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Abstract

A phase-field approach to binary alloys is studied. Formal asymptotics of the
system of parabolic differential equations leads to new interface relations as part
of a macroscopic model which arises in the limit of vanishing interface thickness.
Under suitable conditions we prove that the phase-field system has a unique solution
which converges to the limiting macroscopic solution. The concentration and phase
are monotonic across the interface for a simplified system. Transition layers in
concentration are induced due to the change in phase and the change in material
diffusion across the interface. Excess impurities may be trapped as a consequence
of these layers.

1. Introduction

The dynamics of phase boundaries for pure material has been studied exten-
sively, primarily by two avenues: sharp-interface models (e.g., [Cr] and references
therein) and diffused-interface or phase-field models (e.g., [C1] and references
therein). The sharp-interface models are generally macroscopic continuum models
which stipulate basic equations, such as the heat equation in each phase, and impose
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conditions on the interface (of zero thickness). A typical example is the surface ten-
sion and kinetics model (also called the modified Stefan model) in which a material
in a spatial region� ⊂ Rd is in one of two phases, e.g., liquid or solid, separated
by an interface0 ⊂ Rd−1 satisfying the equations

CV Tt = ∇ ·K1∇T in � \ 0, (1.1)

[T ]+− = 0 on 0, (1.2)

lv = −K1[∇T · n]+− on 0, (1.3)

[s]E(T − TM) = −σ(αv + κ) on 0, (1.4)

whereT is (absolute) temperature,CV is the specific heat per unit volume with
units of energy/(volume · degree),K1 is the thermal conductivity with units of
energy/(area· time · temperature gradient)= energy/(lengthd−2· degree· time),
l is the latent heat per unit volume with units of energy/mass,v is the normal
velocity of the interface (positive if directed toward the liquid),n is the unit vector
normal to the interface (pointing to the liquid),s is the entropy per unit volume
with units of energy/(lengthd · degree), [s]E is the entropy difference in equilibrium
per unit volume between the “+” phase and “−” phase,κ is the sum of principal
curvatures at the point on0, σ is the surface tension with units of energy/area=
energy/lengthd−1, α is the relaxation scaling with units of time/length2, TM is the
melting temperature, and [·]+− denotes the jump between solid and liquid.

A dimensionless version of (1.1)–(1.4) uses a rescaled dimensionless tempera-
tureu, diffusivity D, and capillary lengthd0, defined by

u ≡ T − TM

l/CV
, D ≡ K1

CV
, d0 ≡ σ

[s]El/CV
, (1.5)

so that the equations have the form

ut = D1u in � \ 0, (1.6)

[u]+− = 0 on 0, (1.7)

v = −D[∇u · n]+− on 0, (1.8)

u = −d0(αv + κ) on 0. (1.9)

In the special case when (1.9) is replaced byu = 0, one obtains the classical
Stefan problem [Cr], which is the oldest mathematical model for a phase boundary.
It is worth noting that (1.6)–(1.9) differs from the classical Stefan model in a
much more fundamental way than the modification of an interface condition. In the
classical Stefan model, the temperature alone specifies the phase, i.e., ifu > 0, then
the material is liquid at(x, t), etc. However, the surface tension and kinetic model
provides no such simple mechanism for determining phase, except by tracking
the interface. Another way of stating this is that the classical Stefan model can be
written in a weak formulation by means of a phase variableφs , which is a Heaviside
function of the (reduced) temperature, i.e.,φs(u) = u−1|u|. In the physically more
realistic cases, this trivial dependence of phase on temperature must be replaced by
a more complicated relationship. A natural method of accomplishing this within
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the context of modern physics is by means of a free energyF = ∫
�
Fdx which

depends on temperatureT , and a phase or order parameterφ, which may be regarded
as a microscopic fractional mass of one of the two phases. In most of the phase-field
works,φ is normalized so thatφ = 1 corresponds to liquid and−1 to solid. The
heat equation (1.1) is replaced by an analogous energy balance law, the simplest of
which is,

CV Tt + 1
2lφt = K11T.

In equilibrium, the functionφ is a minimizer of the free energy so thatδF/δφ = 0.
A standard idea of nonequilibrium statistical mechanics [HH] is thatφ returns to
equilibrium with a “force” which is proportional to the extent to which it is out of
equilibrium, so thatτφt = −δF/δφ whereτ is a relaxation time. A typical free
energy utilizes a Landau-type quadratic forφ, so that inN dimensions we have

F {φ, T } =
∫ {

ξ2

2
(∇φ)2 + 1

8a
(φ2 − 1)2 − [s]

2
(T − TM)φ

}
dx, (1.10)

whereξ is a length scale associated with the microscopic interaction strength,a−1

is a measure of the depth of the double-well, [s]E is the entropy difference between
phases in equilibrium andTM is the melting temperature (see [C2] and references
therein). Upon making the definitions of the macroscopic parameters

ε ≡ ξa1/2, σ ≡ 2

3
ξa−1/2, α ≡ τ

ξ2
, (1.11)

whereε is a measure of the interface thickness andσ the surface tension, we can
rewriteF in terms ofε andσ , so that the dynamic equation forφ is

αε2φt = ε21φ + 1

2
(φ − φ3)+ ε

[s]E
3σ

(T − TM). (1.12)

This equation forφ andT is coupled with the analogue of the heat equation (1.1),
which in its simplest form is

CV Tt + 1
2lφt = K11T. (1.13)

The system (1.12) and (1.13) is a set of differential equations which describe
the free-boundary problem (in the limit case) without the need for conditions on
the interface, since the interface now consists of the set of points

0(t) ≡ {
x ∈ � | φ(x, t) = 0

}
. (1.14)

It is worth noting that the phase-field equations in the form (1.12), (1.13) identify
all macroscopic variables such as [s]E , σ , etc., in the appropriate units. Also, the
linearity with respect toφ in the last term ofF expresses a linear approximation to
entropy change across the interface. This choice of linearity implies that the roots
φ± of the non-differentiated terms of the phase equation (1.12) are not fixed at±1.
For some purposes, it may be mathematically convenient to haveφ± fixed at±1
[CC]. This is easily done by modifying the last term in (1.10). However, as noted



296 G.Caginalp & W.Xie

in [CJ], fixing the order parameter in the pure phase is incompatible with a more
realistic phase diagram (e.g., a nontrivial pressure-density profile).

A theoretical link between the phase-field model (1.12) and (1.13) and sharp-
interface models such as (1.6)–(1.9) was established by using formal matched
asymptotics in [C1,2] and rigorously proved under various conditions in [CC, CF,
S1,2]. A number of theorems have also been proved for the special case in which the
phase equation (1.12) is considered independently for fixedT (see [ESS] and ref-
erences therein). While the theoretical results are concerned with the limitε → 0,
computations have shown that the phase-field equations exhibit an interface which
is close to the sharp-interface problem even whenε is relatively large [CS].

In the present paper, we discuss a generalization of this model to the case of
alloys. A related approach has been used in the isothermal case in [WBM1]. We
will use a simplification of the set of equations which are derived in [CJ]. Our
aim is to write the simplest system of equations of phase-field type which has the
characteristic behavior of alloys and can be shown through asymptotic analysis to
have the appropriate scaling and coefficients, and to present the rigorous proof in
some special cases as the parameterε → 0.

The layout of this paper is as follows. In Section 2 we review the traditional
models for alloys and present the phase-field approach to interface in binary mix-
tures. In Section 3 we perform an asymptotic analysis in order to derive the limiting
sharp-interface problems (in the limit as interface thickness vanishes) which involve
new interface relations and reduce to the traditional models in the limit of small
concentration. In Section 4 we examine rigorously the question of the dynamic
and static transition layers which are formed in the concentration variable. The
interaction between these layers is the basis for the freezing of excess impurities in
the solid. Finally, in Sections 5 and 6 we present a rigorous proof of some of the
assertions of the asymptotics in one-dimensional space at constant temperature.

2. Mathematical Models of the Alloy Problem

2.1. The Alloy Problem

The problem of phase boundaries involving mixture of two materials (e.g., al-
loys or impurities) is of great pratical interest and presents challenging theoretical
issues which we review briefly in this section. We consider a substance (e.g., a bi-
nary alloy) consisting of a mixture of material A and material B, with concentration
c(x, t) ∈ (0,1) denoting the fraction of material A in the mixture. Two aspects of
this problem are particularly fascinating from a mathematical perspective: (a) There
is a jump in the concentration itself, and not just in the gradient, as in temperature.
(b) The diffusion of impurities is generally much smaller in the solid phase com-
pared with the liquid, and leads to partly degenerate equations.

An understanding of (a) is best accomplished by means of the(c, T ) phase
diagram (Figures 1, 2). We focus on thec = 0 side of the diagram. The intriguing
aspect of this phase diagram is that liquid and solid are not separated by a single
curve, but by two curves (called liquidus and solidus), which merge at the melting
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Fig. 1a Fig. 1b

Fig. 1. Idealized phase diagrams in the neighborhood of(c, T ) = (0, TB) which dis-
play linear liquidus and solidus lines which separate the single phase regions from the
coexistence region. This idealization is inherent in typical sharp interface alloy models
(one-phase or two-phase) and represents a local approximation to the phase diagram dis-
played in Figure 2. Figure 1a assumes negative slopes for the liquidus and solidus lines
while Figure 1b assumes they are positive. The sign of the slopes determines which phase
has higher solute concentration. In Figure 1a, solute from the liquid must be rejected as
the material freezes. The phase-field-alloy model we discuss is not restricted to constant
slopes, but asymptotically approaches constant slopes in the neighborhood of smallc.

Fig. 2. The phase diagram for the range ofc values displaying the melting temperatures
TA andTB for the pure materialsA andB. The liquidus is given by the upper curve
while the solidus is given by the lower curve. The extent to which the liquidus and solidus
are separated from the line connecting(0, TB) and(1, TA) is determined by the physical
parameters. The phase diagram can be obtained from the free energy through the phase
field alloy model (in equilibrium) so that the liquidus isc+(T ) and the solidus isc−(T ).
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temperatureTB of the pureB material (c = 0). To a reasonable approximation for
smallc, one may assume that these two curves are linear. To be specific, we discuss
the phase diagram displayed in Figure 1a for the purpose of stating the simple
traditional models. At a fixed temperatureTi < TB the liquidus line intersects with
T = Ti at a pointcL while the solidus intersects atcS . Thus one expects an interface
at equilibrium at temperatureTi to exhibit concentrationcS on the liquidus side and
cL on the solid. That is, the concentration is a piecewise constant function with a
jump betweencL andcS at the phase boundary.

