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Abstract

A phase-field approach to binary alloys is studied. Formal asymptotics of the
system of parabolic differential equations leads to new interface relations as part
of a macroscopic model which arises in the limit of vanishing interface thickness.
Under suitable conditions we prove that the phase-field system has a unique solution
which converges to the limiting macroscopic solution. The concentration and phase
are monotonic across the interface for a simplified system. Transition layers in
concentration are induced due to the change in phase and the change in material
diffusion across the interface. Excess impurities may be trapped as a consequence
of these layers.

1. Introduction

The dynamics of phase boundaries for pure material has been studied exten-
sively, primarily by two avenues: sharp-interface models (e.g., [Cr] and references
therein) and diffused-interface or phase-field models (e.g., [C1] and references
therein). The sharp-interface models are generally macroscopic continuum models
which stipulate basic equations, such as the heat equation in each phase, and impose
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conditions on the interface (of zero thickness). A typical example is the surface ten-
sion and kinetics model (also called the modified Stefan model) in which a material
in a spatial regior2 ¢ R? is in one of two phases, e.g., liquid or solid, separated
by an interfacd™ ¢ R?~! satisfying the equations

CyT, =V -KiVT in Q\T, (1.1)
[T]"=0 onT, (1.2)
lv=—K1[VT -n]T onT, (1.3)
[$1e(T — Ty) = —o(@v+«) onT, (1.4)

whereT is (absolute) temperatur€,y is the specific heat per unit volume with
units of energy(volume - degree),K1 is the thermal conductivity with units of
energy(area- time - temperature gradient) energy (lengttf 2 degree- time),
[ is the latent heat per unit volume with units of enetgyass,v is the normal
velocity of the interface (positive if directed toward the liquid)s the unit vector
normal to the interface (pointing to the liquid),is the entropy per unit volume
with units of energy(lengttf - degree), {]  is the entropy difference in equilibrium
per unit volume between the “+” phase and™phase is the sum of principal
curvatures at the point oR, o is the surface tension with units of enerfgyea=
energylengtif 1, « is the relaxation scaling with units of tilengtif, Ty, is the
melting temperature, and [ denotes the jump between solid and liquid.

A dimensionless version of (1.1)—(1.4) uses a rescaled dimensionless tempera-
tureu, diffusivity D, and capillary lengtlay, defined by

N Y < SN (1.5)
l/Cy Cv [s]el/Cv
so that the equations have the form
uy = DAu in Q\T, (1.6)
[u]T=0 onT, (1.7)
v=—D[Vu-n]t onT, (1.8)
u = —do(av+«x) onT. (1.9

In the special case when (1.9) is replaced«by 0, one obtains the classical
Stefan problem [Cr], which is the oldest mathematical model for a phase boundary.
It is worth noting that (1.6)—(1.9) differs from the classical Stefan model in a
much more fundamental way than the modification of an interface condition. In the
classical Stefan model, the temperature alone specifies the phasey i2 Qifthen
the material is liquid atx, 7), etc. However, the surface tension and kinetic model
provides no such simple mechanism for determining phase, except by tracking
the interface. Another way of stating this is that the classical Stefan model can be
written in a weak formulation by means of a phase variablevhich is a Heaviside
function of the (reduced) temperature, i¢'.(«) = u~|u|. In the physically more
realistic cases, this trivial dependence of phase on temperature must be replaced by
a more complicated relationship. A natural method of accomplishing this within
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the context of modern physics is by means of a free enefgy= [, Fdx which
depends ontemperatufeand a phase or order parameigwhich may be regarded
as a microscopic fractional mass of one of the two phases. In most of the phase-field
works, ¢ is normalized so thap = 1 corresponds to liquid and1 to solid. The
heat equation (1.1) is replaced by an analogous energy balance law, the simplest of
which is,

CyT, + 3l¢y = K1AT.

In equilibrium, the functior is a minimizer of the free energy so théat /6¢ = 0.

A standard idea of nonequilibrium statistical mechanics [HH] is ¢hetturns to
equilibrium with a “force” which is proportional to the extent to which it is out of
equilibrium, so that ¢, = —8F /3¢ wherert is a relaxation time. A typical free
energy utilizes a Landau-type quadratic §grso that inN dimensions we have

2
7= [ {‘%(W T T U TM)¢>}dx, (1.10)

wheret is a length scale associated with the microscopic interaction strength,

is a measure of the depth of the double-wellg[is the entropy difference between

phases in equilibrium anfiy, is the melting temperature (see [C2] and references

therein). Upon making the definitions of the macroscopic parameters

T
?1

wheree is a measure of the interface thickness arnithe surface tension, we can
rewrite.7 in terms ofe ando, so that the dynamic equation feris

ag’P, = e2Ap + 1-(</> —¢3 + e@(r —Tw). (1.12)
2 30

2
e=&a"? o= ééa_l/z, o= (1.11)

This equation fog andT is coupled with the analogue of the heat equation (1.1),
which in its simplest form is

CyT; + 3¢y = K1AT. (1.13)

The system (1.12) and (1.13) is a set of differential equations which describe
the free-boundary problem (in the limit case) without the need for conditions on
the interface, since the interface now consists of the set of points

Tt ={xeQ|¢x,1n=0). (1.14)

It is worth noting that the phase-field equations in the form (1.12), (1.13) identify
all macroscopic variables such a$4, o, etc., in the appropriate units. Also, the
linearity with respect t@ in the last term of7” expresses a linear approximation to
entropy change across the interface. This choice of linearity implies that the roots
¢+ of the non-differentiated terms of the phase equation (1.12) are not fixet at

For some purposes, it may be mathematically convenient to paviexed at+1

[CC]. This is easily done by modifying the last term in (1.10). However, as noted
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in [CJ], fixing the order parameter in the pure phase is incompatible with a more
realistic phase diagram (e.g., a nontrivial pressure-density profile).

A theoretical link between the phase-field model (1.12) and (1.13) and sharp-
interface models such as (1.6)—(1.9) was established by using formal matched
asymptotics in [C1,2] and rigorously proved under various conditions in [CC, CF,
S1,2]. Anumber of theorems have also been proved for the special case in which the
phase equation (1.12) is considered independently for fixé&ke [ESS] and ref-
erences therein). While the theoretical results are concerned with the limi0,
computations have shown that the phase-field equations exhibit an interface which
is close to the sharp-interface problem even whéenrelatively large [CS].

In the present paper, we discuss a generalization of this model to the case of
alloys. A related approach has been used in the isothermal case in [WBM1]. We
will use a simplification of the set of equations which are derived in [CJ]. Our
aim is to write the simplest system of equations of phase-field type which has the
characteristic behavior of alloys and can be shown through asymptotic analysis to
have the appropriate scaling and coefficients, and to present the rigorous proof in
some special cases as the parameter 0.

The layout of this paper is as follows. In Section 2 we review the traditional
models for alloys and present the phase-field approach to interface in binary mix-
tures. In Section 3 we perform an asymptotic analysis in order to derive the limiting
sharp-interface problems (in the limit as interface thickness vanishes) which involve
new interface relations and reduce to the traditional models in the limit of small
concentration. In Section 4 we examine rigorously the question of the dynamic
and static transition layers which are formed in the concentration variable. The
interaction between these layers is the basis for the freezing of excess impurities in
the solid. Finally, in Sections 5 and 6 we present a rigorous proof of some of the
assertions of the asymptotics in one-dimensional space at constant temperature.

2. Mathematical Models of the Alloy Problem

2.1. The Alloy Problem

The problem of phase boundaries involving mixture of two materials (e.g., al-
loys or impurities) is of great pratical interest and presents challenging theoretical
issues which we review briefly in this section. We consider a substance (e.g., a bi-
nary alloy) consisting of a mixture of material A and material B, with concentration
c(x,t) € (0, 1) denoting the fraction of material A in the mixture. Two aspects of
this problem are particularly fascinating from a mathematical perspective: (a) There
is a jump in the concentration itself, and not just in the gradient, as in temperature.
(b) The diffusion of impurities is generally much smaller in the solid phase com-
pared with the liquid, and leads to partly degenerate equations.

An understanding of (a) is best accomplished by means ofdhg) phase
diagram (Figures 1, 2). We focus on the- 0 side of the diagram. The intriguing
aspect of this phase diagram is that liquid and solid are not separated by a single
curve, but by two curves (called liquidus and solidus), which merge at the melting
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Fig. 1. Idealized phase diagrams in the neighborhoo¢col’) = (0, Ts) which dis-

play linear liquidus and solidus lines which separate the single phase regions from the
coexistence region. This idealization is inherent in typical sharp interface alloy models
(one-phase or two-phase) and represents a local approximation to the phase diagram dis-
played in Figure 2. Figure 1a assumes negative slopes for the liquidus and solidus lines
while Figure 1b assumes they are positive. The sign of the slopes determines which phase
has higher solute concentration. In Figure 1a, solute from the liquid must be rejected as
the material freezes. The phase-field-alloy model we discuss is not restricted to constant
slopes, but asymptotically approaches constant slopes in the neighborhood af. small

Fig. 2. The phase diagram for the rangecofalues displaying the melting temperatures

T, and T for the pure materialst and B. The liquidus is given by the upper curve

while the solidus is given by the lower curve. The extent to which the liquidus and solidus
are separated from the line connecti@y7) and(1, T4) is determined by the physical
parameters. The phase diagram can be obtained from the free energy through the phase
field alloy model (in equilibrium) so that the liquidusdd (7) and the solidus is ™ (T).
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temperaturd’p of the pureB material ¢ = 0). To a reasonable approximation for
smallc, one may assume that these two curves are linear. To be specific, we discuss
the phase diagram displayed in Figure 1a for the purpose of stating the simple
traditional models. At a fixed temperatufe < T the liquidus line intersects with

T = T; atapoint;, while the solidus intersectsai. Thus one expects an interface

at equilibrium at temperatufg to exhibit concentrationg on the liquidus side and

¢ on the solid. That is, the concentration is a piecewise constant function with a
jump betweer:; andcg at the phase boundary.

