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1. Introduction

Instrumental variable estimation is one of the most widely
used methods in economics. Valid instruments must be relevant
and exogenous. Regarding the relevance of instruments, there
has recently been a growing interest in the asymptotics of weak
instruments. One of the most widely used test statistics in that
research line is the Anderson and Rubin (1949) test (for herein
denoted the AR test). The AR test statistic can be used when
instruments are weak as shown by Stock and Wright (2000).
Regarding exogeneity, however, there is a growing consensus
that even when researchers carefully pick instruments that
are plausibly exogenous, it is still unlikely that an instrument
perfectly satisfies the orthogonality condition. Nevertheless,
applied researchers lack formal methods for drawing inferences
when their instruments are nearly exogenous.

Existing methods enable researchers to make adjustments for
the consistency of their estimates, but do not enable researchers
to adjust their inferences. For example, in an influential paper,
Acemoglu et al. (2008) use instruments to identify the impact
of democracy on national income. Acemoglu et al. (2008) note
that their instrumental variable estimates identify an upper
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bound because there is a small positive correlation between their
instrument and the structural error term. However, Acemoglu
et al. cannot say how this small violation of orthogonality affects
inference. This is because standard instrumental variable methods
that use t-statistics do not adjust the standard error of the
endogenous regressor to account for correlations between the
instrument and structural error term.

We introduce a method that enables applied researchers to
make reliable inferences in a world where instruments are nearly
exogenous and not necessarily perfectly exogenous. Our test
accounts for the strength of the violation of the orthogonality
condition. In the weak instrument literature, it has been shown
that inferring causality becomes more difficult as the instrument
becomes weaker. We find that identifying casual effects becomes
more difficult as the endogeneity of the instrument increases. Our
method enables researchers to make inferences that account for
both endogeneity and weakness.

We employ aviolation of the exogeneity assumption that allows
for a local to zero correlation between the instruments and the
structural error. Clearly, our method assumes that instruments
exhibit asymptotic orthogonality. However, we also show that our
method holds in finite samples even when the correlation between
the error and the instrument is constant and nonzero.

Our test is a variant of the Anderson and Rubin (1949) test. We
derive the limit of the AR test and show that the limit depends on
the correlation between the instruments and structural error term.
Furthermore, in larger samples, using critical values for the AR test
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based on the perfect exogeneity assumption creates massive size
distortions when there is, in reality, a mild correlation between the
instruments and structural error term.

To deal with these size distortions we propose a novel
resampling technique for the AR test. This technique is based on the
jackknife histogram estimator in Section 2 of Wu (1990). Because
the AR test can be written in terms of the sample mean (see Eq. (4)),
we can modify the results in Section 2 of Wu (1990). Section 2 in
Wu (1990) uses sampling without replacement from the original
sample by drawing a fraction of the sample size that is proportional
to the full sample. In this setup, we propose a fractionally
resampled version of the AR test. We show that choosing half the
sample as the block size provides valid but conservative critical
values. We also find the asymptotic size of fractionally resampled
AR test at half of the sample. This is the limit rejection probability,
uniformly over violations of exogeneity parameter, of standard AR
test compared with fractionally resampled critical values at half
sample. We also show that the asymptotic size is smaller than
the nominal size in that scenario. As a competing technique we
show that subsampling is oversized. We also conjecture that the
Kleibergen (2002) test may not be amenable to the resampling
technique that we use. Simulations are conducted to check for
the size properties and power of this FAR test. We find that a
simple finite sample correction for the block size provides very
good power.

Guggenberger (forthcoming) analyzes several tests under local
violation of exogeneity, and shows all of them have size problems.
However, he finds that the Anderson-Rubin type of test has the
best size properties. In related work, Kraay (forthcoming) and
Conley et al. (forthcoming) both use a Bayesian approach for
solving the problem of working with instruments that do not
perfectly satisfy the orthogonality condition. They clearly show
that even a small violation of the orthogonality condition can lead
to entirely different outcomes. When they allow there to be mild
violation of exogeneity, they find that the confidence intervals
for structural parameters are larger. Conley et al. (forthcoming)
analyze the support of the correlation parameter. Then they find
the confidence interval for the structural parameters given the
correlation parameter, and take the union of these intervals.
This method provides a conservative solution. Conley et al.
(forthcoming) also use a local to zero approach: here, they assume
the correlation parameter comes from a normal distribution and
they characterize its asymptotics. In a third approach, Conley et al.
(forthcoming) attach Bayesian priors to this parameter and derive
the posterior distribution. Kraay (forthcoming) takes a similar
approach to this problem; however, his prior for the correlation
parameter is not drawn from a normal distribution. In contrast to
these methods that place priors on the correlation between the
instrument and structural error term, our method is completely
data dependent.

Section 2 describes the problem of making inferences with
instruments that violate the exogeneity assumption and we
develop a novel way of resampling the AR test. Section 3 considers
the asymptotic size of AR test as well as the FAR test. Section 4
considers subsampling and then shows that it will be oversized
and will not solve the problem of drawing reliable inferences
with instruments violating the exogeneity assumption. Section 4
also contains an analysis of some of the variants of subsampling.
Section 5 contains Monte Carlo simulations. Section 6 concludes.

2. Inference and violations of exogeneity

We analyze a model that contains a specific violation of the
exogeneity assumption. Similar assumptions about the violation of
exogeneity have been used by Newey (1985) and Hall and Inoue
(2003). The assumption in our model allows for a local to zero

covariance between the instruments and the structural error term,
and is more flexible than the knife-edged exogeneity assumption
used in the instrumental variable estimation literature. The model
that we use is:

y=Y6 +u, (M
Y=ZIT+V, (2)
where cov(u, V) #0,Y :nxm,Z : n x k, k > m, we also assume
EZV! =0,fori=1,...,n. Then we assume, fori=1,...,n,
EZu; = i,

NG
where C is a k x 1 vector, each component of that vector G; (j =
1,...,k) is a constant and is in a compact subset (I") of R,

C e I C R* This assumption allows for a mild correlation
between the instruments and the structural error. The correlation
can be negative or positive for different instruments. Note that
the number of instruments k is fixed (i.e. it does not grow with
the sample size). So in a two instrument case, we may have C =
(1, —2)’. We assume without losing any generality that the lower
and upper bounds for the compact subset I" are the same: (for each
i=1,2---k)y, yu, respectively.

This is the same near exogeneity assumption used by Berkowitz
et al. (2008) in which the covariance between the structural error
and the instruments is “C/+/n” and where C is a constant vector.

Note that there are no exogenous control variables in the
system. In order to simplify the notation, control variables are not
included in (1) and (2). Control variables can be projected out to
get the same results as here. Our goal is to test Hy : 6 = 6y. The
Anderson and Rubin (1949) test is used to test Hy and is described
as follows:

AR(60) = [(y — Y60)'Z/n'/*127'[Z'(y — Y60) /n'/?], (3)
where 2 = 13 zz/u?.