While the (equilibrium) phase diagram explains (a), it is irrelevant to (b) since
the latter describes a dynamical phenomenon, exhibited in the (concentration) dif-
fusion equation below. The dynamical modelling of the alloy problem is typically
accomplished by means of a (sharp-interface) free-boundary problem which often
accounts for only the liquid phase (“one-phase problem") thereby neglecting the
diffusion of impurities in the solid, which is so small. Also, the concentration of
impurities is assumed to be so small that one does not need to regard the thermo-
dynamic variables such as latent heat as functions ofc.

The Two-Phase (Sharp-Interface) Problem.Thus, a reasonable two-phase descrip-
tion of the dilute binary alloy based on the discussion of the one-phase problem in
[S2] and the two-phase problem in [O, Xi2] may be written as:

The Two-Phase Alloy Model.We consider the coupled system for(T , c, 0) satis-
fying (1.1), (1.2) and

ct = K±
2 1c in � \ 0(t), (2.1)

− v[c]+− = [K2∇c · n]+− on 0(t), (2.2)

T − TB = − σ

[s]E
(κ + αv)+ 1

2
(mlc+ +msc−) on 0(t), (2.3)

mlc+ = msc− (2.4)

whereTB is the melting temperature of the pureB material (i.e.,TM in (1.4)) and
c+ represents the limit ofc from the liquid side (andc− from the solid side), while
[·]+− is the difference between the limits from the liquid and solid sides. Also,K±

2
are the diffusivities of the solute in the liquid and solid phases, respectively, and all
other parameters are as defined in Section 1.

We note that the last term in (2.3) has been written to reflect the symmetry of the
situation since clearly (in equilibrium) we havemlc+ = msc− (c+ = cL, c− = cS
in equilibrium). In fact, equation (2.3), which is a generalization of the interface
relation (1.4), can be understood very simply in terms of the basic phase diagram
(Figure 1). If we consider a stationary planar interface, thenκ = v = 0 in (2.3) so
that the value ofT is given by

T − TB = 1
2(mlc+ +msc−) = mlcL = mscS. (2.5)

This means that the temperatureT is compatible with the coexistence of liquid and
solid phases if the liquid has concentrationcL and the solidcS , as shown by the
horizontal line in Figures 1a or 1b. Thus, (2.3) represents a modification of (1.3) in
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which the equlibrium alloy effects are combined linearly with the Gibbs-Thomson
(namely, theσκ term) and the kinetic undercooling (ασv term) effects.

The One-Phase (Sharp-Interface) Problem.The single-phase version of (2.1)–(2.4)
is obtained by suppressing the role of concentration in the solid while maintaining
some of the key relationships in the phase diagram. In particular, the relation (2.3)
is replaced by the single-phase version

T − TB = − σ

[s]E
(κ + αv)+mlc on 0(t) (2.3′)

where we can unambiguously writec (rather thanc+ or c−) since we are only
concerned with concentration in the liquid. Furthermore, by making the approxi-
mation that the jump [c]+− in c in the dynamics is equal to that of the statics, i.e.,
[c]+− = cL − cS , and using the definition

j ≡ cS

cL
or cL − cS = (1 − j)cL (2.5a,b)

we can write the analogue of (2.2) as

−(1 − j)vc = K+
2 ∇c · n on 0(t) (2.2′)

wherec again denotes concentration in the liquid (i.e.,c+ on the interface). The
right-hand side of(2.2′) has been further simplified by assuming that the limit
of ∇c on the interface from the solid side can be neglected. The rationale for
this would be that the physical effects of diffusion and conservation of mass are
adequately represented. In other words, equation(2.2′) expresses the idea that the
excess concentration which is deposited (or absorbed) at the interface as a result of
different concentrations in the two phases must diffuse into the material in order to
conserve mass. The modification of (2.2) to(2.2′) implies the hope that allowing
this excess to diffuse into the liquid alone does not change the physical picture
drastically. Thus the issues involved in a “one-phase alloy" problem are similar
to those in the “one-phase Stefan" problems, and the difficulties demonstrated in
[O] are also similar. Nevertheless, our objective is not to endorse the “one-phase"
approach but merely to demonstrate its relationship to the other models and mention
that its use leads to some exact solutions and stability calculations. The problem is
usually written as a system which is coupled to a two-phase temperature system but
can easily be modified to render a system with truly one phase in both temperature
and concentration.

The One-Phase Alloy Model.Consider a system for(T , c, 0) satisfying (1.1), (1.2),
(2.2′), (2.3′) and

ct = K+
2 1c in liquid. (2.1′)

For thecompletelyone-phase problem, consider (1.1) also to be valid in the liquid
only, while (1.2) is modified to

ρlv = K1∇T · n on 0(t). (1.2′)
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Thus the completely one-phase model involves a time-dependent domain, with
part of the boundary consisting of0(t).

In addition to the similarities between the one-phase alloy and one-phase Stefan
models, there are some important differences. In terms of thermal diffusion, the
differences between the two phases is usually not vast, so that neglecting one of the
two phases is a mathematical convenience, and any degeneracies which may arise
are mathematical artifacts. For the alloy problem, however, there is usually a large
difference in the diffusivity of solute, i.e.,K−

2 � K+
2 , andK−

2 is generally close to
zero. Thus, at least part of the degeneracy, embodied in (2.1) asK−

2 vanishes,
is generic to the physical problem, and presents a fundamental issue which is
independent of the particular mathematical approach.

2.2. A Thermal-Alloy Phase Field Model

We consider a model, based on the phase-field ideas of Section 1, which incor-
porates the physics of binary alloys in addition to thermal properties. Our aim here
is to study the simplest set of equations which with (a) exhibit the proper behavior
as the interface thicknessε approaches zero, and (b) identify all of the material
parameters (see Figure 3).

We begin by considering a free energyF , which describes the intermediate
phase and concentration,

F (φ, c, T ) =
∫
dNx

{
ξ2
A

2
(∇φ)2c + ξ2

B

2
(∇φ)2(1 − c)+ 1

8aA
(φ2 − 1)2c

+ 1

8aB
(1 − c)(φ2 − 1)2 − [s]A

2
(T − TA)φc

− [s]B
2
(T − TB)φ(1 − c)+ V c(1 − c)

+RT {c ln c + (1 − c) ln(1 − c)} − CV T ln T

}
.

(2.6)

Here, the subscriptsA andB denote the two materials, respectively. Briefly, the
free energy is constructed by considering the analogous terms for each of the pure
materials. For each term we assume a linear crossover between the two terms. For
the sake of simplicity, we have omitted the temperature dependence in theξA,B and
aA,B terms [CJ] which would provide additional nonlinear temperature terms.

The free energy can be interpreted geometrically in a four-dimensional space
(φ, c, T ,F ). For the pure phases,φ = ±1; the free energy is experimentally well
established for all concentrations. For the pure materials,c = 0,1, we have (for
the entire range ofφ) the usual phase-field equations for a pure material. Thus,
mathematical modelling of the free energy entails assigning values forF in the
intermediate regions|φ| < 1, representing the four-dimensional space within the
more established three-dimensional hyperplanes.

The first two terms involve the gradient ofφ terms, which arise from the micro-
scopic interaction strengths. The coefficientsξA andξB are characteristics of the
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Fig. 3. Profiles ofφ and c across the interface. In phase-field models, a phase change
corresponds to a transition layer in the order parameter,φ, while temperatureT has a
transition layer in its gradient, the concentrationc has a transition layer which is similar
to that ofφ. However, whileφ always has a transition from (approximately)−1 to 1, the
transition inc (between the two positive valuescS andcL) depends on the temperature, in
accordance with the phase diagram of Figure 2.

two materials, as are the ‘well depths’ of the double-well potentials, denotedaA and
aB . The third and fourth terms are thus linear combinations of the analogous terms
for the homogeneous materials. The next two terms involve the entropy differences
between the two phases for the pure materials, denoted [s]A and [s]B . The tempera-
turesTA andTB are the equilibrium melting temperatures of the two materials. The
quadratic term inc arises from the differences in the bonding energies between the
A atoms and theB atoms [Co], so thatV is an energy density. The terms containing
the logarithm ofc constitute the entropy of mixing [Co]. The last term involves the
specific heatCV per unit volume. By settingc at 0 or 1, one has the free energy of
the pureA orB material, respectively.

We write three equations describing(φ, c, T ). The concentrationc satisfies a
conserved variational formulation

τ1ct = ∇ ·K2(φ, c)c(1 − c)∇ δF
δc
, (2.7)

while the usual phase field (nonconserved) applies toφ,

τ2φt = −δF
δφ
. (2.8)

Here,τ1 andτ2 are relaxation constants whileK2(φ, c)c(1 − c) is the mobility
term. In general,K2 may depend on phase and concentration, but usually varies
most significantly as phase changes. The termc(1 − c), also used by [WBM1],
is a standard approximation reflecting the fact that mobility vanishes in the two
phases and attains a peak at equal concentrations of the two materials. The energy
conservation equation arises [CJ] from thermodynamic balance equations as

CV Tt + 1
2

(
l(c)φt − (Q+ [l]B,Aφ)ct

)
= ∇ ·K1∇T , (2.9)

where
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l(c) ≡
(
TA[s]Ac + TB [s]B(1 − c)

)
, (2.10)

[l]B,A ≡
(
TB [s]B − TA[s]A

)
, (2.11)

Q ≡ 2 (TB − TA)
(
CV + sl + ss

2

)
, (2.12)

andCV andK1 are the specific heat and the thermal conductivity.
Note thatl(c) is the analogue of the usual latent heat since a basic thermody-

namic relation implies that latent heat of the pureA material isT [s]A. In the limit
of a pure material, equation (2.9) clearly reduces to the usual heat equation.

