A MATHEMATICAL ANALYSIS OF
THE OPTIMAL EXERCISE BOUNDARY FOR AMERICAN PUT OPTIONS

XINFU CHEN AND JOHN CHADAM

ABSTRACT. We study a free boundary problem arising from American put options. In particular we prove
existence and uniqueness for this problem and we derive, and prove rigorously, high order asymptotic
expansions for the early exercise boundary near expiry. We provide four approximations for the boundary:
one is explicit and is valid near expiry (weeks); two others are implicit involving inverse functions and
are accurate for longer time to expiry (months); the fourth is an ODE initial value problem which is very
accurate for all times to expiry, is extremely stable, and hence can be solve instantaneously on any computer.
We further provide an ode iterative scheme which can reach its numerical fixed point in five iterations for all
time to expiry. We also provide a large time (equivalent to regular expiration times but large interest rate
and/or volatility) behavior of the exercise boundary. To demonstrate the accuracy of our approximations,
we present the results of a numerical simulation.

1. INTRODUCTION

With the Black-Scholes hypothesis of log-normal stock prices, the price P(S,T') for an American put
option on a share of price S at time T' can be formulated as the solution to following free boundary problem
(cf. Wilmott—-Dewynne—Howison [27]):

Pr+ 102582 Pss +rSP;,—rP=0 for T <Tr, S> S;(T),
(P) P(S,T)=FE—-S, Ps(S,T)=-1 for T <Tp, S <S¢(T),
S¢(Tr)=E, P(S,Tr)=max{0,E—S} for T=Tp, S>0.
Here F is the exercise (strike) price, T the expiration time, o the constant volatility, r the constant risk-free
interest rate, and S = S§(T') the free boundary separating regions of optimally holding and exercising.

There is a considerable literature on the optimal exercise boundary, both analytical and numerical; see,
for example, [1, 2, 3, 4, 6, 14, 15, 18, 20, 21, 24, 25, 26] and the references therein. A recent list of references,
together with numerical approximations, can be found in [1, 8, 24].

For notational simplicity, we write problem (P) in a non-dimensional form. Let
k=2r/o%, S=FEe°, T=Tp—2/c>, P(S,T)=Ept), Sp(T)=EeW.

Then problem (P) becomes, for the transformed price p(z,t) and the optimal exercise boundary x = s(t),

Pt —Prw— (k—Dpr +Ekp=0 for ¢t >0, x> s(t),
(L1) p(z,t) =1—€%, py(z,t) = —€" for t>0, x < s(t),

s(0) =0, p(z,0) = max{l —e*,0} for t=0, z € R,

p(z,t) > max{l — e”,0} for t >0, x > s(t).
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The last condition corresponds to the physical condition P > E—S when S > S¢(T"). Though not necessary,
we include this condition in (1.1) to make the definition of the free boundary clearer.

Unlike the American call option with dividend where s(t) ~ —2v/ta with a being a constant [21], here
for the put option, o becomes unbounded as t \, 0 (i.e. T' / Tx), leading to difficulties in the theoretical
analysis, numerical simulation, and accurate pricing and strategic trading during this extremely volatile
period, i.e. the period where the relation between the asset and option prices is rapidly varying.

Although the analysis to be presented is quite technical, the high accuracy of the ensuing global estimates
for the location of the early exercise boundary is quite important for practitioners. Knowing the location
of the early exercise boundary a priori makes the pricing of American style financial derivatives amenable
by Monte Carlo simulation which is the preferred systematic method of fund managers with thousands of
instruments. In addition to the practical importance of these estimates, the technical methods to obtain
them are also of theoretical interest. Since the methods do not use the convexity of the free boundary (we
have proven the convexity of the free boundary for problem (P) in a separate paper [7]), they serve as a
prototype for problems with non-convex free boundary problems. We expect this to be the most likely case
in finance since even for the closely related problem (P) on a dividend-paying asset, numerical simulations
by J. Detemple suggest (private communication) that the early exercise boundary may not be convex for all
choices of the parameters.

In recent developments, Kuske and Keller [18], Bunch and Johnson [5], and Stamicar, Sevcovic and

Chadam [25] derived independently the following similar asymptotic expansions for a(t) := s2(t)/(4t):

(KK) Irk?ta? e?® ~ 1,
(BJ) M2 tae® ~1—k2J2(1+ k)2,
(SSC) Amk?t e ~ 1,

for all sufficiently small positive ¢. Regardless of their differences, all these asymptotics capture the dominant

\21igt)| = 1. Nevertheless, any two of the asymptotics (KK), (BJ) and (SSC) can not hold

behavior lims g
simultaneously. On the other hand, due to the singularity of problem (1.1) near the origin, numerical
simulations are very difficult and typical methods such as the binomial or trinomial tree methods can hardly
capture any asymptotic behavior of «(t) more accurately than the above approximations.

One purpose of this paper is to give a complete and rigorous mathematical justification to show that
indeed (SSC) is the correct asymptotic behavior of «(t) as ¢ \, 0. In addition, we shall prove rigorously that
as t \, 0, a(t) = s%(t)/(4t) has the more general asymptotic expansion

12) (e L1 T 5L o1 199
' a = 2 82 " 2463 T Gagh 12065 | 3266

O(™"), ¢€:=logVink2t.

Due to our particular choice of £, this expansion does not have a constant term, and also does not depend

otherwise on any parameters.
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Another purpose of this paper is to provide the following non—iterative approximations to s(t) for both

small and large ¢:

1 1/8 +a/2
1 =—-£— = 0.96621...
1 1
impl = —a—log{1- -
(imp1) §=-a Og{ 20a+1) 2(a+1)2}’
(imp2) £=—a—log {%fo\/& e‘zzdz} + log a2k leoagj_li/lik) el/aa
(ODE) Lty = S$0T(s(t),1),  T(z,t) = Q%/Eesz/(4t)*(k71)z/2*(k+1)2t/4.

There have been many contributions to the study of early exercise boundaries for American options with
dividends; see, for example, Evans, Kuske and Keller [11] and Knessl [17]. An earlier theoretical work using
a variational approach for Americam options with multiple assets, as well as a numerical algorithm for the
pricing problem was supplied by Jaillet, Lamberton and Lapeyre [15]. By contrast, the main focus of this
paper is to give a complete treatment, with particular attention on the singular behavior of the optimal
exercise boundary near expiry, for the simplest non-trivial case of the American put without dividends. It is
expected that analysis similar to ours can be carried over, with appropriate modifications, to the case with
other payoffs, dividends and/or multiple assets. On the other hand, as mentioned earlier, even in the closely
related case of problem (P) on a dividend—paying asset, the dependence of the near expiring behavior, and
possibly the convexity, on the choice of parameters suggests that the necessary modifications may be subtle.

The explicit approximation (expl) and the first implicit approximation (impl) are derived directly from
the asymptotic expansion (1.2); they are fourth order in the sense that for small ¢, the a values calculated
from (expl) or (impl) have error of order O(|¢|~%). Our numerical simulation (cf.[8]) shows that both (expl)
and (impl) are far better than any straightforward truncations of (1.2) (assuming 7% — T is larger than 1
second) both in accuracy and in the length of interval of validity of the formulas. For our running example
(cf. Figure in §7) where E = 1, r = 0.1/year and o = 0.25/,/year, the approximation (expl) is accurate for
Tr — T less than several weeks and (impl) is accurate for T» — T' less than several months.

The second implicit approximation (imp2) is an interpolation of the small time behavior a@ ~ —¢ and
large time behavior s(t) ~ log[(1 + k)/k| derived from Merton’s solution for the infinite horizon problem
for American put [22]. In general (imp2) is better than (impl). For our running example, the error of the
approximation (imp2) is less than 2 x 1073 for T — T up to three years.

The ode approximation (ODE) is to be solved with an initial condition compatible with the limit a4+£ — 0
as £ — —oo. In numerical implementation, it is transformed to an equation for « in the ¢ = log V4mk2t
variable and the initial condition is approximated by ale—¢, = —& — 1/(2&) where & is a large negative
number, say, £g = —10. Numerical simulation shows that this ode initial value problem is very stable, highly
insensitive to any change of initial conditions, and hence can be solved instantaneously on any computer.
The (ODE) approximation is better than any of the above three. For our running example, its error is less
than 5 x 107° when Tr — T is less than two months, 1072 when Tr — T less than one year, and 6 x 1073
for all Tp — T > 0. We would like to point out that our (ODE) approximation has already surpassed those

numerical approximations from the standard binomial or trinomial tree methods (with 1000 division points),
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which are typically used in literature as the “exact” solutions for comparisons; see the curve marked “Bino”
in the Figure in §7.

The (ODE) approximation is derived from the following exact system:

s(t) = 8 T(s(t), ) {1+ m(t)},

t | s(t)—s(t T'(s(t)—s(7),t—7
m(t) =k [, {7( Li( )% - 1}7(9(12(555’1) ) ds(t).

From this system, we obtain an iterative scheme: Starting with the ode approximation (corresponding to

(1.3)

m = 0), successively solve (1.3) with m evaluated at the previous iteration of s. As it turns out, this iteration
converges very rapidly; a numerical fixed point (difference less than 10~7) is obtained after only 5 iterations.
The first iteration takes less than one minute and the total of five iterations takes less than 10 minutes (on
a Sparc server). See Figure in §7 for the error estimate of the first three iterations.

Note that t = 0(Tr — T)/2 = 2r(Tr — T)/k is large when o and/or r are large. Hence, to include cases

where r and/or o are large, we also provide a long time behavior of s. For large ¢,

oo

on s ~  So0 €XP 1 —3/2¢=p
(1ong) O ~ e[ e ap),
Sso = s(oo) =loglk/(1+ k)],
m = Zj}; ; s;;) exp{k; 1(8(7’)—800)—"-@7}(18(7').

