
Bioremediation of Waste in a Porous Medium

Changsheng Chen∗

Yahoo! Inc., Sunnyvale, CA 94089
and

John Chadam†

Department of Mathematics
University of Pittsburgh, Pittsburgh, PA 15260

May 25, 2005

35L60, 35R35, 41A60, 65D30

Abstract

A simplified model for bacterial remediation of wastes in a porous
medium is proposed. The mathematical model consists of a coupled set
of nonlinear partial differential equations and an ordinary differential
equation. Basic existence, uniqueness and regularity of the system can
be proved in three space dimensions, globally in time. The existence of
traveling waves can also be established. In a physically relevant limit, a
free boundary problem can be formally derived. In this sharp interface
limit the shape stability of the moving reaction fronts can be stud-
ied using elementary bifurcation analysis. In agreement with industrial
observations, these reaction fronts are stable in the early phases of re-
mediation, becoming unstable as the concentration of bacteria becomes
high. This destabilizing of the reaction front could lead to undesirable
fingering that could result in some of the waste being inaccessible to the
bacteria, greatly reducing the effectiveness of this type of remediation
process.

1 Introduction

In this section we describe the bioremdiation process, propose a mathematical
model, and outline the main results.

∗This work summarizes the Ph.D. dissertation research of CC carried out under the
supervision of JC who participated in the workshop and presented the results.
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Consider a region of soil that has been contaminated by an immobile waste
product (e.g., coal tar). In general, soil harbours an enormous number of
dormant bacterial species, some of which would eat away the contaminant if
additional limiting nutrients (e.g., oxygen), required for this bacteria’s growth,
were also present. The current industrial strategy then is to flush the contami-
nated region with nutrients (and perhaps even particular strains of bacteria) so
that the activated bacteria will remove the contaminant as part of their growth
process, transforming the environmental waste into neutral compounds (e.g.,
water and carbon dioxide).

Bioremediation was first systematically studied by Borden and Bedient and
their co-workers [1, 2]. A discussion of the techological and practical aspects of
bioremediation can be found in [3]. The process has been modeled numerically
in [4 - 7] among other workers. One of the first mathematical models for
bioremediation was proposed by Odencrantz, Valocchi and Rittmann [8] and
was elaborated upon and studied analytically by Oya and Valocchi [9] and by
J. Xin and his co-workers [10 - 12]. These works model the biodegredation
reaction using Monod kinetics

R =
qcnm

(Km + m)(Kn + n)
(1.1)

where q is the reaction rate coefficient, c is the concentration of bacteria,
n is the concentration of nutrient, m is the concentration of the waste, and
Km, Kn are constants representing the half-maximum rate concentrations of m
and n respectively. This model has the property (as observed in nature) that
the concentration of the bacteria has an upper bound (see [10]). Moreover,
by making a quasi-equilibrium assumption one can reduce the model to a
two-component reaction-transport problem in which the concentration of the
nutrient and bacteria move along together [10, 11].

Practitioners have noticed that the remediation process is effective if the
concentrations of injected mobile species do not exceed critical values. At
these higher levels they notice that unaltered regions begin to appear. In
this note we will propose a new model with a nonlinear reaction-transport
feedback mechanism that provides a possible explanation for this undesirable
appearance of unaltered zones of contaminated soil.

Suppose that we model the soil as a homogeneous porous medium (i.e., the
unaltered zones of interest will not arise as the result of heterogeneities but
can only occur spontaneously due to self-organization caused by a destabilizing
feedback mechanism). Let ϕ be the porosity of the porous medium, m(x, t)
the concentration of the solid, immobile waste material and c(x, t) the aqueous
concentration of injected material (nutrients, waste-specific bacteria). Here
t ∈ [0,∞) is time and x ∈ Ω ⊂ R3 where Ω is the spatial region of interest.
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The conservation of aqueous species is given by

∂(ϕc)

∂t
= ∇ · (ϕD∇c− ϕcv)− ρ

∂m

∂t
(1.2)

where ρ is the (constant) density of the solid contaminant, D is the diffusion
coefficient and v the fluid velocity given by Darcy’s Law in terms of the pressure
p;

v = −κ

µ
∇p. (1.3)