Similarly, the concentration equation (2.7) may be written as

τ1ct = ∇ ·K2(φ, c)c(1 − c)∇6i ∂fi
∂c
, (2.13)

where

∂f1

∂c
≡ (ξ2

A − ξ2
B)(∇φ)2, (2.14)

∂f2

∂c
≡ 1

8
(φ2 − 1)

( 1

aA
− 1

aB

)
, (2.15)

∂f3

∂c
≡ V − 2V c, (2.16)

∂f4

∂c
≡ 1

2

{
− [s]A(T − TA)+ [s]B(T − TB)

}
φ, (2.17)

∂f5

∂c
≡ RT ln

c

1 − c
. (2.18)

The relative importance of these terms will be discussed below in this section.
The phase equation (2.8) can be written as

2ε

3σ
τ2φt = ε21φ+1

2
(φ−φ3)+ 2ε

3σ

{
[s]A(T−TA)c+[s]B(T−TB)(1−c)

}
, (2.19)

where

σ(c) ≡ 2

3

{
ξ2
Ac + ξ2

B(1 − c)

}1/2{
c

aA
+ 1 − c

aB

}1/2

, (2.20)

ε(c) ≡
{
ξ2
Ac + ξ2

B(1 − c)

}1/2{
c

aA
+ 1 − c

aB

}−1/2

. (2.21)

This equation differs from the pure version in that the entropy term is a linear
combination of the entropy terms for each of the pure materials, andε andσ both
depend onc.
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Hence, equations (2.19), (2.9), and (2.13) are a system to be studied subject
to appropriate initial and boundary conditions. Note that if the total mass of each
material is constant, then Neumann conditions for concentration are appropriate,
and the equation (2.13) is in full conservation form. The boundary conditions for
temperature are imposed in accordance with the thermal environment, e.g., Dirichlet
conditions if the alloy is in a container whose walls remain at constant temperature,
or Neumann conditions if it is insulated.

2.3. Basic Components of Equations

We first discuss the various aspects of the three equations with the aim of
isolating those terms which are crucial to the behavior of a sharp interface. Equation
(2.19) has a form similar to the pure version in that a transition layer is induced
in the limit asε(c) approaches zero. Although different limits may be considered,
we are primarily interested in the limit in which the interface thickness approaches
zero while surface tension remains finite. The surface tension is more complicated
for the alloy as discussed in Section 3. Thus, we consider the limit ofξA, ξB, aA,
andaB approaching zero withξA/ξB , aA/aB andσ(c) held fixed (for fixedc),
while ε(c) approaches zero (for fixedc). Since we useε(c) as a free parameter,
with the ansatz that the width of the interface is not as significant physically as the
other parameters such as surface tension and entropy, we replace the coefficient
of 1φ (in the simplest case), by a parameterε2 which is independent ofc in the
asymptotic calculations. A minimum set of criteria for the concentration equation
to be physically reasonable has the following limiting properties:

(1) In the limitε → 0, the solutionc must satisfy the diffusion equation in each of
the pure phases.

(2) A transition layer near the interface must be induced onc for smallε.

(3) Appropriate interface conditions must be attained in the limitε → 0 so that the
jump inc balances the jump in the derivative ofc, thereby ensuring the conservation
of mass.

If K2 is asymptotically small in the solid phase (e.g., of orderO(ε)), then the
equation must have the property:

(4) In the limit ε → 0, the concentration satisfies the diffusion equation in the
liquid, andct = 0 in the solid.

It is clear that the concentration-diffusion equation arises from the entropy of
mixing term,∂f5/∂c = RT ln{c(1 − c)−1}. Mathematically, this follows from
(2.13) and (2.18) yielding

τ1ct = ∇ ·K2(φ, c)c(1 − c)∇RT ln
c

1 − c

= ∇ ·K2(φ, c)
[
RT∇c + R∇T c(1 − c) ln

c

1 − c

]
,

(2.22)

where the last term is small unless both the thermal gradient and concentration are
both substantial. In the limit of a sharp interface one expects (in general) a discon-
tinuity in c, even in equilibrium. The chief mechanism for forcing this transition
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layer is the term∂f4/∂c in (2.17), which has the form(M1+M2T )φ whereM1 and
M2 are constants. SinceT is not expected to have a transition-layer behavior, one
may examine the termM1φ in order to understand the qualitative behavior. Thus,
if we write (2.13) by omiting all terms but the entropy of mixing term∂f5/∂c, and
the entropy of phase term∂f4/∂c, then we have thefundamental concentration
equation

ct = ∇ ·K2(φ, c)c(1 − c)∇
{

ln
c

1 − c
+Mφ

}
= ∇ ·

{
K2(φ, c)

(
∇c +Mc(1 − c)∇φ

)}
.

(2.23)

For smallc, we can consider in one-dimensional space its simplification

ct = ∂

∂x

{
K2(φ, c)

(
cx +Mcφx

)}
. (2.24)

Here, we have suppressed all constants exceptM, which we retain since this co-
efficient may have either sign depending on the constants in∂f4/∂c. In general
one expectsK2(1, c) |= K2(−1, c) since the solid and liquid have very different
diffusion constants. However, it is evident from (2.23) that a transition layer inφ

forces a transition layer inc even ifK2 = 1 and time dependence is neglected,
since in that casec = Be−Mφ . On the other hand, if

K2(φ, c) = 1
2(kl − ks)(φ + 1)+ ks, (2.25)

wherekl andks are the diffusion constants for liquid and solid, respectively, so
thatK2 has a transition layer of small width,ε; then one has a more complicated
asymptotics but a similar transition layer forc. If, for example,ks = ε, then a
transition layer can occur even without theMφ term but the transition layer then
disappears after a very long time. This aspect of the fundamental concentration
equation can be illuminated in an analogy with heat diffusion: WheneverM = 0,
one can view equation (2.23) as a heat equation withc defined as temperature. If, in
addition,K2 is given by (2.25) withφ defined to be a function with a transition layer
at x = 0, e.g.,φ(x) = tanh(x/ε), then (2.23) can be regarded as a heat equation
describing a material which is a ‘fusion’ of highly thermally conductive material
for x > ε (e.g., aluminium) and a thermally insulating material forx < −ε (e.g.,
asbestos). In the region|x| 5 ε,K2 makes a transition betweenε and 1.

We consider this material in a finite one-dimensional strip subject to boundary
conditionscx = 0 at both ends and smooth initial conditions in a bell-shaped
curve (without a transition layer). Under these conditions the evolution of (2.23)
soon leads to a transition layer, since the rapid diffusion on the right side leads to
a drop in temperature near the center-right, while the left side remains relatively
unchanged. Since the solution to this evolution equation must be smooth (for any
finite ε), the formation of a smooth transition layer is the result. However, the
transition layer must eventually disappear since the time-independent equation has
only constant solutions. We demonstrate this asymptotically in Section 3 and prove
it rigorously in Section 5.
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The transition layer just described has both similarities and differences with that
of (2.23) withK2 = 1, which supports layers in equilibrium.

Examining the other terms in (2.13) we note that∂f3/∂c = V (1−2c)arises from
the possible difference in the interaction potential between unlike atoms compared
with like atoms. Thus, for an ‘ideal solution’ one hasV = 0 and this term is
neglected. We also note that for dilute solutions, i.e., for smallc, this term isO(c2)

in (2.13) in comparison with theO(c) term generated by∂f5/∂c.
The terms∂f1/∂c and ∂f2/∂c arise from the differences in the microscopic

constantsξA, ξB andaA, aB . These terms are less significant and may be neglected
in a basic analysis due to the following observations:

(1) From a purely macroscopic perspective one can setξA = ξB andaA = aB ,
while [s]A |= [s]B . Since the macroscopic limits involve the capillarity lengthd0,
which is entropy divided by surface tension, one can obtain the correct capillarity
length by adjusting only [s]A and [s]B .

(2) In the asymptotic analysis, these terms do not contribute to the limiting equations
(in both solid and liquid phases). The details of these calculations are presented in
Section 3.

The heat equation (2.9) consists of: (1) the terms involvingCV andK1, which
are common to the pure material in a single phase (of course,CV andK1 may
depend on bothc andφ), (2) the term involvingφt , which is the generalization of
the latent heat, part of which is just a linear interpolation between the latent heats
of the two materialsT [s]A andT [s]B [CJ]. The term involving [l]B,A accounts for
the changes in heat due to the entropy differences in the materials.

3. Asymptotic Analysis

We summarize some of the conclusions that can be obtained from a formal
asymptotic analysis, using methods that are similar to those ofCaginalp & Xie
[CX1,2]. The thermal alloy phase-field model of Section 2 can be written as:

αε2E(c)φt = ε2E(c)1φ + 1
2(φ − φ3)

+ ε

3σ(c)

{
[s]A(T − TA)c + [s]B(T − TB)(1 − c)

}
,

(3.1)

CV Tt + 1
2

(
l(c)φt − (Q+ [l]B,Aφ)ct

)
= ∇ ·K1∇T , (3.2)

ct = ∇ ·K2(φ)c(1 − c)∇
[
(M +M1T )φ + RT ln

c

1 − c

]
(3.3)

with

ε2(c) =
{
ξ2
Ac + ξ2

B(1 − c)

}(
c

aA
+ 1 − c

aB

)−1

= ξ2
BaB

1 − c + (ξ2
A/ξ

2
B)c

1 − c + (aB/aA)c
= ξ2

AaA
c + (ξ2

B/ξ
2
A)(1 − c)

c + (aA/aB)(1 − c)
,

(3.4)
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a(c) =
(
c

aA
+ 1 − c

aB

)−1

= aB

1 − c + (aB/aA)c
= aA

c + (aA/aB)(1 − c)
(3.5)

whereE(c) = ε2(c)/ε2 andσ(c) are two bounded functions with positive lower
bound,ε in (3.1) is a (small) positive constant and the other constants are defined
in Section 2. We can then verify

Proposition 3.1.In the limit asε → 0, the first-order approximation(φ0, T 0, c0)

of the solution(φ, T , c) to (3.1)–(3.3)is governed by the sharp-interface model:

CV T
0
t − 1

2

(
Q± [l]B,A

)
c0
t = K11T

0 in � \ 0(t),

c0
t = ∇ ·K±

2 c
0(1 − c0)∇

[
RT 0 ln c0

1−c0 ±M1T
0
]

in � \ 0(t),
(3.6)

and on the interface0(t)

[T 0]+− = 0,

[K1T
0
r ]+− = 1

2

(
Q[c0]+− + [l]B,A(c

0
+ + c0

−)− 2TB [s]B
)
v0,

RT 0[ln
c0

1 − c0
]+− = −2(M +M1T

0),

[K2RT
0c0
r ]

