess of sample generation pro
eeds as follows.We divide ea
h of the variables A, B, and C into 100equally sized intervals. If LHSA;i � Pr(a1) � 100, weset the state of variable A in the ith sample to a1. IfPr(a1) � 100 < LHSA;i � (Pr(a1) + Pr(a2)) � 100, weset the state of variable A to a2, otherwise we set itto a3. If LHSB;i � Pr(b1) � 100, we set the stateof variable B to b1, otherwise we set it to b2. Thestate of variable C is generated similarly from the 
on-ditional probability table based on the states of A andB. In our example, row 39 of the LHS matrix 
ontainsf47; 32; 56g. A

ording to the above rule, in samplenumber 39, variable A is instantiated to the state a2and variable B is instantiated to the state b1. Vari-able C is instantiated to 
2 sin
e Pr(
1ja2; b1) � 100 <LHSC;i � (Pr(
1ja2; b1) + Pr(
2ja2; b1)) � 100. Pleasenote that Equation 1 requires that we add a random



number between 0 and 1 into LHSm;i. Sin
e the sam-ple size n is usually very large and, 
onsequently 1=nis very small, mu
h smaller than the required pre
ision,we 
an ignore this random number in 
ase of dis
retevariables.The above Latin hyper
ube sampling s
heme gives usa way of instantiating variables to their states that isappli
able to any sto
hasti
 sampling algorithm. A gen-eralized pro
edure based on Latin hyper
ube sampling,is shown in Figure 5.1. Order the nodes a

ording to their topolog-i
al order, as required by the algorithm.2. Generate the LHS matrix.3. For ea
h sample (row of the LHS matrix)generate 
orresponding variable states.4. Use these samples to 
al
ulate the desiredprobability distribution.Figure 5: A generalized sto
hasti
 sampling pro
edurebased on Latin hyper
ube sampling.The 
omplexity of Latin hyper
ube sampling is thesame as that of random sampling. A random samplein the latter 
orresponds to generation of one elementof the LHS matrix, whi
h involves a 
all to the randomnumber generator. An additional step in generation ofone element of the LHS matrix is swapping of matrixelements, equal to three assignments.Using the 
rossed analysis of varian
e (ANOVA)de
omposition (Efron & Stein 1981), Stein (1987)has proven that in the problem of estimating I =R[0;1℄d f(X)dX, the varian
e of sto
hasti
 simulationbased on Latin hyper
ube sampling is asymptoti
allysmaller than that based on simple random sampling.In �nite samples, Owen (1997) shows that the varian
eof Latin hyper
ube sampling is never mu
h worse thanthat of simple random sampling. Roughly speaking, be-
ause Latin hyper
ube sampling strati�es ea
h dimen-sion as mu
h as possible and otherwise pi
ks the rela-tion between di�erent dimensions randomly, it 
an sig-ni�
antly de
rease the varian
e 
oming from individualdimensions. Sin
e the sto
hasti
 sampling in Bayesiannetworks is very similar to sto
hasti
 integration, Latinhyper
ube sampling 
an be expe
ted to lead to smallervarian
e here as well.Some improvements to the Latinhyper
ube samplingThe main pra
ti
al problem related to Latin hyper-
ube sampling is that the LHS matrix, whi
h is usu-ally very large, has to be stored in memory for the du-ration of the sampling. When both the network sizeand the number of samples are very large, this maybe
ome prohibitive. For example, when a network 
on-sists of 500 nodes that we want to sample 100,000 times,