The appearance of the porosity ϕ in equation (1.2) reflects the fact that the
fluid can only flow through the pores. In equation (1.3) κ is the permeability
and µ is the viscosity. These equations are augmented by the conservation
equation for the fluid

∂(ρfϕ)

∂t
= ∇ · (ρfϕv), (1.4)

where ρf is the fluid density, and by an equation describing the nutrient/bacteria
reaction with the waste;

∂m

∂t
= −`mc(ceq − c)+. (1.5)

This last equation models one of the simplest types of reaction that captures
the dependence on the presence of the contaminant, the presence of the nutri-
ent/bacteria along with a cutoff if the concentration of the nutrient/bacteria
exceeds some equilibrium value ceq (as in the preceding models [9 - 11]).

The destabilizing mechanism of interest here does not depend on the spe-
cific form of this reaction (see Section 4) so it suffices to present the discussion
in terms of the simplest case (1.5). The destabilizing mechanism does, however,
depend on the properties of the transport coefficients κ, µ and D. To begin,
it is not unreasonable for them to be functions of the form κ(c, ϕ), D(c, ϕ)
and µ(c). While specific forms for these functions can be found in [13] only
general properties will be required for the present discussion. Indeed, we can
simplify further by taking the porosity ϕ to be a constant; i.e., the removal of
the contaminant does not appreciably change the porosity of the soil (the case
of porosity variations caused by changes in m was treated in previous work of
one of the authors and his collaborators [14 - 17]). For the present discussion
it suffices to consider the two cases of

k(c) = κ(c)/µ(c) (1.6)

either increasing as function of c or decreasing as a function of c. The former
case might describe the situation when the concentration c is small allowing
the bacteria to swim to areas of more food (waste) in addition to just being
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carried along by the flow. Another low concentration mechanism that might
give rise to increasing k is that a developing thin coating of bacteria on an
otherwise rough porous matrix would increasingly facilitate the flow of the
nutrient/bacteria through the pore channels. At the other extreme, when the
concentration c becomes large one can imagine the pores becoming blocked
(i.e., κ(c) decreasing) and/or the fluid becoming more viscous (i.e., µ(c) in-
creasing), both leading to k being an decreasing function in this range of
concentrations. One can likewise consider a variable diffusion coefficient, D(c)
(please see the remarks at the end of Section 4).

Returning to the problem (1.2) - (1.5) with ϕ and ρf constant, inserting
(1.6), and transforming to the scaled variables c̃ = c/ceq, t̃ = εt with ε =
ϕceq/ρ << 1, one obtains (dropping the tildes)

εct = ∇ · (D(c)∇c + ck(c)∇ρ)−mt (1.7)

∇ · (k(c)∇ρ) = 0, (1.8)

εmt = −`mc(1− c)+. (1.9)

For specificity we now take the spatial region to be the doubly infinite rect-
angular cylinder Ω = R × (0, 1)2. We now impose the following boundary
conditions at the inlet (x = −∞) and the outlet (x = +∞) of the channel: for
(y, z) ∈ (0, 1)2 and all t > 0, at x = −∞

c = ci < 1, (1.10a)

m = 0, (1.10b)

v = −k(ci)px = A(t), (1.10c)

and at x = +∞
c = 1, (1.10d)

m = M (constant), (1.10e)

v = −k(1)px = A(t). (1.10f)

The first equation in (1.10) says there is a constant inlet concentration that
is below the (scaled) equilibrium value. The second says that the remediation
has progressed long enough for all of the contaminant to have been removed
at the inlet and the reaction zone has now progressed to some point upstream.
The third prescribes the inlet fluid velocity via Darcy’s Law. Equation (1.10d)
says that at the outlet the concentration has reached its equilibrium value after
having passed through the entire reaction zone and (1.10e) that the contami-
nant is still in its original, unaltered state because the reaction zone has not
yet reached this point. The last says that the outlet velocity must be the same
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as the inlet velocity because on the boundary of the constant cross-section of
the channel (0, 1)2 we are assuming the no flow conditions

