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Abstract
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1 Introduction

In applications involving non-linear and non-Gaussian state-space representations, the
objective of filtering requires numerical integration over unobservable state variables. Dating
at least to the sequential importance sampling (SIS) algorithm developed by Handschin and
Dayne (1969) and Handschin (1970), sequential Monte Carlo (SMC) methods have served
as a workhorse for achieving this objective. These methods entail the construction of opera-
tional approximations to filtering densities in the form of mixtures of Dirac measures. Such
approximations are trivially amenable to Monte Carlo simulation, and when applied to state-
transition densities, enable the straightforward sequential estimation of filtered trajectories
of state variables.

The simplicity and flexibility associated with approximations constructed using mixtures
of Dirac measures make them an attractive option for achieving filtering. Moreover, exten-
sive efforts have gone towards refining the baseline SIS algorithm, with the goal of enhancing
accuracy and numerical efficiency in the face of challenging scenarios that give rise to prob-
lems known as degeneracy and sample impoverishment. A sketch of these problems, and
methods for overcoming them, are provided below (for extensive surveys, see Ristic, Aru-
lampalan and Gordon, 2004; and Cappé, Godsill and Moulines, 2007). In the terminology
of Pitt and Shephard (1999), the goal of these efforts is to achieve adaption.

While the quest for adaption has produced effective algorithms in a wide range of ap-
plications, adherence to the use of mixtures of Dirac measures for approximating targeted
filtering densities entails a significant limitation: the support of the period-(¢ — 1) mixtures
of Dirac measures carried over for the (sequential) construction of period-¢ approximations
can no longer be changed in period ¢. Only the weights attached to the period-(¢—1) discrete
elements of the state space (known as particles) can be adjusted in period t. To be sure, there
exist a wide range of algorithms designed to optimize (adapt) these weights in light of new
information available at time ¢. Nevertheless, optimality is restricted as being conditional

on the individual particles established in period (¢ —1). That is to say, mixture-of-Dirac



approximations cannot achieve unconditionally optimality, or in other words, full adaption.

Here we seek to overcome this limitation by constructing sequential importance sam-
pling densities that are tailored to targeted filtering densities using the Efficient Importance
Sampling (EIS) methodology developed by Richard and Zhang (2007). Implementation of
this methodology entails the abandonment of mixtures of Dirac measures for approximating
filtering densities. Instead, within a prespecified family of distributions, the goal is to con-
struct an optimal importance sampling density based upon period-t information, and absent
the fixed- and prespecified-support constraints: i.e., the goal is to achieve full adaption. Op-
timality is associated with the minimization of the numerical standard error of the weights
associated with the chosen importance sampler, and typically takes the form of a sequence
of least-squares regressions. While the algorithm is not as easy to implement as those based
on mixture-of-Dirac approximations, and the family of samplers we have successfully im-
plemented to date is still somewhat limited, the algorithm can produce dramatic gains in
accuracy (i.e., bias reduction) and efficiency (i.e., reduction of numerical standard errors) in
challenging applications, as demonstrated below in benchmark examples.

The paper is organized as follows. The generic problem of filtering is outlined in the
next section. We then provide a brief overview of SMC filtering, including unadapted filters,
the auxiliary particle filter, and the optimal particle filter (where optimality is conditional
on the fixed- and prespecified-support constraint). While the latter is rarely operational, it
provides a useful conceptual framework for highlighting the difference between conditional
optimality and the unconditional optimality the EIS filter targets. The EIS methodology is
then introduced generically, and described specifically in the context of filtering. Example

applications follow, along with concluding remarks.



2 Filtering

The objective of filtering is to track the dynamic evolution of unobservable state vari-
ables using (typically) noisy measurements of observables. This requires the computation
of integrals over the unobserved states, which in general must be approximated numerically.
Let s, be a m-dimensional vector of state variables, and denote {sj}zzl as S;. Likewise, let
¥ be an n-dimensional vector of measurements, and denote {y; };:1 as Y;. The state space is
characterized by a state transition density f(s;|s;—1, Y;—1), initialized by a known marginal
density f(sg). The model is completed by a measurement density f(y;|s;, Y;—1)-

Let h(s;) denote a function of interest for tracking. Our objective is that of producing

numerically efficient estimates of the filtered values

f = Efh(s0) [¥i] = / h(s:) f (s]Y2) ds. 1)

where f (s,]Y;) denotes the filtering density. Filtering densities { f (s;|Y;)},_, are constructed
sequentially; computations in period ¢ take the period-(¢ — 1) filtering density as input and

proceed as follows.

e Predictive density:
FlsiYiet) = [ (slsios, Vi) £ (salVioa) s @)
e Likelihood integral:

£ (lYier) = / £ (s, Yis) £ (se] Vi) s (3)

e Filtering density:
[ (else, Yioa) f(s¢]Yi1)
[ (elYi-1)

[ (se|Yy) =



e Given f (s]Y;), filtering obtains as in (1).

Note that the inclusion of Y;_; as a conditioning argument in the state-transition and
measurement densities is critical for verifying internal consistency between the left- and
right-hand sides of (2) - (4). This being said, it is often the case that the model specification
imposes additional conditional independence assumptions such as f(yi|ss, Yie1) = f(ve|se)
and f(s¢|si—1,Yi—1) = f(s¢|st—1). Such assumptions are not needed to validate the follow-
ing analysis, since all that is required is that state transitions be (sequentially) Markovian,
conditionally on the observed measurements. Note also that the inclusion of Y;_; as a condi-
tioning argument in state transitions allows for control applications wherein measurements
trigger actions that feed back on states.

When the model is linear and Gaussian this sequence of operations can be executed
analytically via the Kalman filter (Kalman, 1960). Otherwise approximations must be im-
plemented. One approach to approximation is based upon (local) linearization and/or deter-
ministic representation of filtering densities. Examples include the extended Kalman filter
(Jazwinski, 1970); the unscented Kalman filter (Van der Merwe, Doucet, De Freitas and
Wan, 2000); and the Gaussian quadrature Kalman filter (Ito and Xiong, 2000). Alternative
approaches, like ours, are based upon SMC methods. Following is a brief overview of these

methods.

3 Overview of SMC Methods

As noted in the introduction, following the development of the SIS algorithm pioneered
by Handschin and Dayne (1969) and Handschin (1970), SMC methods have employed mix-
tures of Dirac measures for approximating filtering densities. Efforts to build upon the
baseline SIS algorithm have sought to overcome two challenges. The first is known as de-
generacy: as the sequential approximation of filtering densities advances through time, the

variance of importance sampling weights can only increase (Bobrovsky and Zakai, 1975).



Thus: “In practical terms this means that after a certain number of recursive steps, all but
one particle will have negligible normalized weights.” [Ristic, Arulampalam and Gordon,
2004, p.40].

A major advance in overcoming degeneracy was achieved by Gordon, Salmond and Smith
(1993), through the development of the bootstrap particle filter, which incorporates the re-
sampling technique of Rubin (1987) in the sequential filtering process. The bootstrap particle
filter has since become a benchmark sampling importance resampling (SIR) algorithm; for
important variations, e.g., see Kitagawa (1996); Del Moral (1996); Blake and Isard (1998);
and Liu and Chen (1995).

While SIR algorithms are effective in alleviating degeneracy, they are prone to a second
challenge known as sample impoverishment: particles with relatively high associated weights
end up being selected many times in the resampling step, leading to a loss of diversity
among the resultant sample. The well-known source of this challenge is that the period-
(t — 1) swarm of particles {s¢ |}, used for the construction of approximations to period-t
predictive densities is established absent information conveyed by the period-t observables
y;. Pitt and Shephard (1999) refer to the establishment of these particles as ‘blind’.

Efforts to overcome the challenge of sample impoverishment, known as the achievement
of adaption, entail the use of guidance from y; in constructing period-t sampling densities.
Optimal adaption, conditional upon {s¢_,}¥, obtains through the construction of a sampler
designed to eliminate the conditional MC variance of period-t filtering approximations (e.g.,
see Zaritskii, Svetnik and Shimelevich, 1975; and Akaski and Kumamoto, 1977). However,
conditional optimality relies upon an auxiliary density f(s;|s;_1,Y;) which in general is
intractable analytically. Partial conditional adaption obtains via the implementation of
approximations to this factorization (e.g., see Pitt and Shephard, 1999; the collection of
papers in Doucet, de Freitas and Gordon, 2001; and Santos and Smith, 2006).

