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Abstract: Canonical models are useful not only because they simplify the construc-
tion of probabilistic models, but also because they save storage space and computa-
tional time, and because they respond to causal patterns that can exploited to generate
user explanations. In this paper we offer a general framework for canonical models
and briefly analyze the properties of the OR/MAX family of models. The general
framework can be easily used to generate other canonical models.

Keywords: Bayesian networks, canonical probabilistic models, knowledge engi-
neering

1 Introduction

The construction of graphical probabilistic models, such as Bayesian networks and influ-
ence diagrams, requires the specification of many conditional probability distributions of
the form P(y|x), where X = {X7,..., X,,} is the set of parents of node Y in the network.
Today’s graphical models almost always use only discrete variables, due to the difficulty
of representing continuous probability distributions (except for a few cases) and the dif-
ficulty of propagating evidence. Therefore, probability distributions are usually given in
the form of conditional probability tables (CPT’s). In general, the numerical parameters
are obtained from databases or assessed by human experts, and for this reason it is usu-
ally difficult to build a CPT for a family having more than two or three parents. In case
of a database, the difficulty arises when a certain configuration is not represented in the
database. For instance, when X represents the set of diseases that may cause a certain
anomaly Y, and x is a particular configuration corresponding to the presence of several
infrequent diseases, it is quite likely that the database contains no patient for that con-
figuration. In case a knowledge engineer asks a human expert to estimate the conditional
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probabilities, the difficulty of estimating the probability of infrequent configurations is
even more serious, and there also additional difficulties when the number of probabilities
to be estimated is high, because in general the time available for interaction with the
expert is scarce. For these reasons it is desirable to dispose of canonical models that al-
low to build large CPT’s from a small number of parameters that correspond to frequent
configurations. The term “canonical” is used because such models are elementary units
used in the construction of more complicated models [7].

Canonical models are useful not only because they simplify the construction of prob-
abilistic models (knowledge engineering), but also because they save storage space and
computational time [2| and because they respond to causal patterns that can be exploited
to generate user explanations [5]. Although canonical models are more and more used
in probabilistic expert systems, we believe that their advantages have not been fully ex-
plored yet, and for this reason this paper tries to offer two contributions to the study of
canonical models: (i) a general framework, structured in three categories: deterministic,
noisy, and leaky models, which provides a unified description of existing models and a
tool for building new ones when they are required in specific domains, and (i) an analysis
of the properties of the models in the OR/MAX family, with a special emphasis on knowl-
edge engineering issues. Sections 2 and 3 are devoted to these two topics, respectively,
and Section 4 to the conclusions.

1.1 Definitions and notation

We will use capital letters to represent variables and lowercase letters to represent their
values; for instance, v will represent any of the values of variable V. In the same way, V
will denote a set of variables {V7,...,V,} and v a certain n-tuple (vy,...,v,), where v;
represents the value taken on by variable V;.

There are some binary variables such that one outcome represents the presence of
something (in diagnostic problems, the presence of an anomaly or disease) or a positive
result in a test, and the other outcome represents the absence of the same entity or a
negative result in the test. In this case, we denote the first value by 1 or +v and the
other by 0 or —v and establish that +v > —w.

Given a set V of binary variables of type present/absent or positive/negative, for
each configuration v we define VT as the subset of variables taking on value 1 in such
configuration (in diagnosis problems, we can view VT as the set of anomalies present in
the particular case we are considering):

VT ={V,e V|, =1} (1)
We also define +v as the configuration in which all variables take the value 1:

+v = (+vy,...,+vy,) (2)
and —v as the configuration in which all variables take the value 0:

v = (wy,...,U,) (3)
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2 General properties of canonical models

Every canonical model represents a probabilistic relation involving a finite number of
nodes, such that Y is the child and {Xi,..., X,,} are its parents (see Figure 1). This
terminology proceeds from assuming that the family makes part of a Bayesian network,
but these models can also be imbedded in other probabilistic formalisms, such as Markov
networks and chain graphs. Of course, different canonical models may coexist in a certain
probabilistic model; it real-world applications is typical to have Bayesian networks in
which some of the families interact through OR-gates, a few through AND-gates and the
rest of the families do not correspond to any canonical model, which implies that their
CPT must be explicitly given. All the variables involved in the models that we consider
in this paper are discrete variables; we also assume that the number of values of each
variable is finite.

Figure 1. Node Y has n parents, Xq,...,X,.

In the present paper we describe these models as different types of causal interac-
tions. The reason is that each model tries to mimic a certain pattern of behavior that
we observe or assume between causes and effects in the real world; this facilitates our
task of explaining each model, defining its parameters and offering criteria for applying
them. Nevertheless, it is also possible to view these models as mere probabilistic relations,
without any causal interpretation.