∂c

∂n
=

∂p

∂n
= 0, (y, z) ∈ (0, 1)2, (1.10g)

where n is the normal. Finally, we complete the problem by imposing the
initial conditions

ci ≤ c(x, y, z, 0) = c0(x, y, z) ≤ 1, (1.11a)

0 ≤ m(x, y, z, 0) = m0(x, y, z) ≤ M. (1.11b)

The model equations (1.7 - 1.11) differ from those in [9 - 12] in several
aspects. As mentioned earlier, our reaction (1.9) is simpler than the Monod
kinetics but still captures its main features along with the physically impor-
tant fact that the biomass (bacteria) has an upper bound for its concentration.
The most significant difference is that in our model the diffusion and advection
coefficients, D(c) and k(c), are concentration dependent. Although this leads
to a nonlinear problem, we believe it is essential for the reaction-transport
feedback mechanism that causes reaction fronts to destabilize and lead to un-
altered contaminant zones as explained below. A second important difference
is that we are interested in the shape stability analysis of planar fronts while
the previous work examines one-dimensional fronts (planar [9 - 12] and spheri-
cal [18, 19]) and their stability within their own class. As a result our analysis
must necessarily be higher dimensional while the previous work is exclusively
one-dimensional. In order to explicitly derive traveling wave solutions for the
ε 6= 0 version of the problem in [9 - 12] the authors restrict their attention to
the purely advective case (i.e., D ≡ 0), citing the common folklore that dif-
fusion/dispersion has a stabilizing effect, including spreading of the reaction
zones. In our work we retain the diffusive/dispersive effects (i.e., D(c) 6= 0) in
order to examine more precisely the resulting stabilizing effects. In [9 - 12] an
explicit traveling wave solution is available but for our more complicated model
(1.7 - 1.11) it is not explicitly available when D(c) 6= 0 and ε 6= 0. The planar
traveling wave solution to problem (1.7 - 1.11) with D(c) 6= 0 can only be
calculated explicitly in the sharp interface limit, ε → 0. As a consequence, we
will study its shape stability within the class of sharp interface solutions, i.e.,
in the context of the moving free boundary problem obtained as the singular
limit of problem (1.7 - 1.11) when ε → 0.

In the next section we summarize our rigorous results concerning the ex-
istence, uniqueness, regularity and asymptotic behaviour (as ε → 0) of the
solutions to the model equations (1.7 - 11). A formal outline of how to obtain
a sharp interface limit (ε → 0) to these equations is presented in Section 3. The
resulting free boundary problem for the moving reaction interface is amenable
to a shape stability analysis based on elementary bifurcation theory. In Sec-
tion 4 we summarize the conclusions of this stability analysis showing that it
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confirms the previously cited observations of the practitioners. Specifically, we
show that if D and k are constant (i.e., there is no feedback between reaction
and flow through the concentration dependence of the transport coefficients)
then planar reaction fronts remain stable. As a result, the contaminant is re-
moved uniformily over the cross-section by the traveling, planar reaction front.
In the “early” phase of the remediation, when the aqueous concentration, c, in
the reaction zone is low and k(c) is increasing, the reaction front is still stable.
When the concentration c is large and pores are increasingly being plugged
and the fluid viscosity is rising (i.e., k(c)) is a decreasing function) the planar
reaction fronts lose stability over a bounded interval (0, A) of wavelengths.
This simultaneous destabilization of multiple modes can lead to fingering in
the reaction front that, in turn, can result in contaminated regions being left
unaltered, as observed in practice.

2 Rigorous Results

Throughout this discussion we will assume that the transport coefficients are
bounded, smooth functions satisfying

0 < a ≤ D(s), k(s) ≤ b for all s ≥ 0 (2.1)

This restricts the porous matrix to never being completely plugged nor com-
pletely removed.

Theorem 1 If c0 − ci ∈ L2(near x = −∞), m0 ∈ L1(near x = −∞), 1− c0 ∈
L2(near x = +∞) and M −m0 ∈ L1(near x = +∞) then equations (1.6 - 11)
have a global (in time) weak solution.