we will need at least log2 100; 000 � 17 bits for ea
hof the elements of the LHS matrix. This means thatto store the entire LHS matrix we will need at least17� 500� 100; 000 = 850; 000 bits � 106 M bytes.The �rst solution to this problem that we applied inour implementation is to store variable instantiationsinstead of permutations in the LHS matrix. If we gen-erate the permutations in the order of sampling, andthe 
olumns of the LHS matrix follow the parent order-ing, we 
an 
ompute at ea
h step the out
ome of thevariable in question. As most variables have a relativelysmall number of out
omes, a few bits usually suÆ
e. Ifthe maximum number of out
omes of a variable in theabove example is 8, we 
an use log2 8 = 3 bits per ele-ment of the LHS matrix instead of 17. Then the entirematrix will take 3� 500� 100; 000 = 150 M bits � 19M bytes. In 
ase of networks 
onsisting of only binaryvariables, this number 
an be redu
ed even further toapproximately 6 M bytes. Another way of looking atthis solution is that it 
ombines steps 2 and 3 in thealgorithm of Figure 5 into a single step.The se
ond improvement is treatment of the rootnodes in the network. Latin hyper
ube sampling re-quires that the states of these nodes are sampled a
-
ording to their prior probability. To a
hieve this sam-pling, instead of generating permutations for the rootnodes, we 
an assign randomly a proportion of elementsin their 
olumns to their states si: Pr(s1)�n positionsfor state s1, Pr(s2) � n positions for state s2, et
., as-signing the remainder of the positions to the last state.In 
ase of the network in Figure 3, this 
an save usPa3 � n + Pb2 � n = 105 
alls to the random numbergenerator (in this simple example, this amounts to 35%of all 
alls!).Finally, our third proposed improvement is dividingthe LHS matrix into smaller matri
es and instead ofworking with a large m � n matrix, working with km � n=k LHS matri
es. While this solution redu
esthe pre
ision of sampling (please note that sin
e we usethe number of samples to divide the interval [0; 1℄, thenumber of samples determines the pre
ision), it maybe unimportant when the number of samples is suÆ-
iently large and the probabilities in the model are notextreme. We will 
on�rm this observation empiri
allyin the next se
tion. This method, that we 
all 
as
adedLatin hyper
ube sampling has the advantage of beinganytime, as pro
essing ea
h of the k LHSm;n=k matri-
es in
reases pre
ision of the algorithm but the result isavailable as soon as the �rst matrix has been pro
essed.In the sequel of the paper, we will use the symboli
 no-tation k�LHS to denote a 
as
aded Latin hyper
ubesampling s
heme that 
onsists of k steps.Experimental resultsWe performed empiri
al tests 
omparing Latin hy-per
ube sampling to random sampling in the 
ontextof the likelihood sampling algorithm (Fung & Chang1990; Sha
hter & Peot 1990). We used two net-works in our tests. The �rst network is Coma, a sim-



ple multiply-
onne
ted network originally proposed byCooper (1984).The se
ond network used in our tests is a subsetof the CPCS (Computer-based Patient Case Study)model (Pradhan et al. 1994), a large multiply-
onne
ted multi-layer network 
onsisting of 422 multi-valued nodes and 
overing a subset of the domain ofinternal medi
ine. Among the 422 nodes, 14 nodesdes
ribe diseases, 33 nodes des
ribe history and riskfa
tors, and the remaining 375 nodes des
ribe various�ndings related to the diseases. The CPCS networkis among the largest real networks available to the re-sear
h 
ommunity at present time. Our analysis isbased on a subset of 179 nodes of the CPCS network,
reated by Max Henrion and Mal
olm Pradhan. Weused this smaller version in order to be able to 
om-pute the exa
t solution for the purpose of measuringapproximation error. We used the 
lustering algorithm(Lauritzen & Spiegelhalter 1988) to provide the exa
tresults for the experiment.We fo
used on the relationship between the numberof samples in random sampling (in all experiments, werun between 1,000 and 10,000 samples with 1,000 in
re-ments) and in Latin hyper
ube sampling (we tried thestraight and 
as
aded Latin hyper
ube sampling) onthe a

ura
y of approximation a
hieved by the simula-tion. We measured the latter in terms of the Mean-Squared-Error (MSE), i.e., square root of the sumof square di�eren
es between Pr0(Xij), the 
omputedmarginal probability of state j (j = 1; 2; : : : ; ni) of nodei and Pr(Xij), the exa
t marginal probability, for allnon-eviden
e nodes. In all diagrams, the reportedMSEis average over 20 trials. More pre
isely,MSE(t) =vuut 1Pi2NnE ni Xi2NnE niXj=1(Pr0(xij)� Pr(xij))2where N is the set of all nodes, E is the set of eviden
enodes, and ni is the number of out
omes of node i.Figure 6 shows the MSE as a fun
tion of the num-ber of samples for the Coma network. It is 
lear thatthe Latin hyper
ube sampling in all three variants out-performs random sampling. For a given sample size,the improvement of MSE 
an be as high as 75%. Theimprovement looks even more dramati
 when we lookfor the number of samples that are needed to a
hievea given pre
ision. Latin hyper
ube sampling with only2,000 samples 
an perform better than random sam-pling with 10,000 samples. In other words, Latin hyper-
ube sampling 
an a
hieve a better pre
ision in one �fthof the time. For the 
as
aded versions of the algorithm,as expe
ted, performan
e deterioration is minimal whenthe number of samples is large enough. For small sam-ples sizes (e.g., for 1,000 samples), a 
as
aded versionwith 20 steps of 50 samples ea
h performed somewhatworse be
ause 50 samples divide the interval [0; 1℄ too
oarsely to a
hieve a desired pre
ision. Analogous re-sults for the CPCS network are presented in Figure 7.Without eviden
e, typi
al improvement in MSE due to

Figure 6: Mean Squared Error as a fun
tion of the num-ber of samples for the Coma network without eviden
efor the random sampling (RS) and three variants ofLatin Hyper
ube sampling (LHS).