+
− + [RK2c

0(1 − c0)
(

ln
c0

1 − c0

)
T 0
r ]+−

+K+
2 M1c

0
+(1 − c0

+)(T
0
r )+ +K−

2 M1c
0
−(1 − c0

−)(T
0
r )− = −[c0]+−v

0

(3.7)

subject to a Gibbs-Thomson-type relation on0(t):∫
R1
(H1 +H2)ψ(z) dz = 0 (3.8)

whereH1,H2 are given by

H1 ≡
(
αv0 + κ0

)
φ̂0
z + 1

3E(ĉ0)σ (ĉ0)

(
a + bĉ0

)
,

H2 ≡ E′(ĉ0)φ̂0
zz

R̄E(ĉ0)
ĉ0(1 − ĉ0)

[
− v0

∫ z

0

dy

K2(φ̂0)(1 − ĉ0)

+ c4(s, t)

∫ z

0

dy

K2(φ̂0)ĉ0(1 − ĉ0)
+ c6(s, t)

]
(3.9)

andψ = φ̂0
z , whereφ̂0 is a solution of the system

E(ĉ0)φ̂0
zz + 1

2

(
φ̂0 − (φ̂0)3

)
= 0,

{
K2(φ̂

0)ĉ0(1 − ĉ0)

(
Āφ̂0 + R̄ ln

ĉ0

1 − ĉ0

)
z

}
z

= 0,

φ̂0(−∞) = −1, φ̂0(0) = 0, φ̂0(∞) = 1,

ĉ0(−∞) = c0
−, ĉ0(∞) = c0

+.

(3.10)
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Ā = M +M1T̂
0, R̄ = RT̂ 0, c4(s, t) andc6(s, t) are constants independent ofz,

anda + bc ≡ [s]A(T̂ 0 − TA)c + [s]B(T̂ 0 − TB)(1 − c). (Detailed discussion for
the system(3.10)is presented in[CX2].)

In particular, if E(c) = 1, then the system(3.10)can be solved explicitly and
the integral in (3.8) can be evaluated. This leads to the interface condition on0(t):

αv0 + κ0 = RT 0

2(M +M1T 0)

[
[s]A(T

0 − TA)

∫ c0
+

c0
−

du

σ(u)(1 − u)

+ [s]B(T
0 − TB)

∫ c0
+

c0
−

du

σ(u)u

]
.

(3.11)

4. Interaction Between Dynamic and Static Transition Layers

We now compare two equations, one having only a dynamic transition layer,
and the other having both dynamic and static layers:

ut = ∂

∂x

{
D(φε)ux

}
, (4.1)

ct = ∂

∂x

{
D(φε)

(
cx + Ac(1 − c)φεx

)}
, (4.2)

with appropriate boundary and initial conditions, where

φε(x) ≡ tanh
x

ε
, ε > 0. (4.3)

The first equation is just the heat equation, with a variable diffusion coefficient
D, exhibiting a transition layer nearx = 0. In particular, we can imagine a thin rod
consisting of two materials, with very different heat conduction properties, fused
together atx = 0. The second is just the simplest concentration equation with a
change of phase atx = 0. This means that thermal conditions are balanced so that
the interface remains fixed.

We consider the cases

D(φε) = 1
2(3 + φε), (4.4)(i)

D(φε) = 1
2(1 + φε). (4.5)(ii)

In particular, the form ofD expressed by (4.5) involves a degeneracy in thatD

approaches zero asx approaches−∞. In each of these equations, a transition layer
arises inu and c, even if the initial conditions do not involve a steep gradient
(i.e., one of order 1/ε). In equation (4.2) a transition layer inc occurs even if
D = 1, according to the formal asymptotic of Section 3. One of our goals is to
obtain a rigorous understanding of the similarities and differences in the transition
layers which arise from various physical effects, particularly, the following three
situations:
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(A) Equation (4.2) withA = 0 (namely, equation (4.1)) subject to (4.4) or (4.5).
(B) Equation (4.2) withD = 1.
(C) Equation (4.2) subject to (4.4) or (4.5).

The transition layer which arises in (A) is a consequence of the change in
the diffusion coefficient. The physical origin of this is in the differences of heat
diffusion in the two materials (in (4.1)) or of mass diffusion in the two phases. This
is clearly a dynamical effect and the transition layer forms and then disappears in
finite time. On the other hand the transition layer in (B) occurs even in equilibrium
and has no analog for thermal diffusion. It arises from the particular nature of the
phase diagram (Figure 3) in which the liquidus and solidus are separated by a finite
distance at a fixed temperature (|cl − cs |), which is in fact the size of the jump in
(4.2) ast → ∞. The transition layer in (C) combines both of these effects and
permits the study of the interaction between the development and disappearance of
the diffusion-induced layer with the evolution of the phase diagram layer.

(1a) We first consider the simpler case in whichD(φε) is given by (4.4), which
avoids the degeneracy problem. The precise problem which we consider here is

ut = ∂

∂x

{
D(φε)ux

}
, x ∈ (−1,1), t > 0,

ux(−1, t) = ux(1, t) = 0, t > 0,

u(x,0) = u0(x), −1< x < 1,

(4.6)

whereu0(x) is a given function (e.g.,u0(x) is continuous on the interval(−1,1)).
For anyε > 0, the problem (4.6) possesses a unique solutionuε(x, t), which

is smooth inQT ≡ (−1,1) × (0, T ), anduε ∈ C2,1(QT ) if we assume that
u0(x) ∈ C2[−1,1] and the consistency conditionu′

0(±1) = 0. We investigate the
behavior ofuε(x, t) asε → 0+.

Note first that the maximum principle gives theL∞-estimate

‖uε(x, t)‖L∞(QT ) 5 ‖u0(x)‖L∞(−1,1), (4.7)

and the energy estimate yields

sup
t5T

∫ 1

−1

(
uε(x, t)

)2
dx + 2

∫ ∫
QT

D(φε)
(
uεx

)2
dx dt 5

∫ 1

−1
u2

0(x) dx. (4.8)

Then by the Ascoli-Arzel̀a compactness theorem, there exists a limit functionu(x, t)

such that, at least for a subsequence,

uε(x, t) → u(x, t) uniformly in QT ,

uεx(x, t) → ux(x, t) in L2(QT ).

To identify the limit functionu(x, t), we note thatuε(x, t) satisfies∫ ∫
QT

(
− uεζt +D(φε)uεxζx

)
dx dt =

∫ 1

−1
u0(x)ζ(x,0) dx (4.9)
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for any smooth functionζ(x, t) ∈ C∞(QT ) with ζ(·, T ) = 0. Since

∫ ∫
QT

D(φε)uεxζx dx dt =
∫ T

0

(∫ −ε| ln ε|

−1
+
∫ ε| ln ε|

−ε| ln ε|
+
∫ 1

ε| ln ε|

)
D(φε)uεxζx dx dt

and, by estimate (4.8),

∫ T

0

∫ ε| ln ε|

−ε| ln ε|
D(φε)uεxζx dx dt → 0 as ε → 0+.

Taking the limitε → 0+ in (4.9), we see that the functionu(x, t) satisfies

∫ ∫
QT

−uζt +
∫ T

0

(∫ 0

−1
uxζx dx +

∫ 1

0
2uxζx dx

)
dt =

∫ 1

−1
u0(x)ζ(x,0) dx,

(4.10)

for any smooth functionζ(x, t) ∈ C∞(QT ) with ζ(·, T ) = 0. By the regularity
properties, we can show that the functionu(x, t) satisfies

ut = uxx if − 1< x < 0, t > 0,

ut = 2uxx if 0 < x < 1, t > 0,

u(x,0) = u0(x) in − 1< x < 1,

ux(−1, t) = ux(1, t) = 0 as t > 0,

(4.11)

and on the interfacex = 0, we have

u− = u+, u−
x = 2u+

x . (4.12)

Note that the solution of the problem (4.11), (4.12) is unique, so that the whole
sequenceuε(x, t) (not just a subsequence) converges tou(x, t) uniformly.

To summarize, we have

Theorem 4.1.Letu0(x) ∈ C2[−1,1] satisfy the consistency conditionsu0x(±1) =
0 and let the functionD(φε) be given by(4.4). Then the problem(4.6)possesses a
unique solutionuε(x, t) for anyε > 0. Moreover, the solutionuε(x, t) converges
to a functionu(x, t) asε → 0, and the limit functionu(x, t) is a unique solution
to the problem(4.11)with interface conditions(4.12).

Hence, we have proved that the diffused-interface problem (4.1), (4.4) has so-
lutions which are governed to leading order by the sharp-interface problem (4.11)
and (4.12). In physical terms, the problem in which two materials (with different
diffusion coefficients) are joined together with a sharp boundary has a temperature
distribution which is close to the problem in which the two materials are fused
together over a distanceε.

(1b) Again, we assume thatD(φε) is given by (4.4) and consider the problem
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Fig. 4. Relationship between different alloy models. The most general phase-field model
(upper left box) leads to a number of different limiting sets of equations, some of which
are classical, e.g., the traditional one-phase (dilute binary alloy), and some are introduced
in this paper, e.g., the two-phase alloy model without cross terms, in which the conditions
involving c+ andc− (not the derivatives ofc) are the new interface relations replacing the
Gibbs-Thomson condition. With various simplifications and idealization, we obtain the
“simplest" phase-field-alloy model which retains the key characteristics of an alloy. These
idealizations consists of fixing, for example, the surface tensionσ , for the mixture, which
is accurate for pairs of materials with similar surface tension between phases, or for small
concentrations of one material in another. The solid lines and arrows between the boxes
indicate a mathematical relationship in the sense of a theorem for simpler geometries and
matched asymptotic for more complicated geometries. The dashed lines indicate physical
idealizations or approximations.
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ct = ∂

∂x

{
D(φε)

(
cx + Ac(1 − c)φεx

)}
in − 1< x < 1, t > 0,

cx(−1, t) = cx(1, t) = 0,

c(x,0) = c0(x),

(4.13)

wherec0(x) is a given function with 0< c0(x) < 1 on−1 5 x 5 1, andA is a
constant.

Problem (4.13) describes the simplest possible concentration problem with a
stationary interface. WhenA = 0, we are again back to problem (4.6). WhenA is
nonzero, the factorφεx induces (for a small value of the parameterε) a transition
layer in concentrationc, so that the constantA characterizes the amplitude of the
jump in concentration.

