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Notation State Space Reps

DND

Notation

S¢: state variables

¥t observed variables
. t

Yi: {yj}jzl

Note: variables are expressed in levels (detrended when
appropriate)



State Space Reps

State Space Representations
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State-transition equation:

Notation
St = ’)’(St—ly Yi-1, Ut)
Associated density:
f(St‘St—ly Yt—l)
Measurement equation:
ye =190 (St: Yi-1, Ut)
Associated density:
f()/t|5tv Yt—l)

Initialization:
f(so0)
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Likelihood Evaluation and Filtering
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Likelihood
Evaluation and
Filtering

» Filtering objective: construct f (s¢|Y;), which can
then be used to approximate E; (h(s;)|Y:) .

» Likelihood evaluation obtains as a by-product of the
filtering process.
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Likelihood Evaluation and Filtering, cont.
DND
» From Bayes' theorem, f (s;|Y;) is given by Likelihood
Filtering

F(s:|Vh) = f(ye,se|Yeo1) _ f(yt|se, Yee1) f (st| Yeo1)
o f(ye| Yeo1) f(ye|Yeo1) '

> where f (s¢|Y¢—1) is given by
f (5t| Yt—l) = / f (5t|5t—1, Yt—l) f (St—1|Yt—1) dsi_1,
» and f (y¢|Yi—1) is given by

f(yt|Yt—1) = /f(}’t‘st. Yt—l) f (st’Yt—l) ds;.
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Schematic of the Filtering Process
Taking f (st—1|Y:—1) as given, initialized with
f (so|Yo) = f(s0), filtering and likelihood evaluation proceed
recursively:

DND

» Prediction: f (s¢_1|Y;—1) combines with
f (st|st—1, Yi-1) to yield

Schematic

f(5t| thl) = / f (St|st711 thl) f (St71|yt,1) dSt,]_ — (4)

» Forecasting: f(s|Y:—1) combines with f (y|s:, Yi—1)
to yield

(el Verr) = [ £ (velse Vo) £ (st Yer) dist. = (5)
» Updating: Bayes' Rule yields

f (yelst, Ye—1) f (st]Ye-1)
f(yelYe-1)

f(se|Ye) = — (3)



Schematic, cont.
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Schematic

{5} S (YelYi-1)

f(ytlst, thl

f(stlst—1,Y—1)

(st]Yi—1

jf(yt,sﬂyt—l)



One-Tree Model

Recall that with p; representing %, etc., the model is
pt = ﬁe(]'*’y)gEt
Ct
¢ = di+qr
de = de“", wgr=p,wgr-1+ ear,
ac = aew‘”, Wqt = quqt—l + Eqt-
State: st = [d; qt]/
Shocks: Uy = [€qgr sqt]'

Controls: ¢ = [et Pt]/

()
(3)
(4)

State Space Reps

DND

C s
( t+1> (dt+1 + pt+1)] (1) One-Tree Model
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» State-transition equations:
Indy = (1—py)Ind+p,indi_1+eqr
Inge = (1—p,)InG+p,Inge—1+ &g,
Ut = [Sdt eq]/ ~ IIdN (0, ZU) . One-Tree Model
» Thus the state-transition density f(s;|s;—1, Y1) is
N(0,%,).
» Measurement equations:
¢ = di+qr+ U
pr = p(ds, qe) + upt
diq = d,

U = [uer  Upe) ~ iidN (0,%,) .
» Note that the measurement density f(y:|s;, Yi—1) is
partially degenerate.



RBC Model

(1—4’> 23
¢ )bk
¢l c

Yt
Yt

<1 + ]ﬂ){> kt+1

1 =

log z;

(1- )z () ©)
BE: {*} (6)
Zekint 7)
Ce + i (8)
it + (1 —0)k: (9)
ny + /t ( 0)
(1—p)log(zp) + plogz:—1 + £11)

where k = (1 —¢) —1land A = (1 —

¢)(1—¢).
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RBC Model
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RBC Model

{x} = { <1 + &)K ARy [“Ztﬂ <Z:i>la +(1- 5)] }




RBC Model, cont.

A policy function c(k, z) can be obtained by combining (5),
(6) and (10) to eliminate (/, n) . Given c(k, z), policy
functions for (l, ny, i) obtain from simple algebra. The
state-transition equations are then

| 4
g .
<1+1—1x> kevi = i(ke,ze) + (1= 0)ke
logz: = (1—p)log(z0) + plogzi—1 +é.

» Note that the transition density is partially degenerate.
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RBC Model
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Observation equations:
Y = ztk,’_f‘n(kt, Zt)l_a + Uyt RBC Model
C: = C(kt,Zt) +Uct
it = i(kt,Zt)+th
ne = n(ke, zt) + Une,

ug ~ N(O,Zu) .
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Generic Linear State Space Rep.
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> State-transition equations:
Xt = Fxeo1+ ey,
e = th,
’ N o~ Srnce Represntorion
E(etet) = GE (Utvt) G = Q

» Measurement equations:
Xt = H/Xt + Ug, EUtUé = Zu

» Note: x; in general contains state variables s; and
control variables; X; is directly analagous to y;.
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Likelihood evaluation and filtering is achieved in the
linear-normal case via the Kalman filter. Given

linearity /normality, targeted densities are fully characterized
by means and covariance matricies.