Here m can be calculated approximately by using the (ODE) approximation for s, which is instantaneous
since we can do so by solving (ODE). When (long) is incorporated with our non-iterative schemes such as
(ODE), we can instantaneously obtain reliable approximate values of s(t), for any ¢t and any parameters r
and o; see Figure in §7 for 7 = 0.1 /year and o = 0.25/,/year, and [8] for other values of the parameters.

This paper is organized as follows. In §2, we briefly establish, for mathematical completeness, the well-
posedness of problem (1.1) via a classical variational approach [12]. We show that the solution (p, s) to (1.1)
exists and is unique, that s(t) is continuous and non—decreasing, and as t — oo, (s(t),p(+,t)) = (Sco, Poo(*)),
the solution to the infinite horizon problem [22]. During the review and revision of this manuscript, an
alternative proof of the existence and uniqueness has appeared in the literature [23].

In §3 we derive several integral and integro—differential equations for s by using the fundamental solution
T for the linear parabolic PDE for p; in particular we derive (1.3).

§64-6 are devoted to showing that (1.3) has a solution s(-) with a := s2(t)/(4t) satisfying the asymptotic

behavior (1.2). In §4, we transform (1.3) into an equation of the form
(1.4) (I+L)[u]+ Gu,&) = Flu

where v = u(§) = aft) = s2(t)/(4t), € = logV4rk?t, 1 is the identity operator, L a linear operator
defined in (4.5), F[u] a “small” non-linear operator, and G a function. In §5 we show that the operator
(I+ L) is invertible from C° to C° and that L[¢] is always 1/2 more differentiable than ¢, although |¢ —
L[d]lco((—s0,e) — 0 as & — —oo for any uniformly continuous function ¢. In §6, we first establish the
existence of a unique solution to (1.4), with F'[u] replaced by any known “small” function, in a finite interval
& € (—4,&o] for any j and some fixed negative large constant &,. To take the limit j — oo, we show that (1.4),

in a finite interval [—j, ] or half finite interval (—oo, &], possesses a comparison principle, which allows us
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to construct sub and super solutions to sandwich the solutions. We let j — oo to obtain solutions of (1.4)
with given known F. A Schauder’s fixed point theorem then can be used to establish the existence of a
solution to (1.4). Uniqueness of the solution follows from the well-posedness result of §3. The asymptotic
expansion (1.2) is proved by the comparison principle and construction of sub and super solutions.

Finally, in §7 we derive our approximation formula mentioned earlier, and for the purpose of illustration,
provide a numerical simulation to support the advantages of our new approximations.

We repeat that recently we have shown [7] that the optimal boundary is convex; see also [10]. Using
this property, many of the proofs here can be greatly simplified. Nevertheless, the method provided here is
general enough to be extended to many similar option problems where the optimal exercise boundaries may

not be convex.

2. WELL-POSEDNESS OF PROBLEM (P)

In this section we briefly establish the well-posedness of the free boundary problem (1.1). For convenience,

we denote by £ the operator

Lemma 2.1. Let p(z,t), together with a free boundary x = s(t), be a solution to (1.1). Then

2.1) min{p — po,p: — £[p]} =0, in R x (0,00),
' p(x,0) = po(x) := max{l — e, 0} for all z eR.

The proof follows from a straightforward verification and is omitted.

Theorem 2.2. There exists a unique solution p to (2.1). In addition, if we define s(t) = sup{z|p(x,t) =
po(z)} for allt > 0, then (i) s(-) is a strictly decreasing continuous function on (0,00), (i) limg o s(t) =0,
(i) p(z,t) > po(x) for all x > s(t) and t > 0, and p(z,t) = po(x) for all x < s(t) and t > 0, and (iv) (p, s)
solves (1.1).

Proof. The existence of a unique solution p follows from a well-developed parabolic theory for obstacle
problems; see, for example, Friedman [12, Chpt. 1, Sec. 8]. Here for completeness and for the existence of
s(+), we provide the main idea of the proof.

1. Uniqueness. Let p; and py be arbitrary two solutions to (2.1). Denote v; = (0 — £)p; > 0. Then

(p1 = p2){(p1 = p2)t = Ll(p1 —p2)]} = (1 = p2)(71 —72) <0 in R x (0,00)
since 77 = 0 when p; —ps > 0 (as p1 > p2 > po) and 2 = 0 when p; — pa < 0. Integrating the above
inequality over x € R and using the Gronwall’s inequality, one concludes that p; = ps.
2. Existence. For every € > 0, let ¢°(x,t) be the solution to the semi-linear parabolic Cauchy problem
a; — £lg°] = B=(¢" — pp) in R x (0, 00),
{ ¢ (-,0) = p3(-) :== p* xpo on R x {0},
where p°(z) := e~ !p(e712) with p(-) being a smooth and non—negative mollifier of unit integral over R!, and

B:(+) is any non-negative, bounded, and smooth function defined on R with the properties

BL(z) <0 forall z €R, B:(0) =k, and B:(2)=0 for 2z >e.
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Existence of a unique smooth solution ¢° follows from standard parabolic PDE theory; see, for example,
[13]. To take the limit € — 0 to obtain a solution to (2.1), we need to establish a few e-independent a priori
estimates for ¢°.

Differentiating the differential equation with respect to ¢ gives (9; — £ — .)¢f = 0 in R x (0,00). When
t=0, ¢i(-,0) = £[pg] + B3-(0) > 0 in R! since B.(0) = k and in the distributional sense £[py] > —k which
implies £[p§] = p° * L[po] > —k. Therefore, by comparison, ¢§ > 0 on R x [0, 00).

Also one can show that p§ is a subsolution and 1 is a supsolutions so that p§ < ¢° < 1 in R x (0, c0).

Note that p§ < ¢° implies 3°(¢° — p§) € [0,k) on R x (0,00). Consequently, by local PDE regularity
estimates, the set {¢°}o<c<1 is bounded in C#P/2(R x [0,00)) N W2 ((=R, R) x (0, R)\ (—9,6) x (0,4)) for
every 3 € (0,1),7 > 1,8 > 0,and R > §. Hence, there exist vy € L>(R x (0, 00)) and p € C%P#/2(R x [0, 00))N
Wi’léc(Rx [0,00)\(0, 0)) such that, along some sequence € \, 0, 8 (¢ —p§) — v weakly in L"(Br(0) x (0, R)),
and ¢° — p strongly in C%#/2([-R, R] x [0, R]) and weakly in W2!((—R, R) x (0, R) \ ((—9,6) x (0,9)) for
every r > 1,4 € (0,1),6 > 0 and R > 0. Taking the limit of the differential equation for ¢¢ along that

convergent sequence, we conclude that p(-,0) = po(+) and
pe—Lpl=v€[0,k], p>=po, pt=0 in R x (0,00).

Since ¢¢ — p locally uniformly, p(zo,t0) — po(zo) > 0 implies ¢° > p§ + ¢, i.e., B°(¢° —p°) = 0, in a e
independent neighborhood of (xg, t) for all sufficiently small positive ¢ in the sequence, and therefore, v = 0
in a neighborhood of (zg,tp). Thus p is a solution to (2.1).

3. The free boundary. Let C := {(z,t) € R x [0,00) | p(z,t) = po(x)} be the contact set in the
obstacle problem terminology. Since p; > 0, there exists a (semi-continuous) function 7' : R — [0, 00) U {0},
such that C = {(z,t) |z € R1,0 <t < T(x)}.

Since p; — £[p] =y > 0 in R x (0,00), a comparison principle implies that p > 0 in R x (0,00). It then
follows that T'(z) = 0 for all z > 0 since po(z) = 0 for all z > 0.

Now we show that T'(-) is non-increasing. Indeed, if T'(z¢) > 0, then defining a new function p by p = p
in [zg,00) x [0,T(z0)] and p = pp in (—o0,x0] x [0,T(x0)], one can verify that p is a solution to (2.1)
in R x [0,T(x0)], so that, by uniqueness, p = p. Consequently, (—oo,xo] x [0,T(zo)] € C, and therefore
T(x) > T(xg) for all z < zp. Thus T'(-) is non—increasing.

Next we show that T'(x) is strictly decreasing for < 0. Suppose this is not true. Then for some zo <
21 <0, T(x2) = T(x1) < oo. Consequently, p(-,tg) = po() in [z2,21] and p > pg in (x2,00) x (T(x2),0).
It then follows that p; — £[p] = v = 0 in (x2,00) X (T'(z2),00). Since pg is smooth in (zq,x1), so is p in
(z2,21) x [T(x2),00). Thus py(BE22, T(22)) = £[po](£E22) = —k, contradicting p; > 0. Hence, T(x) is
strictly decreasing on (—oo, 0].

It then follows that the function ¢t = T'(z) for + < 0 admits an inverse z = s(t) defined for all ¢ > 0 and
is non—decreasing. As inverse functions of strictly monotonic functions are continuous, s(-) is continuous.
Note that T'(z) = 0 for x > 0 and T'(x) > 0 for < 0 implies that s(0) = 0.