Following is a brief overview of filtering from a period-t algorithmic prospective, which

describes these challenges in further detail and provides context for the EIS-PF algorithm we



develop in Section 4. For more detailed presentations, along with comprehensive theoretical
validation of the algorithms, see, e.g., Pitt and Shephard (1999), Ristic, Arulampalan and
Gordon (2004), or Cappé, Godsill and Moulines (2007).

3.1 General Principle

The filtering algorithms described here share the critical characteristic that period-t
computations take as input an approximation of the period-(¢ — 1) filtering density. The
approximation is in the form of a mixture of Dirac measures associated with the swarm

{si_l}i]il, which is fixed in period ¢:

]? (s1-1]Yi-1) Zwt 1 (8t-1) (5)

where d,;_(s) denotes the Dirac measure at point st and w! | the weight associated with

N
particle si_; (lei_l = 1) . If a potential resampling step is included in the algorithm, and
1=

L
N

took place in period-(t — 1), then w! | =

For the purpose of comparing the EIS filter with existing SMC methods, as is our aim here,
the incorporation of a potential resampling step is unimportant, thus for ease of presentation
we do not explicitly describe this potential step in the following presentation. What is

important is the pursuit of conditional adaption. Thus we first describe an unadapted

filtering algorithm, then characterize the pursuit of conditional adaption.

3.2 Unadapted Filtering

e Propagation: Inherit {w;_;, sifl}i\il from period (¢ — 1). Then for each particle s!_,
draw a particle si from the transition density f (st\si_l,Yt,l). The corresponding

approximation of the predictive density is given by the mixture of Dirac measures

F(sidYiy) Zwt L (6)



o Likelihood integral: Substitution of f(st|Yt_1) for f(s¢|Y:—1) in (3), followed by ana-

lytical integration in s;, yields the following approximation for the likelihood integral:
R N

f el Yee) = Zwiqf (yelsy, Vi) - (7)
i=1

e Filtering: Equation (4) amounts to a direct application of Bayes’ Theorem to the

N

particles {s! ;! | resulting in the following discrete approximation for the period-t
t—1J;=1 g g

filtering density:
N

Flsdl¥e) = S widy (1), (8)

i=1

with
i wi_1 - [ (yels, Yier)

Wy = ' .
Ywigf (ytysgvytq)
=1

The filtered value in (1) is approximated by
R N
hy = Zwih (s}) . (10)
i=1

e Pass the weights and mass points {w!, si}?{:l to the period-(t + 1) propagation step and

proceed through period T

Note: When the algorithm is extended to incorporate an automatic resampling step,
the bootstrap particle filter of Gordon, Salmond and Smith (1993) is obtained. Alternative
SIR algorithms allow for a conditional resampling step, depending on the realization of a

period-by-period degeneracy diagnostic.



3.2.1 The Conditionally Optimal Particle Filter

Notice that the measurement density incorporates the critical conditional independence

assumption that y; is independent of s;_; given (s, Y;_1):
f (Welse, Yioa) = f (Yelse, 561, Yion) - (11)
It follows that
fselsi—1,Yie) - f (uelse. Yier) = f (selse-1, Vo) - f (el se—1, Yien) - (12)

For cases in which this factorization is tractable analytically, it is possible to achieve con-
ditionally optimal adaption. To see how, substitute the predictive density (2) into the

likelihood integral (3) to obtain

J (lYis) = / / F (st Yior)  (stlses, Vi) f (sealVid)dsidse s, (13)

Next, substituting for the bracketed term in (13) using the factorization (12), we obtain

F (lYir) = / / £ @elsen, Yi) - [F (selses Vo) £ (sealVin) dsidsir. (14)

Noting that f (s¢|s;_1,Y;) integrates to 1 in s;, we obtain

f (Vi) = / F Wel$-1, Yier) f ($1[Yios) - e, (15)

whose estimate is given by

yt’Y;t 1) Zwt 1 yt!st 1Yo 1) (16)



The propagation stage for the conditionally optimal filter is defined by the bracketed term
n (14), and proceeds as follows: for each particle s;_,, draw a particle s} from f (s]si_;,Y;).

The implied weights are given by

i wi_ - f yt‘si_ Y
wi = Nt 1 ( t—1 ) ’ (17)

legfl - f (yt|8{717 Yt—1)
]:

and are used to estimate the period-t filtering density and filtered values as given by (8) and
(10).

Note that since w! does not depend on s, but only on si_;, its conditional variance is
zero given {Sifl}j\;r This is referenced as the optimal sampler, following Zaritskii, Svetnik
and Shimelevich (1975) and Akaski and Kumamoto (1977). However, since the factorization
in (12) is tractable analytically only in special cases, this sampler represents a theoretical
rather than an operational benchmark (for approaches to achieving approximate conditional
optimality, see Doucet, 1998; and Vaswani, 2008). But more importantly, this sampler is
only optimal conditionally: a different weight is associated with each particle s!_;, implying
that while the conditional MC variance of w! is zero, its unconditional MC variance is not.
The limitation to conditional optimality is inherently linked to the use of mixtures of Dirac
measures in representing filtering densities. As noted, the EIS implementation we propose

below targets unconditional optimality.

3.2.2 Conditionally Suboptimal Particle Filters

Since the optimal kernel is generally intractable, much effort has been devoted to its
approximation. The class of approximations we now discuss still relies upon mixture-of-Dirac
approximations for filtering densities, but relaxes the propagation steps leading to (6).

The predictive density is now approximated by the continuous mixture

T (selYim) Zwt o S (selsiors Yiea) (18)



In turn, the likelihood integral in (3) is approximated by

N
f@ﬂaZEJ/%AuNM%EAWf@MAJLO%t (19)
i=1

Next, one reinterprets this integrand as the kernel of a mixed density for the pair (s, k),
where k; denotes the multinomial M N (N ; {wi_l}iNﬂ). The likelihood integral is evaluated

via importance sampling using an auxiliary mixed kernel of the form
v (s, K Ye) = wisyp (s, k3 Ye) - f (slsiy, Yeer) (20)

where p (s, k;Y;) is introduced with the objective of minimizing the MC variance of the
likelihood estimate conditionally on k. The kernel v (s, k; Y;) must be normalized to produce
the corresponding importance sampling density ¢ (s, k|Y;). The simplest case obtains when

p(+) does not depend on s :

p(s,k;Ys) = pf. (21)
In this case,
9(s,k|Y)) = 7 f(slst_y, Vi), (22)
N
mo= Ditwiopl, De=) wigpl (23)
j=1

Let (s, k;Y;) denote the ratio between the integrand in (19) and the IS density

@<Sv kaﬁ) :Dt k ) (24)
Dy

also, let {si, ki} denote N i.i.d draws from g (s, k|Y;). Specifically k; is drawn from the

multimonial MN(N; {x}~ ) and si from f (se|st"1,Yi—1). The corresponding IS estimates

10



of the likelihood function and filtered values are given by

. 1
In@lYi) = 5D G (25)

=1

N
hy = Zwih (s}) . (26)
i=1

~i ~ (i pi i &,
Wy = w (st,k‘t;Y}) , wp = — t 4 (27)
>_wi
j=1
Finally, the period-t filtering density is given by the mixture of Dirac measures
R N
I (sef¥e) = ) _widyg (1) (28)
i=1

As a special case, the auxiliary particle filter of Pitt and Shephard (1999) uses the fol-

lowing specification for pf in (21):

pi = f(velpt, Vi), (29)

W= B (slshy Vi) (30)

Following (21)-(24) the IS weights are then given by

/ (yt|5f717 Yt—l)

o = Dy- i) 31

S P (i) oy
N

D, = sz—lf (th'uthl)- (32)
j=1

Under special circumstances further adaption can be achieved. If the transition density
f (s¢lsi—1,Yi—1) belongs to a family of densities closed under multiplication, then selecting
p(s,k;Y;) in (20) from that same family can produce an operational and improved sampler.
Its integrating constant obtains by first integrating the product p (s, k;Y;) - f (s|sf_y, Yi1)

with respect to s, then summing the remainder over k. Examples for the case in which

11



[ (st|s¢t—1,Yi—1) is Gaussian in s; are discussed in Pitt and Shephard (1999) and Smith and
Santos (2006). Using for p (s, k;Y;) a first-order Taylor series expansion of In f (y]s, Y;—1) in
sy around ,u{ yields Pitt and Shephard’s adapted particle filter; likewise, Smith and Santos

demonstrate implementation of a second-order expansion.