2.1 Deterministic models

Some of these models are deterministic; in this case, the value taken on by Y is a function
of the values of the X;’s: y = f(x1,...,2,), and the CPT is given by

Pylx) = { Lify = f(x) (4)

0 otherwise

Please note that the deterministic models do not need any parameter: the CPT can be
obtained just from f by the above equation.
Therefore, a deterministic model is characterized by

e The domains of the variables, Y and X,’s: for instance, all the nodes in-
volved in the OR, AND, and XOR models correspond to binary variables of type
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present /absent or positive/negative; in contrast, the MAX and MIN models only
require that Y is an ordinal variable.

e The function f: in some of these models, f corresponds to a logical operator, such
as NEG, OR, AND or XOR, from which the model takes its name. In electronic
circuits, these operators are implemented by elementary devices called gates; for
analogy, some of this probabilistic models are often termed OR-gate, AND-gate,
MAX-gate, etc.

The functions we discuss in this paper accept a finite but indefinite number of argu-
ments and are all commutative.

2.2 Noisy models

We also analyze in this paper noisy models, which are built by introducing n auxiliary
variables {Z,...,Z,} (Figure 2), such that the interaction between Y and the Z;’s
corresponds to a deterministic model (see the above section) and each relation between X
and Z; is given by a CPT P(z;|z;). These auxiliary Z,’s are used for deriving the equations,
but do not make part of the final model, whose CPT is obtained by marginalizing out

the Zi’Si
P(ylx) = ZP ylz,x) - P(z[x) (5)

Because of Equation 4 and the Markov property,

P(ylx) = Z HP 2i| ;) (6)

z|f(z)=y 1

This equation is valid for all noisy models, although there are more efficient ways of
computing the CPT for some models, such as the OR, AND, MAX, and MIN.

Figure 2. Auxiliary structure for the derivation of a noisy model.

In some models, the Z;’s have a causal interpretation. For instance, in the noisy OR
Z; represents whether effect Y has been produced by cause X;.
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Some models include restrictions on the values of P(z;|z;). For instance, in the noisy
OR, P(+z;|=x;) = 0, which means that cause X;, when absent, cannot produce effect Y.
Similar restrictions apply to the AND, MAX and MIN models.

A specific feature of noisy models is that each parameter P(z;]z;) is associated with
a particular link X; — Y, while every parameter P(y|x) in a CPT corresponds to a
certain configuration x made up by all the parents of Y, and cannot be associated to any
particular link. Two advantages of canonical models arise from these properties. The
first one is the reduction in the number of parameters from O(exp(n)) in the case of a
CPT to O(n) for a canonical model, which is a substantial improvement from the point
of view of the knowledge elicitation. The second advantage is that the parameters in
canonical models lend themselves to more intuitive interpretations, which facilities the
task of estimating them.

2.3 Leaky models

In practical applications, it is often unfeasible to list all the possible parents of a certain
node Y. In this case, we can assume that there is a large Bayesian network that properly
represents the real-world domain. In this hypothetical network, the set of parents of
Y is X' = {X},..., X,t}, and the interaction between X' and Y is given by a certain
canonical model. We may decide to build a simplified Bayesian network in which only
a subset X = {X1,..., X, } of the parents are explicitly represented (X C XT); the rest
of the parents, X; = X"\X = {X,;1,..., X, }, the ancestors of X; and the descendants
of X; (except for Y and its descendants) are not explicitly represented in the simplified
network.

In this case, the interaction between Y and X in the simplified network can be repre-
sented by a leaky noisy model, provided that some conditions hold. The first condition
is that the function f that defines the canonical model in the large network model must
be associative, in the sense that when n > 3,

f(mla"'amn):f(zlaf(x%"'afn)) (7)

There are other graphical conditions that we do not discuss in this paper, due to the lack
of space.
The CPT for Y in the simplified network is

P(ylx)zZ(HP(zAxi))- > Plu) (8)

z yrlf(zyr)

were P(yr) is a (vectorial) parameter of the leaky model. In principle, this parameter
could be computed from the large network, but in practice it is usually extracted from a
database or estimated by an expert.

Any marginal or conditional probability obtained from the simplified network is the
same as the one we would obtain from the large network.
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3 Specific models

3.1 OR models
3.1.1 Deterministic OR

The deterministic OR model is a probabilistic relation among n + 1 binary variables, all
taking values in {0, 1}. The function that defines it is

y = for(x) = { +y otherwise ©)

This means that Y is absent only when all the X;’s are absent, and Y is present when
any of the X;’s is present:
+y <— (+x1 V...V +xp) (10)

This is the reason why this model is termed OR gate.