While the (equilibrium) phase diagram explains (a), it is irrelevant to (b) since
the latter describes a dynamical phenomenon, exhibited in the (concentration) dif-
fusion equation below. The dynamical modelling of the alloy problem is typically
accomplished by means of a (sharp-interface) free-boundary problem which often
accounts for only the liquid phase (“one-phase problem™) thereby neglecting the
diffusion of impurities in the solid, which is so small. Also, the concentration of
impurities is assumed to be so small that one does not need to regard the thermo-
dynamic variables such as latent heat as functionrs of

The Two-Phase (Sharp-Interface) Problérhus, a reasonable two-phase descrip-
tion of the dilute binary alloy based on the discussion of the one-phase problem in
[S2] and the two-phase problem in [O, Xi2] may be written as:

The Two-Phase Alloy ModélVe consider the coupled system {@r, ¢, I') satis-
fying (1.1), (1.2) and

¢ =KFAc in Q\T(), (2.1)

—v[c]t =[K2Ve-n]t on (), (2.2)

T —Tp =~ (c +av) + ~(mjey +msc_) on L), (2.3)
[s1e 2

micy = mgc_ (2.4)

whereTp is the melting temperature of the puBematerial (i.e., Ty, in (1.4)) and
c4 represents the limit of from the liquid side (and_ from the solid side), while
[-]T is the difference between the limits from the liquid and solid sides. AK#)
are the diffusivities of the solute in the liquid and solid phases, respectively, and all
other parameters are as defined in Section 1.

We note that the last term in (2.3) has been written to reflect the symmetry of the
situation since clearly (in equilibrium) we hawvgcy = msc— (¢4 = ¢, c— = cs
in equilibrium). In fact, equation (2.3), which is a generalization of the interface
relation (1.4), can be understood very simply in terms of the basic phase diagram
(Figure 1). If we consider a stationary planar interface, theav = 0in (2.3) so
that the value of" is given by

T —-Tg = %(m[cJr +mgc_) = mycr, = mgcs. (2.5)

This means that the temperatdtés compatible with the coexistence of liquid and
solid phases if the liquid has concentratighand the solic:g, as shown by the
horizontal line in Figures 1a or 1b. Thus, (2.3) represents a modification of (1.3) in



An Analysis of Phase-Field Alloys and Transition Layers 299

which the equlibrium alloy effects are combined linearly with the Gibbs-Thomson
(namely, thes k term) and the kinetic undercoolingq v term) effects.

The One-Phase (Sharp-Interface) Probldine single-phase version of (2.1)—(2.4)

is obtained by suppressing the role of concentration in the solid while maintaining
some of the key relationships in the phase diagram. In particular, the relation (2.3)
is replaced by the single-phase version

T —Tg=———(k+av)+mec on () 2.3)
[s]e
where we can unambiguously write(rather thancy or c_) since we are only
concerned with concentration in the liquid. Furthermore, by making the approxi-
mation that the jumpd ™ in ¢ in the dynamics is equal to that of the statics, i.e.,
[c]* = ¢, — cs, and using the definition

j= E—E or ¢ —cs=1-j)cL (2.5a b)

we can write the analogue of (2.2) as
—(1— jvce=K5Vc-n on I'(t) (2.2)

wherec again denotes concentration in the liquid (ie.,on the interface). The
right-hand side 0f2.2") has been further simplified by assuming that the limit

of V¢ on the interface from the solid side can be neglected. The rationale for
this would be that the physical effects of diffusion and conservation of mass are
adequately represented. In other words, equadi) expresses the idea that the
excess concentration which is deposited (or absorbed) at the interface as a result of
different concentrations in the two phases must diffuse into the material in order to
conserve mass. The madification of (2.2)(®2") implies the hope that allowing

this excess to diffuse into the liquid alone does not change the physical picture
drastically. Thus the issues involved in a “one-phase alloy” problem are similar
to those in the “one-phase Stefan" problems, and the difficulties demonstrated in
[O] are also similar. Nevertheless, our objective is not to endorse the “one-phase"
approach but merely to demonstrate its relationship to the other models and mention
that its use leads to some exact solutions and stability calculations. The problem is
usually written as a system which is coupled to a two-phase temperature system but
can easily be modified to render a system with truly one phase in both temperature
and concentration.

The One-Phase Alloy Mod&onsider a system f@f, ¢, I') satisfying (1.1), (1.2),
2.2), (2.3) and

¢ = K5 Ac inliquid. (2.1)

For thecompletelyone-phase problem, consider (1.1) also to be valid in the liquid
only, while (1.2) is modified to

plv=K1VT -n on I'(r). 1.2
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Thus the completely one-phase model involves a time-dependent domain, with
part of the boundary consisting Bi(z).

In addition to the similarities between the one-phase alloy and one-phase Stefan
models, there are some important differences. In terms of thermal diffusion, the
differences between the two phases is usually not vast, so that neglecting one of the
two phases is a mathematical convenience, and any degeneracies which may arise
are mathematical artifacts. For the alloy problem, however, there is usually a large
difference in the diffusivity of solute, i.eK, < K, andk, is generally close to
zero. Thus, at least part of the degeneracy, embodied in (2.K),asanishes,
is generic to the physical problem, and presents a fundamental issue which is
independent of the particular mathematical approach.

2.2. A Thermal-Alloy Phase Field Model

We consider a model, based on the phase-field ideas of Section 1, which incor-
porates the physics of binary alloys in addition to thermal properties. Our aim here
is to study the simplest set of equations which with (a) exhibit the proper behavior
as the interface thicknegsapproaches zero, and (b) identify all of the material
parameters (see Figure 3).

We begin by considering a free energ§, which describes the intermediate
phase and concentration,

2 2
T (p.e.T) = / d”x{g—f‘wwzc + 89921 - 0+ (42— Ve
2 2 8ay
1 2 > [sla
+8‘TB(1—C)(¢ - - T(T—TAM’C

- %(T —Tg)p(Ll—c)+ Vel —o)

(2.6)

+RT{cInc+1—-¢c)In(1—-¢)} —CyTIn T}.

Here, the subscriptd andB denote the two materials, respectively. Briefly, the
free energy is constructed by considering the analogous terms for each of the pure
materials. For each term we assume a linear crossover between the two terms. For
the sake of simplicity, we have omitted the temperature dependencetin thand
aa, p terms [CJ] which would provide additional nonlinear temperature terms.

The free energy can be interpreted geometrically in a four-dimensional space
(¢, c, T,.7). For the pure phaseg,= +1, the free energy is experimentally well
established for all concentrations. For the pure materais, 0, 1, we have (for
the entire range o) the usual phase-field equations for a pure material. Thus,
mathematical modelling of the free energy entails assigning value&tan the
intermediate regiongp| < 1, representing the four-dimensional space within the
more established three-dimensional hyperplanes.

The first two terms involve the gradientéfterms, which arise from the micro-
scopic interaction strengths. The coefficieffsand&p are characteristics of the
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A

C.

Fig. 3. Profiles of¢p andc across the interface. In phase-field models, a phase change
corresponds to a transition layer in the order parametewhile temperaturg” has a
transition layer in its gradient, the concentratiohas a transition layer which is similar

to that of¢. However, whilep always has a transition from (approximately] to 1, the
transition inc (between the two positive valueg andc;) depends on the temperature, in
accordance with the phase diagram of Figure 2.

two materials, as are the ‘well depths’ of the double-well potentials, dengtadd
ap. The third and fourth terms are thus linear combinations of the analogous terms
for the homogeneous materials. The next two terms involve the entropy differences
between the two phases for the pure materials, denefg@pd [s] . The tempera-
turesT4 andTp are the equilibrium melting temperatures of the two materials. The
quadratic term ir arises from the differences in the bonding energies between the
A atoms and thé& atoms [Co], so tha¥ is an energy density. The terms containing
the logarithm of constitute the entropy of mixing [Co]. The last term involves the
specific heaCy per unit volume. By setting at 0 or 1, one has the free energy of
the pureA or B material, respectively.