3.3 Sample Impoverishment and Bias

As mentioned above, sample impoverishment is a direct consequence of resampling. It
occurs when the number of distinct particles following resampling is far smaller than N. This
problem arises when the measurement density f (v;|s;, Y;—1) is tightly distributed relative to
the state-transition density f (s¢|s;—1,Y:—1). With references to (2) and (3), this scenario
implies that the predictive density f (s;]Y;—1) exhibits significantly greater dispersion than
f (ye|se, Yio1) , treated as a function of s, given Y;. By implication, f (s;|Y;—1) or a particle-
based representation thereof will serve as inefficient IS samplers both for computing (3) and
for approximating the filtering density f (s;|Y;) .

As noted, algorithms designed to achieve conditional adaptation seek to alleviate this
problem by accounting for y; in establishing period-t sampling densities. However, even in
the best-case scenario the gains from adaption are restricted due to the reliance on Dirac
representations of filtering densities. Specifically, while conditional adaptation enables adap-
tation of the discrete mixture probabilities or even the conditional IS samplers for s, given
(sf_l, Yt), the conditioning swarm {sf_l} remains fixed in period ¢. This is especially critical
when s; turns out to be an outlier, which is not uncommon given relatively diffuse state-
transition densities. Given an outlier, f (y|s;, Y;_1) takes the form of a needle located in
the far tails of particle representations. As the examples below indicate, under such circum-
stances filtered estimates will not only have large MC variances, but will also exhibit even
larger squared biases, whose elimination can require the implementation of prohibitively
large particle swarms.

A final point bears noting. Insofar as measurement densities are more tightly distributed

12



than transition densities, MC imprecision and inaccuracy are far less of an issue for the
approximation of predictive densities. With reference to (2), the density f (s;-1|Y;—1) or
discrete representations thereof are expected to be tight relative to the transition density
f(s¢|si—1,Y;1), viewed as a function of s, 1 given (s;,Y;_1). This explains why efforts to
refine SMC algorithms have largely emphasized (conditional) efficiency in the construction of
importance samplers for likelihood integrals, leaving the representation of predictive densities

(6) unaffected.

4 Efficient Importance Sampling and Filtering

As noted, the EIS filter we propose departs from traditional SMC algorithms in that it
employs tailored continuous approximations of targeted filtering densities in place of mix-
tures of Dirac measures, and thus targets the construction of unconditionally rather than
conditionally optimal importance samplers. Here we briefly describe the generic EIS algo-

rithm, and then characterize its extension to the specific problem of filtering.

4.1 Efficient Importance Sampling

Consider an analytically intractable integral of the form

1(0) = /¢ (5:0) ds, (33)

where 6 regroups all variables (parameters and observations) upon which the integral is
conditioned. The goal of EIS is to construct a parametric continuous IS density g (s|a (9))

designed to minimize the MC sampling variance of the ratio

w(s;0,a) =

13



under IS draws obtained from g (s|a). Construction is achieved as follows. One initially
selects a parametric class of auxiliary density kernels K = {k (s;a);a € A} amenable to MC
simulation and with known integrating constant x (a). The relationship between kernel and

density is given by

_ k(s;a)
g(sla) = L@ (35)

Y(@) = /kz(s;a)ds.

Following Richard and Zhang (2007), an (approximate) optimal value @ (#) obtains as the

solution of the following auxiliary Least Squares (LS) problem

(@(9),c(0)) = ArgMin Z In¢(s;:0) —c—Ink(si;a)]. (36)

acA, ceR ]

Here, {s;},-, denotes ii.d. draws from g (s[a(f)), with R typically set at 3 to 5 times the
dimension of a (and thus typically smaller than the number N of draws subsequently used
for IS estimation). The fact that these draws are conditional on @ () implies that the latter
obtains as the fixed point solution of a sequence {@, (0)},_, , , where @, (¢) solves (36) under
draws from ¢ (s|a,—1 (6)). In turn, c¢ is a normalizing constant that accounts for factors in
¢() and k() that do not depend upon s. The sequence can be initialized, e.g., using a Taylor
series expansion of In ¢ (s; ) around its mode (possibly adjusting the Hessian with a tuning
constant specified to ensure sufficient coverage of the sample space).

In order to achieve smooth convergence, all draws under @, (f) are obtained by transfor-
mation of a single set {u;}7, of Common Random Numbers (CRNs), where u; denotes a
draw from a canonical distribution - i.e. one that does not depend on a (typically U (0, 1)
or N (0,1)) - to be transformed into draws from g (s|a) using techniques described, e.g., in
Devroye (1986). Under these conditions convergence turns out to be fast for reasonably

well-behaved problems, with typically less than 5 iterations. Most importantly, these itera-

14



tions turn out to be the main driver for full adaption (within the class of densities K), as it
progressively repositions k (s;a) on the region of importance of ¢ (s;0) .

Convergence can be assessed by monitoring a, () across successive iterations v, and
a stopping rule can be established using a relative-change threshold. Although there is
no guarantee nor formal proof that the sequence {a, (0)} converges for every possible pair
(¢(-),k (), we have found repeatedly that it never fails to occur short of a complete mis-
match between the target ¢ and the kernel k (e.g., ¢ is bimodal and h is unimodal), in which
case failure to converge serves as a signal that the class K needs to be adjusted. Moreover,
what matters is that the resulting sampler deliver accurate and numerically efficient approx-
imations of the targeted integrand. This can be assessed using various diagnostic measures,
including the R? statistic associated with the auxiliary regression (36), and summary statis-
tics regarding the dispersion of the importance sampling weights w (s;;6,a(f)) (see Richard
and Zhang, 2007, for further details).

An algorithm for implementing EIS is as follows.

Algorithm 1: Efficient Importance Sampling

A. Exponential family of distributions (Lehman, 1986): Ink(s;a) = b(s)+a’-T (s), where

T(s) denotes a fixed-dimensional vector of sufficient statistics.
e Initialize: @y (), v =1.
e Step v:
— Draw: {Si}il from g(s|a,_1(0)).
— Regress: {In¢ (s;;0)} 2, on {1,T(s;)}, , obtain (&, (8),d, (8)).
— Check Convergence: | @, (0) — @,—1 (0) ||< e (or similar).

x If No: v = v + 1; repeat step v.

« If Yes: end iteration, set a (0) = @, (0).

15



e Estimation: Draw {s;} , from g(s[a (6)), compute the corresponding weights {&;} .,
where
- o (s;;0
S o
and obtain

N 1 X
In(0) =5 D 5
i=1

B. Other distributions: LS regression replaced by one-step Gauss-Newton iteration:

~ —~ Olnk (s;;a R
{In ¢ (s4;0) — Gy (0) — Ink(si3 @y (0))}1, on {L Olnk (si:0) |a=av_1(9)}

Oa i1

4.2 Classes of EIS Kernels

Currently EIS is fully operational only for auxiliary kernels from the exponential family
of distributions, since the auxiliary LS problem (36) is then linear in a, where a denotes
a natural parametrization in the sense of Lehmann (1986, Section 2.7). A flexible (low-
dimensional) extension outside of the exponential family of distributions is described below;
others are under development using Gauss-Netwon iterations. A particularly promising ex-
tension entails the specification of g (s|a) as a mixture of (multivariate) Gaussian densities,
in which case a denotes the collection of mixing and individual component parameters. As is
well known, mixtures provide a straightforward yet highly flexible extension of linear Gaus-
sian models (e.g., see Frithwirth-Schnatter, 2006). Initial pilot applications, implemented
using one-step Gauss-Newton EIS iterations, have yielded promising results.