For anyε > 0, the problem (4.13) is a standard parabolic boundary-value
problem, so that there exists a unique solutioncε(x, t) that is smooth inQT . To
see the behavior ofcε(x, t) as ε → 0+, we need to obtain some estimates for
the solutioncε(x, t). First, by use of the comparison principle and the condition
0< c0(x) < 1, we can prove that

0< cε(x, t) < 1. (4.14)

Noting thatcε(x, t) satisfies

cεt = ∂

∂x

{
D(φε)cε(1 − cε)

∂

∂x

(
ln

cε

1 − cε
+ Aφε

)}
, (4.15)

we let
f (φ, c) = Aφ + ln

c

1 − c
, (4.16)

F(φ, c) =
∫ c

0
f (φ, y)dy = Aφc + c ln c + (1 − c) ln(1 − c). (4.17)

Then∫ T

0

∫ 1

−1
f (φε, cε)

∂cε

∂t
dx dt =

∫ T

0

∫ 1

−1

∂

∂t
F (φε, cε) dx dt =

∫ 1

−1
F(φε, cε)

∣∣∣t=T
t=0

dx.

Thus the quantity
∫ T

0

∫ 1
−1 f (φ

ε, cε)cεt dx dt is bounded and the bound is independent
of ε. Since∫ T

0

∫ 1

−1

∂

∂x

{
D(φε)cε(1 − cε)

∂

∂x
f (φε, cε)

}
f (φε, cε) dx dt

=
∫ T

0
D(φε)cε(1 − cε)f (φε, cε)

∂

∂x
f (φε, cε)

∣∣∣x=1

x=−1
dt

−
∫ T

0

∫ 1

−1
D(φε)cε(1 − cε)

( ∂
∂x
f (φε, cε)

)2
dx dt,

and since the first term of the right side of this equation is also bounded by a constant
independent ofε, we obtain the estimate
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∫ T

0

∫ 1

−1
D(φε)cε(1 − cε)

( ∂
∂x
f (φε, cε)

)2
dx dt 5 C, (4.18)

where the constantC is independent ofε.
Multiplying both sides of (4.15) by a test functionζ ∈ C∞(QT )with ζ(x, T ) =

0, and integrating the product by parts, we obtain∫ T

0

∫ 1

−1

[
− cεζt +D(φε)cε(1 − cε)

( ∂
∂x
f (φε, cε)

)
ζx

]
dx dt

+
∫ T

0
D(φε)cε(1 − cε)

( ∂
∂x
f (φε, cε)

)
ζ

∣∣∣x=1

x=−1
dt =

∫ 1

−1
c0(x)ζ(x,0) dx,

and by the estimate (4.18), we have that∫ T

0

∫ ε| ln ε|

−ε| ln ε|
D(φε)cε(1 − cε)

( ∂
∂x
f (φε, cε)

)
ζx dx dt → 0 as ε → 0+.

By taking the limitε → 0+, we see that there exists a limit functionc(x, t)
such that, at least for a subsequence,

cε(x, t) → c(x, t) in L∞ weak∗ ,
and in the region|x| = 2ε| ln ε|, we have

cε(x, t) → c(x, t) weakly in H 1.

Thus, we have∫ T

0

∫ 1

−1
− cζt dx dt +

∫ T

0

∫ 0−

−1
cxζx dx dt +

∫ T

0

∫ 1

0+
2cxζx dx dt

=
∫ 1

−1
c0(x)ζ(x,0) dx

(4.19)

for anyζ ∈ C∞(QT ) with ζ(·, T ) = 0.
Again, by a test-function argument, we see that the limit functionc(x, t) satisfies

ct = cxx, −1< x < 0, t > 0,

ct = 2cxx, 0< x < 1, t > 0,

c(x,0) = c0(x), −1< x < 1,

cx(−1, t) = cx(1, t) = 0, t > 0.

(4.20)

To specify the interface condition onx = 0, we notice that (4.19) implies that∫ T

0

∫ 0−

−1

[
− (ζ c)t + (ζ cx)x

]
dx dt +

∫ T

0

∫ 1

0+

[
− (ζ c)t + (2ζcx)x

]
dx dt

=
∫ 1

−1
c0(x)ζ(x,0) dx.

(4.21)
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Taking ζ ∈ C∞(QT ) with ζ(x,0) = ζ(x, T ) = ζ(±1, t) = 0 in (4.21), we
obtain ∫ T

0
ζ(0, t)

(
c−x − 2c+x

)
dt = 0.

This implies that
c−x = 2c+x (4.22)

on the interfacex = 0. Another interface condition (which is the same for the
dynamics as for equlibrium) follows from the estimate (4.18) andc(x, t) > 0, i.e.,

ln
c−

1 − c−
− A = ln

c+

1 − c+
+ A,

or equivalently
c−(1 − c+)
c+(1 − c−)

= e2A. (4.23)

To summarize, we have

Theorem 4.2.Let c0(x) ∈ C1[−1,1] satisfy0 < c0(x) < 1 and consistency
conditionsc0x(±1) = 0and let the functionD(φε) be given by(4.4). Then problem
(4.13)possesses a unique solutioncε(x, t) for anyε > 0. Moreover, the solution
cε(x, t) converges to a functionc(x, t) as ε → 0, and the limit functionc(x, t)
is the unique solution to the problem(4.20)with interface conditions(4.22)and
(4.23).

Thus, we have proved that solutions of the diffused-interface problem (4.13)
converge to the solution of the sharp-interface problem (4.20), (4.22) and (4.23).
Physically, this is the alloy problem in which the interface remains fixed due to
thermal conditions. Our result shows once again the close relationship of the phase-
field and the sharp-interface models. However, for complex geometries, the phase-
field approach, (4.13), remains valid when the sharp-interface model does not apply.

Remark 4.1.We can takeφε(x, t) = tanh{(x − vt)/ε} instead ofφε(x) as given
by (4.3). Then the same arguments can be carried out as above. In this case the
interface condition (4.22) onx = vt for the concentration equation is replaced by

c−x − 2c+x = −v(c− − c+);
whereas the interface conditions on the interfacex = vt for u equation remains
unchanged.

(2a) We now turn to consider the case whenD(φε) is given by (4.5) and we
investigate the behavior of the solutionuε(x, t) of the problem (4.6) as small pa-
rameterε → 0+. Note that in this case we have

D(φε) ∼ ε2 +O(ε4) as x < −ε| ln ε|.
Unlike the situation discussed in (1a), we have degeneracy in one phase here, so
the type of equation changes in the limit case as we can see below.

As in the two previous cases, if we assume thatu0(x) ∈ L∞(−1,1), we can
obtain the estimates:
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‖uε(x, t)‖L∞(QT ) 5 ‖u0(x)‖L∞(−1,1), (4.24)

sup
t5T

∫ 1

−1

(
uε(x, t)

)2 +
∫ T

0

∫ 1

−1
D(φε)|uεx |2dx dt 5 ‖u0(x)‖2

L2(−1,1). (4.25)

Furthermore, if we assume thatu0(x) ∈ H 1(−1,1), then the following estimate
can be derived:

sup
t5T

∫ 1

−1
D(φε)|uεx |2dx +

∫ T

0

∫ 1

−1
|uεt |2dx dt 5 ‖u0x(x)‖2

L2(−1,1). (4.26)

Noting that the solutionuε(x, t) satisfies∫ T

0

∫ 1

−1

[
− uεζt +D(φε)uεxζx

]
dx dt =

∫ 1

−1
u0(x)ζ(x,0) dx (4.27)

for anyζ(x, t) ∈ C∞(QT ) with ζ(x, T ) = 0, we may take the limit (at least for
a subsequence) asε → 0+ in light of estimates (4.24)–(4.26). The limit function
u(x, t) satisfies∫ T

0

∫ 1

−1
−uζt dx dt +

∫ T

0

∫ 1

0
uxζx dx dt =

∫ 1

−1
u0(x)ζ(x,0) dx (4.28)

for anyζ(x, t) ∈ C∞(QT ) with ζ(·, T ) = 0. This implies that the functionu(x, t)
is a solution of

ut = 0 if − 1< x < 0,

ut = uxx if 0 < x < 1,

u(x,0) = u0(x) if − 1< x < 1,

ux(0
+, t) = ux(1, t) = 0 if t > 0.

(4.29)

It may be worth noting here that unlike case (1a), the solutionu(x, t) of (4.29)
may not necessarily be continuous across the interfacex = 0 because of the de-
generacy of the original equation.

To summarize, we have

Theorem 4.3.Letu0(x) ∈ C1[−1,1] satisfy consistency conditionsu0x(±1) = 0
and let the functionD(φε) be given by(4.5). Then the problem(4.6) possesses a
unique solutionuε(x, t) for anyε > 0. Moreover, the solutionuε(x, t) converges
to a functionu(x, t) asε → 0, and the limit functionu(x, t) is a solution to the
problem(4.29).

Remark 4.2.If we takeφε(x, t) = tanh{(x − vt)/ε}, then in the casev < 0, the
problem (4.29) is satisfied by the limit functionu(x, t) in the domains{x < vt}
and{x > vt}, andu+

x = 0 on the interfacex = vt . However, ifv > 0, we have
non-uniqueness in the region 0< x < vt , t > 0 for the limit functionu(x, t).

(2b)D(φε) is given by (4.5) when the problem (4.13) can be treated as problem
(4.6) was. For brevity we do not duplicate this arguement here. Instead, we remark
that the limit functionc(x, t) satisfies the same equations asu(x, t) does, regardless
of whether the constantA vanishes in the original equation. Again, this fact is a
consequence of the degeneracy.
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5. A Steady-State Problem with Constant Temperature

An important special case of the formal asymptotic analysis of Section 3 is that of
the one-dimensional steady state at constant temperature. The rigorous verification
of this problem is important for several reasons: (a) It establishes rigorously the
phase diagram (which of course is defined only in the absence of dynamic and
geometric considerations). (b) It establishes (at least in the steady state) the nature
of the interface, namely, that it is in fact similar to a tanh function, with interface
thicknessε.