Finally we verify that s(¢) is strictly decreasing. In fact, if s(t) is a constant over an interval [t1, t2], then
pe — Llp] = 01in (s(t1),00) X (t1,t2) and p(s(t1),t) = po(s(t1)) for all t € [t1, 2], so that p € C([s(t1),00) x
(t1,t2). As pr > (#£)0 and (0 — £)pr = 0 in [s(t1),00) X (t1,%2), the Hopf Lemma then gives p, > 0 on
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{s(t1}+} x (t1,t2), which implies that p,(s(t)+,t) is strictly increasing for ¢ € (¢1,t2). On the other hand,
D € Wi’l})C(R x (0,00) for any r > 1 and the definition of s(-) implies that p,(s(t),t) = poz(s(t1)) is a

constant for all ¢ € (t1,t2), and we have a contradiction. Hence, s(t) is strictly decreasing. This completes

the proof. O

Theorem 2.3. There exists a unique solution (p,s) to (1.1). In addition, p € Wz’l})C(R x [0,00) \ (0,0))

foranyr >1, andp >0, ps >0, and p, < 0 in R x (0,00). Furthermore, s(-) is continuous and strictly

decreasing and as t — oo,

(2.2) s(t) —  Seo :=log(l+1/k),
2.3 pat) = pl)={ (ke ST

Proof. 'We need only show the assertions (2.2), (2.3), and p, < 0 in R X (0, 00) since the rest follows from
Lemma 2.1 and the proof of Theorem 2.2. As v =k for x < s(t) and = 0 for x > s(¢), (O — £)[pz] =72 <0
in the distributional sense. A strong maximum principle then implies that p, < 0 in R x (0, 00). It remains
to show (2.2) and (2.3).

First of all, we can use comparison to show that p(-,%) < poo(-) for all ¢ > 0. This inequality implies, by
the definition of s, that s(t) > s for all ¢ > 0.

Next, as we know that p.(+,-) > 0 and s(-) is strictly decreasing, the existence of an upper bound p., (+) for
p(+,t) and a lower bound s for s(-) then implies that the limits p*(-) = lim; o0 p(+, ¢) and s* = lim; ., s(t)
exist. From the differential equation, we can derive that £[p*] = 0 in (s*,00), p* = pg in (—o0, s*], and
p* € W2, (R) for any r > 1. Solving for (p*, s*) from these relations we find that s* = s, and p*(-) = poo(-)-
This completes the proof. (|

Remark 2.1. The limit (8o, poo()) is the classical solution of Merton [22] for the infinite horizon problem

for American puts.

Remark 2.2. That s(t) is not differentiable at ¢ = 0 is due to the non-smoothness of the initial data
p(+,0) = po = max{1l — e®,0}. To see this, consider the hodograph transformation: Let = X(z,t) be the
inverse function of z = p,(x,t) + €*. Then s(t) = X(0,t) and X (z,t) solves the following initial Neumann
boundary value problem for a quasi—linear parabolic PDE:

Xt—XLEXZZJF(k—l)—kzXZ =0 forz>0,t>0,
(2.4) X.(0,t)=1/k for t>0,

X(-,0) = max{0,log(z)} Vz>0.
This problem is highly singular since X (z,0) = 0 for z € (0,1), which is due to the fact that —pg,(0) has a
jump from 0 to 1.

From (2.4), we see that if for some 3 > 0, s(t) is C'*P near some t = to > 0, then s(-) € C*((tg, 00)).
Indeed, s in C**# near to implies p(z,t) in C*+#1+6/2 in a neighborhood of R x {to}, so that X(-,tp) is in
C'7([0,6]) (and X, # 0) for some § > 0. Local regularity theory for quasi-linear parabolic equation (see
for example, [19]) then implies that s(t) = X (0,t) is C°°((tg, 0)).
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In the subsequent sections, we shall show (by a totally different method) that s(-) € C?((0,9)) for some
d > 0, so that s € C*°((0,0)).

3. INTEGRAL REPRESENTATION FOR THE FREE BOUNDARY z = s(t)

In this section, we use the Green’s representation for solutions of the linear parabolic PDE in (1.1) to
derive, for the free boundary x = s(t), several integral and integro—differential equations including (1.3)
which is to be solved later to establish the asymptotic behavior of s(t) for small positive ¢.

We denote by I'(z,t) the fundamental solution to the operator d; — £; more precisely,

exp{_w_kt}:

[z + (k+1)t]?
At +x}'

31)  T(x,t) = 2%/% exp{ -

1
2¢/mt
Since (0 — £)[p] = v in L], (R x (0,00)) for any r > 1 and v = k for z < s(t) and v = 0 for z > s(t), the

Green’s identity gives, for the unique solution (p, s) of (1.1),

0 s(t—7
(3.2) p(z,t) = / (1—-eT'(z—y,t)dy + k/ / 'z —y,7)dydr ze€R,t>0.
0 J—o0

— 00

It is worth mentioning that the first integral on the right—hand side is the price for the European put option
because e¥*T'(z — y,t)dy is the probability that at expiry the stock price (after scaling) is y, for which the

option has value e~ **

max{1—e?, 0}. Consequently, the second integral in (3.2) is the extra value (premium)
of the American put option over the European put option, if the option is exercised optimally (i.e., exercise

the option as soon as the (scaled) stock price s is below s(t)).

Lemma 3.1. Let s € C°([0,00)) N CL((0,00)) N WL((0,1)) be any function and p(x,t) be defined as in
(3.2). Set po(x) = max{1 —e®,0}. Then for allt >0 and v # 0 and = # s(t),

t 0
3.3 r,t) = 'z —y,7)dy pdr,
63 e [ {ren - [ v
Pz (z,t) = po(x)+ {Fm z,7)+kD(x,7) — kT(x — s(t—r),r)}dT,
0
pi(z,t) = Tz, )+k/0 D(x—s(t—71),7)s(t —7)dr,

Do (X, 1) Pozz(x) + T(z,t) + /0 {Fm(acn') + kT (z,7) — kTx(x — s(t — 1), T)}dT,

pet(z,t) = Tz, t)+ k‘/o Doz —s(t—71),7)$(t —7)dr.
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Consequently, (p,s) solves (1.1) if and only if s satisfies one of the following equations: for allt > 0,

(3.4) / T(s(t), 7)dr = k:/ /(t . —y, 7)dydr,

(3.5) /O{Fw(() )+ kT(s(t dT—k/ 1= s(t— ), 7)dr,

(3.6) T(s(t), ) = —k/ T(s(t) — s(t — 7),7)i(t — 7) dr,

(3.7) D(s(t),t g + k;/ —s(t—71),7) —T(s(t) — s(t — T),T)} dr,
(3.8) s(t) = i(t) _9 /0 T (s(t) — s(t — ), 7)a(t — 7) dr.

Theorem 3.2. Let s € C((0,00)) N C%([0,00)) and a(t) = s%(t)/(4t). Assume that as t \, 0, a(t) =
[~1+ o(1)]log vt and ta(t) = O(1). Then s, together with p defined in (3.2), solve (1.1) if and only if s
satisfies the integro—differential equation, for all t > 0,

(39) &) = % +/0 {w - %}F(s(t) — s(t—7),7)3(t — 1) dr.

One notices that (3.9) is exactly equivalent to (1.3).
Remark 3.1. Since I'y(z,t) = —WF(:&IS), adding (3.8) and (3.6) multiplied by W gives

(3.10) (1) = W +/0 {S(t) — j(t -7 _ A‘;it) }F(s(t) —s(t—7),7)s(t — 7)dr.

Setting A = 1 gives (3.9) or (1.3). We choose the particular value A = 1 is to make the integral as small as

possible, because the most significant contribution of the integral comes from small 7 and when 7 is small,
SWO=sUT) oy ¢ (4) = S 4 0] & 50 - Thdeed, the cancellation is even stronger than this. inear
SW=s(oT) D1+ 140) ~ 50 Indeed, th i han this. A 1
combination of equations (3.6)—(3.8) shows that the integral on the right-hand side of (3.9) is equal to

/O (OO T gs(r ) + 52500 Y(s0) — stt— 7). 7)

Due to the strong cancellation of the first two terms in the integrand, the ratio m(t) of the integral and
the first term on the right-hand side of (3.9) can be expanded as 0+ 07! 4+ 0§72 + 2673 4+ O(¢~*) where
& = log[v4rmk?t]. Thus, we can drop the integral in (3.9) to obtain the (ODE) in §1 approximating s(t)

accurately for small as well as large ¢ (when ¢ is large, $(t) = O(t‘3/2e_(k+1)2t/4) is exponentially small).

Remark 3.2. From (3.4) one can immediately obtain a rough estimate for s(¢) for small ¢. In fact, since
f? I'(y,t)dy = 2e~*, the double integral in (3 4) can be written as 6(t) kt with 6(¢) € (0,1/2). Also since
['(s(t),t) = I\J;i) (t) /49 for small t, fo ,7)dr = 1) Ff n~2e~"" dn where a = s2/(4t).

Thus (3.4) gives lim;\ o a(t) = 0. Consecpuently7 ffn 2¢=0"dy = 1 ~3/2 e~ *(1+0(a™1)) and, from (3.4),

a e 14+ 0(a™h)] = Vark2t 0(t) .

Hence « is of order at least O(|logt|). One can further calculate, assuming a = [—1 + o(1)]log /%, that
6 = a=1(1+o0(1)). It then follows that o = |log V4mk2t|(1 + o(1)), a conjecture first made correctly in [25].
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It is worth mentioning here that 6(¢) ~ a~! eliminates any log |logt| corrections ( as suggested in [18] and
[5]) to the leading order approximation a ~ — log[v/t] for small ¢.

The smallness of 6(t) results from the strong cancellation of the integral k fo f s(t=7) I'(x —y, 7)dydr which
represents the extra value of the American put over the European put, and the integral —k fot f 0 Iz —

T)dydT = po x T(-,t) — {po + fo x,7)dr} which relates to that part of the premium added on to the
European put to account for the possibility that the future stock price drops below x. It seems to us that
this strong cancellation was not observed in [18], resulting in log|log¢| terms appearing in their expansion
of a.

The asymptotic behavior a = —log V4rk?t 4 o(1) for small ¢ can also be similarly derived from (3.5).