We write three equations describig, ¢, T). The concentration satisfies a
conserved variational formulation

t1¢; = V- Ko(¢p, ¢)e(1 — C)V(;—F, (2.7)
c

while the usual phase field (honconserved) appliefs to

SF

¢, = 50" (2.8)
Here, 71 andty are relaxation constants whiléx(¢, ¢)c(1 — ¢) is the mobility
term. In generalK2 may depend on phase and concentration, but usually varies
most significantly as phase changes. The te¢in— ¢), also used by [WBM1],
is a standard approximation reflecting the fact that mobility vanishes in the two
phases and attains a peak at equal concentrations of the two materials. The energy
conservation equation arises [CJ] from thermodynamic balance equations as

CvTy + 3 (109 — (@ + [zag)er) = V- KaVT, (2.9)

where
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1©) = (Talslac + Tlsls@ - ©)), (2.10)

5.4 = (Tsls]s = Talsla). (211)
1 K

QEz(TB—TA)(CV+S ;S ) 2.12)

andCy andK; are the specific heat and the thermal conductivity.
Note that/(c) is the analogue of the usual latent heat since a basic thermody-
namic relation implies that latent heat of the purenaterial iST'[s] 4. In the limit
of a pure material, equation (2.9) clearly reduces to the usual heat equation.
Similarly, the concentration equation (2.7) may be written as

df;

Tie = V- Ka(g, o)e(l — c)vzia—ci, (2.13)
where
0
% = (3 - £3)(V9)?, (2.14)
fa _ 1 o (1 _1
=t 1>(aA aB), (2.15)
s _y _aye, (2.16)
ac
0 1
U 2| 00T = T+ 15T - T o, (217)
c 2
ofs c
¥=RTlnl_c. (2.18)

The relative importance of these terms will be discussed below in this section.
The phase equation (2.8) can be written as

2 1 2
T2t = P8¢+ 5 (=9I (T~Taye+s]s(T-Tp) (1) |, (2.19)
where
20, R Y20 . Y2
o(c)=§{sAc+sB(1—c>} {a+ — } , (2.20)
1/2 oy -12
e(c) = {&fc—i—élzg(l—c)} {i + ! C} . (2.21)
aa ap

This equation differs from the pure version in that the entropy term is a linear
combination of the entropy terms for each of the pure materialsg @mdlo both
depend ore.
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Hence, equations (2.19), (2.9), and (2.13) are a system to be studied subject
to appropriate initial and boundary conditions. Note that if the total mass of each
material is constant, then Neumann conditions for concentration are appropriate,
and the equation (2.13) is in full conservation form. The boundary conditions for
temperature are imposed in accordance with the thermal environment, e.g., Dirichlet
conditions if the alloy is in a container whose walls remain at constant temperature,
or Neumann conditions if it is insulated.

2.3. Basic Components of Equations

We first discuss the various aspects of the three equations with the aim of
isolating those terms which are crucial to the behavior of a sharp interface. Equation
(2.19) has a form similar to the pure version in that a transition layer is induced
in the limit ase(c) approaches zero. Although different limits may be considered,
we are primarily interested in the limit in which the interface thickness approaches
zero while surface tension remains finite. The surface tension is more complicated
for the alloy as discussed in Section 3. Thus, we consider the lingit ofp, a4,
andap approaching zero witl§s /&g, as/ap ando (c) held fixed (for fixedc),
while e(c) approaches zero (for fixed). Since we use(c) as a free parameter,
with the ansatz that the width of the interface is not as significant physically as the
other parameters such as surface tension and entropy, we replace the coefficient
of A¢ (in the simplest case), by a parametémwhich is independent af in the
asymptotic calculations. A minimum set of criteria for the concentration equation
to be physically reasonable has the following limiting properties:

(2) In the limite — 0, the solutiore must satisfy the diffusion equation in each of
the pure phases.

(2) A transition layer near the interface must be induced tor smalle.

(3) Appropriate interface conditions must be attained in the limit 0 so that the
jump inc balances the jump in the derivativeqgthereby ensuring the conservation
of mass.

If K, is asymptotically small in the solid phase (e.g., of ordge)), then the
equation must have the property:

(4) In the limite — 0, the concentration satisfies the diffusion equation in the
liquid, andc; = 0 in the solid.

It is clear that the concentration-diffusion equation arises from the entropy of
mixing term, 3f5/dc = RT In{c(1 — ¢)~1}. Mathematically, this follows from
(2.13) and (2.18) yielding

c
1-c¢
c
—V. K2(¢,c)[RTVc+RVTc(1—c) In ]
1-c¢

t1¢; = V - K2(¢p, ¢)e(1 — ¢)VRT In
(2.22)

where the last term is small unless both the thermal gradient and concentration are
both substantial. In the limit of a sharp interface one expects (in general) a discon-
tinuity in ¢, even in equilibrium. The chief mechanism for forcing this transition
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layeris the terndf4/dc in (2.17), which has the formy + M>T)¢ whereM and

M, are constants. Sincg is not expected to have a transition-layer behavior, one
may examine the termif1¢ in order to understand the qualitative behavior. Thus,
if we write (2.13) by omiting all terms but the entropy of mixing tedify /dc¢, and

the entropy of phase ter@ys/dc, then we have théundamental concentration
equation

¢ =V- K2(¢,c)c(l—c)V{|n1%C +M¢} 029)
—V. [K2(¢,c)(Vc+Mc(l—c)V¢>]. '

For smallc, we can consider in one-dimensional space its simplification

o = ai{l(z(as, O e+ Mc¢x)}. (2.24)
X
Here, we have suppressed all constants ex¢epivhich we retain since this co-
efficient may have either sign depending on the constanégsfdc. In general
one expectKa(1, ¢) + Ka(—1, ¢) since the solid and liquid have very different
diffusion constants. However, it is evident from (2.23) that a transition layer in
forces a transition layer in even if K, = 1 and time dependence is neglected,
since in that case = Be~?. On the other hand, if

Ka(¢, ) = 3k — k)@ + 1) + ks, (2.25)

wherek; andk, are the diffusion constants for liquid and solid, respectively, so
that K» has a transition layer of small width; then one has a more complicated
asymptotics but a similar transition layer for If, for example,k; = ¢, then a
transition layer can occur even without thép term but the transition layer then
disappears after a very long time. This aspect of the fundamental concentration
equation can be illuminated in an analogy with heat diffusion: Whenktves 0,

one can view equation (2.23) as a heat equationailfined as temperature. If, in
addition,K 2 is given by (2.25) withp defined to be a function with a transition layer
atx = 0, e.g.,¢(x) = tanh(x/e), then (2.23) can be regarded as a heat equation
describing a material which is a ‘fusion’ of highly thermally conductive material
for x > ¢ (e.g., aluminium) and a thermally insulating material fox —¢ (e.g.,
asbestos). In the regidm| < &, K> makes a transition betweerand 1.

We consider this material in a finite one-dimensional strip subject to boundary
conditionsc, = 0 at both ends and smooth initial conditions in a bell-shaped
curve (without a transition layer). Under these conditions the evolution of (2.23)
soon leads to a transition layer, since the rapid diffusion on the right side leads to
a drop in temperature near the center-right, while the left side remains relatively
unchanged. Since the solution to this evolution equation must be smooth (for any
finite ¢), the formation of a smooth transition layer is the result. However, the
transition layer must eventually disappear since the time-independent equation has
only constant solutions. We demonstrate this asymptotically in Section 3 and prove
it rigorously in Section 5.
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The transition layer just described has both similarities and differences with that
of (2.23) withK> = 1, which supports layers in equilibrium.

Examining the othertermsin (2.13) we note thét/dc = V (1—2c) arises from
the possible difference in the interaction potential between unlike atoms compared
with like atoms. Thus, for an ‘ideal solution’ one h&s = 0 and this term is
neglected. We also note that for dilute solutions, i.e., for smdiiis term isO (¢?)
in (2.13) in comparison with thé@ (¢) term generated b§fs/dc.

The termsafi/dc anddfa/dc arise from the differences in the microscopic
constant$, &g anday, ag. These terms are less significant and may be neglected
in a basic analysis due to the following observations:

(1) From a purely macroscopic perspective one carf get £ anday = ag,

while [s]a =+ [s]g. Since the macroscopic limits involve the capillarity lendgh

which is entropy divided by surface tension, one can obtain the correct capillarity
length by adjusting onlys]l4 and [s] 5.

(2) Inthe asymptotic analysis, these terms do not contribute to the limiting equations
(in both solid and liquid phases). The details of these calculations are presented in
Section 3.

The heat equation (2.9) consists of: (1) the terms involdipgand K1, which
are common to the pure material in a single phase (of codrgeand K1 may
depend on both and¢), (2) the term involvingp,, which is the generalization of
the latent heat, part of which is just a linear interpolation between the latent heats
of the two materialg'[s]4 andT[s] g [CJ]. The term involving]] 5, 4 accounts for
the changes in heat due to the entropy differences in the materials.