Here we adopt an extension that has been successfully applied to particle filters in cases
wherein a subset of state variables are linear Gaussian, facilitating the development of mix-
ture Kalman filters (e.g., see Doucet et al., 2000; Chen and Liu, 2000; and Andrieu and

Coucet, 2002). In the context of EIS, this amounts to partitioning s into s = (s1, s2), and

16



factorizing g(s|a) conformably into

g (sla) = g (sals1,a2) - g(s1|ar), (37)

where g (s2|s1,a2) is Gaussian in sy given s;. Then @y () obtains either analytically by
direct factorization of the target ¢ (as in the mixture Kalman filters), or by Gaussian EIS.
Below we present a bearings-only tracking application wherein s is four-dimensional, and
extension beyond the exponential family is required along a single dimension. The extension
we implement is a piecewise log-linear approximation to the targeted integrand.

Specifically, the sampler is characterized by a kernel k(s; a) with parameter a’ = (aq, . .., ag)
consisting of a grid ag < a1 < ... < ar, where the interval covers the support of the relevant
margin. Extensions to infinite support require either truncation or tinkering with tail ap-
proximations, as is commonly done for random variate generation — e.g., see Devroye (1986).
Deleting the argument 6 for the ease of notation, let ¢ (s) denote the target kernel. We first

describe the kernel k(s;a) for a preassigned grid a. It is defined as follows:

Inkj(s;a) = a;+B;s, Vs € laj1,ay (38)
gy - Do) )

a; = ln¢(aj)—ﬁjaj

Since k is piecewise integrable, its distribution function can be written as

) = X;(s; a) .
Fj(sa ) - Xn<a) , v E[]*h J] (4())
W(si0) = xala) + 3 i(si0) = kylajria) (41)
(@ = 0, x,(a) = x,(a5,a). (12)

17



Its inverse c.d.f. is given by

s = g{mw%_l; @)+ B;(u - xnla)
(@) — a3} (43)
W€ 101l x;a(a) <u-xala) < x;(a). (44)

Next we discuss the iterative selection of the grid parameter a. Note that k(s;a) is
nonlinear in a and that a close fit might require a sufficiently large number of intervals (in
the application described below, R = 100 suffices to produce very accurate results). This
precludes implementing EIS iterations as described above. Instead we pursue the recursive
construction of an equal-probability-division kernel k(s;a), which mimics the standard EIS
objective function. This approach entails the non-random equal division of [e,1 — ¢] with
u =¢e+ (2—¢)i/Rfori =1,..., R — 1, with ¢ sufficiently small (typically e = 107) to
avoid tail intervals of excessive length. It proceeds as follows:

Step v + 1: Given the step-v grid a¥, construct the density kernel £ and its c.d.f. F), as
described above. The step-v + 1 grid is then computed as

artt = F M), i=1...,R—1. (45)

K3 v

The algorithm iterates until (approximate) convergence.

4.3 EIS Filtering

Referring back to (2) and (3), computations in period ¢ require the evaluation of two
nested integrals: the likelihood integral and the predictive integral (evaluation of filtered
values rely upon the same IS sampler as that of the likelihood values). In both cases,
targeted integrands are not tractable analytically, and thus entail the following adjustments

to achieve implementation.
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4.3.1 Likelihood Integral (Outer EIS)

Application of EIS to the period-t likelihood integral (3) requires that the predictive
density f (s¢|Y;_1) be evaluated at any particle s¢ produced by EIS iterations; thus we assume
momentarily that an operational continuous approximation f(st|Yt_1) is available. For ease
of notation, we use a subscript ¢ to represent all of the information upon which period-t
calculations are conditioned. Application of the EIS algorithm described above produces at

convergence an EIS sampler g (s¢|a;) , with weights

I (yelse, Yeo1) - J?(St|Yt—1)'

Wy (s;a3) = — 46

(o) g (selar) (46)

The EIS draws {s}},_, and associated weights {wi} are then used to produce EIS esti-
i=1

mates of likelihood and filtered values according to (25)-(27).

4.3.2 Predictive Integral (inner EIS)

The initial step in evaluating the predictive integral consists of replacing the lagged

filtering density in (2) by its expression as given by (3) and (4):

_ ff (selse-1,Yeo1) - [f Wealse1,Yio) - f (se1|Yi2)] dsi s
J ) = e s Yoo f Vi) sy D

Note that this can be reinterpreted as a filtering problem from the perspective of information

available in period (¢t — 1) :
f(suYer) = Eo iy [f (slser, Vi)l (48)

and can be computed for arbitrary s; using period-(t — 1) draws {si_l}il and normalized

weights {wifl}il defined in (27), where it is expected that S < N following the discussion
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in Section 3.2. This produces an easy-to-implement functional approximation of the form

N (s¢[Yi-1) Zwt 1 3t|5t 1 Y- 1) (49)

While this estimate bears resemblance to the particle-based estimate in (6), it is distinct
in a critical respect: it relies upon a continuous density approximation g (s;_i|a;—1) to the
period-(t — 1) filtering density, rather than a fixed-support mixture of Dirac measures. This
property can be exploited further in order to produce more efficient estimates of the predictive
density. Foremost, if the weights {wi_l }1111 are near-constant over the region of importance,
which typically obtains if g (s;_1]|a;_1) is an efficient sampler for the period-(t — 1) likelihood
integral, then we can replace the weights in the IS version of (47) by a constant, yielding the

functional approximation

F Vi) = / F (st Yir) - g (S0 [Grr) dspr. (50)

This expression offers a critical advantage: if g (s;_1[a;) and f (s4|s;_1,Y;—1) - treated as a
kernel in s, ; given (s;,Y; 1) - belong in whole or in part to a common class of density
kernels closed under multiplication, then (partial) integration with respect to s;_; is feasible
analytically, thus reducing the dimensions for required numerical integration.

When these approximations prove insufficient, we can resort to ‘inner EIS’ to approximate

(47), or instead, ‘joint EIS in (s;_1, s¢) applied directly to (13).

4.3.3 Singular Transitions

State transitions often include identities that effectively reduce the dimension of inte-
gration in (47) and (50), since for any given s; the vector s;_; is then restricted to a strict
subset of R™. Let s, partition into s; = (py, ¢;) in such a way that the transition identities

can be written as

¢ = o(Pe; St-1)- (51)
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We reinterpret these identities as the limit of a uniform density for ¢|p;, s;—1 on the in-
terval [o(pg, si—1) — €, ©(pr, Si—1) + €]. Under the most operational scenario, ¢(py, $¢—1) is

differentiable and strictly monotone in ¢;_;, with inverse

Gi—1 = Y(St, Pr—1), (52)

in which case we can take the limit of the integral in (50) as € tends to zero, producing

J/C\(St|Yt—1) = /J(3t>pt1) - f(pelse—1,Yio1) (53)

'g(Stfl; CAltfl) ‘qt,1:¢(st,pt,1)dpt717

where

0
J(Stapt—l) = ||a—q/¢($t7pt—1)||- (54)

t
Since g(pi—1,¥(s¢, Pi—1); Gr—1) is not a sampler for p;_1|s;, we must evaluate (53) by a mix of
analytical, quadrature and/or EIS methods. A more general weighted version of (53) would
include the weight function w; 7 (s;_1;a;_1), which would have to be interpolated from the
swarm {si_l}ij\il and associated weights {c:f:l}j\il

While the construction of a continuous approximation for f (s;|Y;—1) under singular tran-
sitions may appear complicated, note that singular transitions render the particle filter par-
ticularly prone to sample impoverishment: for any value of s; outside of the particle filter
swarm {s!}, the support of the s, integral in (47) and (50) has zero measure relative to that
of the filtering density f (s;—1|Yi—1).

Following is a general nested algorithm for implementing the EIS filter.

Algorithm 2: EIS Filtering, Period ¢

2.1. Likelihood and filtered values (outer EIS)

Requirement: Function subprogram (from Algorithm 2.2 below) for functional approxi-

mation f(st]Yt,l) .
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Target: ¢, (s¢) = f (yilse, Yie1) - F (s:Vio1) .