The proof involves proving existence for the cutoff problem in x ∈ [−N, N ]
by using Schauder’s Fixed Point Theorem for our nonlinear parabolic-elliptic-
ordinary system of differential equations. By obtaining appropriate a priori
estimates one can take the N → ∞ limit. The proof models that in [15
- 17] (with porosity dependent D(ϕ), κ(ϕ)) but, here, extends to three space
dimensions whereas the original, porosity dependent, case has only been solved
in two dimensions (i.e., in (−∞,∞)×(0, 1)). The uniqueness, which is also not
available in [15 - 17] follows in this case because of the availability of suitable
a priori estimates.

Theorem 2 If supΩ(|∇c|+ |∇p|) ≤ f(t) for some increasing continuous func-
tion f , then the solution is unique.

The proof of the bound in Theorem 2 seems difficult because of the un-
boundedness of the spatial region. On the other hand, regularity of the solu-
tions is straightforward.
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We now direct our attention to finding traveling wave solutions which are
relevant to studying the shape stability of the reaction zone. In particular, we
specialize to the one space dimensional (planar) version of the problem and
outline the existence of a constant velocity, traveling wave solution for all ε > 0
using dynamical system methods. In the limit as ε → 0 we can also obtain
an explicit traveling wave solution. This will motivate our study in the next
section of the moving free boundary version of the problem.

In terms of the similarity variable ξ = x − vt, planar solutions have the
form c(x, y, z, t) = c(ξ) (similarly for m and p). Denoting derivatives with
respect to ξ by a prime, equations (1.7 - 1.9) become

−εvc′ = (D(c)c′ + ck(c)p′)′ + vm′, (2.2)

(k(c)p′)′ = 0, (2.3)

−εvm′ = −`mc(1− c)+. (2.4)

These equations are to be solved subject to the boundary (inlet and outlet)
conditions

c(−∞) = ci > 0, m(−∞) = 0, c(∞) = 1 m(∞) = M. (2.5)

and (e.g., integrating (2.3) from x = −∞ to x = +∞ or using (1.9c) and
(1.9f))

vi = −k(ci)p
′(−∞) = −k(1)p′(+∞) = v0. (2.6)

That is, the inlet velocity vi (equivalently the inlet pressure gradient, p′(−∞))
are given and the outlet values are determined from (2.6). Integrating (2.2)
from ξ = −∞ to ξ = +∞ and using (2.6) one obtains the speed of the travelling
wave solution

v = vi(1− ci)(M + ε(1− ci))
−1, (2.6a)

or in the original, unscaled variables torig = t/ε with ε = ϕceq/ρ and c =
corig/ceq

V =
ϕ

ρ
vi(ceq − ci)(M +

ϕ

ρ
(ceq − ci))

−1. (2.6b)

This explicitly shows that in the original coordinates, the velocity of the front is
much slower (since ϕ << ρ) than the characteristic fluid velocity vi. Similarily,
integrating from ξ = −∞ to an arbitrary ξ one obtains

c′ =
1

D(c)
{(vi − εv)(c− ci)− vm} (2.7)

which, with equation (2.4), written as

m′ =
1

εv
mc(1− c)+, (2.8)
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is the system to be studied. The two relevant fixed points (ci, 0) and (1, M)
are respectively an unstable node and a saddle point. Standard analysis shows
that an orbit emanating from the stable manifold of (1, M) tends, as ξ → −∞,
to (ci, 0) thus establishing the existence of a solution to equations (2.2 - 2.6).
In summary, one has (up to translations),

Theorem 3 There is a unique traveling wave solution to problem (2.2 - 2.6).

One can also study the ε → 0 limit for the above solutions (cε(ξ), mε(ξ))
of problem (2.2 - 2.6). In fact one can obtain the explicit form of this limiting
solution.

Theorem 4 Up to translations, lim
ε→0

(cε(ξ), mε(ξ)) exists and is equal to (c(ξ), m(ξ))

where

m(ξ) =

{
0 ξ < 0
M ξ > 0.

(2.9)

and

c(ξ) =

{
ci + (1− ci)e

viξ/Di ξ < 0,
1 ξ > 0.

(2.10)

Here vi = −κ(ci)p
′(−∞) and Di = D(ci) are the inlet velocity and diffusion

coefficient.