The Anderson-Rubin test (AR(6p)) can also be rewritten as
AR(fo) = S| (varS,)~'S, = nS' 27'S,, (4)

where §, = Zi=t4% _ Z0=Y0) 344 yarS, = /n. We can also
demean Z in the variance formula and this does not change the
asymptotics.

2.1. Assumptions
In this section we introduce our assumptions and discuss them.

Assumption 1. Fori = 1...,
dent, and

(1)

EZiu; =

n, assume {u;, Z;, V;} are indepen-

C

vn'
where C is k x 1 vector. Note that k is fixed. We allow for both
positive and negative covariance at the same in the C vector.
C e I'" which is a compact subset of R¥. Without losing any
generality assume for eachj = 1, ..., k, the bounds of I" are
the same: y; is the lower bound (scalar) and the upper bound
is yy (scalar).

(if)
=1 EZ; Z

Jm Z

where §2 is positive definite and finite and we assume also
Q2 —> 2 as.

(iii)
EZV{ = 0.
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Table 1
Size at 10%, AR(6y) test, IT = 1.
Sample size Setup 1 Setup 2 Setup 3
c=2 c=3 c=5 D=0.2 D=0.3 D=05 a=0.25 a=0.5 a=1
100 65.0 93.0 100.0 64.0 93.0 100.0 32.8 779 93.0
200 66.0 93.0 100.0 88.0 99.0 100.0 4222 91.7 100.0

Note: Setup 1 is explained in (22), Setup 2 is explained in (23). “D” represents the covariance between the instrument and the

structural error. Setup 3 and constant “a” is explained in (24).
Assumption 2.

n
lim n" ) "E[Zu]|* < oo.
n—oo =1

Assumption 1 allows for a small covariance between the
instruments and the structural error: it is how we operationalize
mild violations of exogeneity. Assumption 1 is discussed above in
this section. Assumption 2 is needed for the strong law of large
numbers approximation for obtaining the Berry-Esseen bounds.
This assumption is discussed in Zhao et al. (2004), as Remark 3
after Corollary 1 in their paper. This is a sufficient condition for the
Berry-Esseen bound for the independent case. The triangular array
case can also be obtained by Theorem 1 in Zhao et al. (2004), and
Assumption 2 is again sufficient. The Berry-Esseen bound is used
to prove resampling Central Limit Theorem type of result as (28)
and (29).

Assumption 2 also provides the sufficient condition in Theorem
23.12 of Davidson (1994) which is sufficient condition for
Lindeberg Central Limit Theorem.

2.2. Full sample result

In this subsection we derive the limiting distribution of the
full sample Anderson and Rubin (1949) test under our violation
of the exogeneity condition in Assumption 1. In Section 3, we
consider also the asymptotic size of AR(6y) test where we look
at the rejection probability of AR(6y) uniformly over C, compared
to standard y? critical values. To understand the remarks after
Theorem 1, note that the limit of n=1/2 Y"1 | Zu; — EZu; is the zero
mean normal random variable/vector L with variance 2.

Lemma 1. Under Assumptions 1 and 2, we have
d 2
AR®0) = X’ cigrc (5)
’ 2

where C is the vector indicated in Assumption 1(i) and the limit
in Lemma 11is a non-central x? distribution with k degrees of freedom

ro—1 .
and <2< as the noncentrality parameter.

Note that the noncentral x? limit in Lemma 1 is explicitly
written as

L+ 'L+ =re L+2027 'L+ 27 'c
XP 22007+ e, (6)

by (26) and (27).

Lemma 1 shows that if we use the standard x? critical values
when there is a violation of the exogeneity assumption, then the
AR(6yp) test will be oversized. This is also what we observe in the
simulations in Table 1 for the setups discussed in Section 5. This
issue will become clear in Section 3, when we explicitly show the
asymptotic size of AR(6p).

These findings are related to a recent paper by Guggenberger
(forthcoming), which analyzes various identification robust tests
when there is a local to zero violation of exogeneity. Guggenberger
(forthcoming) finds that the AR(6p) test has the best finite sample
properties. Caner (2009) analyzes the AR(6p) test in a many weak

moments setup that allows for violations of exogeneity. He finds
that when the number of violations is limited, the AR(6y) test does
not have size problems.

2.3. Resampling technique

This subsection contains a description of Wu's (1990) jackknife
histogram estimator. We show that this resampling method is
useful for recovering the limit for tests of the population mean.

It is well known that in large samples, to test Hy : & = o,
where w is the population mean, and g is the true value of the
mean,

X—1o d
Yy — N(0, 1), (7)

where X is the sample mean out of n observations, and o is the
standard deviation of individual x;.

We first describe Wu'’s (1990) resampling technique. We take
a subset of size b (block size) from n observations. We resample
from data x where x = (x1, ..., X;;). The blocks in this resampling

-1
from x are x, with size b, and equal probability of (Z) . This

is done via simple random sampling without replacement from
the population. The size of the blocks plays a crucial role in our
results. Denote this resampling technique by “x”. Notation such as
P, E, refer to calculations under *, whereas P, E refer to original
probability measure, and the expectation respectively.

The jackknife histogram estimator is basically the resampled
counterpart of the simple ¢t test in (7) (see also p. 1440 Wu, 1990).
So instead of 1o we use X; and, instead of X we use X;, where this is
the sample mean from b observations drawn without replacement
from the sample of n observations. Next instead of o /n'/? we use
[(1 — f)62/b]/?, where f is a fraction of the sample, 0 < f; <
f < fu < 1, fiis the lower bound, and f, is the upper bound for
fractions. So the term (1 — f)&2/b is the variance of X, under
simple random sampling without replacement (Cochran, 1977),
and 6% = - 3" (X; — X)2 Next, Wu (1990) shows that under
simple regularity conditions

Vb(Xy — X)
P, (((1—f)UA2)1/2 <t]—-o®

where ¢(t) represents the cumulative distribution function of
standard normal law. So the cumulative distribution of the
jackknife histogram estimator converges to the cumulative
distribution of standard normal law.

— 0 a.s.,

sup
t

2.4. Fractionally resampled Anderson-Rubin test

For our setup, we are interested in resampling from the
following quantity: Z'u = Y[, Zuu;, where u = y — Y6,. Denoting
the sample average by S, = n™! > .1 Ziu;, Sp is the mean of the
simple random sample of size b drawn without replacement from
n observations (the mean of the b observations that are drawn out
of the sample of n observations). Thus, for block size b = fn, 0 <
fi < f < fu < 1. Note that we are not directly using the estimators

1 We could set b = [fn], where b/n — f and [-] is the integer part of the
number fn. We do not do this because it would make our notation unnecessarily
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in Egs. (1.2) and (1.3) of Wu (1990). Instead we benefit from
Section 2, Egs. (2.2) and (2.3) of Wu (1990). We also extend his case
to independent random variables for theoretical contribution and
the extension to triangular arrays is simple and is discussed after
Theorem 1. We discuss our choice of block size after Theorem 1.
Note that the researcher chooses the fraction of the sample f. The
fractionally resampled Anderson-Rubin test (FAR(6p)) is described
as:

bg/f}_lgb

4= (8)
1=

where immediately after Eq. (2.2) on p.1440 of Wu (1990) or

Theorem 2.2 of Cochran (1977) it is shown that var,S, = o,

Observe that the right-hand side in (8) is slightly different than
the right hand side in (4). This is due to the property of var,S, =

FAR(f) = S, (var,Sy) 'S, =

[?] (1 — f). This will play an important role in the derivation

of our main result. The limit for FAR(6y) still does not recover
the limit in Lemma 1. Theorem 1 provides a very strong direction
and intuition about how to obtain this limit by using a variant
of resampling technique. After Theorem 1 we discuss how we
provide a valid but slightly conservative limit compared to the
limits in Lemma 1. Before deriving the limit for FAR(6p), we define a
multivariate normal distribution L = N(0, £2) asin Lemma 1. Note
that in Section 3, we also find the asymptotic size of fractionally
resampled Anderson-Rubin test.