If s; = (841, S12), such that ¢,(s;) takes the form of an analytical IS kernel for s given

S41, then

g (3t|at) = g2 (3t2|3t17 at2) g1 (3t1|at1> ) (55)

with

¢, (st)
Qﬁ (5t1)7

<Z5% (Stl) = /@ (5t> dsq2,

92 (Stz |5t1 ) atz) =

where at denotes parameters induced by the transformation of the kernel ¢, (s;) into

a density for s, given sy.

Else sy = s, g1 () =9 (), &1 () = ¢, (-).

EIS target: ¢; (s:1)

— Sampler: ¢ (s41|@s1) (from Algorithm 1)

— Weight:
& (s0)  _ ¢ (se)

g1 (5t1|at1) g (St ’at)‘

(:Jt ($t1§at) =

~3\N

e Obtain draws and weights {si, w@} , and perform EIS evaluation following (25).
1

1=

2.2 Function subprogram f (s;|Y;_;) (inner EIS)

Inputs: EIS continuous sampler g (s;_1|a;—1), with EIS swarm {si,w@}

i=1

e Select from the following options:

— Normalize weights and obtain filtered value estimate using (49).

— Obtain constant-weight estimate using (50) (possibly partial analytical integra-

tion).
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— Obtain estimate using inner EIS (for any s; required for outer EIS).

e If Inner EIS:

— (i) Target: ¢ (s¢)) = f (selse—1,Yio1) - g (Se_1]@_1) - Op_1 (8¢-1), with &;_; either

constant-weight or interpolated from {sf;, cNui}ZN:l
— (ii) Construct EIS sampler g, <st_1|/b\t) (from Algorithm 1).

— (iii) Obtain S inner EIS draws and weights, and estimate f(st|Yt_1).

Note: Under singular transitions, as in (53), the only available option is inner EIS (or
when feasible, a combination of partial analytical integration and/or low-dimensional quadra-

ture).

5 Examples

Here we present two examples that illustrate the relative performance of the bootstrap
particle of Gordon, Salmond and Smith (1993); the auxiliary and adapted particle filters of
Pitt and Shephard (1999); and the EIS filter. The two examples mimic examples used by Pitt
and Shephard (1999) to demonstrate the value added of their auxiliary and adapted filters
relative to the bootstrap filter. In both examples we replicate their experimental design to
demonstrate the value added of the EIS filter relative to the bootstrap filter. In so doing, we
obtain a triangular comparison of the value added of the EIS filter relative to the auxiliary
filter.

We begin with two lessons gleaned through these examples regarding the selection of the
two auxiliary sample sizes employed under the outer EIS filter: N, the number of draws
used for outer EIS; and R, the number of draws used in the EIS optimization step. First,
the efficiency of the EIS filter typically translates into substantial reductions (relative to the
particle filter) in the number of draws N needed to reach given levels of numerical accuracy:

often by several orders of magnitude. This typically translates into efficiency gains that more

23



than compensate for the additional calculations required to implement the EIS filter. More
importantly, the EIS filter is far more reliable in generating numerically stable and accurate
results when confronted with ill-behaved problems (e.g., involving outliers). Second, in every
case we have considered, EIS samplers can be constructed reliably using small values for R

(e.g., 100 has sufficed for the applications we have considered).

5.1 Example 1: Bearings-Only Tracking

The bearings-only tracking problem has received much attention in the SMC literature,
and raises challenging numerical issues. References include Gordon, Salmond and Smith
(1993), Carpenter, Clifford and Fernhead (1999), and Pitt and Shephard (1999); we consider
here the scenario described by Gordon et al.

A ship moves in the (z, z) plane with speed following a bivariate random walk process.
Let s; = (x4, 2, 4, Zt)' denote the quadrivariate latent state variable. The discrete version

of the model we consider first is characterized by the singular transition

St = S¢—1+0 U, (56)

with u; ~ 1.i.d.N (0, I3) . The initial state vector is distributed as
so ~ N (g, Do) , (57)

with (g, Ag) known.
An observer located at the origin of the (z, z) plane measures with error the angle 6, =

arctan (z;/x;). The measured angle y; is assumed to be wrapped Cauchy with density

1 1—r?
21 1412 — 2rcos(y, — 6;)’

I (else, Yior) = f (e]0r) =
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with 0 < (y;,60;) < 27 and 0 < r < 1. As discussed in Section 4.3.3 the computation of
a continuous approximation for the predictive density requires partitioning s; conformably
with (51) and (52). As we shall subsequently introduce polar coordinates, it proves more

operational to elicit the Dirac identity (51) in terms of the ship’s coordinates. Therefore, let

/ /

St = (pt, Qt>7 Py = (xt, Zt) ) qy = (ftta 73t)~

The transition (56) is then reinterpreted as the combination of a proper bivariate transition

pt|3t—1 ~ N (ASt_l, Q) s (59)
1
A = (I L), 0= 10212, (60)
and a Dirac transition
gt =@ (pt7 St—l) =2 (pt - pt—l) —qt-1. (61)

Below we shall also consider a non-singular version of the model.

This model is numerically challenging on two counts. First, under parameter values
typically used in the literature, the measurement density f (y:|0;) - viewed as a function of 6,
given v, - is much tighter (though with fat tails) than that of 6, |Y;_;. As discussed in Section
3.3, this is a situation conducive to sample impoverishment. As we shall illustrate below,
this induces substantial numerical inefficiency for the bootstrap particle filter that, while
partially alleviated via implementation of the auxiliary particle filter, nevertheless remains
substantial. Second, the degenerate transition creates additional numerical problems since
it implies a zero-measure support in R* for the density f (s¢|s;_1, Yi_1).

Despite these challenges, we can implement a version of the EIS filter that overcomes
these pathologies. While conceptually simple, the algebra of our implementation is somewhat
tedious. Next we present the broad lines of our implementation; full technical details are

regrouped in the Appendix.
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5.1.1 EIS computation of f (y|Y;_1)

We momentarily take as given that a continuous approximation f (s;|Y;_;) can be com-
puted for any s, (as described below). The period-t likelihood function is then given by (3).
In order to account for the fact that y; only measures 6; = arctan (z;/z;), we reparameterize

the ship location in terms of polar coordinates. Let

bt =V (pt’ et) = € (0t> ’ 6)t € [07 27T] ) Pt Z 07 (62)

with e (0;) = (cosf;, sin6,) and p, = (z2 + 23)1/2. To avoid confusion, the transformed state

vector is denoted

A =L(se) = (0, py, C];) = (0, 52) (63)

In line with (37), the EIS sampler g (A;|a;) we implement is the product of a trivariate
Gaussian sampler for §;|0; - subject to the positivity constraint p, > 0 - and a univariate
piecewise loglinear density for 6.

Algorithm 3: Construction of g (\|a;)

e Propagation: The period-(t — 1) EIS swarm {\. ,}Y, is transformed into a swarm
{si_}¥, by means of the inverse transformation s = ¢~'()\). An initial period-t
swarm {s{}, obtains by drawing s} from the singular transition density f (s;|s{ ;)

associated with (56).

e Initial EIS: Since the measurement density only depends on 6;, the EIS kernel for §,|6,
needs only to approximate the filtering density. Whence our first step is that of con-
structing an EIS Gaussian kernel in s; from which we shall extract the EIS kernel for
d¢|6; through reparametrization and normalization. We construct an auxiliary quadri-
variate Gaussian kernel k, (s;;a;) by regressing {In f (s!|Y;_1)}¥, on {si}¥, and the

lower triangle of {s! - s?}¥, for a total of 14 regressors plus one intercept.

e Polar coordinates: We introduce the transformation from s; to A\; = £ (s;), with Jaco-
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bian p, > 0. Let
k(M5 af) = p, ks (1 (A 15) (64)

EIS sampler for d;|0;: The conditional EIS sampler for §,|6; is given by

k) ()\t§af)
5,10,,a8) = 20 b 65
95 (91]0s; @) X (04 af) (65)
with
Yo (0 a) = / by (s ) do, (66)

A

where A = R? x R,. The likelihood integral in (3) is rewritten as

Pl = [ o0 @sap)]- 2SI g sy avan,. (o

Piecewise loglinear EIS for 8;,: We apply the algorithm introduced in Section 4.2 in order
to construct a piecewise loglinear approximation ¢ (0t|af ) for the product f (y:|0¢) -

X (0i;a?). The likelihood integral is then rewritten as

Pl = [ 0O g5 (1) - 90 (0 . (63)

with

o i) = [f (1l62) - x5 (61 >] T O0)Yi)

9o (0¢]af) kin (M5 af)

and a; = (af, ae).