The time-independent, one-dimensional simplified version of (3.1)–(3.3) sub-
ject to constant temperature and boundary conditions can be stated as

ε2φ′′ + 2φ(1 − φ2)+ 2ε(a + bc) = 0 in (−1,1),

c′ + Ac(1 − c)φ′ = 0 in (−1,1),

φ(±1) = tanh
±1

ε
,

c(−1) = σ−,

(5.1)

wherea, b,A andσ− are constants withσ0, andε > 0 is a small parameter.
For any positive value ofε, the system (5.1) is solvable. In fact, the second

equation of (5.1) can be solved by findingc in terms ofφ as

c = eĀ−Aφ

1 + eĀ−Aφ , (5.2)

where
Ā = ln

σ−
1 − σ−

− Aφ(−1). (5.3)

Substitutingc into the first equation of (5.1), we obtain a second-order equation for
φ, with boundary values atx = ±1, which is solvable.

Using L∞ bounds, monotonicity properties and arguments employed in the
Section 6, we can prove (see Figure 3 and [CX2])

Theorem 5.1.Let 0 < σ− < 1 and the pair(φε(x), cε(x)) be a solution of the
ordinary differential equation system(5.1) for any ε > 0. Then there exists a
x(0) ∈ (−1,1) such that, asε → 0+,

φε(x) → −1 + 2H(x − x(0)),

cε(x) →
{
σ− if x < x(0),

σ+ if x > x(0),

where the functionH(x) is the Heaviside function,σ− is given in(5.1)and

σ+ = 1 − (1 − σ−)e−2aA/b.
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6. A Partial Differential Equation System with Constant Temperature

In this section we present a rigorous treatment of the phase-alloy system (3.1)–
(3.3) withE(c) = 1 at constant temperature in one spatial dimension. Once again,
we assume that all parameters are fixed exceptε. Within this setting, we prove
rigorously one special case of the formal results in Section 3. The equations have
the form

φt = φxx + 2

ε2

{
φ(1 − φ2)+ ε(a + bc)

}
, (6.1)

ct = ∂

∂x

{
c(1 − c)

∂

∂x

[
Aφ + ln

c

1 − c

]}
(6.2)

in QT ≡ (−1,1)× (0, T ), subject to the boundary and initial conditions

φ(x,0) = tanh
x

ε
, (6.3)

φ(±1, t) = tanh
±1

ε
, (6.4)

c(x,0) = c0(x), (6.5)

cx(±1, t) = 0, (6.6)

wherea, b andAare constants, and the functionc0(x) ∈ C1[0,1] with 0< c0(x) <

1 andc0x(±1) = 0 andε > 0 is a small parameter.
In this section we first state an existence and uniqueness theorem for the system

(6.1)–(6.6). Then we investigate the behavior of the solution(φε, cε) of (6.1)–(6.6)
as the parameterε → 0+. The main theorem we prove is

Theorem 6.1.Assume thatc0(x) ∈ C1[−1,1] with 0< c0(x) < 1 andc0x(±1) =
0. Let(cε, φε) be the solution of(6.1)–(6.6). Then there exist two functionsS(t) ∈
H 1(0, T∗) andc(x, t) ∈ L∞(QT∗) such that, asε → 0,

cε(x, t) → c(x, t) L∞-weak∗ in QT∗ ,

φε(x, t) →
{−1, if − 1< x < S(t),

+1, if S(t) < x < 1,

and(S(t), c(x, t)) satisfies

ct = cxx if (x, t) ∈ QT∗ \ {(S(t), t)},
satisfies the interface conditions

[cx ]
+
− = −[c]+−S

′(t), 0< t 5 T∗,

2

3
S′(t) = −2a − b

A
ln

1 − c+

1 − c−
, 0< t 5 T∗,
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[
ln

c

1 − c

]+

−
= −2A, 0< t 5 T∗

on the interfacex = S(t) and satisfies the boundary and initial conditions(6.5)
and(6.6), whereT∗ > 0 is the first time such that eitherT∗ = T , or S(T∗) = −1,
or S(T∗) = 1.

This theorem will be proved in Section 6.3 (see Theorems 6.7 and 6.8).

6.1. Existence and Uniqueness Results forε > 0

We now state the existence and uniqueness theorem for problem (6.1)–(6.6)
with ε > 0. We have

Theorem 6.2.There exists a unique solution{φ, c} of the problem(6.1)–(6.6)for
the functionc0(x) ∈ C1[0,1] with 0< c0(x) < 1 andc0x(±1) = 0 for anyε > 0.

This theorem can be proved by a fixed-point argument and energy-type esti-
mates. For brevity it is not proved here.

6.2. Properties of a Solution(φε, cε) to (6.1)–(6.6)

To investigate the limit behavior of the solution(φε, cε),we need to obtain some
properties and also a priori estimates for(φε, cε). First, by virtue of the maximum
and comparison principles, we can derive theL∞-estimates

0< cε(x, t) < 1, (6.7)

− 1 − 2ε(|a| + |b|) 5 φε(x, t) 5 1 + 2ε(|a| + |b|). (6.8)

We next prove the following energy estimate which will be used in the limit
process asε → 0+ in Section 6.3. First, we show thatφε(x, t) is approximately
equal to tanh{(x − S(t))/ε} for some functionS(t) ∈ Cα, α ∈ [ 1

2,1). To do this,
we first restrictt to the interval [0, Tε], where

Tε = sup
{
t ∈ [0, T ] |

∫ t

0
|φεx(±1, τ )| dτ 5 ε−ν

}
,

and 0< ν < 1
2 is a small number (with no loss of generality, we assume that∫ Tε

0 |φεx(±1, t)| dt = 1). In the interval [0, Tε], we can obtain the a priori bound for∫ Tε
0 |φεx(±1, t)| dt , which is independent ofε. We then conclude thatTε = T and

so obtain the energy-type estimate:

Lemma 6.3.Let (φε, cε) be a solution of(6.1)–(6.6). Assume thatbA < 0; then

sup
t5Tε

∫ 1

−1

[ε
2
φ2
x + 1

2ε
(1 − φ2)2

]
dx +

∫ ∫
QTε

εφ2
t dx dt

+ −2b

A

∫ ∫
QTε

c(1 − c)
{(
Aφ + ln

c

1 − c

)
x

}2
dx dt

5 C

∫ Tε

0
|φx(±1, t)| dt,

(6.9)

where the constantC is independent ofε.
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Proof. We omit the superscript and subscriptε, i.e., we write(φε, cε) as(φ, c) and
Tε asT in the proof of this lemma.

By a direct calculation of the integral

∫ T

0

d

dt

∫ 1

−1

[ε
2
φ2
x + 1

2ε
(1 − φ2)2

]
dx dt,

by using integration by parts, and by using the equation forφ and boundary and
initial conditions, we find

sup
t5T

∫ 1

−1

[ε
2
φ2
x + 1

2ε
(1 − φ2)2

]
dx +

∫ ∫
εφ2
t dx dt

5 2
∫ 1

−1

[
φ(x, T )− φ(x,0)

]
dx + 2b

∫ ∫
QT

cφt dx dt.

(6.10)

Note that we have the identities

∫ ∫
QT

cφt dx dt =
∫ 1

−1
cφ|t=Tt=0 dx − 1

A

∫ ∫
QT

ct (Aφ) dx dt

=
∫ 1

−1
cφ
∣∣t=T
t=0 dx − 1

A

∫ ∫
QT

ct

(
Aφ + ln

c

1 − c

)
dx dt

+ 1

A

∫ ∫
QT

ct ln
c

1 − c
dx dt

with

∫ ∫
QT

ct ln
c

1 − c
dx dt =

∫ 1

−1
[s ln s + (1 − s) ln(1 − s)]

∣∣s=c(x,T )
s=c(x,0) dx,

∫ ∫
QT

ct

(
Aφ + ln

c

1 − c

)
dx dt

=
∫ ∫

QT

{
c(1 − c)

(
Aφ + ln

c

1 − c

)
x

}
x

(
Aφ + ln

c

1 − c

)
dx dt

=
∫ T

0
c(1 − c)

(
Aφ + ln

c

1 − c

)
x

(
Aφ + ln

c

1 − c

)∣∣∣x=1

x=−1
dt

−
∫ ∫

QT

c(1 − c)
{(
Aφ + ln

c

1 − c

)
x

}2
dx dt.

Thus (6.10) yields
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sup
t5T

∫ 1

−1

[ε
2
φ2
x + 1

2ε
(1 − φ2)2

]
dx +

∫ ∫
QT

εφ2
t dx dt

+−2b

A

∫ ∫
QT

c(1 − c)
{(
Aφ + ln

c

1 − c

)
x

}2
dx dt

5 2
∫ 1

−1
[φ(x, T )− φ(x,0)] dx + 2b

∫ 1

−1
cφ
∣∣t=T
t=0 dx

+2b

A

∫ ∫
QT

ct ln
c

1 − c
dx dt

+
∫ T

0
c(1 − c)

(
Aφ + ln

c

1 − c

)
x

(
Aφ + ln

c

1 − c

)∣∣∣x=1

x=−1
dt.

By the estimates (6.7), (6.8), this inequality gives the desired result.ut
Lemma 6.4.A solutionφε(x, t) of (6.1)–(6.6)has the property that

φ(x + 1 − r, t)− φ(x, t)+O(ε) = 0

for anyr with −1< x < r < 1.

Proof. Let
Φ(x, t) ≡ φ(x + 1 − r, t)− φ(x, t)+O(ε).

ThenΦ(x, t) satisfies the inequality

Φt −Φxx + 2

ε2

[
B − f̂ (x, t)

]
Φ = 0,

and, by estimate (6.8), the boundary and initial conditions

Φ(−1, t) = 0, Φ(r, t) = 0, Φ(x,0) = 0

for −1< x < r < 1, where

f̂ (x, t) =
∫ 1

0
f ′
(
τφ(x + 1 − r, t)+ (1 − τ)φ(x, t)

)
dτ,

f = φ − φ3 andB = ‖f̂ ‖L∞(QT ) + 1. Hence, the comparison principle gives the
desired inequality. ut
Lemma 6.5.A solutionφε(x, t) of (6.1)–(6.6)has the property

‖ε2φ2
x(·, t)− (1 − φ2(·, t))2‖L∞(−1,1) 5 Cε

1
2−νh(t)+ Cε1−ν,

where the constantC and the bound of‖h(t)‖L2(0,T ) are independent ofε.