3. Asymptotic Analysis

We summarize some of the conclusions that can be obtained from a formal
asymptotic analysis, using methods that are similar to thogexafiNALP & XIE
[CX1,2]. The thermal alloy phase-field model of Section 2 can be written as:

ae?E()r = e2E(c)Ad + 3(¢ — ¢%)

(3.1)
3o (1A = T+ [1s( = T -0,
CvT; + 3109 — (Q + pad)er) = V - KaVT, (3.2)
¢ =V - Ka@)e(l— c)V[(M + MiT)¢ + RT In ﬁ} (3.3)
with
_ -1
£2(c) = {gfc FE2(1- c)} <i 41 C)
aa ap
(3.4)

1—c+ (£2/€2)c
1—c+(ag/aa)c

c+ (E2/E2)(1—¢)
c+ (aa/ap)(l—c)’

2 2
= EBaB ZEAaA
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[ c 1—c¢ _l_ ag _ as
a(0) = <E+ as ) =Tt @pjane e+ @njand-o

whereE(c) = ¢2(c)/e2 ando (¢) are two bounded functions with positive lower

bound,s in (3.1) is a (small) positive constant and the other constants are defined
in Section 2. We can then verify

Proposition 3.1.In the limit ase — 0, the first-order approximatiog?, 7°, %)
of the solution(¢, T, ¢) to (3.1)—(3.3)is governed by the sharp-interface model:

cvTl - %(Q + [l]B,A)c,O = KiAT? inQ\T(@),
(3.6)

CO
1-c0

O =V.KFco1- cO)V[RTO In-—<* + MlTo] inQ\ @),

and on the interfacé ()

[T9F =0,

[KATPYE = 3( Q1) + 5. +2) — 2Tls]s )1,

0
RTO[n 3 1t = —2M + MiT0), (3.7)
—C

0
[K2RTOOt + [RK2c%(1 — co)( In C—)T,O]t
1-¢0
+KF M1c% (1= (T4 + Ky Mic® (1 — ) (T = — [ F0°
subject to a Gibbs-Thomson-type relationIog):
/1(H1 + H2)¥(z)dz =0 (3.8)
R

whereH;, H; are given by

_ (.0, .0\70 1 A0
Hy = (av +« )¢z +W<a+bc )
E'@®92% 0. o [ o/Z dy
2= %e@ OVl kdoa- o (39
Feals, 1) /Z dy
o Ko@) — )

andy = ¢2, whereg? is a solution of the system
E@9% +3(4°- 6%%) =0,

20
{K2(¢30)50(1 ) <A¢30 +RIn—= ) } =0,

+ cg(s, t)i|

1-¢0 (3.10)

¢%(—00) = —1, ¢°%0) =0, ¢%c0)=1,

0

O(—00) =2, %0c0) = 0.
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A =M+ MT® R = RT®, ca(s, 1) andcg(s, 1) are constants independent gf
anda + be = [s]a(T° — Ta)e + [s]5(T° — Tp)(1 — ¢). (Detailed discussion for
the systen(3.10)is presented ifiCX2].)

In particular, if E(c) = 1, then the syster{8.10)can be solved explicitly and
the integral in (3.8) can be evaluated. This leads to the interface conditidi(on

A= oM+ MLTO) [[S]A(T _TA)/Co o)1 —u)

CO
+[S]B(T0—TB)/O+ du }

o(u)u

(3.11)

4. Interaction Between Dynamic and Static Transition Layers

We now compare two equations, one having only a dynamic transition layer,
and the other having both dynamic and static layers:

w = - D@, (4.1)
o = 2 D@ (ex + Ac@ - er65) . 42

with appropriate boundary and initial conditions, where
#°(x) =tanh™, >0 (4.3)
&

The first equation is just the heat equation, with a variable diffusion coefficient
D, exhibiting a transition layer near= 0. In particular, we can imagine a thin rod
consisting of two materials, with very different heat conduction properties, fused
together atc = 0. The second is just the simplest concentration equation with a
change of phase at= 0. This means that thermal conditions are balanced so that
the interface remains fixed.

We consider the cases

0] D($*) = 33+ ¢), (4.4)

(ii) D($°) = 3(1+ ¢°). (4.5)

In particular, the form ofD expressed by (4.5) involves a degeneracy in that
approaches zero asapproaches-oco. In each of these equations, a transition layer
arises inu andc, even if the initial conditions do not involve a steep gradient
(i.e., one of order Zs). In equation (4.2) a transition layer inoccurs even if

D = 1, according to the formal asymptotic of Section 3. One of our goals is to
obtain a rigorous understanding of the similarities and differences in the transition
layers which arise from various physical effects, particularly, the following three
situations:
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(A) Equation (4.2) withA = 0 (namely, equation (4.1)) subject to (4.4) or (4.5).

(B) Equation (4.2) withD = 1.

(C) Equation (4.2) subject to (4.4) or (4.5).

The transition layer which arises in (A) is a consequence of the change in
the diffusion coefficient. The physical origin of this is in the differences of heat
diffusion in the two materials (in (4.1)) or of mass diffusion in the two phases. This
is clearly a dynamical effect and the transition layer forms and then disappears in
finite time. On the other hand the transition layer in (B) occurs even in equilibrium
and has no analog for thermal diffusion. It arises from the particular nature of the
phase diagram (Figure 3) in which the liquidus and solidus are separated by a finite
distance at a fixed temperatute; (— c|), which is in fact the size of the jump in
(4.2) ast — oo. The transition layer in (C) combines both of these effects and
permits the study of the interaction between the development and disappearance of
the diffusion-induced layer with the evolution of the phase diagram layer.

(1a) We first consider the simpler case in whigkyp®) is given by (4.4), which
avoids the degeneracy problem. The precise problem which we consider here is

;= %{D((ﬁs)ux}, xe(=11),t>0,

(=1 1) = uy(1.1) =0, >0, (4.6)

ux,0) =uplx), -l<x<l,

whereug(x) is a given function (e.guo(x) is continuous on the interval-1, 1)).

For anye > 0, the problem (4.6) possesses a unique solutign, 7), which
is smooth inQr = (=1, 1) x (0, T), andu® € C%1(Q7) if we assume that
uo(x) € C?[—1, 1] and the consistency conditiof}(£1) = 0. We investigate the
behavior ofu? (x, t) ase — 0.

Note first that the maximum principle gives thé°-estimate

lu® (x, )llL=or) = lluo(x) ||l Loo—1,1), (4.7)
and the energy estimate yields
1

1
sup (us(x,t))zdx+2// D(¢s)(u§)2dxdt g/ u%(x)dx. (4.8)
or -1

t<1J-1

Then by the Ascoli-Arzel compactness theorem, there exists a limitfunatiant)
such that, at least for a subsequence,

u®(x,t) — u(x,t) uniformlyin Qr,
ub(x,1) = uy(x, 1) in L%(Qr).

To identify the limit functionu(x, r), we note that® (x, r) satisfies

1

ff (— ugg,+D(¢8)u§§x) dx dt =/ wo()Z(x,00dx  (4.9)
or -1
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for any smooth functiog (x, t) € C*(Q7) with (-, T) = 0. Since

T —¢&|Ing| gllneg| 1
// D(d)s)ui(x dxdt =f (/ —i—/ ~|—/ )D(d)s)uig dxdt
Or 0 -1 —¢llne| elineg|

and, by estimate (4.8),

T rellne|
/ / D(¢%)ut¢rdxdt — 0 ase — OF.
0

—¢llng|

Taking the limite — 0% in (4.9), we see that the functior(x, ¢) satisfies

T 0 1 1
// —ul; —G—/ (/ Uy Cyx dx +/ 2u dx) dt = / uog(x)¢(x, 0)dx,
or 0 -1 0 -1

(4.10)

for any smooth functiorg (x, r) € C*(Q7) with ¢(-, T) = 0. By the regularity
properties, we can show that the functiofx, ¢) satisfies

Uy =uy, If —1<x<0, t>0,

uy=2u,, fF0<x<1 >0,

u(x,0) =upx) in —1l<x <1, (4.11)
uy(—1,t) =u,(1,t) =0 ast >0,
and on the interface = 0, we have
um=ut, u; =2ul. (4.12)

Note that the solution of the problem (4.11), (4.12) is unique, so that the whole
sequence’(x, t) (not just a subsequence) converges to, t) uniformly.
To summarize, we have

Theorem 4.1 Letug(x) € C?[—1, 1] satisfy the consistency conditiang (+1) =

0 and let the functiorD (¢¢) be given by(4.4). Then the problentd.6) possesses a
unigque solution:® (x, t) for anye > 0. Moreover, the solution® (x, r) converges
to a functionu(x, ) ase — 0, and the limit function:(x, ¢) is a unique solution
to the problem(4.11)with interface condition$4.12)

Hence, we have proved that the diffused-interface problem (4.1), (4.4) has so-
lutions which are governed to leading order by the sharp-interface problem (4.11)
and (4.12). In physical terms, the problem in which two materials (with different
diffusion coefficients) are joined together with a sharp boundary has a temperature
distribution which is close to the problem in which the two materials are fused
together over a distance