Theorem 1. For 0 < f; < f < f, < 1, and the test in (8), define
Jp(t) = P (FAR(6) < 1).
Then, under Assumptions 1 and 2, given (5),

sup Us(t) = fms ()] = 0 as.,

where ¢y (t) is the cumulative distribution function of following
distribution:

ﬁ)zz

1+

(75

where x? N is the noncentral x? limit with k degrees of
agAT oz

freedom and the noncentrality parameter

k f ce-lc’
RN/ N

e c

f
TRJviT 2

Remarks. 1. Note that the limit in Theorem 1 is written explicitly

as
| f ’ f

2

Xk <1+ H) +2(1+ 1_]_)
f ro—1 f ro—1

where sz is the central x? distribution with k degrees of freedom,
and L = N(0, £2). This is shown in detail in the proof of Theorem 1
through (34) and (35).

2. An important point is to have inference by resampling. It
seems that a fixed f will not match the limit in Theorem 1 with the
one in Lemma 1 perfectly. But with f = 1/2 we get a valid solution
pointwise. This is conservative but corrects the size distortion.
When the fraction is 1/2, the limit in Theorem 1, Eq. (9) becomes

A +4ace'lL+Ce7'c (10)

complicated. The notation we employ follows the notation in Section 2 of Wu
(1990).

In Lemma 1, the limit is by (6)

xE+2027 'L+ 027 'C. (11)
k

Comparing (10) with (11) and since both the AR(6y), FAR(6y)
use right hand side critical values, then using the critical values
from (10) prevent size distortions. However, this may become too
conservative. So for the finite samples, we suggest the following:
fn = 1/2,where f, is a deterministic sequence. Specifically, we can
choose f;, = 1/2 — kp,, where «, > 0, for each n and x, — 0 when
n — 09, k, is a deterministic sequence, not a random sequence.
Since f, — 1/2, the limit by using this fraction will be again (10).
This can also be seen by following the proof of Theorem 1. But in
small samples since f;, < 1/2, it may provide some power. We will
consider two choices for «,, in the simulation section.

3. The proof uses Assumption 2 which is for independent data.
Triangular arrays can also easily be used, and this is discussed after
Assumption 2.

4. In Section 3 below, we also obtain the rejection probability
of AR(6y) compared with the critical values obtained from the
fractionally resampled test (f = 1/2), uniformly over C. There we
show that asymptotic size is less than the nominal size.

2.5. Power issues of AR(6y), FAR(6p)

In order to simplify the notation and to show the effects of other
fractions, the analysis of the power of the FAR(6p) will be conducted
with a fixed choice of f. From that we can infer what may happen
also at f = 1/2 specifically.

Here we briefly show that the AR(6) is consistent against fixed
alternatives when there is strong identification and a mild violation
of exogeneity. So in Eq. (2), assume IT has full column rank, but
Assumption 1 still holds. If the true parameter value is 8 (for the
power exercise here), and 6; # 6y, 8 —6y = |, where lis a nonzero
constant, we test Hy : & = 6. Then using Egs. (2) and (3) with
0, — 6o = | # 0 it follows that AR(6y) - oo.

The key issue is whether the resampling technique that we
suggest will have power, and whether this is consistent against
fixed alternatives. The key term in the analysis is S, in Eq. (8). Note
that (.), represents resampling b observations out of n without
replacement. So we can express

b
Y- (ZZ).
Sp = 121717(91 —6o)
b b
Z(Zivj/)* Z(Ziui)*
e (/)Y Yy =L — (12)
N Vb
Note that the first term on the right hand side can be rewritten as
b
JplEL
b

And, this term converges in probability to infinity at rate N
/n/f. The test will not be consistent if we use the resampled
critical values, even though the test diverges at rate n. However,
in finite samples we may gain power with a smaller f. So the
simulation exercises are crucial for choosing the correct block size
in small samples. And, since the main problem is size, a reasonable
power loss is acceptable.

2.6. The algorithm

Next we write the algorithm to test the null of Hy : 8 = 6, by
using the critical values obtained from the empirical distribution
function of the half-sampled FAR(8y).
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Step 1. First calculate the terms £ from the full sample of Z;, u; as
described at the beginning of this section.

Step 2. Denote yy,, Ys,, Zp, as draws of block size b, = n/2 from
full sample y, Y, Z without replacement, respectively. Note that
Yo, /2% 1, Yy, :n/2 xm,Zp, : n/2 x k. Form

S = [Z5, Wb, — Yb,00)15/(1/2).

Step 3. Form FAR,(6p) by using steps 1-2.

Step 4. Repeat steps 2-4, ] times. (J may be 1000, or 5000) Then sort
Jvalues of what is found in step 4 to form the empirical distribution
function.

Step 5. For a 5% test find the 95 percentile of the empirical
distribution function in step 4.

Step 6. Reject the null of Hy : 0 = 6y, if the full sample AR(6p) as
described in Eq. (3) is larger than the 95th percentile in step 5.

Note that in the above algorithm, §2 is calculated from the full
sample. Only the numerator of the test statistic, the score, has to be
resampled. The main technical reason for that is shown in the proof
of Theorem 1. Basically for any block size b, p. 1440 of Wu (1990)
or Theorem 2.2 of Cochran (1977) shows that var,S, = %fz in
our case.

For f,, we use f;, = 1/2 — «k, instead of f = 1/2 in the above
algorithm, if the fraction of the sample is not an integer we choose
the next highest integer.

3. Asymptotic size

In this section we find the asymptotic size of AR(6y) test and the
fractionally resampled FAR(6y) test at f = 1/2, and then discuss
the case of f < 1/2. We show that asymptotic size of AR(6y) test
is larger than its nominal level, and hence it is oversized. However,
we also prove that at half of the sample, the asymptotic size of the
FAR(6y) test is less than its nominal size. So even in the case of the
largest rejection probability (uniformly over C), using fractionally
resampled critical values prevents the size distortions when there
are violations of exogeneity. As far as we know this is a new result
in the literature.

Guggenberger (forthcoming) derives the first result in this
literature about asymptotic size of AR(6y) test, and shows that
AR(6)) test is oversized when there is violation of exogeneity. This
is very valuable to applied researchers. Our first result about AR(6y)
test is a special case of his. However, the next result in this paper
about asymptotic size of the fractionally resampled (FAR(6p)) is
new and shows that this resampling technique may contribute to
solving the oversize problem of the AR(6,) test.