Figure 7: Mean Squared Error as a fun
tion of the num-ber of samples for the CPCS network without eviden
efor the random sampling (RS) and three variants ofLatin Hyper
ube sampling (LHS).Latin hyper
ube sampling is on the order of 50%. Fora given error level, typi
ally fewer than one quarter ofthe samples was used by the Latin hyper
ube sampling
ompared to random sampling. Cas
aded inferen
e inthe CPCS network requires a larger number of samplesto a
hieve the same pre
ision as pure Latin hyper
ubesampling. This is due to the fa
t that the probabilitiesin the CPCS network are more extreme.Figures 8 and 9 show the results for the Comaand CPCS networks with eviden
e. In 
ase of theComa network, the eviden
e was observation of se-vere heada
hes without 
oma. In 
ase of the CPCSnetwork, we were able to generate eviden
e randomly



Figure 8: Mean Squared Error as a fun
tion of the num-ber of samples for the Coma network with eviden
e (se-vere heada
hes without 
oma) for the random sampling(RS) and three variants of Latin Hyper
ube sampling(LHS).

Figure 9: Mean Squared Error as a fun
tion of the num-ber of samples for the CPCS network with eviden
e (�veeviden
e nodes 
hosen randomly from among plausiblemedi
al observations) for the random sampling (RS)and three variants of Latin Hyper
ube sampling (LHS).from among those nodes that des
ribed various plausi-ble medi
al �ndings. These nodes were almost all leafnodes in the network. We report results for �ve evi-den
e nodes. When the number of eviden
e nodes ismu
h larger, the 
onvergen
e rates deteriorate for allversions of the likelihood sampling algorithm. The im-provement due to Latin hyper
ube sampling in termsof MSE is not as dramati
 as in the test runs withoutor with a small number of eviden
e nodes.We have observed that in 
ase of large networks, per-forman
e of sampling algorithms depends strongly onthe number of eviden
e nodes and their topologi
al lo-

Figure 10: Mean Squared Error as a fun
tion of blo
ksize and sample size for the CPCS network without ev-iden
e for the Latin Hyper
ube sampling (LHS).
ation in the network| the 
loser they are to the leavesof the tree, the worse. The reason for this is a mismat
hbetween the sample spa
e (whi
h is in 
ase of likelihoodsampling dominated by the prior probability distribu-tion) and the posterior probability distribution. Thismat
hes the observations made by Cousins (1993), who
on
luded that performan
e of di�erent algorithms de-pends strongly on the properties of the network. Whilein the networks that we have tested Latin hyper
ubesampling was equal to or better than random sampling,sometimes the improvement was not large. We believethat in 
ase of large mismat
h between the samplingdistribution and the posterior distribution, samplingsimply performs poorly and its performan
e 
annot beimproved mu
h by the Latin hyper
ube sampling te
h-nique. This does not diminish the value of Latin hyper-
ube sampling, whi
h 
an be used in 
ombination withany sampling algorithm, in
luding one that will mat
hthe posterior distribution better.We also tested the relationship between the blo
k sizein the 
as
aded version of the Latin hyper
ube sam-pling and the MSE for di�erent sample sizes. Figure 10shows that the 
as
aded version very qui
kly a
hievesthe performan
e of the original Latin hyper
ube sam-pling s
heme. As soon as the number of samples inindividual blo
ks allows for a
hieving a desired pre
i-sion, there is little di�eren
e between the performan
eof the 
as
aded and the original s
heme. In the net-works that we tested, blo
k size of 2,000 turned out tobe suÆ
iently large to a
hieve the desired performan
e.In terms of absolute 
omputation time, we have ob-served that generation of one Latin hyper
ube sampletakes about 25% more time than generation of a ran-dom sample. We believe that this may be related tolarge data stru
tures of the Latin hyper
ube samplings
heme (the LHS matrix) and resulting de
rease in ef-�
ien
y of hardware 
ashing. We would like to point



out that despite this di�eren
e, Latin hyper
ube sam-pling outperforms random sampling in terms of meansquared error within the same absolute time.Con
lusionComputational 
omplexity remains a major problem inappli
ation of probability theory and de
ision theory inknowledge-based systems. It is important to develops
hemes that will redu
e it | even though the worst
ase will remain NP{hard, many pra
ti
al 
ases maybe
ome tra
table. In this paper, we studied appli
a-tion of Latin hyper
ube sampling to sto
hasti
 sam-pling algorithms in Bayesian networks. We have out-lined a method for generating Latin hyper
ube samplesand demonstrated empiri
ally that it leads to signi�
antperforman
e in
reases in terms of 
onvergen
e rate. Weproposed several ways of redu
ing storage requirements,the main problem related to pra
ti
al implementationsof Latin hyper
ube sampling, and proposed a 
as
adedversion of sampling that is anytime and that introdu
esminimal performan
e losses. Even though we tested itonly with likelihood sampling, Latin hyper
ube sam-pling is appli
able to any sampling algorithm and webelieve that it should in ea
h 
ase lead to performan
eimprovements. The pre
ise advantages will depend onthe numeri
al parameters of the networks and the algo-rithm applied. We expe
t, however, that Latin hyper-
ube sampling should never perform worse than randomsampling.A
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