EIS filtered values and period-t swarm: Let {\:}¥, denote a swarm of N i.i.d. draws
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from the EIS sampler gs (0;|04; af) - go (0¢|ay). Filtered values obtain as:

SR ()
hy = S —— : (70)
>

where w} = w; (A}; a;). The swarm {)\;}Y, is then passed to period-(¢ + 1).

Detailed derivations for this algorithm are given in the Appendix.

In view of the structure of the problem (non-observability of 3 out of 4 Gaussian state
variables, and flexibility of the piecewise loglinear sampler along the fourth), we anticipate
close fit between the numerator and denominator of w; (A\¢;a¢) as given in (69). Relatedly,
we anticipate dramatic reduction in the MC sampling variance of filtered values relative to

that of estimates obtained under the particle filter and commonly used extensions.

5.1.2 Computation of f(st|Yt_1)

Since we can expect an excellent fit between period-(¢ — 1) filtering density f (s;—1|Yi-1)

and its EIS approximation g (s;_1|a;—1), we can approximate f (s;|Y;_1) according to (53):

f(s:|Yi1) = /f(pt\stlaytl) “ s (Se-1]@i-1) lge_1=w(sepr_1)dPe—1- (71)

Here, ¢;—1 =1 (s, pi—1) denotes the inverse of Dirac transition (61) with unit Jacobian, and
gs (Si—1|a;—1) obtains from the period-(t — 1) EIS sampler by the transformation s, ; =

£=1 (\_1) with Jacobian p; !, together with (64) and (66):

9o (91&—1|a?—1)
X (et—ﬁ affl)

gs (St—1|at—1) - ks (St—1|a§_1) : ‘Gt_lzarctan(zt_ﬂxt_l)- (72)

The evaluation of the predictive integral is now conceptually straightforward (details are
regrouped in the Appendix).

Algorithm 4: Evaluation of f(st|Y;_1)
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e Since f(p|si—1,Yi—1) and k (si—1;a;_,) are Gaussian kernels in (p,s;1), and the
transformation ¢,_; = ¥ (s, p;—1) is linear, compute the following Gaussian kernel in

(Sta pt—l):
Kem1 (86, pe—15 5 _1) = [ (De]se—1, Yic1) - ks (=13 05_1) g =(se.p01)- (73)

e Introduce the transformation p,_; = v (Ptq,@t—l) in (62), with Jacobian p,_; > 0.

The predictive density is then approximated by

9o (Oralat-y)

dp, db;_1,
X (625,1;&?71) Pr—10V¢—1

f (5t|Yt—1) = /pt—l : ’le(Stth—u@t—ﬁ af—l) :

where

Ky_1(St, po1, Or—157_1) = Keo1(Se, Pe—1; 471 |pt,1:y(pt71,9t,1) ~ (74)

e Given (s;,0,_1), integrate analytically in p,_, > 0 to obtain

21 0
A 9o (9t71!at_1)
Y, 1) = al . B
f(st‘ t 1) \/0 d(staet lvat_l) o (Qt_l;af_l)det 1,
where
d (St> 0r-1; af—l) = /o Pio1" Ki1 (Stapt—l) 0r—1; af_l) dp,_;. (75)

e Given s;, use gy (Ot_1|af_1) as the auxiliary IS sampler. The corresponding estimate of

J?(St\yiq) is given by

- 1 = d (56, 0;_y305 )
f (S |Y_ ): - i 9 (76)
R Ni_zl XA (91&715@?71)

where {#:}Y | denotes period-(t — 1) EIS draws of 6,_;.
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5.1.3 Non-Singular Version

The singularity of the transition in (56) is a consequence of a model specification that
assumes measurements at each division point of the grid used for discretization of the random
walk for speed. We now consider the case in which a finer grid for discretization is used
relative to that used for measurement, while also allowing for measurements made at varying
time intervals.

For ease of notation, we focus on two successive measurements separated by D discretiza-
tion intervals. Equation (56) then must be transformed into a transition density for s;|s;_p
by implicit marginalization with respect to the state sequence {s;_; }JD:_ll. The random walk

process for speed is given by
Gt = Gt—1 + &, g~ N (0702]2) ; (77)

and position is discretized as

1
Dt = Pt—1 + B (gt + qi—1) - (78)
It follows that
4t = qi—p + Usp, (79)
pt = pe-p+ Dg_p+vp, (80)
with
D—1 =,
Ut,p = jzo Et—j, Uy,D = 5 j20(2j + 1)5t—j- (81)

The covariance matrix of (u; p, v p) obtains by application of standard formulae for the

sums and sums of squares of natural numbers. It follows that the transition density from
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S¢_p to s; is given by

St|St—pD N (ADSt7D7 O'QVD) s (82)
with
I, DI A1y Dy
Ap=| 2 T, vp=p| T %7 (83)
0 I Dr, I,

2

The case D = 1 obviously coincides with the degenerate transition in (56). The general-
ization from (56) to (82) does not affect EIS evaluation of the likelihood function, except that
t — 1 is replaced by t — D. The evaluation of J?(st]Yt, p) proceeds as described in Algorithm
4 except that: (i) the inverse transformation in step 1 is omitted; and (ii) the (analytical)
integral in step 3 is trivariate in (qt_ D Py D). Notice that we need not restrict D to integer
values. We can apply (77)-(83) for real values of D > 1. This offers the advantage that the
singular case can be reinterpreted as the limit for D — 1, of the non-singular case (allowing

for numerical verification of the validity of our Dirac treatment for the former).

5.1.4 Application

As noted, we demonstrate our methodology in an application designed along the lines of
that Pitt and Shephard (1999). For the singular and non-singular cases, o in (56) and (82)
is set to 0.001; and r in (58) is set to 1 — (0.005)2. The initial latent vector sq is distributed
as Gaussian with mean vector (—0.05,0.2,0.001, —0.055) and diagonal covariance matrix
with standard deviations (0.05,0.03,0.0005,0.001). In the non-singular case, the number D;
of discretization intervals between measurements ¢t and ¢ + D is drawn from a multinomial
{2,3, ..., 11} with equal probabilities p; = 0.1, i = 2,...,11. (As noted, the non-singular case
need not be restricted to integer values of D;, and we have verified that solutions for the
non-singular case converge to those for the singular case as D; tends towards 1,.)

We set T' = 10, and draw two sets of latent vectors {s?}tlgl, one for the singular case
(¢ = 1) and one for the non-singular case (¢ = 2). Both sets are linear transformations of

a single set of N(0,1) draws. We draw I = 40 different data sets {YTC’i}jil based on the
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latent vectors {sf}gl for ¢ = 1,2. For each data set, we produce 100 i.i.d. estimates of the
filtered means (differing by the seeds initializing the MC draws) using EIS-1K and PF-40K,
where the acronyms indicate respectively the EIS and bootstrap particle filters, and the
numbers following acronyms indicate the number of draws N used to implement the filters
(K indicating thousands); computing times associated with these procedures are similar.

Comparing MC estimates generated by these procedures with ‘true’ values of the filtered
means yields Mean Squared Error (MSE) comparisons identical to those used by Pitt and
Shephard (1999) to demonstrate the performance of the auxiliary particle filter. Let s_i,
(¢:1 — 40, t : 1 — 10) denote ‘true’ filtered means for the states. These must be
computed with high numerical accuracy in order to validate the MSE comparisons that
follow. Exploiting the relatively high numerical accuracy of EIS (highlighted below), we
estimate ‘true’ filtered means as the arithmetic means of 100 i.i.d. EIS-10K estimates.
Corresponding standard deviations are several orders of magnitude lower than those of the
estimates we propose to compare. In order to reach similar precision using the particle filter,
we must use the arithmetic means of 100 i.i.d. PF-4 million estimates. The latter number
turns out to be needed in order to eliminate significant biases characterizing PF estimates
of filtered means (illustrated below). We ran this experiment to verify that ‘true’ values
produced by both EIS and PF estimators are numerically identical.