3.1.2 Noisy OR

The noisy OR was proposed by Good [3] and further studied by Pearl [6, 7|. It can be
obtained from the deterministic OR by introducing n auxiliary variables {71, ..., Z,}, as
discussed in Section 2.2 (see Fig. 2); the relation between Y and the Z;’s is given by a
deterministic OR, so that y = for(2).

The causal interpretation of this model is that each X; represents one of the causes of
Y. The term “noisy” accounts for the possibility that some of the causes fail to produce
the effect even when they are present. Each Z; indicates whether X; has produced Y;
then, —z; means that X; has not produced Y, either because X, is absent or because a
certain inhibitor has prevented X; from producing Y. If we denote by ¢; the probability
that inhibitor I; is active, then the probability ¢; that X; produces Y when it is present
is:

Naturally, when X; is absent, it can not cause Y:
P(+zi|—z;) =0 (12)

The deterministic OR is a particular case of the noisy OR in which ¢; = 1, Vi.

3.1.3 Leaky OR

In practical applications, it is often unfeasible to list all the possible causes of an effect.
In this case, we can build a leaky model, as explained in Section 2.3, whose leaky vectorial
parameter P(yy) is given by an single parameter cp:

P(+yr) = cr
{ P(oyr) =1 -cp (13)
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It follows from Equation 8 that when all the explicit causes are absent, i.e., when the
configuration of the parents is —x, then X = () and

P(tyl-x) = cL (14)

This means that cpis the probability that Y is present when all the causes of Y explicit
in the model are absent or, put another way, the probability that the implicit causes
produce Y. The noisy OR is a particular case of the leaky OR in which ¢; = 0.

Henrion’s parameters vs. Diez’s parameters The leaky OR, introduced by Hen-
rion [4], is also a particular of the leaky MAX proposed by Diez [1]. However these
authors use slightly different parameters to define this model.

In the noisy OR, ¢; is the probability of +y when Xj is present and the other X;’s are
absent. However, in the leaky OR, this probability P(+y| + ;, =2 ;i) corresponds to
a different parameter p;:

Di :P(+y|—|—l‘i,_|l‘j(j7gi)) :Cz—f—(l _Ci) * Cy, (15)
It immediately follows that
1—p
1l—¢ = 16
G= 1 (16)

Since ¢;, > 0 in the proper leaky OR, then p; > ¢;. This result was foreseeable from
the way the noisy OR was built. In fact, we departed from a hypothetical extended model
in which the causes of Y were XT; ¢; is the probability of 44 when X is present and all
the other causes of Y are absent. In contrast, the definition of p; requires that all the
causes of Y different from X; and explicit in the leaky model (X C X) are absent,
but admits the possibility that the causes implicit in the leaky model (X; = X"\ X) are
present. Since ¢; excludes all the causes other than X;, and p;, admits the presence of
some causes other than X, it is expected that p; > ¢;. A similar argument can be used
to justify the inequality p; > cr.

Henrion’s [4] definition of the leaky OR is based on the p;’s. In fact, Henrion’s equation
for deriving the conditional probability table was, with a slightly different notation,

Ptylx) =1— (1—cp)- [ ~-2 (17)

1—c¢
Xi€X+ L

In contrast, the leaky OR considered as a special case of Diez’s [1] leaky MAX for binary
variables, is based on the ¢;’s.

Which parameters are more appropriate from the point of view of knowledge engi-
neering? It depends on the knowledge source. When the probabilities are obtained from
a database, ¢, can be estimated as the proportion of cases in which Y is present and all
the causes of Y stored in the database are absent (cf. Eq. 14); if ¢; > 0 then there must
be other causes of Y not recorded in the database. The proportion of “cases in which
X, and Y are present and the X;’s recorded in the database take on the value absent”
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is an estimate of p; (cf. Eq. 15). In this situation it is impossible to estimate the ¢;’s
directly from the database, because, as mentioned above, ¢; is the probability that Y is
present when X; is present and all the other causes of Y, either included in the database
or not, are absent; but obviously we cannot know the value of a variable not recorded in
the database.