Note that subsampling, and m out of n bootstrap results of
Theorem 1 of Andrews and Guggenberger (2010) do not apply
since subsampling and m out of n bootstrap and the fractional
resampling assumptions are different. The difference between
subsampling and our case is described below, and it is shown that
subsampling will be oversized. This is also shown independently
in Guggenberger (forthcoming). In the case of m out of n bootstrap,
the main assumption is b>/n — 0,asn — oo, b — oo, which
is not covered by our result. The results for asymptotic size will
be proved under (u;, V/, Z{) being iid with distribution F,, where
1 < i < n.The data is iid for each C € I as in Guggenberger
(forthcoming) where he considers the local violation of exogeneity
like us. Note that all limit results in Section 2 is true for triangular
arrays as well as iid variables discussed in Remark 3 after
Theorem 1, and more in detail after the proof of Theorem 1 in
Appendix. Proving Theorem 1 for independent data is just to show
that we can extend iid proof technique of Wu (1990) to a general
setting that may be more useful to applied researchers. Also note
that ||.|| represents the Euclidean norm.

3.1. Asymptotic size of AR(6p) test

First we start with definition of notation about a parameter
space A,. Let Meval(§2) represent the minimal eigenvalue of the
matrix 2.Fork >1,d > 0,6 >0, M < o0

Ap = Ap(k,d) = Ak, d, 8, M)
= {F, e R Epu?Z:7) = 2
Ep,u;V{ = corr(u, V) for some 2 € R¥* such that
Er,Ziu; = C/n"/?, where C is a subset of a compact inR¥,
127" ?Epuizil| < d/n'’?
E,ZV] = 0, Meval (22) > 8, Eg, || Zu;||> < M}.

Given Assumptions 1 and 2, this means mainly |2~ V2C|| <
d. This A, is needed to use the Guggenberger (forthcoming)
framework for the asymptotic size of AR(6y). To find the asymptotic
size, first we need to find the asymptotic null rejection probability
of AR(6y) test. Note that vec(.) operator vectorizes the matrix inside
the parentheses. In that respect we define the following:

Definition 1. For a subsequence w, of n € N, denote

{)chn,h = (Fa)n,h)}nzlv
for h = (), vec(hy)’) which is a sequence that satisfies

(i) Apyn € Ay, foralln e N.

(ii) wn'*(Ep,, 2ZiZ})""/*Eg, wiZ; = hy,and hy € H, where H is a
compact subset of R¥.

(iii) Ep,, u?ZiZ) — hy asn — oo, h; € R&k,

For A, to exist for a given h, we need ||h;|| < d, and h; to be
finite and positive definite. Next, the rejection probability of AR(6)
test under the sequence A, j is

Pgy 5., (AR(6p) > c(1 — @)),

where c(1— «) is the 1 — « critical value of the test at nominal size
. In AR test the critical values above come from standard x7 limit.
Note that the subscript on the probability, refers to usage of 6, and
is calculated under A, ;, but to save from notation we denote this
as An.

Next we derive the asymptotic null rejection probability of
AR(6p) test for m = 1, as in Guggenberger (forthcoming) without
losing any generality. This will be derived under the sequences
Ann. We largely benefit from the idea in the proof of Lemma 1
of Guggenberger (forthcoming) here. We derive the asymptotic
null rejection probability from Lemma 1 here. Since the limit in
Lemma 1 is continuous in the nuisance parameter, we get Lemma 2
below. To see a detailed proof, p. 23 of Lemma 1 in Guggenberger
(forthcoming) can be seen. Lemma 2 result is a subcase of his, with
our hy being in a compact subset.

Lemma 2. The asymptotic null rejection probability of the AR(6y) test
of nominal size « under sequence A j, is given by

- 2
P[Gk,umul/z > Xi1—als

where Ey 2,2 denotes the non-central x? limit with k degrees
of freedom, and ||h{||>/2 as the non-centrality parameter. x,i 1—e
denotes the 1 — « quantile of standard x? with k degrees of freedom.

To understand the asymptotic size of AR(6p) test better we need
to define the following k x 1 vector that shows the bounds of I" in

Assumption 1. First, max(.,.) operator shows the maximal of two
scalars inside the parentheses. So set

e = [max(|yl, 1vul), - .., max(Iyl, [vuD],
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where y;, y, are defined in Assumption 1. Then set k x 1 vector
I'* = 2721}, Define the asymptotic size of AR test as, given
An € Ay,

Asize(0o) = lim sup sup Py, 5, (AR(60) > X2 1_q)-
n—oo Cel’
Note that we could have written the asymptotic size definition
uniformly over hy as well, this is the same thing as above.
Next, using Lemma 2 here, and the proof of Theorem 2 in
Guggenberger (forthcoming), we obtain the following.

Lemma 3. Given the model, A, (k, d) definition for some § > 0, and
M < oo, the asymptotic size of AR(6y) test is

Asize(00) = P&y jr+12/2 > Xie1-al>

where & | =2 is the non-central x? distribution with k degrees of
freedom and || I"*||? /2 as the non-centrality parameter.

We can also set this as || I"*||*> = d? in A, definition above. This
is the same result as Theorem 2 in Guggenberger (forthcoming), in
ours the covariance vector is in a compact subset of R¥.

3.2. Asymptotic size of FAR(6y) test

In this subsection, we consider the asymptotic size of the
fractionally resampled AR test. This is the asymptotic rejection
probability of AR(6y) compared with critical values from FAR(6;)
test (atf = 1/2) uniformly over C. For each A, € A, this is written
as
lim sup sup Py, 5, (AR(6p) > ¢ (1 — ) = Asize(6y), (13)

n—oo Cel’
where ¢, ,(1 — «) is the 1 — o quantile of the FAR(6p) atf = 1/2.
Note that the asymptotic size in (13) can be written in terms of hy,
which is used in Definition 1,
lim sup sup Py, 5, (AR(6p) > ¢;,5(1 — o)) = Asize(6p).

n—oo0 hieH
Note that in order to save notation we use A, instead of A,, , where
we can see A, , in Definition 1 with usage of n instead of w,. As in
Lemma 6(vi), and p. 460 of Andrews and Guggenberger (2010), we
can write the asymptotic size in terms of the subsequence w, of n
lim sup sup Py 3, (ARw, (60) > Cop b, (1 — @) = Asize(6p),

n—oo0 hieH
where AR, (6p) represents the AR(6) test by using w, as the
sample size, and ¢, p,, (1—a) represents the 1—o sample quantile
of the fractionally resampled AR test (at f = 1/2). This last version
of the asymptotic size definition is used in the proof.