(1b) Again, we assume that(¢°) is given by (4.4) and consider the problem
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Phase field alloy model Two-phase alloy model with cross term
o SF CT - 3(Q=1llaa)er= K1AT in Q\T()
O = —— 2
do _ - c .
T~V K\VT = H(oc, 1) o=V Kol -o9(RTlag=) in QAT
PPN 1 -
nec= V- Kae(1 - 09 (5F) Ex00 | KTz = 5(QUIZ + Wa.nle +¢7) = 2able)v on T
dc N
: RT(in ; |t =-2N on I(t)
e
- g c 1
| Appropriate F, H and physical idealization [K2Ten)Z + [Kae(l - C)([n T— C)Tnlf = E{c]fv on I'(t)
[ _ et
av+ K= %]E{T—TB —--R(T';TVTB)TM%_—;} on I'(t)
Simpler phase field alloy equations
2 , 1 €
a0, = 86+ 5(6 = 0") + o=(s]e {T = Tuc - Tal1 - )}
1 . — Two-phase alloy model without t
CUT"IC¢“( +l ,¢C =VI\VT P Yy odel without cross term
o+ 5 (1e)6c = (Q + llp.a0)er) R CTiehal w S\NE
¢t =V Ka(pe(l =)V {Nfb + RTIn T ch a=KFfAc in Q\T(t)
[KhTa)E = -lv on TI(t)
[ €0 C 1+ =
(In = T=-2M on T(t)
Physical approximation . +C
v [Kacalt = —[c]*v on T(¢)
. sle Ta-Tp, 1-c*
Simplest phase field alloy equations WA=, [T ~Ts - n -l I
2 A 1, )
ae’o, = ¢ Ao+ ;(qz) -3 + i[s}E{T —Tac—Tp(1 - c)}
2 3o : . . 5 .
. Small ¢ approximation (dilute impurities)
CTi+ 500 =V - K, VT
5
co= V- Ky(¢)e(l - c)v{m +lng < r] Dilute binary alloy model
i C,T, = K1AT in Q\T(t)
ca=KFfAc in Q\T(¢)
c—=>0 1| BTt ==t on T()
r ct=c7e™™ on I(t)
Pure phase field equations | [Kzcn]t = ~[c]*v on T(t)
1 € s -
aezo,=62A¢+-2—(<D—'03)+3—6[5]E(T-TM) | av+~=%[T~TB—%ﬁ(c'—c+)] on T(t)
l .
CuTi+ 360 =V - VT | T
2 | v Neglect solid phase
€ 0 ] -
| Traditional one-phase (dilute) binary alloy model
G T, =K:AT in Q)
Pure surface tension and kinetics model | e =HKyAc in Q1)
CTv=K\AT in Q\T(t) C>0 | Ki\To=-lv on T(t)
(K Tt = ~lv on T(t) < | Kren=~(1=j)ev on I(t)
—o(av + k) =[s]g(T —Tm) on [I(t) T-Tg= ﬁz—(av +K)+mic on T(t)
l(c)=(TAc+T5(1—c))[s]E j=ﬂ, J\l:élﬂﬂ
(5.4 = (Ts - Ta)lsle ™ o
! N= 3[51 (T4 —Ts)

Q=2Ts - Tu)(Co + —5—) o
T, =VT n, etc., [Tn]T =jumpin Ty, etc.
Fig. 4. Relationship between different alloy models. The most general phase-field model
(upper left box) leads to a number of different limiting sets of equations, some of which
are classical, e.g., the traditional one-phase (dilute binary alloy), and some are introduced
in this paper, e.g., the two-phase alloy model without cross terms, in which the conditions
involving ¢t andc™ (not the derivatives af) are the new interface relations replacing the
Gibbs-Thomson condition. With various simplifications and idealization, we obtain the
“simplest" phase-field-alloy model which retains the key characteristics of an alloy. These
idealizations consists of fixing, for example, the surface tensidor the mixture, which
is accurate for pairs of materials with similar surface tension between phases, or for small
concentrations of one material in another. The solid lines and arrows between the boxes
indicate a mathematical relationship in the sense of a theorem for simpler geometries and
matched asymptotic for more complicated geometries. The dashed lines indicate physical
idealizations or approximations.
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ct:%{D(qﬁs)(cx—}—Ac(l—c)q&i)} in —1<x<1 t>0,
cr(=1,1) = cx(1,1) = 0, (4.13)
c(x,0) = cox),

wherecg(x) is a given function with O< cg(x) < 1on—-1<x < 1,andAisa
constant.

Problem (4.13) describes the simplest possible concentration problem with a
stationary interface. WheA = 0, we are again back to problem (4.6). Wheis
nonzero, the factop? induces (for a small value of the parametgia transition
layer in concentratiom, so that the constant characterizes the amplitude of the
jump in concentration.

For anye > 0, the problem (4.13) is a standard parabolic boundary-value
problem, so that there exists a unique solutb(x, ¢) that is smooth inQ7. To
see the behavior of(x,t) ase — 0T, we need to obtain some estimates for
the solutionc? (x, r). First, by use of the comparison principle and the condition
0 < co(x) < 1, we can prove that

0<c®(x,1) <1 (4.14)

Noting thatc® (x, t) satisfies

£

& __ 9 &\ € & 0 &
CI—E[D(cb )e (1_C)E<In1—cs+A¢)}’ (4.15)
we let .
f@,0)=A¢p+In—, (4.16)
1-¢
F(p,c) = /C f(@p,y)dy =A¢pc+clnc+ (1 —c¢)In(1— o). (4.17)
0
Then

T r1 dct T pl 9 1
/ / f(¢6,c8)—dxdt:[ [ —F(¢g,c8)dxdt:/ F(¢%, %)
o J-1 ot 0 J—10t 1

Thusthe quantity’OTf_l1 f(@°, c®)ct dx dt isbounded and the bound is independent
of . Since

t=T
dx.
t=0

T rl 9 9
[ ] sxlperea- el re )@ anar
0 J-10Xx ax

x=1
dt
x=-1

T 9
_ / D@ (1 ) f@F €)= 9 )
0 X

T pl 9 2
- [ p@rcra-e(shrete) dnar
0J-1 X

and since the first term of the right side of this equation is also bounded by a constant
independent of, we obtain the estimate
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T 1 3 2
/ / D@~ ) (5o f(@" ) dxar £ C, (4.18)
0J-1 x

where the constart is independent of. L
Multiplying both sides of (4.15) by a test functigne C*(Qr)with¢(x, T) =
0, and integrating the product by parts, we obtain

/OT/_ll [ — g + D)t (1 — ce)(%f(qse, Cs))ix] dx dt

T P x=1 1
+ [ D@t a- e (r@ e di= [ a0
0 X x=-1 -1

and by the estimate (4.18), we have that

ellneg|
// D(¢*)c*(1— )( f(@°, c8)>§xdxdt—>0 ass — 0T,

ellng|

By taking the limite — 0T, we see that there exists a limit functiotx, ¢)
such that, at least for a subsequence,

c(x,t) = c(x,t) in L*® weaksx,
and in the regionx| = 2¢|In ¢|, we have
Ex, 1) = c(x, 1) weaklyin H.

Thus, we have

T r1 T 0- T r1
/ / —crdx dt+/ / Cxy dxdt+/ / 2c, ¢y dx dt
0 J-1 0J-1 o Jot

1
=f co(x)¢(x,0)dx

(4.19)

foranyc € C®(Qr) with ¢(-, T) =
Again, by a test-function argument, we see that the limit funetianr) satisfies

G =c¢Cex, —1<x<0, >0,
¢ =2c, O<x<l1 >0
c(x,0) =co(x), —-1l<x<l1,
o (=1,t)=c,(1, 1) =0, >0

(4.20)

To specify the interface condition on= 0, we notice that (4.19) implies that

[ [~ wonceo]acars | / [ o+ @] drar
(4.21)

= / co(x)¢(x,0)dx.
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Taking¢ € C*®(Q7) with £(x,0) = ¢(x, T) = ¢(£1,1) = 0in (4.21), we

obtain
! +
O, )¢y —2c])dt =0.
f, (e —2)

This implies that
ey =2 (4.22)

on the interfacex = 0. Another interface condition (which is the same for the
dynamics as for equlibrium) follows from the estimate (4.18) apxd¢) > 0, i.e.,
- +

C
—A=In + A

In ,
1—c— 1-c*

or equivalently
c~(1—=ch) 24
— = 4.23
ct(l—c¢7) ( )

To summarize, we have

Theorem 4.2.Let co(x) € C1[—1,1] satisfy0 < co(x) < 1 and consistency
conditionscg, (1) = 0and let the functioD (¢?) be given by4.4). Then problem
(4.13)possesses a unique solutigi(x, r) for anye > 0. Moreover, the solution
c®(x, t) converges to a function(x, t) ase — 0, and the limit functiorc(x, )
is the unique solution to the proble(.20)with interface conditiong4.22)and
(4.23)

Thus, we have proved that solutions of the diffused-interface problem (4.13)
converge to the solution of the sharp-interface problem (4.20), (4.22) and (4.23).
Physically, this is the alloy problem in which the interface remains fixed due to
thermal conditions. Our result shows once again the close relationship of the phase-
field and the sharp-interface models. However, for complex geometries, the phase-
field approach, (4.13), remains valid when the sharp-interface model does not apply.

Remark 4.1We can takep® (x, t) = tanh{(x — vr)/¢} instead ofp?(x) as given

by (4.3). Then the same arguments can be carried out as above. In this case the
interface condition (4.22) om = vt for the concentration equation is replaced by

")

3

- +_ —
c, — 2 =—-v(c —c

whereas the interface conditions on the interface vr for u equation remains
unchanged.