From an industrial point of view, this is the ideal solution - a planar reaction
front moving along with a velocity which is much slower than the fluid velocity,
eating away all the contaminant as it advances.

3 Free Boundary Problem

In the previous section we outlined the existence of solutions to problem (1.7 -
1.11) when ε 6= 0, including a planar traveling wave solution. We also obtained
an explicit sharp interface planar traveling wave solution (2.9 - 2.10) when
ε → 0. In this section we begin the study of the shape stability of this solution
within the class of sharp interface solutions. Specifically, we shall first obtain
the sharp interface (ε → 0) version of equations (1.7 - 1.11) as a moving free
boundary problem. It will be obvious that (c(ξ), m(ξ)) given by (2.9, 2.10) is
a solution of these equations. In the following Section 4 we shall outline the
shape stability analysis that confirms our observations presented at the end of
the first section.

Formally, letting ε → 0 in equation (1.9), the reaction term on the right
hand side vanishes when either m = 0 or c = 1 since c ≥ ci > 0. We will denote
the interface between these two regions by x = R(y, z, t) - the unknown moving
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free boundary. In the discussion to follow we will restrict our presentation to
the two-dimensional case (i.e., all functions are z-independent). The same
arguments and conclusions apply to the three-dimensional case solely at the
expense of more complicated notation.

Following standard asymptotic procedures, we expand all functions (c, m, p)
in these two outer regions separated by the reaction interface as follows:

f outer = f0(x, y, t) + ε1/2f1(x, y, t) + o(ε1/2). (3.1a)

The outer solution (dropping the subscript zero on the leading order term)
satisfies the equations:

∇ · (D(c)∇c + ck(c)∇p) = 0
∇ · (k(c)∇p) = 0
m ≡ 0

 in x < R(y, t) (3.2, 3.3, 3.4)

and

c ≡ 1
∆p = 0
m ≡ M

 in x > R(y, t). (3.5, 3.6, 3.7)

Matching these outer solutions across the interface is accomplished by “mag-
nifying” the thin reaction zone, using inner functions to study the relevant
internal structure and matching the inner solutions with the outer solutions.
Specifically, letting σ denote the upstream normal coordinate to the (unknown)
interface x = R(y, t), and τ the tangent coordinate, then with η = σ/

√
ε de-

noting the dilated coordinate, the inner functions have the form

f inner = f̃0(η, τ, t) + ε1/2f̃1(η, τ, t) + o(ε1/2) (3.1b)

Substituting these into equations (1.7 - 1.10), solving for the top order terms
and imposing the usual matching conditions

lim
η→±∞

f̃0(η, τ, t) = lim
x→R(y,t)±0

f0(x, y, t) (3.1c)

provides the following “jump” conditions at the interface x = R(y, t)

c− = c+(≡ 1) (3.8a)

p− = p+ (3.8b)(
∂p

∂n

)
−

=
(

∂p

∂n

)
+

(3.8c)

D(c)
(

∂c

∂n

)
−

= M Vn (3.8d)
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where subscripts − and + indicate values downstream and upstream of the
front, n is the normal in the direction of σ and Vn is the normal velocity of the
front. Evidently, only the concentration gradient and the waste concentration

are discontinuous across the front (since
(

∂c
∂n

)
+

= 0 because c+ ≡ 1 and

m− = 0, m+ = M.) The motion of the interface is driven through condition
(3.8d) containing these discontinuities. Equations (3.2 - 3.8) provide the sharp
interface (moving free boundary) version of problem (1.7 - 1.11).

Recall that in Section 2 we outlined the proof of the existence of planar
traveling wave solutions to equations (1.7 - 1.11) for all ε > 0. In addition,
we pointed that when ε → 0 in this class of planar solutions we obtained the
solution (2.9, 2.10)

m(x, t) =

{
0 x < vt
M x > vt.

(3.9a)

c(x, t) =

{
ci + (1− ci) exp(vi/Di)(x− vt) x < vt
1 x > vt.

(3.9b)

p(x, t) =

{
p0 −

∫ x−vt
0

vi

k(c(s))
ds x < vt

p0 − vi(x− vt)ki
x > vt.