Before finding the asymptotic size of FAR(6p), we need the
subsequence limit of AR(6y). Given (6), Lemma 2 here and
definition of h{, we have

AR(Go) -5 x2 + 2K,z + Wby = Ji. (14)

where z = N(0, I;). Given (14), for a subsequence w, of n

ARy, (60) > Jn. (15)

by using the completion of the sequence argument on pp. 24-25,
Eqs. (4.42)-(4.46) of Guggenberger (forthcoming). The limit of the
FAR(6y) at f = 1/2,is (by (10))

A +4ace 'L+ Ce7'C

The same limit can be rewritten as in terms of hy, where £2~12C =
hy,

4X7 + 4z + Wby = Jy . (16)

In the coming part, we show one of the assumptions that is
needed to get the asymptotic size of FAR(6y). In that respect, define
the empirical distribution function of FAR;(6y), for each resample
j=1,...,qnas

an
Unp®) = d; " Y Tiearyop) <u» (17)
=

where g, represents the number of resamples.

Letting Uy, »,,, denote the (17) evaluated at subsequence, then
we will assume
E6g.10n Uwn,buy %) = Jb.hs (18)

under A, for all x € R, where J, 5 is defined in (16). The subscript
below expectation here shows that it is under A,,,, and we use 6,
there are no estimators.

Note that the assumption (18) is a high level assumption.
Here we discuss how it can be obtained under more primitive
conditions. First see that by using the iid nature of the data for each
An € Ap, which is assumed in this section,

an
EgpinUnby = 5" Y Pag.1, (FARj(60) < X)
j=1

= Pgy1, (FAR(G0) < X) — Jp.n, (19)

via (16), and the remark after Theorem 1. Then, the subsequence
version of (19) can be proved via following the proof of Theorem 1,
by changing the Assumptions 1 and 2 to a subsequence form.
Another possible way to get the subsequence version of (19) is to
use the completion of subsequence to sequence argument but this
may be lengthy, and will not be discussed further.

We are now ready to prove one of the main results of this paper.
This provides the asymptotic size of the fractionally resampled AR
test at f = 1/2, and also shows that we do not overreject the null
hypotheses. The asymptotic size of FAR(6p) is less than its nomi-
nal size. The case for f < 1/2 is discussed after Theorem. The case
of f > 1/2is discussed in the pointwise case, and it is clear from
remarks to Theorem 1, that it will be conservative with respect to
f = 1/2. Note that Theorem 2 holds under iid data assumption
made in this section.

Theorem 2. Given A,, Definition 1 with h = (h’;, vec(h,)"), in con-
junction with Assumptions 1(ii)-(iii) and 2, with (18), the asymptotic
size of FAR(6p) at f = 1/2is

(i)
Asize(0p) = S}ll_lp[l — Ja(cpn(1 — a))].

(ii) o > Asize(6y),

where « is the nominal size of the AR test, Asize(6p) denotes the
asymptotic size of FAR(6y) test. J, is the limit in (14). But the critical
values cp j, correspond to the fractionally resampled test at f = 1/2.
This is the 1 — « quantile of the limit in (16). Note that Assump-
tions 1(ii)-(iii), and 2 simplify given the iid assumption on data in
this section.

Remarks. 1. Note that with 0 < f < 1, we can still get an ex-
pression for Asize(6p) like in Theorem 2(i). The critical values will
depend on the limit of (9). However obtaining a result like Theo-
rem 2(ii) is not clear. This will be case by case in terms of f. In The-
orem 2 we show that f = 1/2 provides conservative results. Now
we consider 0 < f < 1/2case. Iff < 1/2,thenf/(1—f) < 1,
so comparing the critical values of (9) with (11) it will not be very
clear whether we have oversized test or not. In that case, the non-
centrality parameter of the resampled limit will be smaller than
the one in full AR limit, however, the other two terms in the limit
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Table 2
Setup 1, size at 10%, FAR(6y), homoskedastic case.
n=2 =02
n = 100 n = 200 n =100 n = 200
Correction factor k, = = = = == = == = 7
C=2 0.2 0.0 0.0 0.0 0.1 0.0 0.0 0.0
c=3 0.0 0.0 0.0 0.0 0.6 0.0 0.0 0.0
c=5 33.1 0.1 1.8 0.0 29.5 0.0 1.8 0.0
Note: This is the test statistic in (8) and setup 1 is (22). Note that k, = 1.5//n, k, = 1/+/n corresponds

tofy =1/2—1.5/y/nandf,
of resampled limit is stochastically larger than the ones in full AR
limit on the right tail of the distribution. So it will be difficult to
judge how « relates to Asize(6p). But for f = 1/2, it is clear that
o > Asize(6p).

To understand this better, take f = 1/3. Thenf/(1—f) = 1/2.
So the limit for fractionally resampled AR test in (9) can be written
as

2
Xi 1+\/E +2 1+\ﬁ \/EC/Q”LJrlc/Q”C (20)
k 2 2/V2 2 '

The limit in (11) which is the full sample AR test distribution is

242027 'L+ ce27'c. (21)
So clearly the first two terms on (20) stochastically dominate the
corresponding first two terms on (21) on the right hand side of
the distribution, but the non-centrality parameter of (20) is half
of the one in (21). So at the end of day since the critical values are
based on these two limits, we cannot get Theorem 2(ii) result for
f = 1/3. However we have done some simulations for calculating
the asymptotic size for f near 1/2. For example when we set the
compact set for correlations to be in [—0.3, 0.3], with f = 2/5,
the asymptotic size is 9% at 10% nominal level. The simulation for
f = 2/5is based on the format of Table 2 in Section 5 below, but
with n = 400.

2. A relevant issue is what happens to Theorem 2, when f;, —
1/2. Following the proof of Theorem 2, this does not change any of
the results there.

4. Comparison with subsampling and variants

In this section we compare the resampling technique employed
in Theorem 1 with subsampling. We use the limit fraction f in
the analysis here just to simplify, this is also valid with f;. Note
that subsampling the AR(6y) test will not work because it will be
oversized. The main reason for this is subsampling described by
Politis et al. (1999) allows b — oco,n — oco,b/n — 0.Sof — 0
in our exercise.

A simple counterexample can be seen from our results since in
that case b/n — 0,as b — oo,n — 00, meaning f — 0. That
means the noncentrality parameter in Theorem 1

f ce-lc

1+2/fJ1=F 2

and
2
(1 + ﬁ ) — 1
v1-f

Hence, the subsampled AR(6y) test statistics will converge to the
standard y? limit. Clearly, this is oversized. The subsampled limit
is stochastically less than the one in (5).

The work of Andrews and Guggenberger (unpublished) is
important for this section because it analyzes cases in which the
subsampling approach works and cases in which it fails. Now

— 0,

1/2 — 1/+/n respectively.

we illustrate the difference between subsampling and fractional
resampling in a simple example used in Section 2 of Andrews and
Guggenberger (unpublished) which analyzes a simple boundary
problem. The true parameter 6, is nonnegative. Assume that X;
is iid with N(0, 1), fori = 1,...,n. The Maximum Likelihood
Estimator (MLE) of 6 is §, = max{Xy, 0}, and X, Iy X

The distribution of én is

~ 1
6, ~ max{Z,, 0}, Zy~N (90, ) .
n

Then we subsample (b,s/n — 0, as b, — 0o, n — 00), with
bns = o(n), the subsampled estimator is 6, ,; = max{Xy, ., 0}
Jtbn,s—1 X; and the distribution is

It is clear that the distribution of éb,,,j does not replicate

2 1
where X, ;j = s

~ 1
Obysj ~ Max{Zy, ., 0},  Zy,,~N (90, P
n,s

the distribution of én. This is thoroughly discussed in Andrews
and Guggenberger (unpublished). The main reason is that the
subsample estimator is closer to the boundary of parameter space
than the full sample estimator. To see this var ébn,s,j whenZ, > 0
is 1/bp 5, and var én is 1/nwhen Z, > 0. Since b, s = o(n), 1/b, s is
larger than 1/n,and hence more variable near the boundary.