Proof. We again omit the superscript and subscriptε for brevity. The equation for
φ yields [

ε2φ2
x − (1 − φ2)2

]
x

= 2ε2φxφt − 4ε(a + bc)φx.

Integrating this equality over(x, r) ⊂ (−1,1), we obtain
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ε2φ2
x(r, t)− (1 − φ2)2(r, t)

= ε2φ2
x(x, t)− (1 − φ2)2(x, t)+ 2ε2

∫ r

x

φxφt dx − 4ε
∫ r

x

(a + bc)φx dx,

and consequently the inequality∣∣ε2φ2
x(r, t)− (1 − φ2)2(r, t)

∣∣
5
∣∣ε2φ2

x(x, t)− (1 − φ2)2(x, t)
∣∣+ 2ε2

( ∫ r
x
φ2
x dx

)1/2( ∫ r
x
φ2
t dx

)1/2

+ 4ε
[
2|a| + √

2|b|
( ∫ r

x
cφ2
x dx

)1/2]
.

Integrating with respect to thex variable over(−1,1) and using Lemma 6.3, we
obtain

|ε2φ2
x(r, t)− (1 − φ2)2(r, t)| 5 ε

∫ 1

−1

[
εφ2
x + ε−1(1 − φ2)2

]
dx +O(ε

1
2−ν)h(t),

whereh(t) ∈ L2(0, T ), ‖h(t)‖L2 is bounded and the bound is independent ofε.
This proves the desired result. ut

To discuss the limit asε approaches zero and obtain interface conditions of
the limit problem, we need to obtain a further estimate forφε(x, t). To do this,
we first discuss the level curves ofφε(x, t). Let ±1

2 be noncritical values of the
functionφε(x, t). Thus Sard’s lemma and the implicit function theorem imply that
φε(x, t) = ±1

2 are composed of finitely many differentiable curves inQT . We
denote them bySε(±1

2, t). By Lemma 6.5, we see that for almost everyt ∈ (0, T )
and for a subsequence ofε (still denote byε for brevity), we have

εφεx(x, t) = k > 0

on the region
{
(x, t) | |φε| 5 1

2

}
asε is small. The continuity ofφεx(x, t) then implies

thatφεx > 0 and so for everyδ ∈ ( − 1
2,

1
2

)
, there exists a unique differentiable

curvex = Sε(δ, t) such that

φε(Sε(δ, t), t) = δ. (6.11)

For anyδ(ε) ∈ (− 1
2,

1
2

)
, we define

Sε(t) ≡ Sε(δ(ε), t).

Integrating the ordinary differential equation suggested by Lemma 6.5, we ob-
tain ∣∣∣φε(x, t)− tanh

x − Sε(t)+ εµ(ε)

ε

∣∣∣ 5 M(ε)h(t) (6.12)

for almost everyt ∈ (0, Tε)and uniformly inx ∈ (−1,1), where tanh(µ(ε)) = δ(ε)

andM(ε) → 0 asε → 0.
This also implies, by the boundary condition ofφε, that
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±1 − Sε(t)

ε
→ ±∞

asε → 0+ for almost everyt ∈ (0, Tε).
We now stretch thex variable by

z ≡ x − Sε(t)

ε
, z± ≡ ±1 − Sε(t)

ε

and define two functionŝφε andĉε by

φ̂ε(z, t) ≡ φε(εz+ Sε(t), t), (6.13)

ĉε(z, t) ≡ cε(εz+ Sε(t), t). (6.14)

Our aim is to show

Lemma 6.6.Let φε be a solution of(6.1)–(6.6)and φ̂ε(z, t) be given by(6.13).
Then ∫ Tε

0

[
(φ̂εz )

2 − (1 − (φ̂ε)2)2
]∣∣∣z=ẑ+
z=ẑ−

5 Cε2
∫ Tε

0
|φεx(±1, t)| dt, (6.15)

whereẑ− 5 −| ln ε|, ẑ+ = | ln ε| and the constantC is independent ofε.

Proof. Again, we writeφ̂ε asφ̂, ĉε ascε andTε asT . Let

ψ(z) = ψ0(z)+ εψ1(z) =
(
ηψ0

i + (1 − η)ψ0
o

)
+ ε

(
ηψ1

i + (1 − η)ψ1
o

)
,

where

ψ0
i (z) = tanh(z+ µ(ε)),

ψ0
o (z) =

{
1, if z > 0,

−1 if z < 0;

ψ1
i (z, t) is a solution of the problem

ψ1
izz + 2

(
1 − 3(ψ0

i )
2
)
ψ1
i + 2(a + bĉ) = 0 in (z−, z+),

ψ1
i (0) = 0,

where
ψ1
o (z, t) = 1

2(a + bĉ),

and whereη(z) ∈ C∞(R1) is a cut-off function such that

η(z) =




1 if
z−
2

+ 1 5 z 5 z+
2

− 1,

0 if z 5 z−
2

− 1 or z = z+
2

+ 1,
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and such that it is monotonically increasing from 0 to 1 ifz < 0 and monotonically
decreasing from 1 to 0 ifz > 0.

Note that the solutionψ1
i (z, t) can be expressed by

ψ1
i (z, t) = −A(z)

∫ z

0
2B(ξ)

(
a + bĉ(ξ, t)

)
dξ

−B(z)
∫ ∞

z

2A(ξ)
(
a + bĉ(ξ, t)

)
dξ,

(6.16)

where

A(z) = 1 − tanh2(z+ µ(ε)),

B(z) = −A(z)
∫ z

0

1

A2(ξ)
dξ.

Thus we obtain

|ψ1
i (z, t)| 5 2‖a + bĉ‖∞

(
A(z)

∫ z

0
|B(ξ)| dξ + |B(z)|

∫ ∞

z

A(ξ) dξ
)
.

Similary, by differentiating (6.16) with respect toz, we find that

|ψ1
iz(z, t)| 5 2‖a + bĉ‖∞

(
|A′(z)|

∫ z

0
|B(ξ)| dξ + |B ′(z)|

∫ ∞

z

A(ξ) dξ
)
.

Therefore, we have the estimate

‖ψ1
i (z, t), ψ1

iz(z, t)‖L∞(QT ) 5 C, (6.17)

where the constantC is independent ofε.
To justify Lemma 6.6, we need only show, by estimate (6.17), that∫ T

0

[
|φ̂ − ψ0|2 + |φ̂z − ψ0

z |2
]∣∣∣z=ẑ+
z=ẑ−

dt 5 Cε2
∫ T

0
|φx(±1, t)| dt. (6.18)

Now consider the difference

Φ(z, t) = φ̂(z, t)− ψ0(z).

By noticing that

(φ̂ − φ̂3)− (ψ − ψ3) =
[
1 − 3ψ2 − 3ψ(φ̂ − ψ)− (φ̂ − ψ)2

]
(φ̂ − ψ),

we see thatΦ(z, t) satisfies

−Φzz + 2
(
3(ψ0)2 − 1

)
Φ = −2

(
Φ3 + 3ψ0Φ2

)
+ J (z, t)− ε2 ∂

∂t
φ̂,

Φ(0, t) = 0,

Φ(z±, t) = tanh
±1

ε
− (±1),

(6.19)



An Analysis of Phase-Field Alloys and Transition Layers 323

where

J (z, t) = 2η′(ψ0
i − ψ0

o )z + (ψ0
i − ψ0

o )
{
η′′ + 2η(1 − η)

[
(1 + η)(ψ0

i )
2

+ (η − 2)(ψ0
o )

2 + (1 − 2η)ψ0
i ψ

0
o

]}
.

Multiplying the both sides of equation (6.19) byφ and integrating the product
over(z−, z+), we obtain∫ z+

z−

(
−ΦΦzz + 2[3(ψ0)2 − 1]Φ2

)
dz

5 −6
∫ z+

z−
ψ0Φ3dz+

∫ z+

z−
J (z)Φdz− ε2

∫ z+

z−
Φ
∂

∂t
φ̂ dz.

(6.20)

Note that we have∫ z+

z−

(
3(ψ0)2 − 1

)
Φ2dz =

{∫
{3(ψ0)2−1>δ}

+
∫

{3(ψ0)2−1<δ}

}[
3(ψ0)2 − 1

]
Φ2dz

= δ

∫ z+

z−
Φ2dz+ (1 + δ)

∫
|z|5σ

Φ2dz,

whereσ 5 tanh−1(1+ δ)/3+µ(ε)) andδ > 0. Then there exist a (small) positive
constantδ and a constantλ > 0, such that∫ z+

z−
Φ2
z dz+ 2

∫ z+

z−

(
3(ψ0)2 − 1

)
Φ2dz = λ

∫ z+

z−
Φ2
z dz+ 2δ

∫ z+

z−
Φ2 dz,

and so from (6.20) we obtain the inequality

λ

∫ z+

z−
Φ2
z dz+ 2δ

∫ z+

z−
Φ2dz

5 6
∫ z+

z−
|ψ0Φ|Φ2dz+ δ

4

∫ z+

z−
Φ2dz+ 1

δ

∫ z+

z−
|J |2dz

+ ε2
∫ z+

z−
Φ
∂

∂t
φ̂ dz+ΦΦz

∣∣∣z+
z−
.

Note also that

‖ψ0Φ‖L∞(z−,z+) 5 2‖Φ‖L∞(z−,z+) 5 2‖φ̂ − ψ0‖L∞(z−,z+) 5 1
12δ

sinceε > 0 is suitably small. We then obtain

λ

∫ z+

z−
Φ2
z dz+ δ

∫ z+

z−
Φ2dz

5 1

δ

∫ z+

z−
|J |2dz+ ε4

δ

∫ z+

z−

(∂φ̂
∂t

)2
dz+ |ΦΦz|

∣∣∣z+
z−
.

(6.21)
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The third term on the right-hand side of inequality (6.21) is exponentially small,
while the integral

∫ z+
z− |J |2dz can be estimated by

∫ z+

z−
|J |2dz 5 C

{
sup
η |=0,1

[
|ψ0
i − ψ0

o |2 + |ψ0
iz − ψ0

oz|2
]}
,

which is also exponentially small. Therefore, by integrating the inequality (6.21)
over(0, T ), we obtain

λ

∫ T

0

∫ z+

z−
Φ2
z dz+ δ

∫ T

0

∫ z+

z−
Φ2dz 5 Cε2

∫ T

0
|φx(±1, t)| dt, (6.22)

where we have used
∫∫
QT
εφ2
t dx dt 5 C

∫ T
0 |φx(±1, t)| dt , which is proved in

Lemma 6.3. Here the constantC is independent ofε. With estimate (6.22), we can
obtain, by the same method used to obtain (6.22), the inequality

∫ T

0

∫ z+

z−
Φ2
zz dz 5 Cε2

∫ T

0
|φx(±1, t)| dt. (6.23)

Hence, the Sobolev imbedding theorem yields

∫ T

0
‖Φ(·, t)‖2

L∞ dt,

∫ T

0
‖Φz(·, t)‖2

L∞ dt 5 Cε2
∫ T

0
|φx(±1, t)| dt.