MSE comparisons are constructed as follows. Let Ei?c denote the MC estimate of the fil-
tered mean, for data set 4, for replication j, in period ¢, for procedure k = {EIS-1K, PF-40K}.

The log mean squared error (LMSE) for procedure k, in period ¢ is obtained as

1 40 1 100 . .
LMSE; ;, = In {4—0 2_; [ﬁ ; (511 —3)) ] } : (84)

Comparing estimates generated by these procedures with ‘true’ filtered means for the latent
variables yields LMSE comparisons analogous to those employed by Pitt and Shephard (1999)

to demonstrate the gains in precision and efficiency yielded by their extensions of the particle

32



filter.

Figure 1 depicts LMSEs for the two procedures applied to the singular case against time.
As expected, the move from estimates obtained using the bootstrap particle filter to those
obtained using the EIS filter leads to a large reduction in LMSEs: differences average between
4 and 6 on the log scale. These differences are far larger than those reported by Pitt and
Shephard (1999): their auxiliary particle filter yielded reductions averaging between 0.5 and
1 relative to the bootstrap particle filter.

To identify the source of the large differences in LMSEs, we computed separately MC vari-
ances and squared biases for EIS-1K and PF-40K. Logged variances and logged MSE /variance
ratios are plotted for both procedures in Figure 2. The logged MSE /variance ratio can be
interpreted as a ‘bias multiplier’ indicating the extent to which biases amplify differences
in logged variances in yielding corresponding LMSEs. Figure 2 indicates that differences in
logged variances are typically of the order of 2 to 2.5 in favor of EIS (corresponding roughly
to a 10-fold reduction in variance), except for t = 1. Logged bias ratios are virtually all
close to zero for EIS filter, while they typically lie between 1 and 4 (and as high as 10 for
t = 1) for the particle filter. Thus biases remain significant for the bootstrap particle filter
even using 40K draws, and are the dominant component of the large differences in LMSEs
generated by the adoption of EIS. This is a manifestation of the 'sample impoverishment’
problem that results from the very tight distribution of \;|Y; relative to that of A\;|Y;_; along
the 6, dimension.

The results obtained for the non-singular case of the bearings-only tracking are, as ex-
pected, very similar to those obtained for the singular case. Figure 3 plots the LMSEs and
Figure 4 the logged MC variances and the logged MSE /variance ratio for the non-singular
case.

We conclude this application with a discussion of diagnostics. Since the EIS sampler in
this case is not obtained by application of the least-squares algorithm described in Section 4.1,

we do not have goodness-of-fit measures such as R? statistics to report. Instead we explore

33



whether filtered estimates obtained using the bootstrap particle filter converge to the ‘true’
filtered values s_i constructed using the EIS filter as N increases under the boostrap particle
filter. Persistent differences would raise doubts regarding the validity of the EIS filter in this
application, since convergence under the boostrap particle filter is well-documented in the
literature. The comparison was conducted for a small set of artificial data sets generated as
described above. For all time periods under each data set, convergence was found to obtain,
but slowly: much slower than would be expected under /N convergence. The finding of
convergence confirms the validity of the estimates generated by the EIS filter; the slow speed
of convergence underscores the severity of the sample impoverishment problem suffered by

the boostrap particle filter in this application.

5.2 Stochastic Volatility

The baseline version of the Stochastic Volatility (SV) model is characterized by the

distributions

Yelse, Yicr ~ Ny (OaﬁQGXPSt) (85)

St|8t71,th1 ~ N (7’3#1,02)7 (86)

where 3,7 and o2 represent median volatility, volatility persistence and variance of volatility
shocks, respectively. This model was introduced by Taylor (1982, 1986) to account for the
time-varying and persistent volatility exhibited by high-frequency financial returns data, in
addition to fat-tailed behavior. Many alternative procedures have been proposed to estimate
this model efficiently, and to infer the behavior of (scaled) volatility (e.g., see Jacquier, Polson
and Rossi, 1994; Pitt and Shephard, 1999; Kim, Shephard and Chib, 1998; and Liesenfeld
and Richard, 2003). Thus it provides a natural testing ground for us as well. Persistence is
typically very high - r € [0.95,1.00) - implying that observed returns are highly informative

on volatilities, again a situation prone to sample impoverishment. Nevertheless, the SV
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model turns out to be exceptionally well-behaved for EIS implementation and computation
of the filtered values Elexp s;|Y;]. The EIS auxiliary regression under a Gaussian EIS kernel

obtains from (36) together with

A(se,Ye) = flwelse, Yie1) - f(5e]se-1, Yie1) (87)

—2Ink(s;;a;) = aus; — 2By, (88)

where a; = (ay,3,). The corresponding EIS Gaussian sampler has mean u, = 3,/a; and
variance o2 = a; . The filtered volatility values are then given by (26) and (27), with

~  o(s;; V)

Wi = —————=.
b og(silay)

(89)

This EIS Gaussian kernel turns out to provide a close (global) fit to ¢ (s:;Y;), thus we can
employ the approximation (50) to compute the predictive density f(st|Yt_1). This offers the
key advantage that the integrand becomes a product of two Gaussian kernels in s;_1, and
can be integrated analytically.

Notice that h(s;) = exps; > 0. This enables us to implement an additional refinement
to EIS filtering. Specifically, note that if g(s;|a;) is an EIS approximation for ¢ (s;;Y;), then
g(sg|ay), with aff = (&t,Bt + 1), is an EIS approximation for the product ¢ (s;;Y};) - exp s;.

Whence a numerically more efficient estimate of filtered values obtains as

N ~
Wi . .
S5 o@v) ewd
T T G )
o

where {1} denotes N i.i.d. draws from g (s,[a}).
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5.2.1 Application

We demonstrate the performance of the EIS filter for the SV model in an application to
sets of artificial data simulated from the model. As in the bearings-only tracking application,
performance is characterized relative to that of the bootstrap particle filter, using the exact
experimental design used by Pitt and Shephard (1999) to characterize the performance of
their auxiliary (and also in this case, adapted) filters.

The model is parameterized as ¢ = 0.9702, o, = 0.178, and § = 0.5992; the sample size
is T = 50. We draw R = 40 different data sets {Y}}19,, all based on one simulated trajectory
of the latent variable {s,}7°,. In the measurement-error series, we artificially insert a single
outlier: us; = 2.5. For each data set we produce 100 i.i.d. MC estimates of the filtered values
for volatility using EIS-1K and PF-20K (computing times are similar given these settings).
For each procedure, the 100 MC estimates are obtained using 100 different CRNs. As in the
tracking example, comparing estimates generated by these procedures with ‘true’ filtered
means for the latent variables yields LMSE comparisons analogous to those employed by
Pitt and Shephard (1999) to demonstrate the gains in precision and efficiency yielded by
their extensions of the particle filter. (Details regarding the construction of LMSEs in this
case correspond precisely with those described for the bearings-only tracking application.)

Figure 5 (bottom panel) depicts LMSEs for the procedures against time. As expected,
the move from estimates obtained using the particle filter to those obtained using the EIS
filter leads to a large reduction in LMSEs: the average difference between PF-20K and EIS-
1K is 1.9 on log scale. These differences are larger than those reported by Pitt and Shephard
(1999, Figure 4) in their comparison of the particle filter with their adapted particle filter,
both implemented using the same number of particles. In particular, their adapted filter
yields a maximal reduction of 1.0 (0.8) on log scale relative to the particle filter using 2K
(4K) particles. Note also that the EIS filter is considerably less susceptible to the injected
outlier in the measurement error process than is the particle filter.