Remark 3.3. Equation (3.6) or (3.7) can be used to derive an interesting and highly non-trivial limit:

s(t—71)—s(t)
VT

lim; g I'(s(¢),t) = k. Indeed, using the change of variable n = , one obtains from (3.6)

Ve 9o—n’? B s(t) —s(t—7)
Y- (2 S(t— )7

since when 7/t is small, % ~ 1, whereas when 7/t is not small, > 1 so that % can be

D(s(t),8) = k[ 1+ 0(1) ] )_1dn:k+o(1)

replaced by 1 as an approximation.

Remark 3.4. A system exactly equivalent to (3.7) was derived in [25] and was used to derive formally
(SSC) in §1. The system was also used to obtain accurate approximations of s for small ¢, via an iteration
scheme: starting with s = 0, update s by solving (3.7) with the right-hand side evaluated at a previous s.
Nevertheless, this scheme does not seem to converge, though its first several iterations converge rapidly (for
small t); For more details, see [8, 25]. This is one of our reasons for deriving (3.9) and using it to analyze

s(t) theoretically and also numerically.

Proof of Lemma 3.1. Since I'(+,0) is the Delta function,

/_Oooa — Nz — g, ) dy / / po(W)Ta (& — y, 7)dydr

po(x)—l—/ (z,7) k:/ (x —y, 7 dy}dT

by using I'-(x —y,7) = Ty + (k—1)T', — kT and integrating by parts. Substituting this identity into (3.2) we

obtain (3.3). The rest of the equations, for p., pt, Pzs, and pye, follow by differentiating (3.3) (A substitution
Ppw + kT =T + T, + kT is needed for p,,). We remark that all the integrals are convergent due to the
regularity assumption we made on s. It remains to show the second part of the lemma.

First we assume that (p, s) solves (1.1). Then p(z,t) — po(x), as well as all its derivatives, vanish when
x < s(t). Thus, letting x ' s(t) we obtain from the equations for p, p., pt, Pex — Pz, and py; the corresponding
equations asserted. Here, in taking the limits for p,, and p,;, we need the following fact: for any continuous

function f,

lim Tp(lx —s(t—71),7)f(t—71)dr = IFM +/0 Tu(s(t) —s(t—7),7)f(t—71)dr.

x—s(t)E£ Jo 2
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Next we assume that s satisfies one of the equations in the second part of the Lemma, and show that
(p, s) solves (1.1). First we notice that p satisfies p(-,0) = po(-) and for ¢t > 0, p; — £[p] = 0 for z > s(t)
and = k for z < s(¢t). In addition, p € WTQ,ﬁm(R x [0,00) \ {(0,0)}) for any > 0. From the equations we
derived for p, ps, pt, P2z, and pg¢, we see that the equations in the second part of the lemma are, respectively,
equivalent to the conditions p = po, Px = Pozs Pt = 0, Doz — Pz = Powz — Pox, and px = 0 at (s(t)—,t) for
all t > 0. Each of these conditions provides, by the uniqueness of solutions of the initial boundary value
problem of the parabolic equation p; — £[p] = —k in the set {(z,t) | < s(t),t > 0}, that p = pg in the set,
which implies that (p, s) solves (1.1). This completes the proof. O

Proof of Theorem 3.2. Assume that (p,s) solves (1.1). Then p,: = pr = 0 at (s(t)—,t) for all ¢ > 0.
Equation (3.9) then follows from p,: + S(t)'ﬁ#pt =0 at (s(t)-,1).

Now we assume that s satisfies (3.9) and show that (p,s) solves (1.1). We need only show that p; = 0
for all x < s(t). Note that p defined in (3.2) is smooth (enough in our subsequent analysis) in the set
{(z,t) | = < s(t)—,¢t > 0}, and (3.9) implies py + W}% = 0 at (s(t)—,t) for all £ > 0. Since
W is negative and p; is singular near the origin, we cannot directly apply a standard parabolic PDE
theory to conclude that p, = 0 for z < s(t) and all ¢ > 0.

Differentiating the equation p; — £[p] = k with respect to ¢, multiplying the resulting equation by p; and
integrating over (—o0, s(t)) we obtain, after integration by parts and the substitution p,: = —Wpt

at the boundary z = s(t)—,

L o v () st VEalt
s | pfd:wr/ (P2, + kp?)da = {7 - Tt}pf(s(t)f,t) =— a(t)pg(s(t),7t)

— 00

by the definition a(t) = s%/(4t). Using p?(s(t)—,t) = fig 2pepardr < fjg (6p7+6~1p2,)dx with § = \%

we then obtain

ar, Ha®)? [
_ < .
G| rtends < SEEE [ s

Solving the differential inequality over (e,t) (0 < € < t) then gives

(3.11) /S(t) p2(z,t) dr < exp { /Et 7_20;2((:)) dq-} /S(E) pi(z,¢) du.

— 00 — 00

We now show that the right-hand side approaches zero as € \, 0.

First of all, using the assumptions on a we can calculate

(3.12) exp{/: 7'20;[2((77)) dT} < |loge|°W.

Next we estimate fjfo) p?(x,e)dr by using the representation of p; in Lemma 3.1. First we consider
the integral in the representation of p;. Observe that our assumption on « implies $(e — 7) < 0 and
[s(e) —s(e =7)+ (k—1)7] < 0 for all small € and 7 € (0,¢). Therefore, for all z < s(¢), [z — s(e —=7),7) <

C exp{—%]n"l/ 2 exp{—W} where C is independent of . Hence, with a change of variable
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T —nvian=[s(e —7)— s(€)]/(2v/T), we can estimate

: wos@?y [V e
0< —/ I(z—s(e—71),7)8(e —71)dr < Cexp{—%}/ 1—d77
o _

s(e)—s(e—1)
275(e—T)

< Cexp{- 22l

se)—sle=r) 3 for all small € and 7 € (0,¢). It then follows

275(e—7)

from the representation for p; in Lemma 3.1 that

s(e) s(e) 0o
/ pi(x,e)?dr < / {Fz(x,e) + C’exp{f%}} < 0{671/2 / 672”2dn + \/g}
\al(e)

— 00 — 00

since the assumption on « implies that 0 <

by using I'(z,e) < Ce~! exp{—%} and a change of variable z = —2y/en. Since a(e) = —3loge + O(1)
for small e, f\o/ofe’z’72 dn = [1 + O(a(e)™1)]e 2% /(4y/a(e)) = O(e). Hence, fs(g) p?(x,e) = O(/2).
Substituting this last estimate and (3.12) into (3.11) and sending € \, 0 we then conclude that fs(t) 2(z,t)
0 for any ¢ > 0. This implies that p; = 0 for all x < s(¢) thereby completing the proof of the theorem. [

4. ASYMPTOTIC BEHAVIOR OF s(t).

In this section, we study the integro—differential equation (3.9) for small ¢.

4.1. Reformulation of the Problem. To study (3.9), it is convenient to study the function s2(t)/(4t) in
the log(t) scale. For this purpose, we change variables from (s,t) to (u,£) by
{t_47r1k262£’ - {EZlog\/fHog\/W,
s(t) = =2/t u(§) u(§) = s*(t)/(4t) (= a(t)).

To transform the integro—differential equation (3.9) into the new unknown u(§), we bear in mind that we
are interested in small ¢, i.e., large negative £. Also, u(¢) = —€ — O(£71) and v/(§) = —1 + O(£72). The
absence of a constant term in the expansion of u(£) is due to the presence of the particularly chosen constant
47k? in the definition of &.

In the sequel, ' = d% and Fu](€) denotes the value at £ of the function F[u] when F' is an operator.

Now we transform (3.9) into the new variables (u,&). Simple substitution yields

sO{3(0) = 2 Ts(0),1) | = /(&) + Glu(©), ©),

— we 228
(4.1) Glu,€) = 2u(1 - exp{—u — £ + EGEE 4 BEEE),
To convert the integral in (3.9), we change the variable 7 to z via 7 = (1+ ) Then

_/_7—2 _
2= v = R = log VATRY (- ) = € +log 152

For notational simplicity, we write u = u(¢), @ = u(n), and @' = u'(n). Then s(t) = —2V/tu, s(t — 1) =
2/t =14, §(t — 1) = 2L (1 +4//(20)], and

V=
s(t)/o (@ - M) §(t—7) T(s(t) — s(t —7),7) dr

2t T

R It S
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where
b = logv/—&/u+ (u+8&)z+log[l + 2] +
- G Vi~ Vi + S
Writing (%ﬁ— %\/ﬁ)\/ﬂ as “_"(;z_h) + “(5_22;) i f) +2(\/uli+1), we can transform equation
(3.9) (multiplied by s(¢)) to

Lu(€) —u(é —2z2) V—Ee*
wie) + [ MO o Guleg) - PO

where G(u,§) is as in (4.1) and the operator F' is defined by

(4.2)

(4.3)

1
4.4 F = - i d
(14) We = - [ {r+prinfa
R e G R
fo = z(Vui+ 1) %,
f3 _ {1tzz\/%_1zzz}\/j\/%z—b-
Now we introduce a Linear operator L : ¢ — L[¢] by
Lige) — / 2 [ ote-200) = e
1 % ¢
(45) = [ ote 2060 060 = [ a

Z\/ T2

Then equation (3.9) or (4.3) can be written as, for £ < 0 (i.e., t < 1/(47k?)),

(4.6) I+ L)[w'](§) + G(u(S), &) = Flul(§),

where I represents the identity operator.

Theorem 4.1. Assume that k > 0. Then there exists a constant §o < 0 such that (4.6) admits a unique

positive solution u(-) € C%((—o0,&y]) having the asymptotic expansion, as & — —oo,

(47) We) = wl€)+ O™, woi= 6= 5+ g+ g

4.2. Proof of Theorem 4.1. We use the following Schauder’s fixed point theorem:

A continuous map T from a compact and convexr subset D of a Banach space X to D

possesses at least a fixed point.