(2a) We now turn to consider the case whep®) is given by (4.5) and we
investigate the behavior of the solutiaf(x, r) of the problem (4.6) as small pa-
rameters — OT. Note that in this case we have

D(@¢°) ~ e+ 0(* as x < —¢|Inel.

Unlike the situation discussed in (1a), we have degeneracy in one phase here, so
the type of equation changes in the limit case as we can see below.

As in the two previous cases, if we assume thatt) € L°°(—1, 1), we can
obtain the estimates:
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lu® (x, D)llLeor) = lluo(x)llLe=1.1), (4.24)
1

2 T pr1
Su ub(x,t +// D(d¢ uizdxdté ua (o2 . 4.5
sup _1( (x.1) [ D@ Paxdr < oz, (425)

Furthermore, if we assume thag(x) € H1(—1, 1), then the following estimate
can be derived:

1 T r1
sup D(¢£)|u;|2dx+f/ uf1Pdx dt < lluox ()72 y 4 (4.26)
t<1J-1 0J-1 ’

Noting that the solutiom?® (x, ¢) satisfies
1

T pl
/ / [—u8§,+D(¢8)ui§X]dxdt:/ o)z (x, 0) dx (4.27)
0J-1 —1

for any¢(x, ) € C®(Qr) with ¢(x, T) = 0, we may take the limit (at least for
a subsequence) as— 0% in light of estimates (4.24)—(4.26). The limit function
u(x, t) satisfies

T pl T pl 1
/ f —uldx dt + / / UxCx dx dt = / ug(x)¢(x, 0)dx (4.28)
0J-1 0 Jo -1

forany¢(x,1) € C°(Qr) with ¢(-, T) = 0. This implies that the functiom(x, ¢)
is a solution of

u;=0 if —1<x <0,

ur =uyy If 0 <x <1,
u(x,0) =upx) if —1<x<l1,
u, (0T, ) =u, (L,)=0 if t > 0.

It may be worth noting here that unlike case (1a), the solutian ¢) of (4.29)
may not necessarily be continuous across the interface0 because of the de-
generacy of the original equation.

To summarize, we have

(4.29)

Theorem 4.3.Letug(x) € C[—1, 1] satisfy consistency conditiong, (1) = 0
and let the functionD(¢¢) be given by4.5). Then the problen.6) possesses a
unigue solution:® (x, t) for anye > 0. Moreover, the solution® (x, t) converges
to a functionu(x, t) ase — 0, and the limit function:(x, ¢) is a solution to the
problem(4.29)

Remark 4.2If we take¢®(x, t) = tanh{(x — vt)/e}, then in the case < 0, the
problem (4.29) is satisfied by the limit functior(x, r) in the domaingx < vr}

and{x > vr}, andu} = O on the interface = vz. However, ifv > 0, we have
non-uniqueness in the regionddx < vt, ¢+ > 0 for the limit functionu(x, ¢).

(2b) D(¢°) is given by (4.5) when the problem (4.13) can be treated as problem
(4.6) was. For brevity we do not duplicate this arguement here. Instead, we remark
that the limit functiore(x, 1) satisfies the same equations:@s, 1) does, regardless
of whether the constamt vanishes in the original equation. Again, this fact is a
consequence of the degeneracy.
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5. A Steady-State Problem with Constant Temperature

Animportant special case of the formal asymptotic analysis of Section 3is that of
the one-dimensional steady state at constant temperature. The rigorous verification
of this problem is important for several reasons: (a) It establishes rigorously the
phase diagram (which of course is defined only in the absence of dynamic and
geometric considerations). (b) It establishes (at least in the steady state) the nature
of the interface, namely, that it is in fact similar to a tanh function, with interface
thicknesse.

The time-independent, one-dimensional simplified version of (3.1)—(3.3) sub-
ject to constant temperature and boundary conditions can be stated as

&2/ +2p(1—¢%) +2:(a+bc) =0 in (-1,1),

+Ac(l—c)¢’ =0 in (=1, 1),
(5.1)
¢(£1) = tanhj%l,

c(-1) =o0_,

wherea, b, A ando_ are constants withp, ande > 0 is a small parameter.
For any positive value of, the system (5.1) is solvable. In fact, the second
equation of (5.1) can be solved by findiagn terms of¢ as

pA—Ad
c=——, (5.2)
1+ eA-40
where .
Azml — —A¢(—D). (5.3)

Substituting: into the first equation of (5.1), we obtain a second-order equation for
¢, with boundary values at = +1, which is solvable.

Using L® bounds, monotonicity properties and arguments employed in the
Section 6, we can prove (see Figure 3 and [CX2])

Theorem 5.1.Let0 < o_ < 1 and the pair(¢®(x), ¢®(x)) be a solution of the
ordinary differential equation systeifs.1) for any ¢ > 0. Then there exists a
x(0) € (-1, 1) such that, ag — 0T,

9% (x) > —1+ 2H (x — x(0)),

(o) o_ If x <x(0),
—
e o if x > x(0),

where the functiorH (x) is the Heaviside functiom_ is given in(5.1) and

or=1—-(1- cr_)e_Z“A/b.
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6. A Partial Differential Equation System with Constant Temperature

In this section we present a rigorous treatment of the phase-alloy system (3.1)—
(3.3) with E(¢) = 1 at constant temperature in one spatial dimension. Once again,
we assume that all parameters are fixed exeep¥ithin this setting, we prove
rigorously one special case of the formal results in Section 3. The equations have
the form

2
b = dux+ 5{B(L— 87 + @+ o). (6.1)
d ad c
¢ = a{c(l—c)a[Aqb—Hn ch]} (6.2)
in Or = (—1,1) x (0, T), subject to the boundary and initial conditions

$(x,0) = tanh);“, (6.3)

(1, 1) = tanhi?l, (6.4)

c(x,0) = co(x), (6.5)

cx(£1, 1) =0, (6.6)

wherea, b andA are constants, and the functiegix) € C1[0, 1]with0 < co(x) <
1 andco, (1) = 0 andes > 0 is a small parameter.
In this section we first state an existence and uniqueness theorem for the system
(6.1)—(6.6). Then we investigate the behavior of the solutigh ¢®) of (6.1)—(6.6)
as the parameter— 0. The main theorem we prove is

Theorem 6.1.Assume thatg(x) € C1[—1, 1]with 0 < co(x) < 1andco, (£1) =
0. Let(c*, ¢°) be the solution of6.1)—(6.6) Then there exist two functiosgt)
HY(0, T,) andc(x, t) € L>®(Qr,) such that, ag — 0,

f(x, 1) > c(x,t) L*-weakx in QOr,,
-1, if —1<x<S8®),
¢ (x, 1) = ,
+1, if S¢) <x <1,
and(S(?), c(x, t)) satisfies
o =cxx I (x,1) € O, \ {(S(®), D},
satisfies the interface conditions
[ex]t = —[c]TS' (1), 0<t< T,

2, b, 1—c*
=S'(t) = —2a — —1 0 <T,
3S() 2N , <t =T,

—Cc
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1—c¢
on the interfacex = S(¢) and satisfies the boundary and initial conditiof@s5)
and (6.6), whereT, > 0 is the first time such that eithdl, = T, or S(T,) = —1,
or S(Ty) = 1.

This theorem will be proved in Section 6.3 (see Theorems 6.7 and 6.8).

c 1t
|:In ] =-2A, 0<t<T,

6.1. Existence and Uniqueness Resultgfor0
We now state the existence and uniqueness theorem for problem (6.1)—(6.6)
with ¢ > 0. We have

Theorem 6.2.There exists a unique solutidp, ¢} of the problenm(6.1)—(6.6)for
the functionco(x) € €10, 1] with 0 < co(x) < 1andco, (+1) = Ofor anye > 0.

This theorem can be proved by a fixed-point argument and energy-type esti-
mates. For brevity it is not proved here.

6.2. Properties of a Solutio@?, ¢¢) to (6.1)—(6.6)

To investigate the limit behavior of the solutigpf, ¢?), we need to obtain some
properties and also a priori estimates fof, ¢®). First, by virtue of the maximum
and comparison principles, we can derive IIfeé-estimates

0<cf(x,1t) <1, (6.7)
—1-2¢(lal + [b]) = ¢°(x, 1) = 1+ 2e(|a| + |b)). (6.8)

We next prove the following energy estimate which will be used in the limit
process as — 07 in Section 6.3. First, we show thaf (x, ¢) is approximately
equal to tanf(x — S(¢))/e} for some functionS(¢) € C%, « € [%, 1). To do this,
we first restrict to the interval [0 T;], where

t
T, = sup{ t€[0,T] | / 16 (£1, )| dT < s—”},
0

andO0< v < % is a small number (with no loss of generality, we assume that
f0T€ |¢S(£1, )| dt = 1). Inthe interval [0 7;], we can obtain the a priori bound for

fOTS |¢¢(£1, 1)| dt, which is independent of. We then conclude th&f, = T and
S0 obtain the energy-type estimate:

Lemma 6.3.Let (¢°, ¢®) be a solution 0f6.1)—(6.6) Assume thahA < O; then

sup [ (502 + -1 0?2 ax + / / e¢?dx di
2 x 28 QTE !

t<T, /-1
n —sz //QTS c@-of(4¢+m 1%c)x}zdx dr (6.9)

T,
§C/ | (£1, 1)| dt,
0

where the constant is independent of.
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Proof. We omit the superscript and subscript.e., we write(¢?, ¢?) as(¢, ¢) and
T, asT in the proof of this lemma.