Notation: The Kalman Filter
Xeje—j = Eba[{Xu, ... Xej}],
Pyi—j = E [(Xt — Xt|t—j)(Xt — Xt\t—j)l] ,

j = 0,1
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Background I: Linear Projections

P(x]X)z a' X
NG N NN

nxl mx1l nxm mxl The Kalman Filter

= E [x|X] given lin/norm,

where
a=argminE [(x — a’X)2]
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The Kalman Filter, cont.
DND

FONC for a (Normal Equations/Orthogonality Conditions):
E[(x—aX)X']=0

The Kalman Filter
E (xX') = d'E (XX')
a = (ExX") (E (XX"))*
x = (ExX') (E (XX'))X
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Background Il: Updating

P (x| {X¢, Xe—1,...}) = P (x| {Xe=1, ... })+

old forecast The Kalman Filter

P x—Px| {X1, . DIXe = P(Xe| {Xee1, . })

forecast error new information




State Space Reps

The Kalman Filter, cont.
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Kalman Filter I: Initialization (f (so), or X1 o, Pl\o)
Unconditional mean:
EXt = FEXl’—l — FEXt The Kalman Filter

— (I—F)Ex =0

—  Ex; = X0 =0
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The Kalman Filter, cont.
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Unconditional VCV:
E <X1|OX{|O> = P1|O
= E [(Fthl + et) (Fthl + et)/] The Kalman Filter
= F(E(xt-1x;_1)) F' 4+ E (ece;)
- FP1|OF/ —|— Q

Thus
vec(Pyjg) = (I — F@ F') tvec(Q)



The Kalman Filter, cont.
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Kalman Filter Il: Forecasting
(f (e Ye—1), or Xtt-1, Qt\t—l)
Given (xt|t_1, 'Dt\t—l) (initially (X1|O, 'D1|0))3

>

» MSE:

Qt|t—1

E

oy
Xt\t—l =H Xt|t—1

The Kalman Filter

H’(Xt - Xt‘t,ll-l- \ui-’ (H' (xt - Xt‘t,l) + ut)/

Prediction error Mea. err.

/

Forecasting error

_H/ (Xt — Xt‘t,l) (Xt — Xt‘t,l)/ H+ utué}

H' Py H+ 2,
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Kalman Filter 111: Updating (f (s¢|Y;), or X;|¢, Py|)

» Using the updating equation from Background ll:

Xtlt = Xt|t—1 +E [(Xt - Xt\tfl) ’ (Xt - Xt|t71)]

» Using the Normal Equations from Background I:

The Kaknan Filter

E [(Xt - Xt|t—1) \ (Xt - Xt|t—1)] =E (Xt - Xt|t—1) (Xt - Xt|t—1

Pt\t—lH

-1

E(Xe—Xqeo1) (Xe = Xeen)' | E (Xe = Xejea)

Qt\t—l
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Kalman Filter Ill: Updating, cont.
» Thus
Xelt = Xt|t— 1+Pt\t 1HQt|t 1 X
(Xt . H Xt|t71) The Kalman Filter
» MSE:

Py, =E [(Xt = Xeje) (xe — Xf‘t)l]
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The Kalman Filter, cont.
Kalman Filter 11I: Updating, cont.
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Pae = E |(x=xq0) (v —xqe) |

= E | (x—X¢-1) (Xt_xt\tfl), -

Pt\t—l

E (x — Xt|t71) (X — Xt|t71)/ X

The Kalman Filter

Pye 1 H
(E (X = Xgeo1) (Xe = Xger)') T x
ey
E (Xe — Xejeo1) (X — Xeje1)’
H'Pyje_

p— P+|f-_1 — Pr|+_1 HQ_I H/P+I+_1

Sl 1
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The Kalman Filter, cont.
Kalman Filter IV: Prediction
(f (st1|Ye), or Xe+1|tr Pt+1|t)

> Plugging x;|; into the state equation:

DND

Xer1jt = FXt\t
= Fxt‘t 1+FPt|l’ 1H0t|t 1
(Xt a H Xt|t_1) The Kalman Filter
» MSE:
Pt+1\t = E [(Xt+1 - Xt+1\t)(Xt+1 - Xt+1\t)/]

= E [(Fxt + er41 — Fxt|t) (FXt + er41 — Fxt|t),}

= FE [(xt —xt‘t) (Xt —Xt‘t)/:| F'+E (€t+1e£+1)
= FPt|tF'—|—Q



The Kalman Filter, cont.

Summary (means and covariances)

» Initialization:

xip =0, vec(Pyp) = (I = F® FY~lvec(Q)
> Forecasting: X1 = H'x;|¢_1,

Qe = H'PypH+Zy

» Updating:
Xt = Xt|t— 1+Pt\t 1HQt|t 1 X
(Xe = H'x¢je-1)
'Dt|t = 'Dt|t—1 t\t 1HQt‘t 1H,Pt|t—1

State Space Reps
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The Kalman Filter
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» Prediction:
Xer1t = Fxt\t
= FXf‘t 1 + FPt|t 1HQt|t 1 The Kalman Filter
(Xt —-H Xt|t71) v

Pt+1|t = FPt\tF/+Q
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Code:
» kalman.prc (2, =0)
» kalmanm.prc (2, #0)

The Kalman Filter
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The Kalman Filter, cont.

DND

Exercise:

Consider the AR(p) representation for a generic variable y;:

Yt = P1Yt-1 + O Yt—2 + ... +ppyt7p + &;.

The Kalman Filter

» Map this into the form of a state-space representation.
> Generate artificial data using the model as a DGP.

» Show that OLS estimates and ML estimates of p(L)
coincide.
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