To apply this theorem, we define, for some negative constant &, to be chosen later,

X = CY(-0,&]),  vlx= P, ]{Iv(ﬁ)l +10'©I}
D = {veX | @]+ +["@© <[] Ve (—00,&l} -

The uniform decay of derivatives of functions in D ensures that D is compact and convex in X. We also

need two technical lemmas.
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Lemma 4.2. Let ug be as in (4.7). There ezists a positive constant Cy, depending only on k, such that for
every & < —2 and every u € {ug} + D, the function Flu](-) defined in (4.4) is continuous differentiable on
(—00,&0] and

(1.9 [Fl© +1]+ [ Fu©] < cle? vee sl

Lemma 4.3. Let Cy be as in the previous Lemma. There exist a positive constant M(Cy) and a negative
constant Z(Cy) < —2 such that if & < Z[Co] and f € C((—o00,&]) satisfies

[F(€) + 1 +F (O < Colé|? Ve € (—o0, &,
then there exists a unique solution w € C?((—o00,&]) to

(P1) I+ L))+ Gw(§).§) = f(§)  VEE (—00,&),
limg_,_oo(w(f) + 5) =0.
In addition, the solution satisfies, for ug defined as in (4.7),

w(€) = uo(€)] + [w'(€) — up ()] + [€] 7 [w"(§) —ug(§)] < M(Co)lg|™ VE<&.

(4.9)

Proof of Theorem 4.1. We choose & = min{=[Cy], —M(Cy)} where Cy, M (Cp) and =[Cy], depending
only on k, are as in the previous two lemmas.

For every v € D, we define T[v] = w — uy where w is the solution to (4.9) with f := Flug + v]. By
Lemma 4.2 and Lemma 4.3, T is well-defined. In addition, from the estimates for w and the definition of
&, T[v] € D; i.e., T maps D into itself.

Now we show that T : D C X — X is continuous. For this purpose, let v;, 7 =1,2,--- , 00, be functions in
D such that v; — v in X = C'((—00,&]) as j — co. We want to show that T[v;] — T[vs] in X. As every
member of {T[v;]}32, is in D, which is compact in X, any subsequence of {T[v;]} has a subsubsequence
convergent to a limit, say 0, in X. Since along that subsubsequence, F'[ug +v;] — Flug + voo], (T[v;]) — ¥/,
and L[(uo+T[v;])" | = L{(uo+0)"] in C°((—00, &)), we conclude by taking the limit of the integro-differential
equation satisfied by T[v;] that ug+7 is a solution to (4.9) with f = Fug+vso]. It then follows by uniqueness
of (4.9) that © = T[vs]. Consequently, the whole sequence {T[v;]} converges to T[vs] in X. Thus, T is
continuous. The Schauder fixed point theorem then shows that T has at least one fixed point, which, after
adding ug, gives a solution to (4.3).

Finally, by Theorem 3.2, such a solution u is unique. This proves Theorem 4.1. ]

4.3. Proof of Lemma 4.2. For notational simplicity, in the sequel, O(f) stands for a quantity satisfying
|O(f)| < C|f|, where C is a positive constant depending only on k.
Since u—wug € D, |u'(€)+1| < 2/|¢|, so that, by the mean value theorem and the definition n = ¢ +log -2

1+z7
w—i=u() ~uln) = w(€—O){E—n}=[1+0(¢ ") log 15=.

It then follows from the Lebesgue’s dominated convergence theorem that F' € C!((—o00,&]). It remains to

estimate F'[u] and its derivative.
First we estimate f;. Note that b, defined in (4.2), is uniformly bounded in z € (0,1) and £ € (—o0, &
In addition, that u —ug € D and n— ¢ = log = —2z+ (2?) implies that b = O(22 + z[¢| 7! +£72) so that

1—2
1+=2
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If1] = O(z% + z|¢| 71 —1—5_2)%. Note that for every £ < 0 and i > —1/2,

L /—Eet? AN Sl ,
/ o e dz < €] Si=1/20=2 g, — O(€]7%).
0 vz v Jo

It then follows that fol |fildz = O(£72). A direct differentiation also shows that f01 \d%fﬂ dz = O(£72) since
u = O(lg[ ).

Similarly, we can show that f01(|ﬁ’f3\ + |d%ﬁ’f3|)dz =0(£72).

For the integral involving fo, we write Vud + @ = 2u — 3(vu — Va)? — 3(u — ) = 26 + O(|¢| 7! +
€| 7! log® 1= + log +££). Hence, fol fadz = 01 L‘/ﬂ? dz + O(|€]72) = =1+ 0(£]72). A differentiation

1—=2 Tz
also gives | fol d% fodz| = O(€72). This completes the proof. O

Remark 4.1. The integral in (3.10) is of size |¢]/s(t) if A # 1. When A = 1, this integral is of size
(L[] = Flu])/s(t) = O(€72)/s(t) since v/ = =1+ O(£72) and L[v/] = —1 + O(£72). Hence, the ratio of the
integral and the first term on the right-hand side of (3.9) is of size O(£~3); see Remark 3.1.

4.4. Idea for the proof of Lemma 4.3. To complete the proof of Theorem 4.1, it remains to prove Lemma
4.3, which will be done in the next two sections. Here we provide the main idea of the proof.

We first investigate in §5 the linear operator L. In particular, we show that the inverse operator (I+L)~!
is a bounded operator from C° to C°. Also, we show that £[¢#] is always 1/2 more differentiable than ¢.

Then in §6, we study, for any large integer j, an initial value problem (P1); of the integro-differential
equation in (P1) in the interval [—j, {] with “initial value” w = ug in (—oo, —j]. The existence of a solution
follows from a standard Picard iteration technique.

To obtain certain desired behavior of the solution of (P1);, we find that (P1);, as well as (P1), satisfy
a comparison principle: larger initial data and larger source term produce larger solutions. Because of the
large positive derivative %G(uo,f) ~ 2|¢|, this comparison principle allows us to construct sub and super
solutions of the form ug + M|~ to sandwich the solution to (P1);. Thus, we can take the limit j — oo to
obtain a solution to (P1) with the desired asymptotic behavior. Uniqueness of solutions to (P1) also follows

from the comparison principle.

5. THE OPERATOR L.
In this section we study the operator L defined in (4.5).

Lemma 5.1. There exists a universal positive constant cy such that for every & < —2,

(5.1) coll#llco(—co.gol) < X +L)[8]llco(—cogo)) < 2MHllco((—oogo V¢ € CO(—00,&0)) -
Consequently, I + L admits a bounded inverse (I+ L)~ from C°((—o0,&)) to itself and
(5:2) 2 S A+ oo (oo ol co((—o00)) < 7

Proof. From (4.5) and a change of variables z — Z/|{| and ¢ — 0/|¢|, we can write L[¢] as

—£ —£
Lig](€) = / O(E+20/6)01(€,0)d0,  01(£,0) = /9

€_Z

——dZ.
YAYS VA

Using supg g f(;g 01(£,0)df = 1, we obtain the second inequality in (5.1).
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To prove the first inequality in (5.1), we notice that L is linear, so that we can without loss of generality

assume ||¢[co = 1 = supe ¢, ¢(£).
Let j > 2 be any integer, and let §; € (—o00,&] be a point such that ¢(&;) > 1—1/j. Since fo & a1(§5,0) <
1, for any m € (0,1/2),

=&
A+ L6) > [ {1+ 0l +20/6) fenle5. 000 = = > man (e, (1 = Alggom)} <

where A(€, m) = measure{f € [0, 1] ‘ o(§E+260/¢) +1 < m}. Suppose A(Ej,m) > 0. Then there is a unique
&€&+ 2/53,@) such that $(€) +1 > m in (§;,] and 6(§;) + 1 = m. Since & +2/&; < & +2/¢;,
A(gjam) fel (é-]a ) & +2/§ (£j7m) > %A(fjam) Hence

R . =& . . .
T+ DEE) = 1-m-LlE) > —mt [ =0l + 208} €000
> —mA (2= m)AGm)ei(§,1) = —m+ (1= F)AEm)er(&,1).
It then follows that, regardless of the size of A(£;,m),

I+ L)6lllco + £ = o1(&;, 1) max {ml1L = A, m)], —m + (1= 2)AE,m) } = e1(=2, 1) 2 G,

Sending j — oo and taking m = 1/3 we then conclude that (5.1) holds with ¢y = g1(—2,1)/7.
The invertibility of I + L and the estimate (5.2) follow from (5.1) and the Hahn-Banach theorem. O
Next, we show that L[¢] is 1/2 more differentiable than ¢.

Lemma 5.2. For every 8 € [0, 1], there exists a positive constant C () such that

[L[¢] 1+1/2,[a.) if 8€1][0,1/2),
(5.3) 6llco a2y + CB)Val [Blg a2 = { LIS [y if B=1/2,
(L#]) p=1/2,[ap) if € (1/2,1]

. () 6 (E0)]
where [Y] 14,5 = SUPa<er<e1 <b TEG=aT max(ToaE =&y 4

(5.4) [Vl jc.a) = nggggd w

Vg € [0,1].

We remark that L[¢](¢) depends only on values of ¢ in [ —2,£]. Also the factor /|a| on the left-hand side
of (5.3) is necessary since lime_oo{L[¢](§) — ¢(£)} = 0 for any bounded and uniformly continuous function
é.

Proof. Let & and & be any numbers such that a < fg < 51 <b. Set h =& — &. Since |L|jco_co < 2,
we need only consider the case h < 1/4. Also, L[1 fo o(&,0)do = [, ‘e dz so that ||L[1]]|cr < 1.