By a direct calculation of the integral

Td ftre , 1
— |2 —(1-9¢%?|dxd
/0 dr _1[2¢X+2g( "”] xdt,

by using integration by parts, and by using the equatiorpfand boundary and
initial conditions, we find

sup [¢x —(1 $2)2 dx~|—//s¢,dxdt
-1

t<T

. (6.10)
< 2/ [¢(x,T)—¢(x,0)] dx+2b// ey dx d.
-1 or
Note that we have the identities
1 1
// c¢>,dxdt=/ c¢|§z{,dx——// ci(Ag) dx dt
or - A or
:/ c¢’ Ty — —/f ¢t A¢+In )dxdt
or
with
// cln =< dxdt=fl[s|ns+(l—s)|n(l—s)]|Y oo D,
or 4 1—c¢ 1 s=c(x,0)
C
foTc,(A¢+lnl_c)dxdt
//QT c(1—c) A¢+In—) } ( _C>dxdt
x=1
=/ c(l—c)<A¢+|n —C) <A¢+In C) o

//QTc(l—c) A¢+In ) }dedt.

Thus (6.10) yields
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sup 1[5¢2+i(1—¢2)z]dx+/f egZdx di
2 * 2¢ or !

t<1J-1
+_T%//QT c(l—c){(A¢+|n %c)x}zdxdr

l 1
<2 [ e - 6w 012 [ o Zyax
-1 1

+2b// In —<— dx dr
—_— Ct X
A or 1—-C

T

+/0 c(1—c)(A¢+ln ﬁ)x(Ad)—l—ln 1ic)

x=1
dt.

x=-1

By the estimates (6.7), (6.8), this inequality gives the desired resalt.

Lemma 6.4.A solutiong® (x, t) of (6.1)—(6.6)has the property that
dx+1—rt)—¢(x,1)+0() =20

foranyr with -1 < x <r < L

Proof. Let
Dx,)=¢dp(x+1—rt)—¢(x,t)+ O(e).

Then® (x, t) satisfies the inequality
2 N
O — b+ | B— fn|ozo
&
and, by estimate (6.8), the boundary and initial conditions
¢(_17[)207 ¢(r7t)zov ¢(X,0)zo

for -1 <x <r <1, where
A 1
f(-x»t):/ f/<f¢(x+1_r,t)+(1_f)¢(.x,t))df,
0

f=¢—¢andB > ||f||Lo<>(QT) + 1. Hence, the comparison principle gives the
desired inequality. O

Lemma 6.5.A solutiong® (x, t) of (6.1)—(6.6)has the property
16262, 1) — (1 — $2¢. 0)2l|L(-11) < Ce2"h(t) + Ce,

where the constar@ and the bound of ()|l 2o 7, are independent of.

Proof. We again omit the superscript and subsctifiwor brevity. The equation for
¢ yields

(6262 = 1= ¢22] = 25%.0 — de(a+ bO)g.

Integrating this equality overx, r) C (—1, 1), we obtain
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e2p2(r,1) — (L — p?%(r, 1)
= e2¢%(x, 1) — (1 — ¢D%(x, 1) + 282/ bepr dx — 48/ (a + be)py dx,

and consequently the inequality

|£292(r, 1) — (1 = ¢2)%(r, 1)
< 6292, 1) — (1 - 6220 + 262( [] g2ax) ([ o2ax) "

+4g[2|a| + \/élb|(fxr oy dx)l/z]'

Integrating with respect to the variable over—1, 1) and using Lemma 6.3, we
obtain

1
2020.0) — = gDl S o [ [eo? o= 9h2]dx 4+ 0GE b,
-1

whereh(t) € L%(0, T), |h ()|l 2 is bounded and the bound is independent.of
This proves the desired result. O

To discuss the limit ag approaches zero and obtain interface conditions of
the limit problem, we need to obtain a further estimated#é¢x, t). To do this,
we first discuss the level curves of (x, ). Let i% be noncritical values of the
functiong?® (x, t). Thus Sard’s lemma and the implicit function theorem imply that
Pt (x,1) = :I:% are composed of finitely many differentiable curvesgn. We
denote them b)Ss(:I:l, t). By Lemma 6.5, we see that for almost every (0, T)
and for a subsequence ofstill denote bye for brevity), we have

epi(x,t) 2 k>0

onthe regior{(x, N gf| < %} ase is small. The continuity ap¢ (x, ¢) thenimplies
that¢? > 0 and so for every e ( - % %) there exists a unique differentiable

curvex = S¢(8, t) such that
P (S°(8, 1), 1) = 6. (6.11)
Foranys(e) € (— 3, ), we define
SE(t) = S5(8(s), 1).
Integrating the ordinary differential equation suggested by Lemma 6.5, we ob-
tain

x — S6(@t) +eu(e)

¢°(x,t) —tanh < M(e)h(t) (6.12)

foralmostevery € (0, T,) and uniformly inx € (—1, 1), wheretanku(g)) = 8(¢)
andM(g) — 0 ass — 0.
This also implies, by the boundary conditiongst, that
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+1— S°(r)
_—
&

o)

ase — 0T for almost every < (0, T;).
We now stretch the variable by
x — S4() 15

Z - X+
& &

and define two functiong® andét by
¢° (2. 1) = ¢° (2 + 5°(1), 1), (6.13)
E(z, 1) = ez + S8(0), 1). (6.14)
Our aim is to show
Lemma 6.6.Let ¢° be a solution o{6.1)—(6.6)and ¢°(z, r) be given by(6.13)
Then
Tor 2oz 2e0202] 77 2 [T
/o (@92 —a-@7| " =ce /0 ;L Dl (6.15)

wherez_ < —|In¢g|, z+ = |Ing¢| and the constant is independent of.

Proof. Again, we writeg® as¢, ¢¢ asc® and7, asT. Let

V@ = v°@ + et @ = (mp? + A= myld) +e(nut + @ -nvd),
where

¥2(z) = tanhz + 11(e)),
1, if z>0,

0 _
Vo) = {—1 if z <O

¥1(z, 1) is a solution of the problem
yo+2(1- 30Dy + 26+ b =0 in (20,

¥(0) =0,
where
Yz, 1) = L+ bo),
and where;j(z) € C*®(R?) is a cut-off function such that

1 it =
n() =
. Z— I+
0 fz<s——-1orz=-—+1,
z_2 z_2+

+1§z§%+—1,
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and such that it is monotonically increasing from 0 to 4 # 0 and monotonically
decreasing from 1 to O if > 0.
Note that the solutionjfl.l(z, t) can be expressed by

Yl 1) = —A(z)/'ZB(g)(a +bé(§,t)) d&
0 (6.16)

- B(z)/ 2A(E)<a +bECE, t)) dt,

where

A(z) = 1—tankf(z + u(e)),

1
B(z) = —A(Z)/O AZ—(“g‘)dE'
Thus we obtain
Ilﬁ,-l(z,t)l < 2||a+b5||oo(A(Z)/0 |B(&)| dé + IB(Z)I/ A(EMS)-

Similary, by differentiating (6.16) with respect tpwe find that

Wizl §2||a+bé||oo(|A’(z)|/o'|B<f;~)|ds+|B’<z>|/ A®) d§).
Therefore, we have the estimate

Wit 0, i Oleeen £ C, (6.17)

where the constantt is independent of.
To justify Lemma 6.6, we need only show, by estimate (6.17), that

T 02 , (4 0,215+ 2 r
| [16=voR 41— ar s ce? [CignEnolan 618)
Now consider the difference

D(z,1) = P(z,1) — ¥O(2).
By noticing that

@—8) - =y =[1-302 =34 @G - ) - G- ?|G -,
we see that (z, t) satisfies
3 .
0\2 _ 3 0452 _ 2
—¢>Zz+2(3(¢ ) —1)¢> — 2(@ +3y% )—i—J(z,t) &=,
®(0,1) =0, (6.19)

+1
@D (z4,1) =tanh— — (£1),
&



An Analysis of Phase-Field Alloys and Transition Layers 323

where

@0 =212 = ud: + @ —ud{n" + 2@ = m[a+ md?

+01- 2%+ a-2mulyl]}.