Using fractional resampling for this specific example, we set the
fractions in a more restrictive way. Set b, = fn,f € [1/2,f,],
fu < 1,50 b, = 0(n). When we use this technique in the case of
the former example (with Z,, > 0), the variance of the fractionally
resampled estimator is:

1-f

b,
To understand this, we use Section 2 of Wu (1990). The variance of
the resampled mean is % where varX; = 1in this example.

n
Then note that compared to the original variance and the sub-
sampled ones

var 6y, =

since

1 1—f

varfy, ;> varf > varf,,
1 - _(1-f

1
bns b ( f )H’

and f € [1/2,ful. fu < 1. Atf = 1/2 we have the optimal choice
and capture the variance. This shows that variability in this
technique is less than or equal to the subsampling technique.

1
> - >
n

5. Simulation

This section describes the small sample properties of the tests
proposed in Eq. (8). We consider the algorithm in Section 2.6,
and we resample the critical values according to the deterministic
fraction sequence f, = 1/2 — «,. We set k, = 1.5//nor 1/
J/n. The other choices for k, are tried in terms of convergence
rates but these two rates provide the best results. Note that with
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Table 3
Setup 2, size at 10%, FAR(6,), homoskedastic case.
=2 I71=0.2
n = 100 n =200 n = 100 n =200
Correction factor k, = = == i el i an i an
D=0.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0
D=03 1.6 0.0 0.0 1.2 0.0 0.2 0.0
D=05 29.6 0.1 34.1 0.0 34.5 0.2 35.9 0.0

Note: This is the test statistic in (8) and setup 1 is (23). Note that k, = 1.5/4/n, ky = 1/+/n corresponds to

fu=1/2—1.5//nandf, = 1/2 — 1/+/n respectively.

Table 4
Setup 3, size at 10%, FAR(6y), homoskedastic case.
m1=2 1 =0.2
n = 100 n =200 n = 100 n =200
Correction factor k, = nl,—fz n,% ",% nﬂ—/‘sz n‘% n117/52 ﬁ
a=0.25 0.0 0.0 0.0 0.0 0.0 .0 0.0
a=0.50 0.1 0.0 0.0 0.5 0.0 0.0 0.0
a=1 19.5 0.0 0.0 20.5 0.0 6.9 0.0

Note: This is the test statistic in (8) and setup 1 is (24). Note that k, = 1.5//n, k, = 1//n corresponds
tof, = 1/2 —1.5//nand f, = 1/2 — 1/4/n respectively.

n = 100, 200, the choice of k, = 1.5/+/n leads to block sizes of 35,
79 respectively. For k, = 1/4/n with n = 100, 200, the block sizes
are 40, 86 respectively.

We consider several block sizes and use the setup in Section 2,
namely

Yi = Yifo + uy,
Yi =4I +V,,
fori = 1,...,n. The sample size is n and varies between 100

and 200. We consider the case of one instrument and one
endogenous regressor, so k = 1, m = 1 (exact identification). A
case with overidentification is also considered, but not reported
here because the results are very similar. For the size exercise,
IT can take the values of 2 (strong identification), and 0.2 (weak
identification). The iid data (Z;, u;, V;) are generated from a joint
normal distribution N (0, £2) where

1 cov(Z,u;) O
2 = | cov(Z;, uy) 1 0.5
0 0.5 1

SovarZ; = varu; = varV; = 1, cov(Z;, V;) = 0, cov(u;, V;) = 0.5.
For the size exercise 6§ = 0, we test Hy : & = 0. For the power
6p = —2,—15,—1,-0.5,0.5,1, 1.5, 2.

We consider three setups for the cov(Z;, u;) term. The first setup
is consistent with Assumption 1

cov(Z;, uj) = (22)

nl/2’
and C takes the values of 2,3 and 5. As C becomes larger,
endogeneity becomes more problematic. And, the researcher picks
a terrible instrument when C = 5.

In the second setup we have:
cov(Z;, u;) =D, (23)
where D is a constant and takes on the values 0.2, 0.3, 0.5. In this
setup we expect large size distortions to emerge as the sample
becomes larger, because the drift D is multiplied with the square
root of the block size in the score in the test statistic. We also
used negative values for the covariance term, but the results do
not change and hence are not reported.

In the third setup, we have something that is more consistent
with bounds of I" approaching infinity (violation of our Assump-
tion 1).

an1/3

cov(Z;, uj) = W,

(24)

where a takes the values of 0.25,0.5 and 1. At n = 100, these
correspond to covariances (and correlations, since the variances
are normalized at 1) of 0.12, 0.23 and 0.46 respectively for a =
0.25,0.5, 1.

For the power exercise we only use strong identification case,
since AR test is known to have low power when there is weak
identification. In all exercises, we use 1000 iterations.

Table 1 reports the size of the full sample regular AR(6) test
in (3). This is compared with asymptotic critical values for Xf
distribution at 10% level. We report the rejection rates of the true
null in Table 1. We see that both in setups 1 and 2 the actual size
is very large. In setup 1, at C = 2, the size is 66% with n = 200.
This shows there is a major size distortion problem if we use the
AR(6p) test when there is a violation of exogeneity. This can also be
seen for t-tests in Berkowitz et al. (2008). The size calculations are
done for IT = 2. Simulations for the case when IT = 0.2 are also
done, but the results are not reported because they are very similar
to the case where IT = 2. Another point is that size gets worse as
the sample size increases in setup 2. This case sends an important
warning to applied researchers who believe that increasing the
sample size can correct for size distortions! In fact, as is very clear
from setup 3, a larger sample size can also increase size distortions.
With a = 1, and n = 100, the correlation is 0.46, the instrument is
poorly selected and there is a huge size distortion.

Tables 2-4 show the size of the test under two possible f, se-
quences. With f, = 1/2 — 1.5//n, at small to moderate corre-
lation levels size is always less than 10% when the sample size is
either 100 or 200. In setups 1 and 3, it is notable that when the
sample size increases from 100 to 200, the size decreases from 33%
to 1.8% at C = 5 in Table 2. Also in Table 4, we see that whena = 1
withn = 100, the size is 19.5% but with n = 200 the size decreases
to 7%. We also observe with f, = 1/2 — 1/4/n, tests are heavily un-
dersized, so this reflects a power problem with that specific choice.