7\'2

Hence, by considering the function ¢(£) — ¢(&2)1 1f necessary, we can assume that ¢(&) = 0.
First, we consider the case § € [0,1/2]. Using (4.5) we have

1-h/2
L) L) = [ oe-20{ee0 - o6 C i fac

h/2

1
+ / o€ — 20)0(éan OV de — [ o(€r — 20)0l&r, 0)dC .
1—h/2 0
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Now ¢(&2) = 0 implies |p(&a — 2¢)| < [¢]g|2§|ﬁ for all ¢ € [0,1] and |¢(& — 2¢)| < hﬁ[qﬁ]g for all ¢ € [0,h/2].
Hence, [L[](62) — L{g](é1)| is bounded by

1

s { [ 0?6 —h0 -t mlac [ s 0act [ wete,0ac)

1—h/2
Direct integration shows that this quantity is bounded by C(3)\/|&|[#]gh®t1/? if 3 € [0,1/2) and by

C(B)V&2|[@]gh | logh| if B =1/2. This proves (5. 3) for the case 8 € [0,1/2].
Next we consider 8 € (1/2,1]. Set ®(¢ fg n) dn. Then L[¢] = fol 2(O-D(E=22) V=Ee g

2z Tz

/ $O) = o1~ 22 Vet

ds vz
o / (&) — D(E ~ 22) (1+£%—Te€zd = 1(&) + 11(€) .

Note that d%]](f) is bounded by [¢]g since ®' = ¢ and |¢(€) — ¢(€ —22)| < [#](22)° and B > 1/2. It remains

to consider I(-). We write

(&) — (&1 — 22) — P(&2) + P(& — 22) /=& 1ebr?
I(&) - / 2 N dz +
/ d(&) — 52 —22)) V=E&e%F — /=&et® d
N

Since |p(&2) — d(&2 — 22)| < [¢](22)7 with 8> 1/2, the second integral is bounded by h[¢]a|¢&| =7 [7°(1 +
2)Z8=3/2¢=2 47 < Chp)p|é1]7?. To estimate the first integral, we use

6(8) — B(€ — 22) — B(&2) + (&2 — 22)| < 2[¢]s min{h?, (22)°}

so that the first integral is bounded by

* min{(22)%, hP} /—E&e&2?
246ls [ {(22; PG 4o < oyalolant

Tz

In summary, we have |% [#](&1) — Llel(&)] < C[p)p/—EhP~1/2. This completes the proof. O

Remark 5.1. With the same technique, one can show that, for any positive non-integer 3, L[¢] € C? if
¢ € CP~1/2. Also we can show that F[u] defined in (4.4) is always 1/2 more differentiable that v/, assuming
that u ~ —& + 0(1/€). We omit the details.

6. PROOF OF LEMMA 4.3
6.1. The Truncated Problem. We first study problem (P1) in a finite interval [—j, &]:

P1), {(I+L)[w’](£)+G(w(£),£)=f(§) V& € (4,6l
T w(€) =w(§),  VEE (—o0,—j] .

Since we aim for positive solutions, we extend G(w, ) for negative w by 0.

(6.1)

Lemma 6.1. Let —j < & < —2, f(-) be any continuous function on [—j,&|, and uy be any differentiable
function on (—oc,&o]. Then (P1); admits a unique solution w € C*([—j+,&)).
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Proof. We first note that L[w'] = fol w(f)_;uz(g_%) ‘/jfrijz dz, so that ||L{w'][|co—j.e) < Cjlwls/a—j—2.
for all ¢ € [—j, &), where C; = j/4 [ Z=3/4e=2dZ and [¢]g (4, is as in (5.4). We remark that if ¢(a) = 0,
then [¢]o,(a,0] > [|9llco((a.b]) = SUDge(a,p) [H(E)]-

Next we note that the function G(w, ), after extension by 0 for negative w, is uniformly bounded, and
L; = SUP¢e[—4,0],w>0 |Gw(w,§)] < oo.

We now use Picard iteration to establish the existence and uniqueness. Starting with wy = wug, we

successively define w;, i = 1,2, , by w; = ug in (—oo0, —j] and

£ o s A
i) = uo(—3) + | {F(O) = Glwin(€),€) ~ Liwf 1](€) }dé, € € [=d. .

Taking the difference of the equations (and also their derivative) for w;y; and w; we obtain, for all ¢ > 1
and all € € (—j7,&],

[wit1 —wilo[—jq < L/é, {[wi e wi*1]3/4,[—j,é}}dé’
—j
[Wig1 —wili[—jq < L{[wi — wi-1]o,[—j, + [wi — wi71]3/4,[7j,§]}
where L = max{Cj,L;}. Since [¢]3/4(ap < ([8]1,105])>*([¢l0,ja,p))/* for any ¢ and any interval [a,],
mathematical induction then gives, for 3 = 0,3/4,1 and all i > 2,

M /4 : 3
[wig1 — wilg[—j.q < ((f!;/j4) (4(5:—j)> V¢ € (=3, 0]

for some sufficiently large constant M depending only on j and wg. Following the rest steps of the Picard
iteration method (see, for example, [9]) we then complete the proof. |
To take the limit j — oo for solutions of (P1);, we need certain estimates. This will be done via a

comparison principle and construction of sub and super solutions.

6.2. The Comparison Principle. For convenience, we introduce a non-linear operator N defined by
(6.2) N[w](§) = T+ L)[w'](§) + G(w(§),£) -

Lemma 6.2. ( Comparison Principle) Let & < —2 be any number and wi and wy be two (piecewise)
continuous differentiable functions on (—o0,&y] satisfying the following:

(i) min{wy,wa} > 3/2 in (—o0,&ol;

(i) There exists j € {oo} U (=&, 00) such that

N[w1](§) = Nlw:](§) V&€ (=4, &)

and liminfe,_ o {w1(§) —w2(€)} >0 if j = 00, and wi(&) > wa(§) on (—oo, —j] if j < 0.

Then w1 (&) > wa(§) for all £ € (—o0,&p].

Proof. Let € € (0,1/4) be any constant. We define

e =sup{é <& |wi+e>we in (—o0,8)}.

The “initial condition” in assumption (ii) implies that & is well-defined and &, > —j. We claim that & = .

In fact, if this is not true, then ws < wi + ¢ in (—00,&), and at £ = &, we = w1 + ¢ and wh) > w}. In
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addition, G(w2(&:), &) = Ga(wy (&) +¢,&) > G(wi (&), &) since wy (&) = —e + max{w; (&), w2 (&)} > 5/4
and G, (w,€&) > 0 when w > 5/4. Hence

{wl(fs) + 5} — {w1(§5 - 22) + 5} \/_7566552
2z LT

wo(£) — we (€. — 22) /—E-e5
< uple)+ [ LDl STV oy Glun(e). ) - Nusl€),

which contradicts the assumption that Nfw;] > Nlws] in (—j,&y]. This contradiction shows that & = p;

Nuwn](€) = M@J+A dz + Glun (£:), )

namely wi(€) + & > wz(§) in (—o00,&]. Sending € to 0 we then obtain the assertion of the lemma. O
One notices that the condition (i) is used only to ensure that G, (w,§) > 0 for any w > max{w;, ws}.

For later applications, we also provide the following maximum principle.

Lemma 6.3. (Maximum Principle) Let L(-) be a continuous and uniformly positive function on (—oo, &o]

and W be a Lipschitz continuous functions on (—oo, &y satisfying
I+ L)[W(E) + LEOW(E) =0 V€ € (-0, &), infe<g, W(£) > —oo.

Then W > 0 on (—o0, &].
The proof follows closely the proof for the previous lemma and is omitted.
6.3. Estimates for Solutions of (P1);. Let Cy be the constant in Lemma 4.2.

Lemma 6.4. There ezists a large negative constant Z1(Cy) such that if & < Z1(Co) and f(-) € C°((—o0, &

satisfying

(6.3) (&) +1] < Co&™2,

then the unique solution w to (P])j with ug = —€ — %Eil + %572 + g =3 satisfies
(6.4) w(€) —uol < (1+3C0)IE]~?, V¢ € (=00, &),
(6.5) |w!(€) — up| < 222 V¢ € (—00,&]-

Proof. Let wi = ug F M&3 where M > 0 is to be determined. Then W =w\ () +

2 O(|€]73). Tt then follows that L[w/,] = fol wi(é)_;”j(&_gz) ‘/\_77%52 dz = w', (€) + O(|¢|~*). Consequently,

Nlws] = f(§) = T+ L)[wl] + Glw, §) — f(£)
20 () + 2w (1 — e 7¢) — f(&) + O(lg] ™)
= —1-f(&§£2ME*+0(|¢[77).

Hence, taking M = Cy/2 + 1 and Z;[Cy] large enough, we have £N[w] > 0 in (—o0,&p]. The comparison

principle then gives w_ < w < w4 in (—o0,&] and therefore also (6.4). In addition,

T+ L) —ugl(€) = f(§) = Gw(8),€) —2up +O(|g]™*) = O(§7).

The estimate (6.5) then follows from the boundedness of ||(I+ L)™!{|co_co. O

Now we are ready to prove Lemma 4.3.
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6.4. Proof of Lemma 4.3. Let Cy and Z1(Cp) be as in Lemmas 4.2 and 6.4 respectively. Let £y < E1(Co].

For each integer j > [y, let w; be the solution to (P1);. From Lemma 6.4, we know that we can extract a
subsequence from {w;};¢,|, Which converges to w in C?((—o0,&]) for any 8 € (0,1) and some Lipschitz
continuous function w satisfying the estimates (6.4) and (6.5). Consequently, G(w;(-),-) — G(w(-),) in
C°((—00,&]). Also, from the expression L{w}](§) = fol wj(f)_;”;(g_zz) V=€ 1, we see that L{w}] — L[w']

Tz
uniformly in (—oc, &]. Hence, from w); = f—L[w/]—G(wj,-), we conclude that w;(-)" — w’(-) in C°((—o0, &)

and w is a C1((—o00,&]) solution to (P1). Uniqueness of the solution to (P1) follows from the comparison
principle, i.e., Lemma 6.2 with j = co

It remains to show that w € C? and to estimate w” and w’ (better than (6.5)).