Multiplying the both sides of equation (6.19) Byand integrating the product
over(z—, z4+), we obtain

/“ (- @ + 2% - 1107) dz

053 o 2 [*F A
§—6/ ader dz+f J(Q)Pdz — ¢ f D —¢dz.
I— — - 8[

Note that we have
4
/ (3@00)2 —_ 1)q>2dz - { / +/ }[3(¢0)2 - 1]Q>2dz
. Bu02-1>8)  Ji3y0)2-1<s)

oo 2
35/ ®%dz + (1+6) ®2dz,
Z

- lz|1S0

whereo < tanh (1 + 8)/3+ u(e)) ands > 0. Then there exist a (small) positive
constan® and a constarit > 0, such that

i+ i+ 4+ 4
/ ®2dz + 2/ (3(¢°)2 — 1)¢2dz > A/ ®2dz + 25/ 24z,
7— 7— z— z

and so from (6.20) we obtain the inequality

i+ 4+
A/ @ZZ dz + 25/ ®2dz
Z Z

I+ ) i+ 1 I+
< 6/ |wOp|P2dz + Z/ o%dz + 5/ |J|%dz
Z— - Z—

i+

2 [*F 0~
+e / P —pdz+ PP,
7 at z-
Note also that

10Dl o) S 20PN 2y < 200 — Yl zy) S 158

sincee > 0 is suitably small. We then obtain

i+ 24+
s / ®2dz+8 / %z
- Z—

1 [+ g4 [+ b2 z
< -/ |J|2dz+—/ (—¢) dz +|od,|| .
8 J,_ s J,_ Jt z—

(6.21)
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The third term on the right-hand side of inequality (6.21) is exponentially small,
while the integrayj_+ |J|2dz can be estimated by

z4
|1z < C{ sup [0 — wO12+ v2 - wi’f]},
z— n#0,1

which is also exponentially small. Therefore, by integrating the inequality (6.21)
over (0, T), we obtain

T 4+ T 4+ T
)\f / (Dzzdz—i—S/ / @%dz < C82/ |y (1, 1) dt, (6.22)
0 Jz_ 0 Jz_ 0

where we have useﬁ]QT ep?dxdt < CfOT |, (£1, )| dt, which is proved in
Lemma 6.3. Here the constafitis independent of. With estimate (6.22), we can
obtain, by the same method used to obtain (6.22), the inequality

T przy T
/ / @2 dz < Ce? f | (£1, )| dt. (6.23)
0 z— 0

Hence, the Sobolev imbedding theorem yields

T T T
/0||a><-,r)||imdr, /O||a>z<~,z>||iwdr§c82/0 (e (1, )] dr.

This proves (6.18), and so Lemma 6.6 follows.oo

With the estimately |¢. (z4, 1)[2dt < Ce? [ |¢x(£1, 1)] dt, we have
Te T 1/2
[ e nian < a2 ( [ g i)
0 0

T. 1. 1/2 Te 1/2
g(T)l/Z([O Zhetes nar)” §C<T)1/2(/0 oL Dlar)”

and so we obtain
T;
[ o.cnian < 5 (6.24)
0
where the constar® is independent of. By choosings so small thatB < &7V,
we then conclude, by the definition &f, that7T, = T.

RemarkOnce estimate (6.24) is established, we have the energy-type estimate (6.9)
in Lemma 6.3, and so = 0 in Lemma 6.5, and the right-hand side of (6.15) is of
orderO(?). For anys e (—3, 3), differentiating the equality® (5°(8, 1), 1) = &

with respect ta, we obtain

GE(x, 1)SE(S. 1) + ¢ (x, 1) =0 on x =S, 1),

and then
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T. p1/2 T, 12
// SE (5, t)‘ dsdt = //
0 J-1/2 1/2 ¢x
T S°(1/2,0) 2 T. rSE(1/2,1)
[ et _// a5
e(—1/2,1) Iraael k ©(~1/2,1)

where the constar is independent of. Thus there exists a smalle) € (—%, %)
such that

d3 dt

T
f 1S8(8(¢e), 1)|?dt £ C. (6.25)
0

6.3. Limit Process as — 0Ot

We are now in a position to consider a limit procesg as- 0" and to prove
our main theorem. We first show

Theorem 6.7.Let (c%, ¢°) be the solution 0{6.1)—(6.6) Then there exist two
functionsS(t) € H(0, T,) andc(x, 1) € L*°(Qr,) such that, for a subsequence
gj of g,

I (x,t) —> c(x,t) L*®-weakxin Qr,,
S& (@) — S(t) uniformly in [0, 7], (6.26)
S (1) — S(1) weakly in H1(0, T,,),
aseg; — 0 (or j — oo0)
-1 if —1<x<S(@),
lim ¢% (x,1) = ) (6.27)
Jj—00 +1 f S@)<x<1
andc(x, t) satisfies

cr=cxx I (x,1) € O, \ {(S(), 1)}, (6.28)
where

T, =Sup{t| —1-8(1) < —0,1-5(1) 20 Yo 2 2¢|lng|, 1 §t}.

Proof. The convergence (6.26) can be obtained by estimates (6.7) and (6.25) estab-
lished in the previous subsections, while (6.27) is a consequence of Lemma 6.6. To
show (6.28), we use a test function argument. Multiplying the equation(for)

by ¢ (x, t) and integrating oveQr, , we obtain

Ts r1 9
f / {—c’fct Fef—c) (—g(df, c8)> cx}dx 1
0 J-— 0x

x=1

1
+f ce (1—c8)—g<¢ ) =/ co()Z (x, 0) dx,
0 1 -1
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where¢ € C*°(Qr,) with ¢(x, T,) = 0 and
g(d,c) = Ap+In ——
1-c¢

Note that
T, rl P
/ / cf(1—c") (—g(¢>8,c5)> {xdx dt
0 J dx
(6.29)

Ts ;
N / (/ +/ )Cs(l — e —g(@%, ) dx dr
0 [x—S¢|>¢|Ing| |x—S¢|<¢|Ing] ox

and the second term on the right-hand side of (6.29) approaches zgyoesto zero
by virtue of Lemma 6.3. (By the definition @f;, we see thgt-1—S¢(¢)| > ¢|In¢].)
Lettinge — 0™, we have

T, rl T, rS(1)— T, rl
/ / —ctdxdt + / / —i—/ / ey dxdt
0 -1 0 -1 0 S()+
1

:/ co(x)¢(x,0)dx,
-1

(6.30)

for ¢ € C*°(Qr,) with ¢(x, T;) = 0. This implies that the limit function(x, 1)
satisfies
cr=cyy I x+St). O (6.31)

The following theorem provides the interface conditions for two limit functions
c(x,r)andS@) onx = S(©)

Theorem 6.8.The limit functionsS(¢) and ¢(x, ¢) satisfy the following interface
conditions onx = S(r):

[e.]f =—[cfS'®), 0<i =T, (6.32)
2, b 1—ct

=S8'(t) =—2a— —1In 0<t<T, 6.33
3S() a—-—nI—= <t =T, ( )

c +
[In ] — 24, 0<t<T,. (6.34)

1—cl-
Proof. For our choice ofr, we first note that we can take = —|In¢| andz; =

[Ing| in Lemma 6.6. To obtain (6.32), we choose a test functioa C*(Qr,)

with ¢(x,0) = ¢(x, Ty) = ¢(£1,¢) = 0in (6.30). From integration by parts and
equation (6.31), the identity (6.32) follows. To show (6.33), we rewrite the equation
for ¢ (x, t) in terms of the variable, and sop¢ (z, 1) satisfies

n N 1. 27~ A
edf — 570t — ~4. - g[¢>6 — @] - 2@+ b&) =0, (6.35)

Multiplying equation (6.35) by ()¢, we obtain
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Ty |In£\ . .
/ / — SE()(@)% — 2(a + bég)qu];(r) dzdt

|Ing|

Ty ||ne| ) .
/ f PE ¢+ 2(9° — (¢‘9)3)¢§]§(t)dzdt (6.36)

[Inel

T, plinel
—s/ / ¢;Pic(t)dzdt.
0

—|Ing|
The second integral on the right-hand side of (6.36) can be estimated by

To plinel T, rSt+e|lne
8/ / ¢; pIc (1) dz dt =8/ / drPSL(t) dx dt
0 0 JSst—¢|lng]

—|Ing|

T, pS¢+e|lnel 1/2 T, pS¢+e|lnel 1/2
(/ / e(pf)?dx dt) (/ / £(0°)2¢2(t) dx dt)
0 0 e—gllng|

€—¢llneg|

A

-0 as ¢ — 0",
The first integral on the right hand side of (6.36) is of ordefs) by

Lemma 6.6.
We also have, as — 0,

Ty |Ing| . T 00

f 20) / SE(PE)2dzdt — C(0)S, (1) dt / (1 —tankf z)%dz

0 —|Ing| 0 —00
T

4
3/, ¢@)S, (r)de

Ty ||n8| R T
Za/ {(t)/ ¢ dzdt — da C(t)dt.
0 0

—|Ing|

To evaluate the integral

T, lnel
/ g(t)/ &2 dz dt,
0 —|Ing|

we notice that
AE

T, ||ne|
/ ;(t)/ ‘(49" +In ) dzdi
1-¢¢/;

|In8\

nE

Ty |Ing| . &
— AE 1 E Z
_f ;(t)/ Ac ¢z+1_55]d2dt

[Ineg|

approaches zero as— 0™ by Lemma 6.3, and so

T el . 1 (% 1—cT(S@), 1)
AE QL E - —’
/o {(t)/ P dzdt — ), @ 1In TG00 t

—|Ing|

ase — 0T,
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Combining all the above estimates results in the identity (6.33).
Finally, the interface condition (6.34) follows from Lemma 6.3 and the positivity
of the functionc(x, ¢). This completes our proof. O

To finish the proof of Theorem 6.1, we note that there exigis & 0 such that
T, — T, aso \ 0, and the limit function satisfies the conditions (6.5) and (6.6),
thereby completing the proof of Theorem 6.1.
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