(3.9c)

where p0 is an arbitrary constant (pressure at the interface) and v is the unique
travelling wave velocity obtained in (2.6a) with ε = 0;

v = vi(1− ci)/M (3.9d)

The form of the pressure solution is obtained by integrating (2.3) with (3.9b)
substituted. It is a straightforward calculation to check that (3.9) is a planar
solution to the free boundary problem (3.2 - 3.8). Indeed it can be shown to
be the unique (up to translations) planar solution. In the next section, we will
investigate its stability within the class of all sharp interface (ε = 0) solutions;
i.e., within the class of solutions to the free boundary problem (3.2 - 3.8).

4 Shape Stability Analysis

For notational convenience we let the size of the transverse dimension of the
aquifer be π and translate the moving front to the origin by the change of
variables x′ = x − vt (and drop the prime). One can then study the stability
of small perturbations of the planar front (3.9) of the form

c(x) = c(x) + δeσtc1(x) cos `y (4.1a)

p(x) = p(x) + δeσtp1(x) cos `y (4.1b)
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R(y, t) = 0 + δeσt cos `y. (4.1c)

where δ is a small parameter, ` = 1, 2, · · · is the wave number of the shape
disturbance and σ = σ(`) is the spectrum of the linearized problem. With the
notation D = D(c), k = k(c), D′ = D′(c), etc., the linearized problem for c1, p1

can be written as: in x < 0

Dc′′1 + (2D′c′+ kp′)c′1 + (D′′(c′)2− `2D + D′c′′)c1 + k′c′p′c1 + `2Dc′+ kc′p′1 = 0,
(4.2a)

k(p′′1 − `2p1 + `2p′) + (kp′′ + k′′c′p′)c1 + k′p′c′1 + k′c′p′1 = 0 (4.2b)

and in x > 0
c1 ≡ 0 (4.3a)

p′′1 − `2p1 + `2p′ = 0, (4.3b)

along with the asymptotic conditions

c1 → 0, p′1 → 0 as x → −∞ (4.4a)

p′1 → 0 as x → +∞ (4.4b)

and the conditions on the interface x = 0

c1− = 0 (4.5a)

p1− = p1+ (4.5b)

p′1− = p′1+ (4.5c)

D(1)c′1− = σM. (4.5d)

Equations (4.2 - 4.5) cannot be solved explicitly for arbitrary D(c) and k(c)
and hence an expression for the spectrum is not available in general. Instead
we summarize the stability results for a few illustrative cases that support our
observations and objectives mentioned in the first section.

Example 1. D(c) ≡ 1 ≡ k(c). This is the prototype of the case of con-
stant (concentration independent) transport coefficients whose importance for
this discussion is that all interaction between the reaction and the transport
(through the concentration c) is precluded. Direct calculation shows that

p′1(x) = 0, −∞ < x < ∞ (4.6a)

and in x < 0

c1(x) = vi(1− ci)e
vix(1− exp

(√
v2

i + 4`2 − vi

2
x

)
. (4.6b)
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Substituting (4.6b) into the interface condition (4.5d) gives for the spectrum

of the `th mode

σ(`) =
vi(1− ci)

M
(vi − (vi +

√
v2

i + 4`2)/2) (4.7)

which is clearly negative for each mode ` = 1, 2, · · · and hence the planar front
(3.9) is stable. Thus when there is no possibility of feedback between the reac-
tion and the transport, the planar remediation front is stable to heterogeneous
perturbations and moves through the aquifer, uniformly removing the contam-
inant. This is reminiscent of the (stable) Stefan problem modeling the melting
of ice.