First of all, f(-)+G(w(-),-) is differentiable. Also, that w’ € C° and Lemma 5.2 implies that L[w'] € C'*/?
so that w' = f — G(w,-) — L[w'] € C'/2. Repeating this process we then conclude that w € C?.

Once we know that w is C?, we can differentiate the equation for w to obtain

(I+L)[w"] + L(§w' = fe — Ge(w, &) =

where L(§) = Gw(w(€),€)) and ¢ = fl w(§)— w(£ 22) \/7%52 {% + z} dz = O(£72) since w’' = —1 + O(|¢]71).

Using the estimate (6.4) and the deﬁmtlon of G in (4.1) we see that L(¢) = G (w,€) = =26 —1—-2671 +
O(l¢]7) and Ge = =26 — 1 — &1+ 0(¢72). Since (I+ L)[uf] = O(|¢]73) we have (I + L)[(w — up)”] +
L&) (w —up) = fe — Ge — v — L(&)ugy + O(|€]3) = O(£7?) by the assumption on fe.

Now we can use the maximum principle (Lemma 6.3) to estimate (u—ug)" and (u—wug)”. For large constant
M to be determined, set Wa = —M¢7 34+ (u—wug)’. Then (I+L)[W']+L(E)W = 2ME~2+0(1)[€]724+0(]¢]73)
where O(1) depends only on Cy. Hence, taking M large (depending only on Cj) such that M + O(1) =

and then taking =(Cp) large enough negative, we have, when & < Z(Cp), that Wi > 0 in (—o0,&p],
ie., [(w—wup)| < M|¢|73. (Note the improvement over (6.5)). In addition, from (I — L)[(w — ug)"] =
O(|¢]72) — L(w — up)’ = O(|¢|~2) and the boundedness of (I + L)~! we conclude that (w — ug)” = O(£72).
This completes the proof of Lemma 4.3, and also of Theorem 4.1. O

Remark 6.1. Using the same argument as in problem (P1); (the Picard iteration), one can extend the

solution u of (4.3) to & € (—o0, 00).

Remark 6.2. With the preceding argument for the C? differentiability of w, one can actually show that
solution u to (4.3) is C°. To do this, one writes the equation as
o + L[] + L[] = (Flu] + LY[u']) — G(u, )

where LY[¢ fo @'(n) f3 dz is the part of F[u] involving the integral of u/(n)f3. Then the right-hand side
of the equatmn is always 1/2 more differentiable than that of u’. As the operator norm from C°((o0,¢]) to
C°((—00,&]) of LY is of order |£| 71, one sees that (I+ L+ L}¥)~! is bounded from C° to C°. It then follows

from a boot strap argument that u € C*°. See also Remark 2.2.
6.5. Higher order expansions.

Theorem 6.5. There exist constants c1,ca,c3, -+ such that as & — —o0, the unique solution to (P1) has

the asymptotic expansion u ~ —& + > o2, ;& in particular, (1.2) holds (with a(t) replaced by u(€)).
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Proof. 1. Construction of the asymptotic expansion. First of all, we can replace G(u,§)
defined in (4.1) by 2u(1 — e~%~¢) since the terms dropped are of order O(|¢|e®). Similarly, we can drop the
exponentially small terms in b defined in (4.2) (These are equivalent to replacing the fundamental solution
I'(x,t) in (3.1) by —=*/(4)) Writing the equation (4.6) as G(u, &) = F[u] — (I + L)[u], and solving for

u we obtain

QW

(I+L)[«/] - Flu]
u(f):—f—log{lJr S }

Starting with u = £ + O(1) and successively replacing v on the right-hand side by its previous expansion,
we then obtain expansions of all order. The key here is that the right-hand side produces a unique n + 1**
order expansion, if an n'" order expansion of u is given, because of the denominator 2u(¢).

With the help of Mathematica’s symbolic package, we obtain, in particular, the expansion (1.2); see the
Mathematica program in www.math.pitt.edu/ xfc.

2. Rigorous verification of the expansion

For every n > 2, set u, = £+ Y ., ¢;{" ' and define

Xn = {w € O (=00, &) | [(w = un) ()] + fl(w — un)' ()] < My|€| 7"~ for all € < gn},

We shall use mathematical induction to show that, for every integer n > 2, u € X,, provided that we take
&, and M, large enough.
Suppose u € X,,. Then one can verify that F[u] — F[u,] = O(]¢|7"71). In deriving this, we need

u(€) —u(n) = / €)dé = / ! O™ dE = un(€) — un(n) + € — nlO(EI™).

Now define wiy = u,y1 = M|€]7"72 where M is to be determined. We can calculate N[w] := (I +
L)[wl] + G(wx,§) = Nlup41] £ 2M {77 + O(€|7"7?) since L(§) := Gu(u,§) = 2[¢| + O(1).
From the construction of u,y1, we have N[u,11] = Flu,] + O(|¢|7"71), and we then conclude that

Nfws] — N[u = Flun] — Flu] + 2M[¢[~" + O(1)Je[ " = 2+ MIg"" + O(1)|¢[ " where O(1)
is independent of M if £ is large enough. Hence, there exist a large constant M, ; and large negative
constant &,41 such that for M = M, 11, £(N[u] — N[wy]) > 0 in (—00,&p41)]. Therefore, by comparison,
wo < u < wy, ey [u— uprr| < Mygq|€]7772 for all € < &,41. We take M large enough. With this
estimate, we also obtain (I + L)[(u — un41)"] = {N[u] — N[usp1]} — {G(u, &) — G(unt1,€)} = O(|¢]7"71).
Consequently, by the boundedness of (I+ L)%, [/ —upi1| = O(|€]7"71). Thus, u € X,,11. This completes
the proof. O

Remark 6.3. We did not include the second order derivative of u in the definition of X,, since we do not
intend to establish the estimate for u”. On the other hand, we do need to include the second order derivative

of u in X in the proof of Theorem 4.1 to make the set D compact in X.

7. APPROXIMATIONS OF THE EARLY EXERCISE BOUNDARY
In applications, one needs to find quickly the early exercise boundary

Si(T)=Ee*®,  s(t)=—2\/ta(t), a(t)=u(f), &=IlogVink?t, k=2ro"% t= 10*(Tr —T)
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of the American put option. There have been a number of theoretical approximations, see, for exam-
ple, Stamicar—Sevcovic-Chadam [25], Kuske—Keller [18], Bunch—Johnson [5], and MacMillan-Barone-Adesi-
Whaley [14, Appendix 14A]. In this section we derive our new approximations mentioned in §1. The ad-
vantages of our new approximations will be presented in our companion paper [8] where detailed numerical
comparisons among our new proposed approximations and those in [25, 18, 5, 14] for a variety of parameter
ranges and expiration times are given. For the purpose of demonstration, we provide one example here; see

the attached Figure. In the sequel, o2 and r are measured in annualized units, i.e. have units 1/year.

7.1. An Explicit Approximation Near Expiry. One notices that expansions such as (1.2) cannot be
used for & > 0 (equivalent to t > 1/(4nk?) or Tr — T > 02/(87r?)). Indeed, our numerical evidence [8]
shows that approximations based on the truncations of (1.2) break down much earlier, and higher order
expansions approximate s(t) better than the second order ounly if Tr — T is shorter than a few minutes,
and therefore, are of no practical use. In this aspect, the best choice for practical estimation of Sg(T) near
expiry is the second order approximation u(€) ~ —& — % It is good for Tr — T less than a week when
o =0.25/,/year,r = 0.1 /year. Nevertheless, we still want to use (1.2) to obtain better approximations.

We recall that the particular choice of the constant 47k? in the definition of & = log v/t + log V47k? is
to eliminate the constant term in the expansion of u(£). If we use another variable such as € =log VBt and
expand u in terms of 1/ f , then the corresponding expansions make sense for all t < 1/B. Based on this idea,

for any a > 0, we expand u(¢) as u = —§ — 2(51_(1) + 1(/58:;(1)/22 + 17/24(2%337&2/2 + -+ . Being equivalent to

(1.2) as £ — —o0, this new expansion, however, can be evaluated for all ¢ < e/(4wk?). In particular, taking
a = 0.96621 to be the positive root to 17/24 — a/4 — a?/2 = 0 and truncating the expansion at the fourth
order, we obtain (expl) in §1. Numerical evidence shows that this new approximation (expl) is better than
any of the straightforward truncations of (1.2), both in accuracy and in the length of the interval of validity.

For ¢ = 0.25/,/year and r = 0.1/year, the approximation is very accurate for Tr — T less than one month.)

7.2. An Implicit/Series Approximation. We can extend further the above idea. We seek approximations
which meet two requirements: (i) they are valid asymptotic expansions as £ — —o0, and (ii) they are analytic
for all £ € R. We find that such approximations can be easily obtained if we regard £ as function of u, i.e.,

the inverse function of £ = £(u).

For every a > 0, we convert (1.2) into its equivalent form £ = —u—log{1— 2(u1+a) ~SataE T 2(11;“:)2 +--- 1

Hence, taking @ = 1 and truncating the expansion at the fourth order, we obtain the implicit formula (imp1)

in §1. As a special advantage, this expansion is meaningful for all time since for every £ € R, there is a

unique u solving (impl) and £ — oo as u — 0, which is compatible with the fact that v = 8(32

& =log VArk?t — oo. Our numerical experiments in [8] show that (impl) is much better than (expl). It is

— 0 as

reasonably good for Tr — T as long as one year when o = 0.25 and r = 0.1. See the attached Figure.