To identify the source of the large differences in LMSESs, we again computed separately
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MC variances and squared biases for EIS-1K and PF-20K. Logged variances and logged
MSE /variance ratios are plotted for both procedures in Figure 5 (top panels). Figure 5
indicates that in nearly all periods the logged MC variance for the EIS filter is substantially
smaller than for the particle filter. Further, EIS-1K exhibits logged MSE /variance ratios
close to zero for all time periods, indicating near-complete absence of bias. In contrast, for
PF-20K this ratio is significantly larger than zero in approximately half of the time periods.
Note in particular the comparably large value of the ratio for PF-20K in the time period
infected by the outlier (f = 21). These results indicate that, in addition to MC variance,
bias represents a significant component of the large differences in LMSEs generated by the
adoption of EIS.

As with the bearings-only application, we conclude with a diagnostic exercise. Since in
this case the EIS sampler was obtained via application of the least-squares algorithm outlined
in Section 4.1, R? measures are available for assessing goodness-of-fit. Using selected artificial
samples generated as described above, and multiple sets of filtered estimates obtained using
alternative sets of random numbers, period-by-period R? measures were found to exceed
0.999 in all cases, indicating excellent global fit. Moreover, differences in filtered estimates
obtained across the EIS and bootstrap particle filters were found once again to disappear as
N increases under the boostrap particle filter, this time more rapidly than in the bearings-

only tracking application.

6 Conclusion

We have proposed an efficient means of facilitating filtering in applications involving
non-linear and/or non-Gaussian state-space representations: the EIS filter. The filter is
adapted unconditionally using an optimization procedure designed to minimize numerical
standard errors associated with targeted integrals. Implementation of the filter is conceptu-

ally straightforward, and the payoff of can be substantial. To date, the selection of auxiliary
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EIS samplers is restricted primarily to the exponential family of distributions. Extensions
to more flexible classes of samplers (e.g. mixtures of Gaussian samplers) relying upon Gauss-

Newton iterations are currently under development.

7 Appendix

Herein we provide algebraic details regarding implementation of the EIS filter in the

bearings-only tracking problem.

7.1 Singular Case

A. Derivation of x, (6:;af) in (66). For ease of notation we delete ¢ subscripts. The

kernel k* (\; a®) defined in (64) is given by

! /

V(A;as):—an{%kA()\;as)}: R 7 i Y B IOt

q q q

with a® consisting of m and the Cholesky decomposition of H. We partition H and m

conformably with (pe’ (9) q') into
P=(F;), m=(m), i,j=12 (92)

Successive square completions in ¢ and p produce the following expression for 7 (A; a®):

y(\a®) = (¢—qp) Ha (g —qo) + a0 (p—19)° — 5 (93)
g = Hy' [mo—pHue(0)],  ag=¢ (0) Hize(0) (94)

rg = aig (my — Niamy) e (), sp = agry + mhHy my (95)

Huo = Hy — HipHyy' Ho, N1y = HipHy'. (96)
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It follows that x, (0;a®), as defined in (66), is given by

1
X (6;a°) = 27r|H22|_%d9 exp (533) , (97)

with

dy = /Ooo pexp (—%ag (p— r9)2> dp. (98)

We introduce the transformation of variables

e =V (p—r0). (99)

and assuming that rg > 0 (which is the case for the application considered here), rewrite dy

as

dy = i-/_oo (2 + c5) exp <—%z2) i (100)

Co

- &) e o)

erf () = % /Off exp (—u?) du. (101)

with ¢y = rg\/ag, and

The properties of erf (x) are discussed, e.g. in Abramowitz and Segun (1968, ch.7).
B. CRN-EIS Draws of (0, p,q)
Let (uy,us) denote two U (0, 1) draws, and (us, us) two N (0, 1) draws. The corresponding

EIS draw of (6, p, q) obtains through the following sequence of transformations:

e 0 obtains from w; by inversion of the c.d.f. associated with the piecewise loglinear

sampler for 6, as given in (40) to (42).
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e p|f obtains from wusy by inversion of the c.d.f. associated with the density

1

Folt) = pesw (~qanlo=ra)  p>0 (102

Details of this inversion are provided below.

e ¢|p, 0 obtains from the transformation

u
—w+ro| O, (103)
Uy

where L denotes the Cholesky decomposition of Hy,'.

C. Inversion of the c.d.f. of p|d

p|0 obtains by inversion of the transformation (99)

p="re+ (104)

z
Vs’
where the density of z|6 is given by

F(10) = —— (= + co) exp (-%%) L 2> = (105)

dgag
with c.d.f.

o= { o () ()] () ()

(106)
accounting for the fact that erf (—x) = —erf (z). For the application described in Section
5.1.4, ¢y turns out to be significantly larger than zero, so that z is nearly N(0,1). Thus

for inversion of the CRN uy ~ U (0, 1), we take as starting value the corresponding inverse
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Gaussian draw, say z(®) ~ N (0,1) and iterate once or twice by Newton:

(k+1) _ (k) F(Z(k)|9) — U

z =2\ — RECIT) (107)

~

D. Derivation of f(s;|Y;—1) in (71)
We again suppress t subscripts for ease of notation; accordingly the index ¢ — 1 is replaced
by —1. We also delete the argument Y;_; and follow closely the notation and successive steps

outlined in Algorithm 4. First,

2m
—2In \Qf - [ (pls—1) - ks (8—1; as_l) = (p—As 1) Q7 (p— As 1)+ H 151—25 ym_y,
2
(108)
with
I, I i, 1r
A= 27|, a=0| P 7. (109)
0 I %IQ I,
Next, we introduce the inverse transformation
g1 =9 (s,p-1) =2(p—p-1) — ¢, (110)
whereby
P-1 b1
S|q71:¢(871?71) =C ) p— A5*1’q71:¢(871771) =D J (111)
s s
with C' and D respectively being 4 x 6 and 2 x 6 matrices partitioned in 2 x 2 blocks
I, 0 0
Coe(hnn) am

=20, 21, -1
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Thus, the kernel £_; introduced in (73) is given by

with

H,=C'H C+D'Q'D, my, = C'm_;.

Next, we introduce the transformation from p_; to (p_l, 9,1). In view of the close functional
similarity between (91) and (113), the subsequent derivations parallel those from equations

(91) to (101). We partition H, and m, conformably with (p_y,s):

The kernel «*; introduced in (74) is then given by

T
1 K (8, p_1,0-1;0% )| = 3/H§25 - 23/7”3 +ag(p_y — r;s)Q - 0327 (115)

€22

—21n

with

1
ag =€ (0_1)- HY} -e(0_1), ros = — (mj — Hi,s) e (6_1), Cos = Tps - /@5 (116)
a

0

Integration of x*, with regard to p_; produces the following expression for d (-) in (75):

2"

d (5,9,1; ail) =5

1 1
Lexp | —o (8" Hyos — 23’m§)} : {d;s exp (éc;‘?)} : (117)

~

where dj, obtains from (100) by substituting (aj, ¢j,) for (ag, ¢p). The approximation f(s:|Y;—1)

is then given by (76).
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7.2 Non-Singular Case

The computation of y, (¢;a°) and the CRN draws of (0, p,q) are the same as for the
singular case. The derivation of f(s|Y;_p) under the non-singular transition defined by (82)
is straightforward, since it no longer requires an inverse Dirac transformation. The quadratic

form in (115) is replaced by

(s—Aps_p) Vo' (s — Aps_p)+s' pH _ps_p—28 pm_p =35 pHps_p—2s pmh+sV;'s,
(118)
with

HE :]"I,D—|—14ID‘/1;114D7 m*D :m,D—i—AbVlgls. (119)

This expression is functionally similar to the quadratic form in (91). Integration with regard
to s_p proceeds as described by equations (93)-(101), with g replaced by s_p. The functional
d(s,0_p;a® ) defined as in (75) for D_; is then given by

1
s Vb| 2 L, 1
d(s,0_p;a’p) = o OXP —§SIVD18 -dé)sexpécé)s,

where (d2, cf)) are defined as (dp, s¢) in (95) and (100), with (H,m) replaced by (Hj,m}).

~

f(s|Y;_p) is then given by (76) with the lag adjustment described above.
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