Note that Tables 2-4 assume homoskedastic errors and sets
up the test and the resampling in that way. In Tables 5-7, we
introduce conditionally heteroskedastic case. For this we borrow
a heteroskedastic setup used in Guggenberger and Smith (2005):

u*; = |Ziju,

where uf represents the new structural error. The conditional
heteroskedasticity robust AR statistic and FAR statistic are defined
in (3) and (8) respectively, where 2 = 13" Zz/u? is White’s
conditional heteroskedasticity consistent estimator. Tables 5-8
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Table 5
Setup 1, size at 10%, FAR(6y), heteroskedastic case.
=2 I71=0.2
n = 100 n =200 n = 100 n =200
Correction factor k, = = = = == = 7 = =
C=2 0.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0
c=3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
C=5 3.7 0.0 0.1 0.0 2.8 0.0 0.0 0.0
Note: This is the test statistic in (8) and setup 1 is (22). Note that x, = 1.5/4/n, k, = 1/4/n corresponds
tofy, = 1/2 — 1.5/4/nand f, = 1/2 — 1/+/n respectively.
Table 6
Setup 2, size at 10%, FAR(6y), heteroskedastic case.
=2 71 =02
n =100 n = 200 n = 100 n = 200
Correction factor k, = n],—/sz n% ,JTSz n,% H1T52 rﬂ% nl,—/sz n%
D=0.2 0.0 0.0 0.0 0.0 0.1 0.0 .0 0.0
D=0.3 1.6 0.0 0.0 0.0 0.2 0.0 0.0 0.0
D=0.5 4.1 0.0 0.1 0.0 2.5 0.0 0.9 0.0

Note: This is the test statistic in (8) and setup 1is (23). Note that x, = 1.5/4/n, k, = 1/+/n corresponds
tofy = 1/2 — 1.5/4/nandf, = 1/2 — 1//n respectively.

Table 7
Setup 3, size at 10%, FAR(6,), homoskedastic case.
m1=2 I71=0.2
n = 100 n = 200 n = 100 n = 200
Correction factor k, = ansz nﬁ anSz n,% ;,—/52 nl% ansz nl%
a=025 0.0 0.0 0.0 0.0 00 00 0.0 0.0
a=0.50 0.0 0.0 0.0 0.0 0.5 0.0 0.0 0.0
a=1 2.0 0.0 0.4 0.0 20.5 2.1 0.1 0.0

Note: This is the test statistic in (8) and setup 1 is (24). Note that k, = 1.5//n, k, = 1/+/n corresponds
tof, =1/2 —1.5//nandf, = 1/2 — 1//n respectively.

Table 8 Table 9
Setup 1, power, FAR(6p), homoskedastic case. Setup 2, power, FAR(6p), homoskedastic case.
6o = -2 -15 -1 —-05 05 1 15 2 6o = -2 —-15 -1 —-05 05 1 15 2
fo=1/2—1.5/y/n,n =200 fo=1/2—1.5/y/n,n =200
C=2 1000 1000 996 981 923 992 995 993 D=0.2 997 998 997 965 951 993 997 100.0
c=3 998 999 1000 952 962 997 997 9938 D=0.3 100.0 1000 997 920 977 998 977 100.0
C=5 999 999 999 891 983 994 996 999 D=05 999 1000 996 695 995 998 1000 99.9
fo=1/2—1/y/n,n =200 fo=1/2—1/y/n,n =200
c=2 473 434 374 37 1.1 136 236 282 D=02 463 407 354 16 1.7 134 241 275
c=3 440 418 381 21 14 152 233 272 D=03 441 430 364 10 35 157 262 302
C=5 438 430 346 06 58 189 250 290 D=05 432 410 340 00 121 225 290 318
Note: This is the test statistic in (8) and setup 1 is (22). Note: This is the test statistic in (8) and setup 2 is (23).
report actual sizes of the conditional heteroskedasticity robust FAR Table 10
test under three setups when instruments are strong and weak Setup 3, power, FAR(6p), homoskedastic case.
(I1=2,11 =0.2). Oy = -2 -15 -1 -05 05 1 1.5 2
In Tables 5—7, the size pf the test is much §maller.at n = 100 o= 1/2— 1.5/ n = 200
compared with n = 100 in the homoskedastic case in Tables 2-
4. We can see that at n = 100, with D = 0.5 in Table 6, the size =025 1000 999 999 976 902 995 997 1000
is 4.1% at 10% nominal level with IT = 2. This is the case with a =030 299 998 999 966 %55 993 996 97
15 4. 1% at 1Us = & a=100 998 999 999 832 986 997 997 996
fu = 1/2 — 1.5//n. When we use f, = 1/2 — 1/4/n, almost
uniformly the size is 0. This will create power problems. Jo=1/2-1//n.n =200
Tables 8-10 provide power results for the homoskedastic case. a=025 449 425 378 48 1.1 107 198 259
Clearly with f, = 1/2 — 1.5//n, we have very good power. For a=050 421 462 347 10 25 162 246 318
a=100 454 406 327 02 72 226 287 327

example at Table 8, with setup 1, the power is around 89%-100%
under various alternatives. However, with the choice of f, = 1/2—
1/4/n, the power declines substantially. At setup 1, the power is
around 1%-47% under several alternatives.

Tables 11-13 show the power under heteroskedasticity. The
results are similar to homoskedastic case. The main difference is

Note: This is the test statistic in (8) and setup 3 is (24).

that when f, = 1/2 — 1.5/4/n in Table 11. The power is low at
alternatives —0.5, 0.5. At other alternatives, the power is around
89%-100%.
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Table 11
Setup 1, power, FAR(6p), heteroskedastic case.
6y = -2 -15 -1 —-05 05 1 15 2
fu=1/2—1.5//n,n =200
c=2 995 999 99.0 30.1 35.7 886 974 98.1
C= 99.9 997 98.4 17.3 47.6 90.3 96.6 98.9
C=5 100.0 99.6 99.6 2.0 61.8 90.8 96.3 97.3

fo=1/2—=1/y/m, n=200

c=2 49.0 43.1 213 0.0 0.0 13 7.2 12.3
c=3 533 50.6 27.3 0.0 0.0 13 8.2 10.7
C=5 63.1 63.6 349 0.0 0.3 23 6.9 11.2

Note: This is the test statistic in (8) and setup 1 is (22).

Table 12
Setup 2, power, FAR(6p), heteroskedastic case.
6o = -2 —1.5 -1 —0.5 0.5 1 1.5 2

fi=1/2—=15/y/n,n =200

D=0.2 100.0 99.9 98.1 16.4 454 905 95.8 98.0
D=0.3 99.8 100.0 993 6.1 58.0  90.0 96.3 97.9
D=05 100.0 1000 994 0.0 69.4  90.6 94.8 96.9

fo=1/2—1/y/n,n =200

D=0.2 54.0 48.6 24.4 0.0 0.0 14 7.2 111
D=0.3 59.3 57.3 32.7 0.0 0.0 1.8 8.1 12.2
D=05 77.4 80.2 44.4 0.0 0.3 2.5 6.3 114

Note: This is the test statistic in (8) and setup 2 is (23).