7.3. Implicit/Interpolation Approximation. The approximation (impl) is based on the asymptotic
expansion (1.2) which concerns only the behavior of s(t) near expiry. We now derive an approximation

which incorporates as well the asymptotic behavior of u for large t = 3¢ /(47k?).
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Using (3.6) and the change of variable 7 — z via z = (s(t) — s(t — 7))/(2+/7) we obtain

i i
(7.1) e U8 = %/ e 7 01(t,2)05(t, 2) dz =: 20\/@/ e % dz
™ Jo ™ 0

where

B s(t) —s(t —7) ! _ (k=D)s(t=r) | (k+1)>(t—7)
e N e

Note that 61(¢,0) = 1 and (¢, /u) = 1/2. Also, lim; ¢ 02(¢,2) = 1 uniformly in z and lim;_,¢601(¢,2) =1
for any fixed finite z. Hence lim;_,¢ 6(¢) = 1; Cf. Remark 3.3.

Now we consider A(t) for large t. From Theorem 2.3, we obtain u = s%(t)/(4t) ~ log®[1 + 1/k]/(4t), and
1/6(t) = %e“*g fo‘/a e~ dz ~ 2k log[1+1/k] for large ¢ (or €). Once we know the behavior of 0(¢) for small
and large t, we can approximate 6(t) for any ¢ by interpolation. Without considering any more detailed

behavior of 8 for intermediate sizes of ¢, we choose, for simplicity, the approximation

1 0(0)e" +B(co)e!/* e+ 2klog(1+ 1/k)e!/®

o(t) et + el/u ev + el/u
Substituting this approximation into (7.1) and taking the log of both sides, we then obtain (imp2) in §1.
The attached Figure shows that (imp2) is better than (impl) when T% — T is larger than one month (for
r = 0.1 and 0 = 0.25). When Tr — T is less than month, (impl) is better than (imp2) since for small ¢,
(impl) is a fourth order approximation whereas (imp2) is only first order.
We remark that (impl) can be revised to provide approximations which has higher order (as ¢ — 0) than

(imp2), yet still capture the asymptotic behavior s(t) ~ s, for large t.

7.4. An ODE Approximation. The (ODE) approximation in §1 is obtained by neglecting the integral in
(3.10). In the (u,&) variable, it can be written as

(72) i% = exp{ —u—§+ (k;?\}/gei - (ki%lk);fg 62'5} —1 for ¢€€RY,

lime_._ oo {u(€) + €} = 0.
In numerically solving this ode problem, the initial condition can be taken as u|¢=¢, = —&o — % for large
negative &y, say £ = —7. This initial value problem is extremely stable with respect to the initial condition.
Indeed, solutions with initial conditions u|¢=_7 = 1,7,10 are indistinguishable when £ = —6, since the

initial difference decays with a speed e~ (6780)Gw(u0.8) ~ ¢=2l€l(€=%0)  Also, the computing time is almost
instantaneous. Our numerical simulations indicate that this (ODE) approximation is better than any of the
previous three algebraic approximations, and is very accurate for a variety of parameter ranges of o and r

and almost all time ¢t > 0.

7.5. An ODE Iterative scheme. For the purpose of numerical comparison of the accuracy of theoretical
approximations, highly accurate solutions for s(¢) are needed. Such solutions can be obtain by an iteration
based on (3.10). We write (3.10) as (1.3). Asymptotic expansion gives, for small ¢, m(t) = 0+ 061 +0&72 +
163 +0(6) = 173 and for large t,

m(t) ~ m(oco) = k/ooo {1 - j(siz;; } exp { (k= 1)5(7) + (k—zl)zT}é(T) dr.

2
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We remark that the integral is finite since letting ¢ in (3.6) approach co gives the identity

1=-k /000 exp {@5(7) + WT}S(T) dr.
Hence, |m(oc0)| < 1. Our numerical simulation shows that m(t) changes sign exactly once, and this occurs
near £ = 0; for r = 0.1 and ¢ = 0.25, the minimum of m(¢) is —0.003... which occurs near £ = —5, and
the maximum is 0.17... which is attained at £ = co. From here, we can see why the ODE approximation
(approximating m by 0) is very accurate for all ¢ > 0.

The ode iterative scheme that we propose is as follows: update s by solving (1.3) for s with m(t) evaluated

at a previous s; more precisely, m(®) (t) = 0, and for n = 0,1, - - -, s(™)(t) = =2/t u(™(t) where
du(n) (n) 2

7 =9y ldm k=1./r (n) _ ,(n) _ (k+1)° | >
- dlog VArE2l 2u { T €XD [ >~ Viu U 7} t} 1}, t>9,

u™(8) = —1log[4nk?8] — L log™ ' [4nk?d)),

n tfsM@)—s™(r) 2t ED(s(™ () =8 (1), t=7) - (n
m(n-l—l)(t) — kS( )(5) + f5 { t—7 s(m) () - 1} T(s(M)(t),t) S( )(T) dTa t Z 513
%log_3 Vank2t, t €0,01],

where § and 6; are small numbers, say, § = e=27 and 6; = e~ 8. The ode for u is solved in the ¢ = log vV4mk2t
variable, and a change of variable 7 = tn? is used in evaluating the integral for m. For t € [d1,tmax)
(tmax = €° will make s(tmax) within 0.1% of s.), an increasing number, say 32,48,72,108,- -, of points
evenly distributed on the logt scale can be used to interpolate the function m® (), m® (), m®(¢),---. In
general, three iterations will provide a solution of relative error less than 10~°, for all ¢, and five iterations
will produce a numerical fixed point, which costs a total of less than 10 minutes computing time on a Sparc

server.

7.6. An Approximation for Large Time. Although options with very long expiry rarely exist in practice,
it is still useful to find the long time behavior (more precise than Sy ~ Ek/(1 + k)) of the optimal exercise
boundary since the scaling t = %Q(TF —T) = 2(Tp — T) tells us that short time expiration can be
considered as long if r or o is large. For this reason, we provide an approximation for large time, so that
when incorporated with our ode and/or implicit approximations, it will provide instantaneously a reliable
approximation valid for all ¢ and consequently for all ranges of ¢ and r.

Approximating I'(s(t),t){1 + m(t)} on the right-hand side of (1.3) by H%J%O)e’(l;k)s(oo)*%t and
integrating the resulting approximation from ¢ to oo we obtain (long) in §1. As the ode solution is a good

approximation, 7 in (long) can be approximately calculated by using the ode approximation for 5(0)(7') in

the integral; the computing time for this approximation is almost instantaneous since we can do so for s(©).

7.7. A Numerical Example. To give the reader an idea of the accuracy of our approximations, we provide
in the following Figure the results of a numerical simulation with typical parameters E = 1 (dollar), » = 0.1
(1/year), o = 0.25 (1/,/year) and k = 2r/c? = 3.2. For other parameters, see [8].

In the Figure, the vertical axis is log;, (errors) (with labelling being the actual size of the errors) of the

various approximations for the optimal exercise boundary S;(T'), whereas the horizontal axis is the time to
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FIGURE  Error (in log,,) of Approximations for r = 0.1 and o = 0.25

expiry ((Tr — T)) in the log scale. In calculating the errors, the “exact” solution to which all the approx-
imations are compared is actually the fifth iteration of (7.3), which is a numerical fixed point to equation
(3.9). The labels “Bino”, “FT”, “expl”, “impl”, “imp2”, “ODE”, “odel”, “ode2”, “ode3”, and "long” stand
for the Binomial tree method, the front tracking and extrapolation method (www.math.pitt.edu/ xfc), the
explicit approximation (expl), the implicit/series approximation (ompl), the implicit/interpolation approx-
imation (imp2), the ode approximation (ODE), the iterative ode approximation (7.3) of the first, second,
and third iterations, and the large time approximation (long), respectively. All the cusps (except those near
the right and lower edges of the Figure) are the points where errors change sign (since log,,(error) = —oo
at these points). The non-smoothness of the curve marked ”imp2” near the right edge of the Figure is due
the inefficiency of our Newton’s method in finding the roots w of (imp2) for large ¢. The bumps of ”ode2”
and "ode3” at the lower edge of the Figure are numerical round-off errors.

The classical binomial and/or trinomial tree methods are typically used in the literature to find solutions
to serve as the “exact” solutions with which approximations are to be compared. In calculating the optimal
boundary Sr(T), the point where the functions P(S,T') and E — S depart (tangentially), these tree methods
are computing time extensive. Depending on the initial guess of Sp, for each given T, it takes, with the
number of division points n = 1000, about 5-20 minutes to find S¢(T"). The complexity of the method is
O(n?) and the error is of order O(lo%). The solution used in the Figure contains 50 different sample T’s so
that it takes about 10 hours of computing time.

The front tracking method that one of the authors designed has the same complexity O(n?) and error

O(11) as that of the binomial tree method. However, one can use solutions obtained with divisions n,n/2,

n
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and n/4 respectively to extrapolate a much more accurate solution, as one can see from the significant
difference between the curves marked “Bio” and “FT”. Given a fixed time Ty.x, it takes, with n = 2000,
about 15 minutes to find Sg(T) for all (Tr — T) < Thmax. The solution used in the Figure is actually the
union of solutions for Tx — T in the interval (%Tmax, Tinax] With Thax = 10/2% (year) for i = 0,1,---,25, and
therefore, it takes a total of 10 computing hours.

As mentioned earlier, the ODE approximation is almost instantaneous. From the Figure, one can see
that the (ODE) approximation has already surpassed that obtained from the binomial method (with 1000
division). For the ode iterative scheme, the computing time for the first iteration takes about 1 minute. To
finish the fifth iteration, it takes a total of about 10 minutes.

We shall leave it to the reader to draw conclusions on the accuracy of the approximations given in the

Figure.
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