This proves (6.18), and so Lemma 6.6 follows.ut
With the estimate

∫ T
0 |φ̂z(z±, t)|2dt 5 Cε2

∫ T
0 |φx(±1, t)| dt , we have

∫ Tε

0
|φx(±1, t)| dt 5 (Tε)

1/2
( ∫ Tε

0
|φx(±1, t)|2dt

)1/2

5 (T )1/2
( ∫ Tε

0
|1
ε
φ̂z(z±, t)|2dt

)1/2
5 C(T )1/2

( ∫ Tε

0
|φx(±1, t)| dt

)1/2
,

and so we obtain ∫ Tε

0
|φx(±1, t)| dt 5 B (6.24)

where the constantB is independent ofε. By choosingε so small thatB 5 ε−ν,
we then conclude, by the definition ofTε, thatTε = T .

Remark.Once estimate (6.24) is established, we have the energy-type estimate (6.9)
in Lemma 6.3, and soν = 0 in Lemma 6.5, and the right-hand side of (6.15) is of
orderO(ε2). For anyδ ∈ (−1

2,
1
2), differentiating the equalityφε(Sε(δ, t), t) = δ

with respect tot , we obtain

φεx(x, t)S
ε
t (δ, t)+ φεt (x, t) = 0 on x = Sε(δ, t),

and then
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∫ Tε

0

∫ 1/2

−1/2

∣∣∣Sεt (δ, t)∣∣∣2 dδ dt =
∫ Tε

0

∫ 1/2

−1/2

∣∣∣∣ φt (· · ·)φx(· · ·)
∣∣∣∣
2

dδ dt

=
∫ Tε

0

∫ Sε(1/2,t)

Sε(−1/2,t)

|φt (· · ·)|2
|φx(· · ·)| dx dt 5 ε

k

∫ Tε

0

∫ Sε(1/2,t)

Sε(−1/2,t)
|φt (· · ·)|2dx dt 5 C,

where the constantC is independent ofε. Thus there exists a smallδ(ε) ∈ (−1
2,

1
2)

such that ∫ Tε

0
|Sεt (δ(ε), t)|2dt 5 C. (6.25)

6.3. Limit Process asε → 0+

We are now in a position to consider a limit process asε → 0+ and to prove
our main theorem. We first show

Theorem 6.7.Let (cε, φε) be the solution of(6.1)–(6.6). Then there exist two
functionsS(t) ∈ H 1(0, Tσ ) andc(x, t) ∈ L∞(QTσ ) such that, for a subsequence
εj of ε,

cεj (x, t) → c(x, t) L∞-weak∗ in QTσ ,

Sεj (t) → S(t) uniformly in [0, Tσ ],

Sεj (t) → S(t) weakly inH 1(0, Tσ ),

(6.26)

asεj → 0 (or j → ∞)

lim
j→∞

φεj (x, t) =
{−1 if − 1< x < S(t),

+1 if S(t) < x < 1
(6.27)

andc(x, t) satisfies

ct = cxx if (x, t) ∈ QTσ \ {(S(t), t)}, (6.28)

where

Tσ = sup
{
t | − 1 − Sε(τ ) 5 −σ, 1 − Sε(τ ) = σ ∀ σ = 2ε| ln ε|, τ 5 t

}
.

Proof. The convergence (6.26) can be obtained by estimates (6.7) and (6.25) estab-
lished in the previous subsections, while (6.27) is a consequence of Lemma 6.6. To
show (6.28), we use a test function argument. Multiplying the equation forc(x, t)

by ζ(x, t) and integrating overQTσ , we obtain∫ Tσ

0

∫ 1

−1

{
−cεζt + cε(1 − cε)

(
∂

∂x
g(φε, cε)

)
ζx

}
dx dt

+
∫ Tσ

0
ζcε(1 − cε)

∂

∂x
g(φε, cε)

∣∣∣x=1

x=−1
=
∫ 1

−1
c0(x)ζ(x,0) dx,
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whereζ ∈ C∞(QTσ ) with ζ(x, Tσ ) = 0 and

g(φ, c) = Aφ + ln
c

1 − c
.

Note that∫ Tσ

0

∫ 1

−1
cε(1 − cε)

(
∂

∂x
g(φε, cε)

)
ζx dx dt

=
∫ Tσ

0

(∫
|x−Sε |>ε| ln ε|

+
∫

|x−Sε |<ε| ln ε|

)
cε(1 − cε)ζx

∂

∂x
g(φε, cε) dx dt

(6.29)

and the second term on the right-hand side of (6.29) approaches zero asε goes to zero
by virtue of Lemma 6.3. (By the definition ofTσ , we see that|±1−Sε(t)| > ε| ln ε|.)
Letting ε → 0+, we have

∫ Tσ

0

∫ 1

−1
− cζt dx dt +

{∫ Tσ

0

∫ S(t)−

−1
+
∫ Tσ

0

∫ 1

S(t)+

}
cxζx dx dt

=
∫ 1

−1
c0(x)ζ(x,0) dx,

(6.30)

for ζ ∈ C∞(QTσ ) with ζ(x, Tσ ) = 0. This implies that the limit functionc(x, t)
satisfies

ct = cxx if x |= S(t). ut (6.31)

The following theorem provides the interface conditions for two limit functions
c(x, t) andS(t) onx = S(t)

Theorem 6.8.The limit functionsS(t) and c(x, t) satisfy the following interface
conditions onx = S(t):

[cx ]
+
− = −[c]+−S

′(t), 0< t 5 Tσ , (6.32)

2

3
S′(t) = −2a − b

A
ln

1 − c+

1 − c−
, 0< t 5 Tσ , (6.33)

[
ln

c

1 − c

]+
−

= −2A, 0< t 5 Tσ . (6.34)

Proof. For our choice ofσ , we first note that we can takeẑ− = −| ln ε| andẑ+ =
| ln ε| in Lemma 6.6. To obtain (6.32), we choose a test functionζ ∈ C∞(QTσ )

with ζ(x,0) = ζ(x, Tσ ) = ζ(±1, t) = 0 in (6.30). From integration by parts and
equation (6.31), the identity (6.32) follows. To show (6.33), we rewrite the equation
for φε(x, t) in terms of the variablez, and soφ̂ε(z, t) satisfies

εφ̂εt − Sεt φ̂
ε
z − 1

ε
φ̂εzz − 2

ε

[
φ̂ε − (φ̂ε)3

]
− 2(a + bĉε) = 0. (6.35)

Multiplying equation (6.35) byζ(t)φ̂εz , we obtain
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∫ Tσ

0

∫ | ln ε|

−| ln ε|

[
− Sεt (t)(φ̂

ε
z )

2 − 2(a + bĉε)φ̂εz

]
ζ(t) dz dt

= 1

ε

∫ Tσ

0

∫ | ln ε|

−| ln ε|

[
φ̂εzzφ̂

ε
z + 2(φ̂ε − (φ̂ε)3)φ̂εz

]
ζ(t) dz dt

− ε
∫ Tσ

0

∫ | ln ε|

−| ln ε|
φ̂εt φ̂

ε
z ζ(t) dz dt.

(6.36)

The second integral on the right-hand side of (6.36) can be estimated by

ε

∫ Tσ

0

∫ | ln ε|

−| ln ε|
φ̂εt φ̂

ε
z ζ(t) dz dt = ε

∫ Tσ

0

∫ Sε+ε| ln ε|

Sε−ε| ln ε|
φεt φ

ε
xζ(t) dx dt

5
(∫ Tσ

0

∫ Sε+ε| ln ε|

Sε−ε| ln ε|
ε(φεt )

2 dx dt

)1/2(∫ Tσ

0

∫ Sε+ε| ln ε|

Sε−ε| ln ε|
ε(φεx)

2ζ 2(t) dx dt

)1/2

→ 0 as ε → 0+.

The first integral on the right hand side of (6.36) is of orderO(ε) by
Lemma 6.6.

We also have, asε → 0,∫ Tσ

0
ζ(t)

∫ | ln ε|

−| ln ε|
Sεt (φ̂

ε
z )

2dz dt →
∫ Tσ

0
ζ(t)St (t) dt

∫ ∞

−∞
(1 − tanh2 z)2dz

= 4

3

∫ Tσ

0
ζ(t)St (t) dt

2a
∫ Tσ

0
ζ(t)

∫ | ln ε|

−| ln ε|
φ̂εz dz dt → 4a

∫ Tσ

0
ζ(t) dt.

To evaluate the integral∫ Tσ

0
ζ(t)

∫ | ln ε|

−| ln ε|
ĉεφ̂εz dz dt,

we notice that ∫ Tσ

0
ζ(t)

∫ | ln ε|

−| ln ε|
ĉε
(
Aφ̂ε + ln

ĉε

1 − ĉε

)
z
dz dt

=
∫ Tσ

0
ζ(t)

∫ | ln ε|

−| ln ε|

[
Aĉεφ̂εz + ĉεz

1 − ĉε

]
dz dt

approaches zero asε → 0+ by Lemma 6.3, and so∫ Tσ

0
ζ(t)

∫ | ln ε|

−| ln ε|
ĉεφ̂εz dz dt → 1

A

∫ Tσ

0
ζ(t) ln

1 − c+(S(t), t)
1 − c−(S(t), t)

dt

asε → 0+.
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Combining all the above estimates results in the identity (6.33).
Finally, the interface condition (6.34) follows from Lemma 6.3 and the positivity

of the functionc(x, t). This completes our proof. ut
To finish the proof of Theorem 6.1, we note that there exists aT∗ > 0 such that

Tσ → T∗ asσ ↘ 0, and the limit functionc satisfies the conditions (6.5) and (6.6),
thereby completing the proof of Theorem 6.1.
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