Example 2. D(c) ≡ 1, k(c) = eac with a > 0. This corresponds to “early
stage” remediation when k(c) is increasing with c and, on phenomenological
grounds, we expect the remediation front to remain stable. Following [18], we
write equations (4.2) and (4.3) in terms of the horizontal velocity in x < 0

u = −k(c)px = −k(c)p′ + δu1e
σt cos `y (4.8)

and eliminating c1, one obtains for u1 the problem(
d2

dx2
− `2 − vi

d

dx

)(
d2

dx2
− `2

)
u1 − a(1− ci)vie

vix
(

d

dx
+ vi

)(
d2

dx2
− `2

)
u1 = 0

(4.9)
along with the boundary conditions as x → −∞

u1 → 0, u′′1 → 0 (4.10a)

and on the interface x = 0

u′1 = −`u1, u′′1 = a`(1− ci)vi(u1 − `vi) + `2u1. (4.10b)

Thus the simple change of allowing k to be c-dependent has led to a compli-
cated boundary value problem (4.9, 10) for the stability analysis. The equa-
tions become a bit more transparent by making the change of variables

t = −a(1− ci)e
vix, y =

(
d2

dx2
− `2

)
u1 (4.11)

that results in y satisfying the Kummer equation

d2y

dt2
+

dy

dt
+

(
1

t
−

(
`

vi

)2/
t2

)
y = 0. (4.12)

One finds that the solution can be written as

y(t) = (−t)µ+1/2e−t M(µ− 1/2, 1 + 2µ, t) (4.13)

where µ = ((`/vi)
2 + 1/4)1/2 and M is a Kummer function. Solving for u1 (in

4.11), for c1 (from (4.2a)) and substituting into the boundary condition (4.5d)
one obtains
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σ(`) =
(1− ci)

M`2

{
`2v2

i + a2
dy

dt
(−a(1− ci))

+a2y(−a(1− ci)) + a2a1(1− vi)
[
2vi(a(1− ci))

`/vi

]}
(4.14a)

where the constants a1, a2 are given by

a1 =
∫ 0

−a(1−ci)
(−s)`/vis−1y(s)ds (4.14b)

a2 =
2a(1− ci)`

2v2
i

a1[a(1− ci)]−(`/vi+1) + y(−a(1− ci))
. (4.14c)

Using properties of Kummer functions [19] one can numerically evaluate σ(`)
in (4.14) and find that for every ` = 1, 2, · · · , σ(`) is negative. This again
implies that the planar front is stable.

Example 3. D ≡ 1, k(c) = eac, a < 0. This corresponds to “late stage”
remediation when blockage begins to occur and we expect the remediation
front to be unstable. Clearly, the analysis outlined in Example 2 obtains
with a < 0. The expression (4.14) now gives an interval (0, A) of values of
the wave number ` for which σ(`) > 0(σ(0) = σ(A) = 0). The size of the
unstable interval, A, depends in a monotonically increasing manner on the
Peclet number, viL/Di, where L is the traverse width of the channel and Di

is the inlet diffusion coefficient. Indeed, the Peclet number is the bifurcation
parameter. Thus, depending on the size of the Peclet number, one might have
a large number of unstable models that could combine to lead to fingering in
the front. This in turn may lead to the phenomenon observed by practitioners
that some regions are left unaltered by the remediation process.

Example 4. D(c) = 1+hc, k = eac. This example is intended to examine the
effect of a variable diffusion coefficient on the above stability results. Unfortu-
nately, closed solutions are not available in this case nor for D(c) = exp(hc).
All of the results are obtained from numerical simulations based on shooting
methods for solving the boundary value problems. As a test we checked that
the algorithms confirm the results of the previous three examples when h = 0.
We find that h > 0 (i.e., D(c) increases with c) enhances stability and h < 0
(i.e., D(c) decreases with c) enhances instability. This agrees with the qualita-
tive statements in [9 - 12] and with the earlier comment that the Peclet number
is the bifurcation parameter (note that the diffusion appears in the denomi-
nator). On the other hand, for |h| < 1 our numerical experiments never show
that a qualitative change from the D ≡ 1 case can be effected by a change in
h. That is, the situation in Example 2 of stability for D ≡ 1, k(c) = eac, a > 0,

13



cannot lead to instability by taking D(c) = 1 + hc, h < 0. More specifically,
in this case σ(`) rises but remains negative for all `. Similarly, in Example 3
the interval of instability for D ≡ 1, k(c) = eac, a < 0, shrinks but does not
disappear by taking D(c) = 1 + hc, h > 0.

Finally, we mention that there is a wealth of information on experiments,
modeling, numerical simulation and analytical treatments of various aspects
of remediation in the proceedings of a recent IMA workshop on the subject
[20].
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