Table 13
Setup 3, power, FAR(6p), heteroskedastic case.
6y = -2 -1.5 -1 —-05 05 1 15 2

fo=1/2—=1.5//n,n =200
a=025 998 997 988 374 300 904 969 984

a=0.50 1000 999 99.0 15.1 445 916 962 983

a=1.00 1000 999 995 0.3 635 924 950 984
fo=1/2—1//n,n =200

a=0.25 43.1 443 215 00 0.0 17 73 12.0

a=0.50 554  48.1 229 00 0.0 2.0 7.8 12.4

a=1.00 722 700 409 0.0 0.0 3.0 5.4 10.1

Note: This is the test statistic in (8) and setup 3 is (24).
6. Conclusion

Instruments that perfectly satisfy the knife-edge orthogonality
assumption are few and far between. This paper shows that it is
possible to conduct inference using instrumental variables when
there is a mild violation of the exogeneity assumption. We use a
novel resampling technique which draws random blocks from the
all of the sample without replacement. The fractionally resampled
Anderson-Rubin test (FAR(6p)) does not overreject the null in large
samples when the fraction is half of the sample. Asymptotic size
of the new resampled test is also found. We also provide a finite
sample correction for the block size that provides good power.
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Appendix

Proof of Lemma 1. By (1) and (3) we have

= ()52

’
n n
= |:n_1/2 Z(Z,-u,- — EZ,-ui) + n_1/2 Z EZ,-ui:| .(A)_]

i=1 i=1

n n
X [n”z ) (Zui — EZug) +n~ 12 ZEZiUi:| - )
i=1 i=1

First by Assumption 1

n
n~'/2 ZEZ,-u,- =C.
i=1

Then (25) can be written as

n i
AR(6p) = |:n_1/2 Z(Z,-u,- — EZuw;) + C:| fz—l[n—lﬂ

i=1

n
x Y (Ziu; — EZuy) +c}. (26)
i=1
Then in (26) we use the Lindeberg Central Limit Theorem
’ i(z EZi) > N(0,2) =L 27)
— i; — EZjuy) — , =L
ﬁ o 1“1 1“1

Then by Assumption 1, (26) and (27)

d
AR(GO) - sz c’o-1c* O
T2

Proof of Theorem 1. Define as in Wu (1990)

\/B(gb - -§n) < t:|

[(1—f)vars]'/2 = (28)

](t)ZP*|:

Then since £2 being finite and nonsingular, via Assumption 2,
Corollary 1 of Zhao et al. (2004)

sup [J(t) — ¢(t)] — 0, a.s., (29)
t

where ¢(t) is the standard normal distribution.
Rewrite FAR(6p) as, where varS = 2,

FAR(0) = [VBGs — ES, + E5) | (1 - fvars) ™!

X I:‘/B(gb —E.Sp + E*Sb)] . (30)
Then note that
< Vbl 53 Vb
VBE.Sy = 7 |:n ;(Zlu, — EZuy) | + Wi (VnEZu;)
Vh| hv Vb
S At Ziu; — EZuy) | + —C. 31
7 [n ;( u u;) 7 (31)

Next, using (28), (29) and (31) in (30), vb = /f/n, by As-
sumption 1, Lindeberg Central Limit Theorem with L = N(0, §2),
and since J,(t) = P,(FAR(6y) < t),

sup Up(t) — ¢Xf2 ] — 0, as. (32)
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In deriving the result above we use in (30) (E,S, = S)

E.[(So — E«Sp)ESp] = [E«Sp]* — [ExSp]* = 0. (33)

In (32), ¢y (¢) is the cumulative distribution for the following
limit:

[L+J1£L+J1@c]/
X2 l[” 1ff Jlﬁif}

(4 ) 5
H(Hmﬁm

+r—= f [c’'e-'cl. (34)
Note that by using the left hand side term in (34) we can rewrite
the limit in terms of a non-central x 2 distribution by combining the

2
terms in L and by dividing and multiplying with (1 + %)

o+ A i =
X |:L-‘r ;/jifL-i- ;/jifC]

J1—=f J1—=f
Vi )2 )
=14+ o1 35
< T—1 Xk’1+zdjfiﬂcgz C (35)

In the last equivalence, note that we use
.
1—f 1T—f 14+2/fV1=f

Remark. The only difference between the proof of iid case in Wu
(1990) and the one here is the Berry-Esseen bounds. The iid case
in Wu (1990) is satisfied under finite second moments as well. The
extension to triangular arrays in (28) and (29) can be done using
Theorem 1 of Zhao et al. (2004). The Berry-Esseen bounds are for
a sample sum from a finite set of independent random variables as
described in Zhao et al. (2004).

Proof of Theorem 2(i). The proof will consist of simple steps. First
we assume Assumption EO in Andrews and Guggenberger (2009).
For all sequences A, (where U,,, »,, is the subsequence version of
Un,bn )

p
Ua) - EHO’A’O)H me,bwn g 07 (36)

under A, for all x € R. Note that (36) is automatically satisfied
since we assume in Section 3 that all observations are iid for fixed
An € Ap.

So given (36) and (18) or using the primitives to derive (36),(18)
and definition (17) we have

n, ba)n

p
Uon.boy X) = Jb.ns (37)
for all x in continuity points of J, , under A, n > 1.

Next, use the fact that fore > 0
Jon(cpp(l—0)+€) >1—a,

where ¢, (1 — «) is the 1 — o quantile of J, ,. Combine (15),
(17) and (37), and the above result in Lemma 5 of Andrews and
Guggenberger (2010) to have

Pgo.1n (ARwy (B0) =< Cbypy 0 (1 — @) = Ju(Con(1 — @), (38)

where cp,, o, are the of the empirical distribution function of
fractionally resampled AR test at f = 1/2, and they converge to
¢p.n Which is the (1 — o) quantile of J, 5 in (16) and (37).

To see how asymptotic size is derived, we need the following
definition from p. 460 of Andrews and Guggenberger (2010)

Asize(6p) = lim Py, s ., (AR, (B0) > Cp , o2 (1 — )
n—00 @n n op

= lim sup sup Py, 3, (ARw, (B0) > Cb,,,.wp (1 — @)).

n—oo hieH

The worst subsequence )} is the one that provides the largest
rejection probability of the test uniformly over hy. We could have
written also sup over C rather than hy, since £2-/2C = h;. To get
asymptotic size in our case, we use (38) and the definition of the
asymptotic size to have

sup Pgg.ron (ARwy (B0) > Cpyppn (1 — 1))
hieH

— sup[1 — Jo(cpn(1 — @))]
hieH

Asize(6y), (39)

since h; isina compact. O

Proof of Theorem 2(ii). Next, since we consider upper (right-
hand side) critical values, clearly

Ch(l — O() < beh(‘l — Ol), (40)

for all h1 and ¢, (1 — &) is the critical value that corresponds to full
sample asymptotics (standard) in (14), and ¢ ,(1 — o) quantile of
the distribution in (16). Given (40), (39) it is obvious that by the
Asize(6p) definition and J, being the distribution function of the full
sample (standard) AR(6p)

a > Asize(6p). O
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