In contrast, when the probabilities are estimated by human experts, the question
that the knowledge engineer should ask in order to obtain Diez’s ¢; is: “What is the
probability that X; produces Y?7”; in turn, the question for obtaining Henrion’s p; is:
“What is the probability Y is present when X, is present and none of the other causes
we are considering in our model is present?”. The estimation required by the first can be
based on an analysis of the causal mechanism X; — Y and its possible inhibitors (cf. the
paragraph preceding Eq. 11). In contrast, the estimation required by the second question
should be based on the “statistical” data stored in the expert’s memory. Recent work
on the elicitation of probabilities for a medical expert system has shown that it is much
easier for human experts to answer the first type of questions; this work is coherent with
our conjecture that human’s estimation of probabilities relies on knowledge of the causal
mechanisms and not only on observed frequencies.

In summary, the frequencies we observe in a database correspond to Henrion’s p;’s.
In contrast, when the probabilities are estimated by a human expert, we recommend to
aim directly at the ¢;’s because the corresponding questions are much more brief and
intuitive. Fortunately, if ¢; is small—as it shall be, because an accurate model must
explicitly include all the frequent causes of every anomaly—the difference between each
¢; and p; will be much smaller than the error of the subjective estimate, and the knowledge
engineer does not need to care about which parameters he is eliciting from the expert.

3.2 MAX models

The MAX model assumes that there are different causes { X7, ..., X, } leading to a certain
effect Y that might take on several degrees of severity; it also assumes that the degree
reached by Y is the maximum of the degrees produced by each cause if they were acting
independently. Henceforth, it the effects accumulate (for example, in economy the effects
of different factors tend to accumulate with one another), the MAX model would not be
valid.

3.2.1 Deterministic MAX

The deterministic MAX requires that Y and its parents are ordinal variables all sharing
the same domain; the value taken on by Y is:

y = fuax(x) = max(xy, ..., z,) (18)
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3.2.2 Noisy MAX

The noisy MAX can be described by introducing n auxiliary variables {Z, ..., Z,}, as
discussed in Section 2.2. The relation between Y and the Z,’s is given by a deterministic
MAX, which implies that the domain of every Z; must be the same as that of Y, and
y = fuax(z). However, the noisy MAX allows that dom(X;) is different from dom(Y"),
dom(Z;) and dom(X;) for other X;’s.
The parameters for link X; — Y are
c, = P(Z; = y|x;) (19)
The model defined this way is a generalized version of the noisy MAX. The standard
noisy MAX, however, imposes additional restrictions that lead to an interpretation of
the X,’s as causes that can produce Y. In this case, Y represents an anomaly; the mini-
mum value of Y is termed normality state and denoted by —y, because it corresponds
to the absence of anomaly Y. Each X; has also a normality state —x;, such that
¢y =P(Z; = ~yl-a) =1 (20)
In the standard noisy MAX, Z; = y represents the fact that cause X; has raised the value
of Y from —y to y. As a consequence, ¢’ represents the probability that X;, when taking
on the value x;, raises Y to a value y.

If all the variables involved in a standard noisy MAX are binary variables of type
present /absent or positive /negative and the normality state of every variable corresponds
to absent or negative, we obtain the noisy OR.

The noisy MAX was first used by Henrion [4]; Diez [1] formalized the model, coined
the term “MAX gate”, and developed the leaky MAX and the noisy/leaky MIN.

3.2.3 Leaky MAX

By similarity with the leaky OR, some of the causes of a multivalued effect Y may be left
implicit in the model. Under the conditions discussed in Section 2.3, some causes can be
implicitly represented by a leaky vector 05, which gives the probability that Y = y when
the causes explicit in the model are known to be absent:

¢y = P(y|-x) (21)

The noisy MAX and the leaky OR are particular cases of the leaky MAX.

4 Conclusions

In this paper we have introduced a framework that considers three categories of canonical
models: deterministic, noisy and leaky. Each noisy model is based on its deterministic
counterpart by introducing an auxiliary variable Z; for each parent X; and, optionally,
by imposing some restrictions on the values of the conditional probabilities P(z;|x;), as
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shown in Section 2.2. Analogously, each leaky model is based on its noisy counterpart
by grouping the effect of the non-explicit causes into a leaky parameter (a number or a
vector). One of the contributions of this paper is the analysis of the conditions required
to integrate a leaky model into a larger network. Such conditions should be checked by
knowledge engineers when building Bayesian networks.

The general framework offers a unified description of existing models, such as the OR,
MAX, AND, and MIN families, as well as Srinivas model [8], and can be used to design
new models for specific needs, such as noisy or leaky arithmetic models.

The second contribution of this paper is an analysis of the properties of the OR/MAX
family of models —which are those most used in practical applications— with special
attention been paid to knowledge engineering issues, such as how to obtain the parameters
from a database or which questions the knowledge engineer must pose to the human
experts. These and the other models mentioned above are further analyzed in an article
on which we are currently working (this paper presented to CAEPIA-2001 is a brief
version of that article).
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